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1. Intro duction

Let S(n) denotethe spaceof symmetric n £ n matrices with entries in R and O(n)
the orthogonal group. Consider the action:

T:O() £ S(n)i S(n)

(A;B) 7! ABAI 1= ABA!

If § is the spaceof all real diagonal matrices and S, the symmetric group on n
letters, then we have the following

1.1. Theorem.

(1) 8 meetsevery O(n)-orbit.

(2) If B 2 8 ,then “(O(n);B)\ §, the intersection of the O(n)-orbit through
B with §, equalsthe S,-orbit through B, where S, actson B 2 § by
permuting the eigervalues.

(3) § intersectsead orbit orthogonally in terms of the inner product bA; Bi =
tr(AB ') = tr(AB) on S(n).

4 R [S(n)]o(”), the spaceof all O(n)-invariant polynomials in S(n) is isomor-
phic to R[§]>", the symmetric polynomials in § (by restriction).

(5) The spaceC* (S(n))o(”) of O(n)-invariant C* -functions is isomorphic to
Cl (8) S, the spaceof all symmetric C! -functions in § (again by restric-
tion), and theseagain areisomorphicto the C! -functions in the elemernary
symmetric polynomials.

(6) The spaceof all O(n)-invariant horizontal p-forms on S(n), that is the space
of all O(n)-invariant p-forms ! with the property ix! = Oforall X 2
Ta (O(n):A), is isomorphic to the spaceof S ,-invariant p-forms on §:

- r?or (S(n))O(n) 2 _ D(§) Sh

Pro of. (1). Clear from linear algebra.

(2) The transformation of a symmetric matrix into normal form is unique except
for the order in which the eigervaluesappear.
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2 1. Intro duction

(3) Takean A in 8. For any X 2 o(n), that is for any skew-symmetric X, let 3x
denote the corresponding fundamertal vector "eld on S(n). Then we have

W (A) = D7 expy(tX )A expy(tX !) =
dt

= XAid+idAX '= XA | AX:

Now the inner product with ~ 2 To8 2 § computesto

Px (A); 1 = tr(3x (A)") = r((XAj AX)") =
= tr( i r(AX ) =tr(X"A)j tr (X A)=0:
E2

@ If p2 R[S()]°™ then clearly p := Pig 2 R[§]°". To construct p from p we
usethe result from algebra, that R[R"]°" is just the ring of all polynomials in the
elemenary symmetric functions. Soif we usethe isomorphism:

Oal 0 ::: 01
0 a :::
A = ) o 7! (ag;a;:::;ap) = A
0O 0 ::: a

to replaceR" by §, we nd that ead symmetric polynomial p on § is of the form

it can be expressedas a polynimial p in the elemenary symmetric functions
Ya =i xti x%j ¢e¢; x"

Yp = xIx2+ xIx3 + 11

X ) )
Y% = (i 1) X1t x
ji< ¢edj ¢
Yo = (5 1)"XLx™

Let us considerthe characteristic polynomial of the diagonal matrix X with eigen-

Y .
(ti x") = t"+ " L+ eee+ F, ot + F
i=1

det(t:1 dj X)

(G D" 't'cy; i (X);  where
i=0
& (Y) = tr(a kY :akR" 1 okR")
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1. Intro duction 3

is the k-th characteristic coetcient of a matrix A. So the % extend to O(n)-
invariant polynomials ¢; on S(n). Sowe can now extend pto a polynomial on S(n)
by

p(H) := p(ca(H);ca(H);:::5¢6n(H)) for all H 2 S(n);
and pis an O(n)-invariant polynomial on S(n), and unigue as suc due to (1).

(5) Again we havethat f 2 C1 (S(n))°" impliesf~:= f jg 2 C! (8)°". Finding
an inversemap f~7! f asabove is possibledue to the following theorem by Gerald
Schwarz (seechapter 3) :

Let G beacompactLie group with a nite-dimensional represenation G{ GL(V),
]G of G-invariant polynomials on
V (this spaceis nitely generatedas an algebra due to Hilbert, seednapt@r 2).
Then, for any smooth function h 2 C1 (V)®, there is a function h 2 C1 'R such

nomials %4;:::; % as generatorsof R[§]Sn By Schwarz' theoremf~2 C! (8) Sn
can be written as a smooth function in %a;:::;%. Sowe have an f 2 C! (R")
such that

f(A) = F(%a(A);:: % (A)  forall A28

If we extend the 3; onto S(n) asin (4), we can de ne
f(H):= fl(cl(H);cz(H);:::; (H)) for H 2 S(n):

f is again a smooth function and the unique O(n)-invariant extensionof =
(6) Consider %= (%;:::;%) : 8 I R" and put J(x) := det(d¥x)). For each
®2 S, we have
Jidxt A ¢eeN dx" = d¥ M GOEN dY%
= ®d¥y ~ ¢een d¥a
= (J +®):@"dx* ~ ¢een dx"
= (J +®): det(®):dx* » ¢¢¢r dx"

7 J +®= det(® 1):J
From this we see rstly that J is a homogeneougpolynomial of degree
h T
0+ 1+ ¢ee+ (nj 1)= "L = 5
The mapping %is a local di®eomorphismon the open set U = § nJi (0), thus
d%;:::;d% is a coframeon U, i.e. a basisof the cotangen bundle_ ever_ywhere on
U. Let (ij ) be the transpositionsin Sy, let H;y := fx 2 § : x'j xI = 0g be

the re°ection hyperplanesof the (ij ). If x 2 H;y then by (7) we have J(x) =
J((ij )x) = i J(x), s0J(X) = 0. ThusJjHjy = 0, sothe polynomial J is divisible
by the linear form x' j xI, for eah i < j. By comparing degreeswe seethat

Y :
(8) Jx)=c (x'j x!); where06 c2R:

i<j
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4 1. Intro duction

By the sameargumert we seethat:
(9) If g2 C* (8) satisesg+®= det(® !):gforal ®2 S,, then g= J:h for

h2C?! (8 Sn.
(10) Claim (10): Let ! 2 - P(8) S». Then we have
X
I = Vivig , 0%, N CCCN d¥%,
j1<j 2<CCgj
on §, for ! juniop 2ct (8 Sn
To prove claim (10) recall that d%;:::;d% is an S, -invariant coframe on the
Sn-invariant opensetU. Thus
_ X
!JU:. | | J_l{zl} d%, ~ N d¥%,
j1<j 2< ¢eej
2Cl (U)
A !
X X
(11) = o @G, 0%, N G0N d¥%,
j1<j 2<¢ej ®2S,

I {z }

¢¢¢< i,g. Then we have for asign" = §1

rjunrd¥% ., »

| (]Z:¢¢" d%, = "h;:d% "~ ¢CCN d¥p

{ }

dv
= "h,:J:dx* ~ ¢eer dx":

On the whole of § we have
A d¥ = "k, cdxt A eeen dx”

for suitable k; 2 C! (8). By comparing the two expressionon U we seefrom (7)
that k; +®= det(® 1):k, sinceU is densein §. Sofrom (9) we may concludethat
kg =J:!, for!, 2C! (8 S~, butthenh, = ! juand! = !, d¥% asasserted
in claim (10).

Now we may nish the proof. By the theorem of G. Schwartz there exist f; 2

k= fiyini, (Ciitinicn) da, A 666N dg, 2 - P, (S(n))°™
1< ¢edi

then the pullback of ~ to § equals! . =©
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2. Polynomial Invariant Theory

2.1. Theorem of Hilb ert and Nagata. Let G be a Lie group with a nite-
dimensionalrepreseniation G{ GL (V) and let one of the following conditions be
fulTled:

(1) G is semisimpleand hasonly a "nite number of connectedcomponerts
(2) V and hG:fig are completely reducible for all f 2 R[V] (see Nagata's
lemma)

Then R[V]® is Titely generatedas an algebra, or equivalertly, there is a nite set
of polynomials %4;:::;% 2 R[V]G, such that the map ¥%:= (%;:::;%):V i RK
inducesa surjection 18

R£Rku R[V]®:

Remark. The rst condition is stronger than the secondsince for a connected,
semisimple Lie group, or for one with a "nite number of connected componerts,
ewvery nite dimensional represetation is completely reducible. To prove the the-
orem we will only needto know complete reducibility for the nite dimensional
represenations V and hG:f i though (as stated in (2)).

2.2. Lemma. Let A = ©; (A bea connectedgradedR-algebra(that is Ag = R).
If Ay := ©;s oA is nitely generatedasan A-module, then A is nitely generated
as an R-algebra.

we have to show that

aswell. Takeany a2 Ay . Then a can be expressedas

) )
a= cjai q' 2 A
B
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6 2. Polynomial invariant theory

Since a is homogeneousof degree N we can discard all c} a; with total degree
j + di 8 N from the righthand side of the equation. If we set c‘Ni ¢ = ¢ we get

In this equationall terms are homogeneou®f degreeN . In particular, any occurring
a; havedegreed; - N. Consider rst the a of degreed; = N. The corresponding ¢

Remark. If we apply this lemma for A = R[V]G we seethat to prove 2.1 we
only have to shaw that R[V]f, the algebra of all invariant polynomials of strictly

positive degree,is nitely generatedasa module over R [V]G. The rst stepin this
direction will be to prove the wealer statemert:

B := R[V]:R[V]f is nitely generatedas an ideal.
It is a consequencef a well known theorem by Hilb ert;

2.3. Theorem. (Hilb ert's ideal basistheorem) If A is a commutativ e Noetherian
ring, then the polynomial ring A [x] is Noetherian as well.

A ring is Noetherian if every strictly ascendingsequenceof left ideals g %21, ¥
I, % ::: is nite, or equivalertly, if every left idealis nitely generated. If we choose
A = R, the theorem statesthat R[x] is again Noetherian. Now considerA = R|[x],
then R[x] [y] = R[X; y] is Noetherian, and soon. By induction, we seethat R[V] is
Noetherian. Therefore, any left ideal in R[V], in particular B, is nitely generated.

Pro of of 2.3. Take any ideal | p A|[x] and denote by A; the set of leading
coezxcients of all i-th degreepolynomialsin |. Then A; is an ideal in A, and we
have a sequenceof ideals

Aot AL L A et A:
Since A is Noetherian, this sequencestabilizes after a certain index r, i.e. A, =

a polynomial of degreei in | with leading coexcient & .

Claim: Thesepolynomials generatel .

Let P = hpj iax) M A[X] be the ideal generatedby the p; . P clearly cortains all
constarts in | (Ao | |). Let us shaw by induction that it contains all polynomials
in | of degreed > 0 aswell. Take any polynomial p of degreed. We distinguish
betweentwo cases.

B:=Pi CiPd1i CPd2i :::i CnyPdng
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2. Polynomial invariant theory 7

has degree< d.

— . dij . dij e dij
p:=pi Cox® o XY Tpr2iotini G, X% Tprn,

has degree< d.

In both caseswe have p 2 p+ P and degp < d. Therefore by the induction
hypothesisp, and with it p, liesin P. ©

To prove theorem 2.1 it remains only to shaw the following

2.4. Lemma. Let G bea Lie group acting onV sud that the sameconditions as

where the brackets denote the generatedideal (module) in the speci ed space.

2.5. Remark. In our case,if wetakef; = % 2 R[V]f to be the nite system of
generatorsof B asan ideal in R[V], we get:

That is, the % generateR[V]® asa R[V]®-module. With lemma 2.2, Hilbert and
Nagata's theorem follows immediately.

2.6. Remark. The inclusion (1) in lemma 2.4 is trivial. If G is compact, then
the opposite inclusion

as X
f= pifi pi 2 R[V]:

Since G is compact, we can integrate both sidesover G using the Haar measuredg
to get

z ¥ Z ¥ Z
f(x)= f(gx)dg= pi(gx)fi(gx)dg= (  pi(g:x)dg) fi(x):
G i G i | G {Z }
= p7 ()

To shaw the lemmain its generalform we will needto nd a replacemen for the
integral. This is donein the central
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8 2. Polynomial invariant theory

2.7. Lemma [26] Under the sameconditions as theorem 2.1,to any f 2 R[V]
thereisanf® 2 R[V]®\ hG:f iy sudh that

fif 2hGf Gfig:

Proof. Takef 2 R[V]. Clearly, f is cortained in M; := hG:fi,, wheref® is
supposedto lie aswell. M; is a nite dimensional subspaceof R[V] sinceit is
cortained in M
M; M R[V];:
i- degf

In addition we have that
hG:f § Gifig=: Nt u My
is an invariant subspace. So we can restrict all our considerationsto the nite

dimensional G-spaceM; which is completely reducible by our assumption.

If f 2 N¢, then we cansetf® = 0 and are done. Supposef 2 N;. Then the f * we
are looking for must alsolie in Mt nN¢. From the identity

g:f:f+fg{£_fg forallg2 G

2N¢

it follows that
Ms = Ny © R:f:
In particular, N; hascodimensionl1in Mg .

Sincewe require of f ® to be G-invariant, R:f ® will be a one dimensional G-invariant
subspaceof M; (not contained in N¢). As we just saw, Nt has codimension 1 in
M; , therefore R:f * will be a complemenary subspaceto Ny .

If we now write M asthe direct sum
M: = Ng © P;
whereP is the invariant subspacecomplemenary to N¢ guaranteed by the complete

irreducibilit y of M¢, then P is a good placeto look for f °.

Now P 2 M;=N; as a G-module, so let us take a look at the action of G on
M: =N;. Every elemen of M; =N; has a represetativ e in R:f, so we need only
considerelemeris of the form f + N¢ (, 2 R). For arbitrary g2 G we have:

g(f + N¢)=g:f + Ny = f +F,g:f{£' =f}+Nf = f + Ng:

2N¢

So G acts trivially on Mt =Nt and therefore on P. This is good news, since now
every f 2 P is G-invariant and we only have to project f onto P (along N;) to

get the desiredf ® 2 R[V]°\ M;. =
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2. Polynomial invariant theory 9

f= pifi pi 2 R[V]:

By Nagata's lemma 2.7, we can approximate p; up to hG:p; i G:piig by a pf’ 2
R [V]G. Sofor some nite subsetF 2 G £ G we have
X ‘
p=p+ cst(SRi ) L 2R
Sit2F
Therefore we have

X . X X ) G
fi pifi = cst(spi tp)fi 2 RV :

i=1 i=1 s;t2F
Notice that by the G-invariance of f :

X
(spii tpi)fi =0

i=1
For all s;t 2 G. Therefore
Y4 1
(spi tpi)fi = (tpri sipr)fy:

i=1

Now we can usethe induction hypothesison

X X
cst(Sipi tpfi =
i=1 st2F
MTX .
= Gstiws)Spi tp)fi 2RIVITN Hasiinfeaigyy,
i=1 s;t2F

to complete the proof. =«
2.8. Remark. With lemma 2.4, Hilb ert and Nagata's theorem is proved as well.
Soin the setting of 2.1 we now have an exact sequence

£ o,
0f kers{ RR* if RIVI°{ O

consisting of all relations betweenthe %.

Sincethe action of G respectsthe grading of R[V] = ©¢R[V], it inducesan action
on the spaceof all power series,R[[V]] = | i_; R[V],, and we have the following
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10 2. Polynomial invariant theory
2.9. Theorem. Let G{ GL(V) be a represettation and %3;:::;% a system

inducesa surjection
££ kcn 18 G
R R if R[VI]®:

Pro of. Write the formal power seriesf 2 R[[V]]® asthe sum of its homogeneous
parts.
f(x)="fo+ fo(x)+ fa(x)+ :::

£ ©
Then to eadh fi(x) 2 R [V]iG thereisag(y) 2 R R¥ sud that

Before we can set
a(y) = go+ gu(y) + Ga(y) + :::

to "nish the proof, we have to chedk whether this expressionis nite in ead degree.
This is the case,since the lowest degree, ; that can appearin g goesto in nit y
with i: b

Write explicitly g = i@ iAi;®y® and take an Aje 6 0. Then degf; = i =
® d; + :::®d¢x whered; = deg% and

X
=infj®j:i=  ®dg! 1 (! 1) o

The following corollary is an immediate consequence.

2.10. Corollary. If G is a Lie group with a "nite dimensional represeration
G | GL(V), then under the same conditions as Hilb ert and Nagata's theorem

there is a nite set of polynomials %4;:::;% 2 R[V]G such that the map %=
(Ya;:::;%) 1V 1 R¥ inducesa surjection
kyp G.
RIR'TT RIVI®: a
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3. Cl-nvariant Theory of Compact Lie Groups

If G is a Lie group acting smoothly on a manifold M, then the orbit spaceM =G
is not generally again a smooth manifold. Yet, it still has a functional structure
induced by the smooth structure on M simply by calling a function f : M=G{ R
smooth i®f +%: M { R is smooth (where¥s: M { M=G is the quotient map).
That is, the functional structure on M =G is determined completely by the smooth
G-invariant functions on M. For compact Lie groups, the spaceof all G-invariant
C! -functions on R" is characterized in the theorem of Gerald Schwarz (1975),
which we already usedin 1.1(4). In this chapter we will presen the proof asfound
in [34], Chap. IV. In the following, let G always denote a compact Lie group,
G| GL(V) arepresentation onV = R". Let %;:::;% 2 R[V]® denote a
“nite system of generatorsfor the algebra R[V]®, and let %denote the polynomial
mapping:
Yo= (Ya;::0%) Vi RK:

3.1. De nition. A mapping betweentwo topological spacesf : X { Y is called
prop er, if K p Y compactimplies fi 1(K) p X is compact.
3.2. Lemma. Let G be a compactLie group. Then we have

(1) Yis proper.

(2) Yeseparatesthe orbits of G.

(3) Thereisamap¥?: V=G| RX suc that the following diagram commutes,

VLR"

14 >
V=G
and ¥4 is a homeomorphismonto its image.

Pro of.
Q) Letr(x) = jxj2 = hx; xi, where h:; :i is an invariant inner product op Vg
Thenr 2 R[V]G. By Hilbert's theorem there is a polynomial p 2 R RK

such that r(x) = p(*x)). If (xp) 2 V is an unbounded sequence,then
r(Xn) is unbounded. Therefore p(*4x,)) is unbounded, and, sincep is a
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(@)

3)

3. Invariant theory of compact Lie groups

polynomial, “x,) is also unbounded. With this insight we can conclude
that any compactand henceboundedsetin RX must have a boundedinverse
image. By continuity of ¥ it must be closedas well. Sothe inverseimage
of a compact set under Yzis again compact, that is, Y2is proper.
Choosetwo di®erert orbits G:x 6 G:y (x;y 2 V) and considerthe map:

1
/ZOfor v2 GX

f:Gx[ Gy}l R f(v):= 1forv2 Gy
Both orbits are closed,sof is cortinuous. Furthermore, both orbits and
with them their union are compact, since G is compact. Therefore, by the
Weierstrassapproximation theorem, there is a polynomial p 2 R[V] such
that

. . 1
kpi ka:X[G:y =supfj p(z)i f(2)j:z22 Gx[ Giyg< 10

Now we can averagep over the group using the Haar measuredg on G to
get a G-invariant function.
VA

q(v) = p(g:v)dg
G

Note that sincethe action of G is linear, g is again a polynomial. Now let
us ched that g approximates f equally well. For v2 G:x [ G:y, we have

:Z YA - VA 1 Z

- f(gvdgi  p(gvidg—  jf(gv)i p(gv)idg- 5 dg

——3 ° ° k3
=f(v) Y

Recalling how f was de ned, we get

. 1 )
jav)j - 10 for v2 G:ix
. 1
ili qv)j - 10 forv2 Gy:

Therefore q(G:x) 6 q(G:y), and since q can be expressedin the Hilbert
generators,we can concludethat “4G:x) 6 AG:y).

Clearly, Ais well de ned. By (2) “is injective and, with the quotient topol-
ogy on V=G, cortinuous. Soon every compact subsetof V=G we know that
14is a homeomorphismonto its image. Now take any diverging sequencen
V=G. It is the image under ¥sof someequally diverging sequencen V. If
this sequencehas an unbounded subsequencethen by (1), its image under
%is unbounded as well, in particular divergert. If the diverging sequence
in V (therefore its image under ¥4 our starting sequence)s bounded, then
it is contained in a compact subsetof V, our starting sequencds contained
in a compact subsetof V=G, and here %2 is a homeomorphism. Thereby, its
image under ¥4 is divergert as well. So we have shown that a sequencein
V=G is corvergert i® its image under ¥2in R¥ is corvergert and, with that,
that %2 is a homeomorphismonto its image. ©
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3. Invariant theory of compact Lie groups 13

3.3. Remark.

(L) Iff :V{ Risin C°V)C, then f factors over ¥sto a cortinuous map
f:V=G{ R. By 3.2(3) there is a continuous map f: AV) 1 R given by
f = F+ 1. It hasthe property f = ff+1 Since4V) is closed,f extends
to a cortinuous function f* 2 CO(RK) (Tietze-Urysohn). So for cortinuous
functions we have the assertionthat

5 :COURK) 1 CO%V)® s surjective.

(2) AV) is areal semialgebraicvariety, that is it is described by a "nite number
of polynomial equationsand inequalities. In the complex case,the image of
an algebraic variety under a polynomial map is again an algebraic variety,
meaning it is described by polynomial equationsonly. In the real casethis
is already disproved by the simple polynomial map: x 7! x2.

3.4. Beforewe turn to Schwarz' theorem, let us state here the extensiontheorem
of Whitney as found in [46], pp. 68{78. For K p R" compactand m 2 N, assign
to eath multi-index k = (ki;:::;kq) 2 N§ with jkj = jkyj+ ¢¢¢+ jk,j - ma
cortinuous function F¥ on K. Then the family of functions (F¥); ;. m is called an
m-jet on K. The spaceof all m-jets on K endoved with the norm

jFjk == sup FKx)

x2K;jkj m

shall be denotedby J™(K). There is a natural map
@«if —
JU:C™R"){ I™(K):f 7! (W—K)jkj_ m:

By Whitney's rst extensiontheorem its image is the subspaceof all Whitney jets
de ned asfollows. For eath a2 K thereisamap T : J™(K){ RI[R"] given (in
multi-index notation) by

(xj a)k
k!

Ta'F(x) = F¥(a)
jkj- m
which assignsto ead m-jet its would-be Taylor polynomial of degreem. With it
we can de ne asthe remainder term (an m-jet again):
RI'F:=Fi J™T]F):

If F is the set of partial derivativesrestricted to K of someC™-function then in
particular

W) (RTF)*(y)=ofjai yj"™" *))  forajy2K;jkj- mandjaj yj! 0

holds by Taylor's theorem. We will call (W) the Whitney condition, and any m-jet
on K which satis es (W) Whitney jet of order m on K. The spaceof all Whitney
jets again forms a vector spaceand we endow it with the norm:

CRPF)A(y)
pxioyjmi
The spaceof all Whitney jets with the above norm is a Banach spaceand will be
denoted by E™(K).

ka§=iFi§+SUDf 'X;y2K; x6y;jkj- mg
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14 3. Invariant theory of compact Lie groups

Whitney's Extension Theorem for E™(K). For K %2 R" compact, there is a
continuous linear map
W:E™(K){ C™(R")
such that for all Whitney jets F 2 E™(K) and for all x 2 K
DKW(F)(x) = F¥(x)  jkj- m
holds and the restriction of W(F) on R" nK is smooth.

If we dene J! (K) (resp. E! (K)) asthe projective limit of the spacesd™ (K)
(E™(K)) we can extend the above theorem to the following

Whitney's Extension Theorem for E' (K). For K ¥ R" compact, there is a
linear map
w; (E' (K)i C' (R
sud that for all Whitney jets F 2 E* (K) and for all x 2 K
DKW, (F)(x) = F¥(x) for all k 2 Nj
holds.

3.5. Remark. In general,the norm k:kﬁ generatesa ner topology on E™(K)
than j:jﬁ, yet there is a casewhen we can show that they are equal. If K is
connected with respect to recti able curves and the Euclidean distance on K is
equivalent to the geadesicdistance (such a K is called 1-regular ), then the two
norms coincide. This is showvn roughly as follows

By de nition - -
RME k
jFim - KFKy =jFijn+ supf—_( : )mfyij ;
ixiyji
o
Soif we approximate supf %g by CijF jﬁ, then we are done. For a "xed

x 2 K let us denote
g:= D¥(W(F)i TF):

Then gisin C™i Xi(R") and °at of order mj jkji 1atx. On K, g coincides
with (RT'F)X. Now, by a somewhatgeneralizedmean value theorem, we have for
any recti able curve ¥sconnecting x with y:

. P .. - -
joly)i 9(x)j- ~nj¥jsupf D'g(» :»2%jjj= 19

SinceDkg(x) = Ofor all jkj < mi jkj we caniterate this inequality mj jkji 1
times, to get

. . mi_Ki.o mij kj i . 3, i oL

jgy)j- n7 )Y supf D'g(» :»2%jjj=mi jkijg
Furthermore, we can replace j % by the gedlesic distance +(x;y), which is the
in"m um over all j ¥%j, %aschosenabove. Now, if we choosex;y in K and substitute

badk for g, then the above inequality implies:
CRYF)Y) -

mij kj

conz o H(x y)mi kjsupf_Fi(»)j Fj(x)_: »2 K;jjj=mg-

mi

Con™Tx y)mi KjE K
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3. Invariant theory of compact Lie groups 15

Sincex(x;y) - ¢xj yjforall x;y 2 K, this givesus an approximation

CRIF)(Y)
TR

supf

which completesour proof.

So, for a 1-regular K, we have that for every m 2 N, E™(K) carries the \usual"
topology of uniform cornvergencein ead \derivative". In this casethe assertion
that the operator W of the “rst Whitney extensiontheorem is continuous implies
that a sequenceof functions in W(E™(K)) p C™(RK) which corvergesuniformly
in all derivativeson K doesso on every other compact set as well.

If the j :jﬁ—topology coincideswith the usual topology on E™ (K ) for all m asin
the above case,then the topology on the projective limit

B! (K) = proj (E™(K);] im)

coincideswith the usual topology on E! (K ) aswell. Sothe topology on E! (K) is
generatedby the family of seminormsfj :jﬁ :m 2 Npg. Although there is a natural
inclusioni : E* (K) ! E™(K), the restriction i"W of W : E"(K){ C™(R") does
not coincide with W, . If it did, then W; would have to be cortinuous as well,
which is generally not the case.

There is one more result we will need. It is a direct consequenceof Whitney's
extension theorem if we take K = fxg (then E! (K) 2 R!), but was discovered
and proved independertly and much earlier (1898) by Emile Borel.

Theorem of E. Borel. To any formal power seriesp 2 R[[R"]] and x 2 R" there
is a smooth function f 2 C! (R") with formal Taylor developmert p at x. ©

Here we can seedirectly that the extensionoperator W; is not cortinuous, because
if it were, it would give an embedding of R into C! (K) (where K % R" is any
compact set cortaining x). But this is impossible, since R! has no cortinuous
norm.

3.6. Theorem. Multidimensional Faa di Bruno formula. Letf 2 C! (RY),

derivative @ (f +g)(x) of the composition is given by the following formula, where
we use multindex-notation heavily.

@(f £g)(x) =
. X o1 Y H 1 e isio Y ‘
= (@f)(gx) ~ & (@g(x)~
ity ol
® » i@ ®=°
P ,
X o1 Y H 1 Il .o 3 p Y
= P @t (gx)  (@g() "
LHpie )szcl:)—(,\in o @2®Z>I\‘(r)1 . e 0
i® 51 -
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16 3. Invariant theory of compact Lie groups

Pro of. The proof of this goesroughly asfollows. The in nite Taylor developmert
of the composition is the composition of the Taylor dewelopmerts,

it (f£g)(x) = J’)l< f(9(x)) £j9(x);

. 1 - -
ittt = S@f(y)z
2Rk
X 1 _ _ _
= ——@f(V)z," g
— R 1+ k-

Sowe write down the Taylor seriesand composethem, using multinomial theorems,
and compute then one of the coexcients. The formula above comesup. =

3.7. Theorem of Schwarz. ([38)

Let G be a compact Lie group, ~ : G{ O(V) a nite-dimensional represeration,
and ¥4;%; ... ;Y& generatorsfor the algebraR [V]G of G-invariant polynomials on
V (this spaceis "nitely generatedas an algebra due to Hilb ert; seechapter 2). If
Yo= (Ma;::0:%) Vi RK, then

i ¢
B .cl 'R ¢l (v)© is surjective.

The actual proof of Gerald Schwarz' theorem will take us the rest of this section.
But let us just begin now with someremarks and make somesimpli cations.
(1) For the action of G = f§ 1g on R! the result is due to Whitney [47].
(2) If G = S, acting on R" by the standard represenation it was shovn by
G.Glaeser[15] -
(3) It is easyto seethat Y¥5C! 'R is densein C1 (V)€ in the compact
C! -topolqgy. Therefore, Schwarz' theorem is equivalert to the assertion:

independert, then this follows from a theorem by Glaeser(see[15]).

(4) To start out with, notice that the Hilb ert polynomials can be chosenhomo-
geneousand of positive degree: Sincethe action of G is linear, the degree
of a polynomial p 2 R[V] is invariant under G. Therefore, if we split
ead Hilbert polynomial up into its homogeneousparts, we get a new set
of Hilbert polynomials. Let us denote these by % and the corresponding
degreesby d; > 0.

3.8. Corollary. Under the sameconditions as 3.7:
B:.ct (R 1 ci(v)© is surjective,
where C} denotesthe spaceof all germsat 0 of C* .

Proof. C! (V)® Ll Cd (V)€ is surjective, since for any f 2 Cd (V)€ there is
a represettative f© 2 C* (V), and with it f%:= ‘(g)“fodgiz Cq‘:l (V)€ also
represers f . By Schwarz' theorem, f ©°= h +%for someh 2 C* 'Rk . =«
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3. Invariant theory of compact Lie groups 17

3.9. Corollary. Under the same conditions as 3.7, also for spacesof smooth
functions with compact supports we have:

B:.Ccl (R cl(v)® is surjective.

i ¢
Pro of. Forf 2 C¢ (V)€ by 3.7thereisanf~2 C? 'R suchthat f = 8f = fays

Sincef = f t%has compact support it vanishesoutside somelarge compact ball
B % V. Then ¥%B) is cortained in somelarger ball B; % R¥. Take h 2 C! (R¥)
with hjB; = 1. Then (h+%jB = 1 and thus (h:f) trh= f"t¥%=f. ©

3.10. Lemma. It suxcesto prove theorem 3.7 for represertations with zero as
the only "xed point.

Pro of. DecomposeV into the subspaceof all xed points and its orthogonal com-

plemen:
v = S OFX(S)

generatorsof RIW]® sudc that % : C! (R") § C! (W)€ is surjective. Consider
the following diagram, where & denotes projective tensor product. Note, that in
this caseit coincideswith the injective tensor product, since C! (V) is a nuclear
Fr@det space. From this it follows that the horizontal maps on the bottom and on
the top are homeomorphisms.

CL(WAC! (R") — > C'(UER"
ct(urct (w)® ——ct (UEw)®
AR R
C (U)" 4 (9)°dg s (9)°dg

CL(U)AC(W)— > Cl(UEW)

Cl (U)2 9

Starting from the bottom, notice that C* (U)% RG *(g9)°dg and RG *(g)°dg are sur-
jective. Therefore, the horizontal map in the certer is surjective. By our assump-
tion, C! (U)"34 is also surjective, so we can conclude that the map on the top
right is surjective as well. But this map is just ¥2 for Y2:= (idy;%), and we are
done. =

3.11. Weshall usethe following notation: For a manifold M and a closedsubman-
ifold K p M let

Cl(M;K):=ff 2C! (M):f is°at alongK g:
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18 3. Invariant theory of compact Lie groups

Lemma. For the proof of theorem 3.7 it sutcesto show that

ct (v;0)¢ &5 c! (R*;0) is surjective.

Pro of. Considerthe following diagram:

0iiii' C! (R:0)® iii'it ¢ (RM® iiii! RIVI® iiii! O
157 15 ? 157
¢ . £ m

0iiii! C* 'R0 jiii! c! 'R iiffit R RY iii! O

The right %5 is surjective by corollary 2.10. The map T on the lower righthand
side assignsto ead function its formal Taylor seriesat zero. It is surjective by
the theorem of E. Borel. The samegoes for the map t above it. Just take any
smooth function f 2 C! (R") with a given formal Taylor seriesin R[[\/]]G and
integrate it over G. The resulting function lies in C* (R“)G and has the same
formal Taylor dewvelopmert sincethis was G-invariant to begin with. Clearly, the
spaceC! (R";0)° embeddedin C! (R")® is just the kernel of t. So the top
sequencds exact. The samegoesfor the bottom sequence.Now supposewe knew
that the left %2 is surjective as well, then we could conclude that the %2 in the
middle is surjective by the following diagram chasg; Takg any f 2 ct (R”)G and
considert(f). Then there is g power seriesp2 R R with %8(p) = t(f) and a
smooth function g 2 C*! le with T(g) = p. Now f | YAg 2 Kert = Imi, and
by the snilrje%tivity of the %2 on the lefthand side of the diagram, we can nd an
h2 C! R sudc that 8h = f | Bg. Sof = ¥B(g+ h) and the certral 8 is
surjective aswell. o

The proof will involve transforming ewverything into polar coordinates, so let us
start with the following lemma.

3.12. Lemma. Let' :[0;1)£ S"i1{ R" bethe polar coordinate transforma-
tion ' (t; x) = tx. Then

Cl(0;1)£ S"HA; Cl (R

satis es
(1) ' " isinjective.
(2) ' *(CY (R";0) = C! ([0;1)£ s"i L 0£ SNiLy,
Pro of. (1) is clearsince' is surjective. Let usgoonto (2). Hereit is easyto see
the inclusion
°(CY (R™;0) u C ([0;1 ) £ S" L 0€ S

If f :R"{ R issmooth and °at at zero,then' °(f) = f £' is smooth and °at
at'i1(0)=0£ S"i 1. Now let us shav the corverse.On (0;1 )£ S"i 1,' hasan
inverse' 11 :R"nfOg{ (0;1 )£ S" *givenby' i (x)= (jx]; J.%jx). Take a chart
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3. Invariant theory of compact Lie groups 19

(Ui;u;) of S"i Y and dene ' | ' = (idg;u;) ' i 1. Then we can nd Ce;Ag > 0
sud that — -
@ M) - Caixjihe
Choosef 2 C! '[0;1 )£ SMi L:fOgE S™ 1¢, then sincef is °at alongfOg£ S"i !
we have

@1 (t; ui *(x)) - B(@N)tN 8N;8®2 N":

All together this givesus via the Faa di Bruno formula 3.6

j@(f £ | H(x)j=

- X o1 Y “1“P.n®3p LY 1 E
— o @ @c-°f ("](x) (@ iH))-e -
() o )2Nk£ (N"no) * . ®®2>N0n " i:®> 0
o »i® ®="°
- c(e;N)xj

for jxj- 1. Thereforef +' i 1 canbe extendedat Oto f 2 C! (R";f0g). =

3.13. Now let us extend the result of this lemma somewhat. If G is a compact Lie
group acting orthogonally on R", then G actson S"i * and trivially on R, soit acts
onR£ S"i 1, Considerthe Z,-action on R £ S"i 1 given by

AWt Gtip

It clearly commutes with the G-action, sowe get a Z, £ G-action on R £ S"i 1,
Now consider

A:RES"Y Y R" Aty = tpu:

Then Ais Z, £ G-equivariant if we let Z, act trivially on R". Therefore, it induces
a homomorphism:

A ct (R)ZEC ) ct 'Rg oni 1¢ZZEG;

and we have the following

Lemma.
(1) A is injective. ¢
(2) C* 'RE SN L;fogE SN P = A°CL (R;f0g)
c! 'RE ShiL:foge shil 2EC = Aect (RY:f0g)®
Remark. By (1) it is suzcient to prove 3.7 in pqlar coorginates. That is, we only

have to show that A°C! (R":f0g)® = A®38C! 'RK:f0g . The Tst step in this
direction is takenin (2).

Pro of.
(1) Asin 3.12(1) it is sucient to note that A is surjective.
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20 3. Invariant theory of compact Lie groups

(2) If wdene A: RE£S"YT | [0;1)£ S"T: (b 7! sgnt:(t;p) =
(jtj; sgn(t):4), then we have A = ' +A, where' is the polar coordinate
transformation asin 3.12. Therefore:

A(Ct (R;0) = A%+ °(Ct (R";f0g)) .
= A%C! '[0;1 )£ S" LfogE S" 1) by 3.12

Now take any f 2 C?! '[0;1 )£ Shilfog£ SMi 1¢. Since Ajig.y yg s
andAj,; .o sni 1 aredi®eomorphismsonto [0;1 ) £ S"i 1, A%f is smooth
on(jl ;0]£ S" "aswellason[0;1 )£ S"i 1. Sincef is°at at fOg£ S"i %,
A°f is smooth altogether. Furthermore, A°(f) is Z-invariant, since A is
Zo-invariant. Sowe have

~ i . o, ¢ i . L, ¢
A°ct '[0;1 )£ SMifoge St ct 'RE SN Lfoge SNl

i ¢
The opposite inclusion is clear, sinceany f 2 C?! 'RE SN Lfogg Sni L 2
is the image under A® of its restriction to [0;1 ) £ S"i L.
The assertionwith added G-invariance follows easily from this. That f :=
At~ is G-invariant with f~is clear, since A is G-equivariant. Now if f is
G-invariant, then for all g 2 G we have f{g:A(x)) = f{A(x)), so by the
surjectivity of A we can concludethat f~is G-invariant aswell. ©

3.14. The next step, roughly, is to translate the Z,-action A aswell as the polar
coordinate transformation to the image of R£ S"i ! under id £ ¥ This is done
in the following two diagrams, wherer : R" | R stands for the polynomial map
X 7! jsz.

Resil_ A pegnit

R£1/% R£1/%

RE WS 1) A Rgyshih

p>

RESMI ___—°  R"
RE% rﬁ%

REYS" Y B Rgyrm)

Recall that the % were chosenhomogeneousof degreed;. With this, A and B are
given by:

Aty) = Gt G D%ysn G D%y
With this denition, we can let A and B have domain R £ RX. The choice of

(t;y) 7! t2 for the rst componert of B lets B retain the Z,-invariance under the
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3. Invariant theory of compact Lie groups 21
Z,-action given by A. Indeed,B +A = B:

B+A(ty)=B(i t; (i DUy D%y =
=G 04GR DYy G 0% G D%y =

Now we can state the following

— . : i ¢
Lemma. The map B asde ned above inducesa mapping B® on C! 'RE RX;0
into C1 'RE£ R;0£ R 2 such that

. ¢ a . ¢
ct 'ReR0 — B ¢l 'RgRK:0£ RK Z

restr

. ¢ —
ct 'RERK0E RK 22—
RE SN 1)

i ¢ i o .
The map restr tB®:C! RE£RX;0 { C! RE£ RX;0£ RK is sur-
RE ¥{Sni 1)
jective.

. . i ¢ i ¢, . .
Pro of. The inclusion B°C* 'R£ RK;0 p C! R£ RK;0£ Rk “? is clear since,
rst of all, B mapsO£ R* to 0, soif f is °at at 0, then B°f is °at at 0£ RK.
Secondly B°f is Z,-invariant, sinceB is_ Zo-invariant.

For the surjeictivity, chqoseany h 2 C* 'RE R;0£ Rk¢zz. Then we needto nd
anH 2 C' RE£ R0 suc that B°Hjgg ygni 1) = higgaysn: 1y- Formally, that
would give us

For t > 0, this is well de hed. With the Z,-symmetry, we know how to dene h for
t < 0 aswell. To handle the caset = 0 we will needWhitney's extensiontheorem.

Let ¢ be a k-dimensional cube in R¥ with certer 0 which cortains ¥4S"i ). Con-
siderK = [[ 1;1]£ ¢ p R£ R¥ andsetL := B(K) %2R £ RX. More precisely L
is a compact subsetof [0;1 ) £ RK. Now dene on[0;1 ) £ R %L the function

5 ,

di
2

. dy
yunn () =y
H. is smooth on [0;1 ) £ RX %L, soJ* H. 2 J (L) is a Whitney jet on L. Now
we will haveto study the behavior of H- for " ! 0. Our strategy will be asfollows:

(1) Shaw that L is 1-regular. Referring back to 3.5, the topology on E* (L) is
then generatedby the family of seminormsfj :th :m 2 Ngg.

(2) Shaw that J1 H- is a Caudchy sequencefor " ! 0 in terms of the family of
seminormsfj :j- :m 2 Nog.

(3) SinceE! (L) is complete, (1) and (2) together imply that J* H- corverges
to someWhitney 1 -jetH = (H®)®2 Ngst 0N L. In this situation, Whitney's
extensiontheoremimplies that H° is the resjriction onto L of somesmooth
function we will againcall H 2 C? 'RERK

(4) Shaw that H is °at at zero and after some slight modi cations satis es
B"H = honR£ ¥4S" 1) to Tnish the proof.
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22 3. Invariant theory of compact Lie groups

Let us now go aheadand show (1).

Let dist, (I;19 denotethe shortestlength of any recti-able curvein L joining | with
1% Then we will show that

dist(1;19 - dist, (I;19 - 2dist(l;19

The lefthand side of this inequality is clear. To show the righthand sidelet | = (t;y)
and1°= (t%y9 and supposewithout lossof generality that t°- t. Recall oncemore
how L wasde ned (L = B(K) whereK = [j 1;1]£ 4 ). Considerthe line segmeits
[(t; y); (t; yO] and [(t; y9); (t%y9)]. Both are cortained in L:

To seethis, take any (s;y9 2 [(t; y9; (t%y9)], that ist®- s- t. Then

d

(sy) = BO S8 Fydis Fy

is clear from (t;y) 2 L. In particular, we now have that (t; y9) liesin L. Therefore,
by the linearity of B in the secondvariable, the st line segmen [(t; y); (t; y9)] is
also contained in L.

Sincethe line segmets [I; (t; y9] and [(t; y9; 19 are the sidesof a right triangle with
hypotenuse[l; 19, this immediately implies

dist, (1;19 - dist(l; (t; y9) + dist((t; y9);19 - 2dist(l;19

and (1) is proved.
Now let us turn to (2). Write H- as composition H- = h + . where the map
~. Ry £ RK{ R: £ R¥ is given by

dy
2

Yk):

By de nition, every (t;y) 2 L is image under B of some(¢;z) 2 K = [0;1]£ 4.
That is:

(ty) = (&% etzae®a)
which makes
A !
. .d; . di
(ty) = (L5 i
(2+ "7 (2+")%
From this formula we seethat for " ! 0 there is a compact subsetP of R £ R¥

such that - (L) liesin P for all ".

Now to h. Sinceh is °at at O£ R* we havethat for all compactP u R£ RK; ®2 N"
and N > Othereis a constart C = C(P;®;N) such that

j@h(ty)j- CR;&N)"  8(ty)2P
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3. Invariant theory of compact Lie groups 23

Now we have all we needto approximate sup j@(H-(t;y)i H:(t;y))j. If we
(ty)2L

chooseP as described above we may apply Faa di Bruno's formula 3.6 and we see

that for (t;y) 2 L

@M= (ty)i hx 2 (ty))j-

X o) Y H 1ﬂpi)i®£3 P ’ _ Y _
- Y —@c°h (-(ty) (@ -(ty) i
SUTIVGE &
i® s - -

5 p o Y - -

i @c-°h (:(ty) (@ :(ty)°—

o @0

X o] Y H 11] ) P
- e~ C(P; &.@:N)C

(,pD)ZNkHN”:O) "®®2>N(')1

® »i® ®= — —

— WY . WY _ —

ft+ ")z (@ (Gy)ci (t+1)z (@ ()=
®>0 ®>0

At this point we must distinguish betweentwo cases.

(t, > 0) In this casewe chooseC- := C-., sothat by the above considerations

we have

J@H-(ty)i H:(ty)j-
VRS L
X o] Y 1 P s i® P
= — C(P, o.@ 2
()'@)ZN"E(N“”O) > ®@2N"

© »i® ®=° >0 —

Y _ Y . —
¢ (@ -Ey)ei (@ a(ty)e-
®>0 ®>0
Sincej @ - (t;y)i @ :(t;y)j! Ofor ;1! Owemay concludethat the expres-
sionj@ (H-(t;y)i H: (t;y))j goesto zerowith " and* uniformly in (t;y) 2 L\ ft,

g
(£, t, 0)In this casewe have

J@H ()i Hi(ty)j-
(VR L
X o] Y 1 ) P
o a C( @.,@N)C
()@)ZNkE(NnnO) > ®2N"

o ®>0
i® ®= —

- N Y _ N Y — E
o+ (@ (Gy) i (tr)T (@ (L) e

®>0 ®>0

i®

Recalling how - was de ned, we seethat the sums on the righthand side are
basically polynomials in (t + ") 1 (resp. (t+ )i 1) andy. Sowe only needto
chooseN suzciently large to have the above term corvergeto zero uniformly in
(t,y) for™ 11 0.
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24 3. Invariant theory of compact Lie groups

This completes the proof that J* H. is a Cauchy sequencewith regard to the
seminormsj :ern. By (3) it hasa Iimiti in the %oaceof Whitney jets on L which we
extendto a smooth function H 2 C* 'R£ RX usingWhitney's extensiontheorem.
We now turn to (4).

On L, @H isthe limit of @H- for"! 0. Since02 L, it sutcesto shaw
@H-(0)! 0 for all © 2 N+

to imply that H is °at at 0. This is seenasin (2) above: By setting (t;y) = 0in

j@(h=7)(ty)j-

. _ _
CUEEG H@%ﬂ e N (@ ()
ezl
we get
j@H-(0)] o . .
e 0 BT L ewP P @ oo

Again, the righthand sumis a polynomial in "i , and if N is chosenlarge enough,
we seethat the whole expressioncornvergesto zerowith " ! 0.

Next and "nal point of the proof is to ched inhowfar B® mapsH to h. On L nf0Og,
~. convergesto o :LnfOg} (O;1]E£ 4 . Sorestricted to L nf Og, wehaveH = h+ .
By de nition of g,

B°H =B h+9)=h on (0;1]£ 4:
Therefore, by cortinuity, B®H = h on [0; 1]£ 4 ; in particular

B"H Joge wsni 1) = Nljagegsni 1y

Since h as well as B®H are A-invariant, their values on A([0;1] £ ¥S"i 1)) =
[i 1;01£ ¥%S"i 1) are uniquely determined by their restriction to [0;1]£ XS"i 1).
Sowe even have
B"H Ip egewsn oy = DG cgewysni oy
SinceB is a di®eomorphismon (1;1 ) £ 4S"i 1) aswell ason (j1 ;j 1)£ %S"i 1)
we can changeH outside of B([j 1;1]£ 4S"i 1)) to
8 y .
> hEBjhl eysn 1 onB((1;1 )£ ¥S"i 1))
H = H onB([j L;1]1£ %S"i 1))
hiBjéill G DEwsniyy  ON B((il ;i )£ 4S" 1))
i ¢
This H isin C! 'RE RX;0 , and it hasthe desired property:

B"H jRE ¥sSni 1) = thﬁl/(sn{ 1): o}
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3. Invariant theory of compact Lie groups 25

3.15. The main part of the proof of Schwarz' theoremwill be carried out by induc-
tion. Tobe ableto state the induction hypothesis,we make the following de nition:

For two compact Lie groups G and G° we will call G < GUif

(@ dmG< dimG® or
(b) if dim G = dim G° then G has lessconnectedcomponerts than G°.

We will cortinue the proof of 3.7 under the following two hypotheses:

I (Induction hypothesis) The compactLie group G is suc that theorem 3.7 is
valid for all compactLie groupsG®< G (and ead orthogonal represertation
of G9).

Il The orthogonal represeriation has0 asonly xed point (see3.10).

The next step will beto prove the

Key lemma. Under the hypothesesl and I 1:
1 1ok ¢_ 1 G
BCH R*nf0g = C* (Vnf0Og)~ :

i ¢ i ¢
In particular: (%gn;1)" C? 'Rk = ¢t 'gni1 @

Before we get involved in a complicated proof, let us draw some conclusionsfrom
this.

3.16. Corollary. Under the hypothesesl and |1 we have

(@)
(id £ %js.,1)° C* (RE R¥;fOg£ R¥) = C* (RE S" *;fOgE S 4)°
(b)
(id £ %jgn, )" C' (RE R¥;fOgE R¥)?2 = C* (RE S" 1;f0oge S 1)%25 €
where the Z,-action on R£ RK is givenby A and on R£ S"i ! by A.

Remark. 3.16(b) is the missinglink between3.13(2) and 3.14. Togetherthe three
lemmasgive the equation

Ancl (Rn : O)G

C! (RE sS"ilfoge S"i 1)%2ECG by 3.13(2)
(id £ %jg., 1)° C* (RE R%;fOgE R)%2 by (b)
= (id £ %, )" B°C (RE R¥;f0g) by 3.14

This is already a big step forward in the proof of Schwarz' theorem.

Pro of of the Corollary. In (a) aswell asin (b) the inclusion \p" is clear. So
let us just concernourseheswith the surjectivity of (id £ Y4, )7 in eadh case.

(a) is a consequencef the identit y
C! (RE RX;fOogfE R¥) 2 C! (R¥;C? (R;f0g)) 2 C! (R) C! (R;f0g)

Draft from March 21, 2005 Peter W. Mic hor,



26 3. Invariant theory of compact Lie groups
and the resulting commutativ e diagram
2
c! (R0} C! (RY) ——=———C! (RE RK;0£ RY)

id'l\(l/jlsni 1)0 (Id £ 1/}5ni l)n

C' (R0} Ct (8" 1)® ———C! (RE S" 0£ S"T H)C
AR R
id" G

Cl (R0} CL (S" 1) — = C! (RE S" L0£ " 1)

Here, the map on the upper lefthand side, id & (4S"i 1)?, is surjective by 3.15. The
surjectivity of the mapson the bottom is clear and implies that the horizontal map
in the middle is also surjective. From this we can deducethat (id £ %S"i 1)® on
the upper righthand side is surjective as well. This proves(a).

(b) is now a consequenceof (a). Toany ' 2 C! (R£ S"il;fogg S"i1)%£C
assertion (a) suppliesa A 2 C! (R £ RK;0£ RX) which is mapped to ' under
(id £ Yjg, 1)". It remainsto make A Z,-invariant. On R£ %4S"i 1) A is automat-
ically Z,-invariant:

(id £ Yjgn, )" (AxA) = AxA%(id £ Yojgn, 1) =
= At(id £ Ygn, ) 2A=" £A=" = (id £ Yg., 1) A

SinceA mapsR* £ Rk onto Ri £ RK and A is °at at fOg£ RK, we can changeA on
Ri £ R to make it Z,-invariant everywhere. This way we retain its smoothness,
its °atness at fOg£ R* and since A isn't changedon R £ ¥S"i 1) we also retain
' = (id £ Ygn, 1) A, &

Notation. In the following we will sometimeswrite R[x] for R[R"] where (x =

mials of degreei will be denoted by R[x];, sothat we have

M

RV]= RI[x],
i1

RIVII= RIx]
i1

Furthermore, we will abbreviate the ideal of all polynomials with no constart term
by
R[x], = RI[x],

i> 1
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3. Invariant theory of compact Lie groups 27

Remark. If an algebrais nitely generated, then it automatically possesses
minimal system of generators. We only have to take an arbitrary Tnite set of
generatorsand recursively drop any elemens which canbe expressedaspolynomials
in the others.

Pro of of 3.15. Let us get an idea of how this proof will work before we go into
the technical lemmasit requires.

Choosean arbitrary A 2 C! (R" nf0g)® and take p2 R" nf0g. By hypothesisl|,
pisnot xed under G. Therefore G, < G and Schwarz' theorem is satis ed for any
represenation of G, by the induction hypothesis. In particular, take a sliceS at p
small enoughnot to meet 0 (this alsoimplies 0 2 G:S). S is contained in an atne
subspacep + L(RY) pu R", wherelL is alinear embeddingL : R% ] R". The slice
action givesa represenation of G, on RY. Restrict p+ L to LI 1(Sj p) = Sp RY
(open) to getthe map 7 : S i? S. We then have j“(AjS) 2 C! (S)%r. Consider

TUA(L) = ®(Fa(t); 1 Ya(t)) forallt2 S

(since A can be extendedto a Gp-invariant function on RX). Now we require the
following

Lemma 3.20. In the above situation (where here it is important that f3g be a
minimal system of generators),denote by % (resp. 1;) the germ of %; (resp. *; :=
% +(p+ L)) at 0. Then there are germs of smooth functions B; 2 Cé (R¥) such
that

In a suzciently small neighborhood Uy of 0 we can now replace¥; by B; £1, where

B; is a suitable represerativ e of the germ B; and has domain Vp = *(Up) (notice

that 1 (Ug) = %p+ L(Ug)) = AG:(p+ L(Up))) is open sincelsis open by 3.2(3)).
A+Tj,, = ®=(Br£! jy ;i1 Be£t )

Since [ is a di®eomorphismand ! jo = %45 £, we can drop the [~ on ead side.
With O, := (Uo) this givesus:

Sinceboth sidesare G-invariant, we can extend the above equation to the tubular
neighborhood U, := G:0, of p. To simplify the formula, we set
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28 3. Invariant theory of compact Lie groups

Sowe get:
*) Ajy, = ¥ oy,

In this way we can assignto eac p 2 R" nf 0g neighborhoods U, 3 p and V, 3 *4p)
aswellasamap' , 2 C! (V,) with the above property. Let us considera partition
of unity (h,) of £R") nf0g which corresponds to the covering V,. Then we can
de ne X

‘= hy p2C'(R¥nfog):

Now *£h, is a G-invariant partition of unity on R" nf0g. It corresponds to the
covering (Up) since*AU,) = V,, and Y2separatesthe orbits by 3.2(2). Sowith (*)
we get

X X X L -
ve' =%( hy'p)= (Bhp)(2'p) = (Ehp)Ajy =A@

Before we can prove the key lemma's key lemma (3.20) we need two supporting
lemmas:

Pro of.

(*) Supposethere is a nontrivial relation. It can be written as
X X
%= %t 1o
i6]

where the secondsummation is taken over all multi-indices ® 2 NK with
j®j, 2and ® = 0. This immediately implies
X
1/iZ ’ i
i6]

% mod (R[x]$)%:

Sothe % are linearly dependert mod (R[x]f)z.

(+) Sincethe % generateR [x]®, they automatically generateR [x]° =(R [x])2
as a vector space. So if we suppose (2) false, then there is a nontrivial
relation X

,i% " 0 mod (R[x]%)%
Order the % by degree:i < j ) d - d;. Now let ip be the smallesti for

which | ; 6 0. Then we can express’;, as follows

X X
Vo= L% g
i0<j j®j, 2
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3. Invariant theory of compact Lie groups 29

This equality still holds if we drop all terms of degreeé d;,, and both sides
remain the same. After doing so, we seethat %, doesnot appear on the
righthand side of the equation. Becauseif it did, then it would be in aterm
°x¥% with ®, 6 0 in the sum on the far right and this term would have
degree> d;,. Sowe have a nontrivial polynomial relation betweenthe %
and a contradiction to (1). =

3.19. Lemma [15] ConsiderU p R"; V u R™ open,f : U { V smooth and
fe.:Cct (v)! C?! (U) with the compact C! -topology on both spaces. Then for
eahh' 2f°Cl (V) and foralla2 U thereisaA2 C! (V) suc that

Ty = TiAxT] ]
where T2 ' 2 RJ[[xi a]] denotesthe formal Taylor seriesof ' at a and by the

composition on the right we mean the insertion of T} f 2 R[[x a]] for y in

TroA2RIyi f (]

Pro of. The assertionof the lemma is equivalernt to the statemert
Ta (f°C* (V) = T2 (F°CT (V));
since T} (f°Ct (V)) is simply the set of all jets which can be written as a com-

position like in the lemma. Due to the fact that T} is continuous, we have the
inclusions:

Ta (F°CY (V) T3 (FPCT (V) u T2 (F°CT (V)):

Therefore, it is sutcient to shav that T} +f° hasa closedimage. SinceC! (V)
is a re°exive Fr@det space,we can show instead that the dual map (T} +f *)°has
a closedimage.

(T4)%:RIxi al’t ¢t (v)°

P —
RI[[x i a]]O is the spaceof all distributions with support a. Let -#{) besud a
distribution, and take any ®2 C! (V). Then

D X _E D X _E
@(Td 27 ) = (T 2@ ) =
D

X . X X E
= (@)@ = 1.@@f(a) = ® oy :

o

)
(@)

Sothe image of R[[X j a]]0 under (T} =f *)%is cortained in the spaceof all distri-
butions concerrated at f (a) which is isomorphic to a countable sum of R with the
“nest locally convex topology. But in this topology, every linear subspaceis closed
(since every quotient mapping is cortinuous), so (T +f *)(R[[x a]]o) is closed
aswell. =«

Now let us state again

Draft from March 21, 2005 Peter W. Mic hor,



30 3. Invariant theory of compact Lie groups

3.20. Lemma. Consider, : S{# S ! G:S asin the proof of 3.15, and dg_ng
1= Ygg =, 1 S{ RX. The % form a minimal system of generatorsfor R R¥
and we denote the germ of % (resp. 1) by % (resp. 1;). Then there are germsof
smooth functions B; 2 C} (RK) such that

Pro of of lemma 3.20. Since! is a Gp-invariant polynomial (or the restriction of
one), we can expresst ; in the Hilb ert generatorsas follows:

*) =10+ Ai(3a,::1, %) Ai 2 R[R®]

Soour goalisto nd alocal inversefor A. With the help of Glaeser'slemma 3.19
let us now try to construct a formal power seriesinverse. , inducesan isomorphism
by which

C' (5)® =,°C! (G:S)©:
Without lossof generality let us now assumeS was chosencompact. Then G:S is
compact as well and we can apply the Weierstrassapproximation theoremto get

C! (G:S)® = R[X] g © = Yigs R[] = %ig.s Ct (RK):

If we usethe fact that | ® is a homeomorphism,the two equations taken together
yield

C! (5)% =, °(%G:S)°Ct (R¥) = , *(%G:S)°C! (RK) = 1°C! (R¥):

Sowe have that % 2 C! (S)®r is \almost" somesmooth function of . Now we
can use Glaeser'slemma. Take 3% and 0 2 S. Then there is a smooth function
A 2 C! (R¥) sudh that

To %= TlgA Ty &

Sinceboth % and* are polynomials, we can disregardthe Tg . T, A is a power
seriesin (tj 1(0)). If wetake'; 2 RJ[t] to be the power seriesin t with the same
coezcients, then the above formula turns into

**) %="i(i *(0):

Since % is homogeneousof degree> 0, ' ; has no constart term. So we can write
it as
'"i = L; + higher order terms Li 2 R[t],

In particular, if weinsert (*) into (**) this implies
(%) %i Li(A(®:: 5 Ad®) 2 (RIS

Sincethe % were chosento be a minimal system of generators,lemma 3.18implies
that the % + (R[t]°")? form a basisof R[t]°" =(R[t]°?)2. Therefore we have a well
de ned algebraisomorphism:

RIS =(R[tI®*)?if A= Rlz1;::1;2], = 22
%+ (RIS 7! [2]

Draft from March 21, 2005 Peter W. Mic hor,



3. Invariant theory of compact Lie groups 31
Now (***) translated to A gives
Li(A1(2);:::;Ak(2)) = z + O(z%)  inR[Z]

Therefore

DL(0) DA(0) = | dg«;
and by the inversefunction theorem A hasa local inverse. So, locally, we can solve
the equation (*) in terms of %, which provesthe lemma. o

This completesthe proof of the key lemma. So far, we have showvn (seeremark
3.16) that under the hypothesesl and ||

A*C (R";f0g)® = (id £ Yjga, )" B"C! (RE R¥;f0g)

holds. We have beenable to pull out ¥; but the polar coordinate transformation
is now encaded in B. We must now pull the B* out in front of the (id £ %jg., )°
where it will appear again as A” and then get rid of the excessdimension.

Recall that B was de ned to satisfy the diagram:
RESUI A g
id £ (Ygn: 1) (r;4

RERK B RgRK

wherer denotedthe polynomial map r(x) = jxj? on R". Thus B +(id £ Yojgni 1) =
(r;:¥3 £A. And therefore

A*C! (R";f0g)® = (id £ Yjgn, )" B°C! (RE R¥;f0g) =
= A" (r;3°C! (R£ R¥;f0g):

Since A° was injective, we can now discard it to get
Cc! (R";f0g)® = (r;°C! (R£ RX:;f0g):

That takescare of B aswell as A, solet us now tackle r.

r is an O(n)-invariant polynomial, in particular it is G-invariant. Therefore by
Hilb ert:
r=Ax+% for someA in C! (R¥).

So(r;¥) = (A;id) +%and we get
C! (R";f0g)¢ = 8 +(A;id)°C? (RE£ R¥;f0g):
Now we are just one easylemma away from the desiredresult
C! (R";f0g)¢ = AC! (R¥;f0g)
under hypothesesl and Il. That is.
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32 3. Invariant theory of compact Lie groups

3.21. Lemma.
(A;id)°C! (R£ RK;f0g) = C* (RX;f0g)

Pro of. Taking a closerlook at (A;id), we seethat it is a composition of maps
(Aiid) : R¥ ;T GraphA ] RE RX
g

wherei is the embedding of the closedsubmanifold Graph A into RE RK. Therefore
(A;id)°C! (R£ RX;f0og) = g%i°C? (R£ R¥;f0g):
Since0 = r(0) = A +%40) = A(0), we seethat g(0) = 0. Sowe also have
c! (R¥;fog) = g°C! (Graph A;f0g):
Therefore it remainsto prove that
iC! (RE R¥;f0g) = C* (Graph A; f0g):

Now take an arbitrary f 2 C! (Graph A;f0g). There is a smooth extension f~of f
on R£ RX but it neednot be °at at zero. So considera submanifold chart (»;U)
of Graph A around 0 and de ne

fu:UP RE R Re G GraphA{ R:

Then fy is asmooth extensionof f on U and is °at at zero. Now f~and fy patched
together with a suitable partition of unity give a function f 2 C! (R£ R¥;0) such
that i°®f = f. o

End of the Pro of of 3.7. Recallfrom lemma3.10that it is sutcient to prove the
theorem of Schwarz, assuminghypothesis!l. We will now carry out induction over
G. For G = fgid, 3.7 holds trivially . Now for any compact Lie group G satisfying
hypothesis|| we showved above that under the induction hypothesis (I)

15Ct (R¥;fog) = C! (R";f0g)C:

From this, together with our considerationsfrom the beginning of the proof (3.11),
we seethat Schwarz' theorem is valid for G. =

There is one more Corollary to be gained from all of this. Notice that up to now
we have not shavn

) ¥2Ct (R ;f0g) = C* (R":f0g)°

in general. Although we worked on this throughout the proof of 3.7, we were
only able to show it under the hypothesesl and Il. Now that Schwarz' theorem is
proved, the hypothesis| is automatically satis ed sowe can disregardit. But we
have to look more deeply into the proof to be able to seewhether (*) is satis ed
for represertations of compact Lie groupswith more than one xed point. It turns
out that it is.
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3. Invariant theory of compact Lie groups 33
3.22. Corollary. Let G beacompactLie group with an orthogonal represenation
of positive degree. Then

8C (R¥;fog) = C* (R";f0g)®:

Pro of. Schwarz' theorem implies that
(Ysni1)° C* (R¥) = C* (8" )C:

By badtracing we seethat before we knew theorem 3.7 this was a consequence
of the key lemma 3.15 which was based on the two hypotheses. In fact, it was
the only assertion of 3.15that was neededto prove the corollary 3.16. Sowe now
know that 3.16 doesnot require the hypothesesafter all. But the remainder of the
proof for 5C* (RK:f0g) = C! (R";f0g)® did not use3.15at all, it only used3.16.
Therefore, it is independen of the hypothesesaswell. =©

Further results in this direction were obtained by Luna who, among other things,
generalizedthe theorem of Schwarz to reductive Lie groupslosing only the property
of the Hilb ert generatorsseparating the orbits (see[20]).

Luna's Theorem (1976). Considera represetation of a reductive Lie group G

generatethe algebraK [Km]G. Then the following assertionshold:
(1) K=C) %% :H(C"){ H(C™C is surjective.
(2) K=R) % :C'(R"){ C'(RMC is surjective.
(3) K = R implies that

a

© )
¥%:Ct(R"){ f2C!(R™S:f isconstart on ¥ (y) forally 2 R

is surjective.
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4. Transformation Groups

4.1. De'nition. Let G be a Lie group, M a C! -manifold. A smooth map
TIGEM | M (wewill write “g(x); *(g) as well as g:x for “(g;x)), de nes a
smooth action of G onM if it satis es

(1) ex=x; forall x 2 M wheree2 G is the unit elemen.

(2) (91 %)X = G1i(g:x); forall g1;0,2 G; x2 M.
We will alsosay G actson M, M is a G-manifold or M is a smooth G-space.

4.2. De nition.

(1) Forx 2 M the setG:x = fg:x : g2 Gg is called the G-orbit through x.

(2) A G-action on M is called transitiv e if the whole of M is one G-orbit.

(3) A G-action on M is called e®ectiv e if the homorphism G ! Di®(M) into
the di®eomorphismgroup is injective: If gix = x for all x 2 M theng= e.

(4) A G-action on M is calledfree if ** : G! M isinjective for eah x 2 M :
g:x = x for onex 2 M already impliesg = e.

(5) A G-action on M is called in"nitesimally  free if Te("'*) : g! TxM is
injective for eah x 2 M.

(6) A G-action on M is called in nitesimally  transitiv e if T.(C*) :g! T«M
is surjective for eah x 2 M.

(7) A G-action on M is called linear if M is a vector spaceand the action
de nes a represenation.

(8) A G-action on M is called atne if M is an atne space,and every "4 :
M { M isanatne map.

(9) A G-action on M is called orthogonal if (M;°) is a Euclidean vector space
and g 2 O(M;°) forallg2 G. (Thenf'g:9g2 Ggpn O(M;°) is auto-
matically a subgroup).

(10) A G-action on M s called isometric if (M;°) is a Riemannian manifold
and "¢ is an isometry for all g2 G.

(11) A G-action on M is called symplectic if (M;!) is a symplectic manifold
and "4 is a symplectomorphism for all g2 G (i.e. "§ presenes! ).

(12) A G-action on M is called a principal b er bundle action if it is free
and if the projection onto the orbit space¥%: M I M=G is a principal
b er bundle. This meansthat that M =G is a smooth manifold, and %is a
submersion. By ther implicit function theoremthere exit then local sections,
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4. Transformation groups 35

and the inversefunction theorem the mapping ¢ : M £y =c M ! G which
satis es x = ¢(x;y):y for x and y in the sameorbit, is smooth. This is a
certral notion of di®erertial geometry,

4.3. Denition. If M is a G-manifold, then M =G, the spaceof all G-orbits
endaved with the quotient topology, is called the orbit space.

4.4. Examples.

(1) The standard action of O(n) on R" is orthogonal. The orbits are the con-
certric spheresaround the xed point 0 and O itself. The orbit spaceis
R"=0(n) 2 [0;1 ).

(2) Every Lie group acts on itself by conjugation: conj: GE G{ G is de ned
by (g;h) 7! conjy(h) := g:h:g! 1 and is a smooth action of the Lie group on
itself.

(3) The adjoint action Ad : G{ GL(g) of the Lie group G on its Lie algebra
g is de ned asthe derivative of conj (interpreted asamap G{ Aut(G))

Ad(g) : X 7! %Z g:exp®(tX ):g' ' = Te(conjy) 1gi g
t=0

It is clearly linear. If G is compact, then it is orthogonal with respect to
the negative Cartan-Killing form,

iB:gfgi R:(X;Y)7!i tr(ad(X) zad(Y));

which in this casede nes an inner product on g.

(4) In particular, the orthogonal group acts orthogonally on o(n), the Lie al-
gebraof all antisymmetric n £ n-matrices. Not a special caseof (3) is the
O(n)-action on S(n) de ned in chapter 1. Yet it is also orthogonal: Let
A 2 O(n) act on G;H 2 S(n) then

i . : ¢ . .
tr 'AHAI L(AGA 1)t = tr(AH Al }(AI 1)IGIAY) =
tr(AH Al PAG'AT 1) = tr(AH G'AT 1) = tr(HG?Y)

(5) SU(n) actsunitarily on the hermitian n £ n matrices by conjugation (anal-
ogousto (4)).

4.5. De nition.
Let M be a G-manifold, then the closedsubgroup Gy = fg2 G : g:x = xgof G is
called the isotrop y subgroup of x.

Remark. The mapi : G=G, { M denedbyi : gGx 7! gx 2 M is a G-
equivariant initial immersion with image G:x. [19], Theorem 5.14

X
G—M
p i
G=Gy
If G is compact, then clearly i is an embedding.
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4.6. Lemma. Let M bea G-manifold and x;y 2 M, then
(1) Ggx = 0:Gx:0' !
(2) Gx\ Gy6 ;) Gx=Gy
(3) Tx(Gx) = Te("):g
Pro of.
(1) a2 Ggx, agx=gx, g lagx=x () g 'ag2Gx, a2gGg .
(2 z2Gx\Gy) z=hX=0y) X=0 gy =i gy, therefore G:x =

Gi(gy) = Gy. -
(3) X 2 T4(Gx), X = c;’—t 1= C(t)for somesmooth curve c(t) = gi:x 2 G:x
with go = e. Sowehave X = & _ (&) 2 Te(¥):g. =

4.7. Conjugacy Classes. The closed subgroupsof G can be partitioned into
equivalenceclassesby the following relation:
H» H? () 9 g2 G for whichH = gH% !

The equivalenceclassof H is denoted by (H).

First consequencey( with lemma 4.6(1) ) The conjugacy classof an isotropy sub-
group is invariant under the action of G : (Gx) = (Ggx). Therefore we can assign
to eadh orbit G:x the conjugacy class(Gx). We will call (G4) the isotrop y type
of the orbit through x, and two orbits are said to be of the sametype, if they have
the sameisotropy type.

If G is compact, we can de ne a partial ordering on the conjugacy classessimply
by transferring the usual partial ordering \u" on the subgroupsto the classes:

H)y- HY () 9K 2 (H);K°2 (HY) :K pK?®
This is equivalent to a shorter de nition:
(H)- (HY :() 99g2G:H %gH% !
If G is not compact this relation may not be antisymmetric. For compact G the
antisymmetry of this relation is a consequencef the following

4.8. Lemma [5], 1.9. Let G be a compact Lie group, H a closedsubgroup of G,
then
gHg' '*uH =) gHg'=H

Pro of. By iteration, gHgi ' p H implies g"Hg " pu H for all n 2 N. Now let us
study the setA := fg" : n 2 Nog. We will shawv that g * is cortained in its closure.

Suppose Tst that e is an accunulation point of A. Then for any neighborhood U
of ethereisag" 2 U wheren > 0. This implies g"i 1 2 gi U\ A. Sincethe sets
g U form a neighborhood basisof g 1, we seethat g ! is an accunulation point
of A aswell. That is, gi 1 2 A.

Now supposethat eis discretein A. Then sinceG is compact, A is nite. Therefore
g" = efor somen> 0,andg"i 1= g 12 A.

Sinceconj: GE G| G is continuousand H is closed,we have
conj(A;H) u H:

In particular, gt *Hgu H which together with our premiseimplies that gHg' * =
H. o
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4.9. Denition. Let M and N be G-manifolds. A smooth mapf : M { N is
called equiv arian t, if it satis esf (g:x) = g:f (x) for all x in M andgin G.

4.10. De nition. Let M be a G-manifold. The orbit G:x is called principal
orbit , if there is an invariant open neighborhood U of x in M and for all y 2 U an
equivariant mapf : G:x{ Gy.

Remark.

(1) The equivariant map f : G:x § G:y of the de nition is automatically
surjective :
Let f (x) =: aiy. For an arbitrary z = gy 2 Gy this givesus
z=gy=ga tay= ga f(x) = f(ga L:x).

(2) The existenceof f in the above de nition is equivalent to the condition :
Gx M aGyai ! for somea2 G:
0) 9g26Gx) gx=x) gf(x)="f(gx)="f(x)andforf(x) = ay
this implies ga:ty = aiy) g2 Gay = aGya' *(by 4.6(1)).
(() Denef :Gx{ Gy explicitly by f(g:x) := gayy. Then we have
to ched that, if g1:x = gx:x i.e. g:= @b g1 2 Gy, then giaty = geazy or
g2 Gy = aGya 1. This is guararteed by our assumption.

(3) Wecall x 2 M aregular point if G:x is a principal orbit. Otherwise, X is
called singular . The subsetof all regular (singular) points in M is denoted
by Mreg ( IVlsing )

4.11. De nition. Let M be a G-manifold and x 2 M then a subsetS u M is
called a slice at x, if there is a G-invariant open neighborhood U of G:x and a
smooth equivariant retraction r : U { G:x sud that S = ri 1(x).

4.12. Prop osition. If M is a G-manifold and S = ri 1(x) asliceat x 2 M, where
r:U{ G:xisthe corresponding retraction, then

(1) x2S andG4:Sp S

(2) S\ S6 ;) g2Gy

(3) GS=fgs:g2G;s2Sg=U

Pro of.

(1) x 2 Siis clear, sinceS = ri 1(x) and r(x) = x. To show that G,:S u S,
takeans2 Sand g2 Gy. Thenr(g:s) = gir(s) = g:x = X, and therefore
gs2ril(x)=S.

(2 gS\ S6 ;) gs2Sforsomes2S) x=r(gs)=gr(s)=gx) g2

Gx.
(3) (p) Sincer is de'ned on U only, and U is G-invariant, G:S = G:ri 1(x) u
G:U=U.

(1) Considery 2 U with r(y) = gx, theny = g:(g %:y) and g Ly 2 S,
sincer(g :y) =g lr(y) =g 'gx=xsoy2 G:S. =©

4.13. Corollary. If M is a G-manifold and S a sliceat x 2 M, then
(1) S is a Gx-manifold.
(2) Gs 1 Gy forall s2 S.
(3) If G:x is a principal orbit and Gy compact, then Gy = Gy forally 2 S if
the slice S at x is chosensmall enough. In other words, all orbits near G:x
are principal aswell.
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38 4. Transformation groups

(4) If two Gx-orbits Gy:S3; Gy 'Sz in S have the sameorbit type as Gy -orbits in
S, then G:s; and G:s;, have the sameorbit type as G-orbits in M.
(5) S=G 2 G:S=G is an open neighborhood of G:x in the orbit spaceM =G.

Pro of.

(1) This isis clear from 4.12(1).

(2) 92Gy) gy=y2S) g2 Gy by 4.12(2).

(3) By (2) wehave Gy p Gy, soGy is compactaswell. BecauseG:x is principal
it follows that for y 2 S closeto x, Gy is conjugate to a subgroup of
Gy, Gy 1 Gx M g:Gyg !. Since Gy is compact, Gy U g:Gygi ! implies
Gy = g:Gyg ! by 4.8. Therefore G, = Gy, and Gy is also a principal
orbit.

(4) Forany s2 St holdsthat (Gy)s = Gs, since(Gx)s 1 Gs, and, corversely
by (2), Gs 1 Gy, therefore Gs 1 (Gx)s. S0 (Gx)s, = 9(Gx)s, g ! implies
Gs, = 0Gs, g ! and the G-orbits have the sameorbit type.

(5) The isomorphism S=G4 2 G:S=G is given by the map G4:s 7! G:s (it is an
injection by 4.12(2)). SinceG:S = U is an open G-invariant neighborhood
of G:x in M (4.12(3)), we have G:S=G is an open neighborhood of G:x in
M=G. =

4.14. Remark. The converseto 4.13(4)is generallyfalse. If the two G-orbits G:s;,
G:s; are of the sametype, then the isotropy groups Gs, and G, are conjugate
in G. They need not be conjugate in Gx. For example, consider the compact
Lie group G := (S £ S%)s Z, with multiplication "+' dened as follows. Let
"1, 2;A A, 2 St and ® 2 Z,. Take on S £ S! the usual multiplication by
componerts, and as Z,-action:

i D7 ip:= idgig st

170 (10:C ' 2) 7 (2t 1))

Then
(4 2@ £(AiA;7) = (( 1" 2ie(AiiA); @+ )

shall give the multiplication on (St £ S!)s Z,.

Now we let G acton M = V't W whereV = W = R? £ R?. For any elemert in
M we will indicate its connectedcomponert by the index (x; y)v or (X; y)w . The
action shall be the following

(' 2006y = (a2
(' 2Dy =yt 2X)w

The action on W is simply given by interchanging the V's and W's in the above
formulae. This really de nes an action as can be veri ed directly, for example,

(1 2 DA AL D5 V) = (Cut 2 DAty Aoix)w
= (1A% Ay = (A2 2AL D) (X y)v
= (( 1" 21 £ (A A D)X y)v s
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4. Transformation groups 39

Denote by H the abelian subgroup St £ S £ fbg. H is the isotropy subgroup of
(0;0)v, and V is a slice at (0;0)y . Now considers; := (0;vl)y ands; := (vZ;0)y,
both not equalto zero. Then let
H]_ = Gsl
H2 = 652

St £ fidg£ fbg
fidge S*£ fbg

H, and H, are conjugatein G by ¢ = (id; id; 1):
Hi+c3 (5 id;0)£c= (; id; 1) = cx(id;; 0) 2 cxH,

Yet they are clearly not conjugatein H sinceH is abelian. SoH:s; and H:s, have
di®erert orbit typesin H while G:s; and G:s;, are of the sameG-orbit type.

4.15. Prop osition. Let M be a G-manifold and S a slice at x, then there is a
G-equivariant di®eomorphismof the assaiated bundle G [S] onto G:S,

f:G[S]=GE£g, Si G:S
which maps the zero section G £ ¢, fxg onto G:x.

Pro of. Since (gh;hi 1:s) = g:s = *(g;s) for all h 2 Gy, thereisanf : G[S] {
G:S sud that the diagram belov commutes.

GES— GS
q

GEg, S

f is smooth becausef £+q= " is smooth and q is a submersion. It is equivariant
since” and q are equivariant. Also, f mapsthe zerosectionG £ ¢, fxg onto G:x.
It remainsto show that f is a di®eomorphism.f is bijective, sincewith 4.12(2)

st = Qs () si=dles ()
o= gzhi 1T and s; = his, for h = gll 192 2 Gx

and this is equivalent to
q(01;81) = A(G2;S2):

To seethat f is a di®eomorphismlet us prove that the rank of f equalsthe dimen-
sion of M. First of all, note that

Rank("g) = dim(g:S) = dim S
and Rank(**) = dim(G:x)

SinceS=ri }(x) andr : G:S{ G:x is a submersion(r j;, = id) it follows that
dim(G:x) = codim S. Therefore,

Rank(f ) = Rank(") = Rank("4) + Rank(**) =
dim S+ dim(G:x) = dimS+ codimS = dimM:
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40 4. Transformation groups

o]

4.16. Remark. The conversealsoholds. If f : GE G, S1 G:SisaG-equivariant
di®eomorphism then for someg 2 G;52 S, f[§; 8] = x. Sof [g;s] := f[gy; s] de nes
a G-equivariant di®eomorphismwith the additional property that x = f [e;§].

f
GEg, Siiii! G:S
Sx 2 i A

% 9
pry ry
G=Gy i iii! G:x
If wedener:=ixprixfil:G:S}{

G:x, then r is again a smooth G-equivariant
map, and it is a retraction onto G:x since

xii! [e8 " eG i ex

Furthermore, ri 1(x) = S making S a slice.
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5. Prop er Actions

In this sectionwe describe and characterize\prop er" actions of Lie groups. We will
seethat the following de nition is tailored to generalizecompact Lie group actions
while retaining many of their nice properties.

5.1. De nition. A smooth action " : GE M { M s called prop er if it satis es
one of the following three equivalent conditions:
@) C;id):GEM{ MEM; (g;x) 7! (g:x; x), is a proper mapping
(2) ghixn! yandx, ! xin M, for someg, 2 G and x,;X;y 2 M, implies
that theseg, have a corvergert subsequencén G.
(3) K and L compactin M implies that fg2 G:g:K \ L 6 ;g is compact as
well.

Pro of.

(1)) (2) is a direct consequencef the de nitions.

(2) ) (3): Let g, be a sequencein fg2 G:gK \ L 6 ;g and x, 2 K suc
that g,:x, 2 L. Since K is compact, we can choose a corvergert subsequence
Xn, ! x2 K ofxn. Sincel is compactwe can do the samefor g,, :xn, there. Now
(2) tells us that in such a caseg, must have a convergert subsequencetherefore
fg2 G:gK\ L 6 ;g is compact.

(3 ) (1) Let R be a compact subsetof M £ M. Then L := pri(R) and
K := pry(R) are compact, and (*;id)i Y(R) up fg2 G:gK \ L 6 ;g £ K. By (3),
fg2 G:gK \ L 6 ;g is compact. Therefore (*;id)i *(R) is compact, and (; id) is
proper. ©

5.2. Remark. If Giscompact,then every G-actionisproper. If " :GEM | M is
a proper action and G is not compact, then for any unboundedH p G andx 2 M
the set H:x is unbounded in M. Furthermore, all isotropy groups are compact
(most easily seenfrom 5.1(3) by setting K = L = fxg).

5.3. Lemma. A continuous, proper mapf : X { Y betweentwo topological
spacesis closed.

Pro of. Considera closedsubsetA pu X, and take a point y in the closureof f (A).
Let f(a,) 2 f(A) corvergeto y (a, 2 A). Then the f (a,) are contained in a
bounded subsetB p f (A). Thereforea, p fi1(B)\ A which is now, sincef is
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42 5. Proper actions

proper, a bounded subsetof A. Consequetly, (a,) has a corvergert subsequence
with limit a2 A, and by continuity of f , it givesa corvergernt subsequenceff (a,)
with limit f (a) 2 f (A). Sincef (a,) corvergesto y, we havey = f(a) 2 f (A). =

5.4. Prop osition. The orbits of a proper action * : GE M { M are closed
submanifolds.

Pro of. By the precedinglemma, (*; id) is closed. Therefore (*;id)(G;x) = G:X £

fxg, and with it G:x is closed. Next let us show that "* : G § G:x is an open
mapping.

Since ** is G-equivariant, we only have to show for a neighborhood U of e that

“X(U) = U:x isaneighborhood of x. Let usassumethe cortrary: thereis a sequence
Oh:X 2 G:x j Ux which corvergesto x. Then by 5.1(2), g, has a corvergert

subsequencewith limit g 2 Gy. On the other hand, sinceg,:x 2 U:x = U:Gy:X

we have g, 2 U:Gy, and, since U:Gx is open, we have g 2 U:Gx as well. This

contradicts g 2 Gy.

Now we seethat the orbits of a proper action are closedsubmanifolds.
X

G G:x

G=Gy

As the integral manifold of fundamertal vector "elds, G:x is an initial submanifold,
andi is aninjectiveimmersion[19], Theorem5.14. Sincei+p = "* isopen,i is open
aswell. Thereforeit is a homeomorphism,and G:x is an embeddedsubmanifold of
M. o

5.5. Lemma. Let (M;°) be a Riemannian manifold and > : GEM { M an
e®ective isometric action (i.e. gx = x forallx2 M ) g= e), such that (G) u
Isom(M;°) is closedin the compact open topology. Then " is proper.

Proof. Let g, 2 G and x,;X;y 2 M such that g,:x, ! yandx, ! x then we
have to show that g, has a convergert subsequenceavhich is the sameas proving
that fg, : n 2 Ng is relatively compact, since (G) p Isom(M; °) is closed.

Let us choosea compact neighborhood K of x in M. Then, sincethe g act isomet-
rically, we can "'nd a compact neighborhood L p M of y such that ﬁzl oK is
contained in L. Sof g,gis bounded. Furthermore, the setof all g, is equicortinuous
as subsetof Isom(M ). Therefore, by the theorem of Ascoli-Arzela, fg, : n 2 Ng is

relatively compact. ©

5.6. Theorem (Existence of Slices). [31], 1961

Let M be a G-space,and x 2 M a point with compact isotropy group Gx. If for
all open neighborhoods W of G4 in G there is a neighborhood V of x in M such
that fg2 G:gV\ V 6 ;g 4 W, then there exists a slice at x.

Pro of. Let = be any Riemann metric on M. Since G4 is compact, we can get a
Gy -invariant metric by integrating over the Haar-measurefor the action of Gy.
z Z

°x(X;Y) = (Ca9)(X;Y)da= (T aX;T ,aY)da
Gx

X
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5. Proper actions 43

Now if we choose" > 0 small enoughfor exp, : TxM T Bo, (") i M to bea
di®eomorphismonto its image, we can de ne:

o i ¢
S:= exp, 'T(Gx)? \ Bo, (") U M:

S is a submanifold of M and the rst step towards obtaining a real slice. Let us
show that S is Gy-invariant. SinceGy leaves® unchangedand Ty (G:x) is invariant
under Ty g (for g 2 Gx), Tx g is anisometry and leaves Ty (G:x)? \ B o, (") invariant.
Therefore: _

T(Gx)7\ Bo (") il Tx(Gx)?\ Bo, (")

? . ? .
Y exp, Y expy
s ! s

What is not necessarilytrue for S is that any g 2 G which mapssomes 2 S badk
into S is automatically in Gx. This property is necessaryfor a slice, and we will
now try to attain it for a Gy-invariant subsetS p S. At this point, the condition
that for every open neighborhood W of G4 in G, there is a neighborhood V of x in
M suchthat fg2 G:gV\ V 6 ;g 4 W comesin. The ideais to nd a suitable
W and corresponding V such that V \ S hasthe desired property.

First we must construct a W "tting our purposes. Choosean open neighborhood
U p G=G, of e:G, such that there is asmooth sectionA: U { GofY%: G| G=G,
with A(e:G,) = e. And let U and possibly S be small enough for us to get an
embedding

f:UES] M:(u;s) 7! Au):s:

Our neighborhood of G will be W := % 1(U). Now by our assumption, there is a
neighborhood V of x in M sudh that fg2 G:gV\ V6 ;g u W.

Next we will prove that V can be chosenGy-invariant. Supposewe can choosean
open neighborhood W of G, in G sud that Gx:W p W (wewill prove this below).
Then let V°be the neighborhood of x in M satisfyingfg2 G : g:vV% v°6 ;g u W.
Now V := G,:V?hasthe desiredproperty, since:

[
fg2 G:g:G.:VO\ G,:v%6 ;g = fg2 G:gg:V°\ g:v°6 ;g =
01,922 G«
fg2 G:g,tga:vV°\ V%6 ;g = ®fg2 G: gV V%6 ggi'=
01,922 G« 01,922 G«
Gx:fg2 G:gVO V%6 :g:Gy u Gx:W:Gx p W:Gy p W

To complete the above argumertation, we have left to prove the

Claim: To any open neighborhood W of Gk in G there is an open neighborhood
W of G4 such that Gx:W u W.

Proof: The proof relies on the compactnessof Gx. Choose for all (a;b) 2 G« £
Gx neighborhoods A, of a and B, of b, suc that Agp:Bap B W. This is
possibleby cortinuity, since Gx:Gx = Gx. fBap : b2 Gx%is an open covering of
Gx. Then sinceGy is compact, there is a nite subcovering szl Bap, = Ba 1 Gx.

Since Aap, :Bap, 1 W we must choose A, = J-Nzl Aap,, 10 get AaiBa 1 W.
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44 5. Proper actions

Now since A, is a nelgl"gorhood of ain Gy, the A, cover Gy agamT Consider a
“nite subcovering A = i=1 Aa 1 Gx, and as before dene B : J -1 Ba, SO
that A:B pu W. In particular, this givesus Gx:B p W, soW := B is an open
neighborhood of Gx with the desired property.

We have found a Gy-invariant neighborhood V of x, with fg2 G:gvV\ V 6 ;g
cortained in W. Now wede ne S := S\ V and hopefor the best. S is an opensubset
of S, and it is againinvariant under G,. Let us ched whether we have the corverse:
fg2 G:g:S\ S6 ;g u Gyx. If g:s; = s, for somes;;s; 2 S, theng2 W = ¥4 1(U)
by the above e®ort. Therefore ¥{g) 2 U. Chooseh = gi A(¥4g)) 2 G4. Then

f(Ag);h' *s1) = AAGNN s = gis1 = s, = f(Ye);s2):

Sincef is a di®eomorphismonto its image, we have shown that ¥{g) = “{e), that
isg2 Gy.

Now, it is easyto seethat F : GEg, S{ G:S: [g;s] 7! gs is well de ned,
G-equivariant and smooth. We have the diagram

GES i G:S

GEg, S

To nish the proof, we haveto shaw that F is a di®eomorphism(4.16). F isinjective
because:

Flg:s]= Flg%sT) gs=g%s") g 'g’s’=s
) 9'd°2Gy) [g:s]= [g:g ‘g% = [¢%s]

Next, we notice that “(W;S) = W:S = f (U;S) isopenin M sincef :U£S{ M is
an embedding with an open image. Consequetly, G:S = (G; W:S) is open, since
" is open, and F is a di®eomorphism. =

5.7. Theorem. If M is a proper G-manifold, then for all x 2 M the conditions
of the previous theorem are satis ed, soead x hasslices.

Pro of. We have already shown that G, is compact (5.2(2)). Now for every neigh-
borhood U of Gy in G, for every x 2 M, it remainsto nd a neighborhood V of x
in M sud that

fg2G:gV\ V6 guuU

Claim: U cortains an open neighborhood O with G,U = U ( sowe will be able to
assumeG4 U = U without lossof generality ).

In the proof of theorem 5.6 we shawed the existenceof a neighborhood B of Gy sudh
that G4:B p U, using only the compactnessof Gx. SoU = G4:B = 926, 9B is
again an open neighborhood of G, and it hasthe desired properties.

Now we can supposeU = Gy:U. Next, we have to construct an open neighborhood
V u M of x, suhthat fg2 G:gV\ V 6 ;9 u U. This is the sameas saying
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(Gij U):V\ V should be empty. Sowe have to look for V in the complemen of
(Gij U):x.

First we haveto chedk that M j ((Gj U):x) really contains an open neighborhood of
X. Upon closerinspection, we seethat M j ((Gj U):x) is open altogether, or rather
that (G U):x is closed. This is because(Gi U):xX£ fxg= (7;id)(Gi U)£ fxo)
is the image of a closedset under (; id) which is a closedmapping by lemma 5.3.
Now let us choose a compact neighborhood W of x in M j ((Gj U):x). Then
since G acts properly, it follows that fg 2 G : gW \ W 6 ;g is compact, in
particular K := fg2 Gj U:gW\ W 6 ;g is compact. But what we needis for
fg2 Gj U:gV\V 6 ;g to beempty. An x-neighborhood V contained in W
ful'lls this, if K:V u M j W. Let us nd sud a neighborhood.

Our choice of W guaranteesK:x © M j W. But M j W is open, therefore for
ead k 2 K we can choosea neighborhood Qi of k in G and Vi of x in W, such
that Qx:Vk 1 M § W. The neigkborlqoods Qk cover K, and we can choose a
“nite subcovering ~ ., Q;. ThenV := " {1, Vj hasthe desiredproperty : K:V
Mi W. o

5.8. Lemma. Let M beaproper G-manifold , V alinear G-spaceandf : M { V
smooth with compact support, then
Z

f:x 7! . g f (g:x)dt, (9)

is a G-equivariant C* -map with f{x) = 0 for x 2 G: suppf (where d*, stands for
the right Haar measureon G).

Pro of. Since G acts properly, fg 2 G : g:x 2 suppf g is compact. Therefore the
map g 7! g f (g:x) has compact support, and f~is well de ned. To seethat f~
is smooth, let xo bein M, and U a compact neighborhood of xo. Then the set
fg2 G:g:U\ suppf 6 ;g is compact. Therefore, f~restricted to U is smooth, in
particular f~is smooth in xo. f~is G-equivariant, since
VA
fthx) = g *f (ghix)d*,(g) =
Z G z
= h(gh)" *f (gh:x)d*((g) = h: g *f (gx)d*((g) = hf(x):
G G

Furthermore, x 2 G:suppf ) f(gx)=0forallg2 G) f(x)=0. =
5.9. Corollary. If M is a proper G-manifold, then M =G is completely regular.

Pro of. ChooseF p M =G closedand %o = ¥{Xp) 2 F. Now let U be a compact
neighborhood of xg in M fulTling U\ ¥ Y(F)=;,andf 2 C! (M;[0;1)) with
support in U such that f (xg) > 0. If we take t&e trivial represenation of G on
R, then from lemma 5.8 it follows that f~: x 7! f (g:x)d!(g) de nes a smooth
G-invariant function. Furthermore, f{xg) > 0. Sincesuppf u G:suppf p G:U,
we have suppf™\ ¥ }(F) = ;. Becausef"2 C1 (M;[0;1 ))®, f factors over %to a
map f 2 CO(M=G;[0;1 )), with f'(xo) > Oand f _ = 0. =
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5.10. Theorem. If M isaproper G-manifold, then there is a G-invariant Riemann
metric on M .

Pro of. By 5.7thereisaslice S, at x forall x 2 M. If “%a: M § M=G is the
guotient map, then we will show the existenceof a sequencex, 2 M suc that
Y{Sx,) is a locally nite covering of M=G. To do so, notice rst that M=G is
locally compact (in particular Hausdor®), ¥scompact and therefore normal.

SinceM =G is ¥scompact and Hausdor®,there is a courtable locally nite covering
by compact setsC;. Each C;, in turn, is covered by f%(Sy) : x 2 ¥ 1(C;)g. Since
C; is compact, there is a "nite subcovering, and these taken all together give the
desired covering of M =G.
Let us now construct a neighborhood K, of x, in S, (=1 Sy) sud that K, has
compact closurein S, and f (K )g is still a covering.
Take a C; froma@bove. If f¥%S;) :j 2 F “2N; nite g covers C;, then considerthe
complemert of ;¢ %(Sj) in Ci. This is a compact set cortained in C; with
open neighborhood %{S;), so it has a relatively compact neighborhood R, with
R) % %S)), sinceM =G is normal. K, := ¥ Y(R|)\ S is relatively compact due to
the compactnessof Gy, : K; is a subsetof S;, so4.13(5) statesthat R; 2 K;=Gy,,
soR; 2 K;=G,, and with R;, K; must be compact, since Gy, is compact.
If we choosef, 2 C! (M;[0;1)) with f, jk, > 0andsupp(fn) 1 G:Sy compact,
then Z
fa() = fa(gx)di(9) 2 C* (M;[0;1))°
G

is positive on G:K , and has supp(f;,) 1 G:S,. The action of the compact group
Gx, on TMjg is ber linear, sothere is a Gy-invariant Riemann metric °(") on
the vector bundle TMjg by integration. To get a Riemann metric on TM jg.q
invariant under the whole group G, considerthe following diagram.

GETMjg, —2— TMjgs,

q 9

GEg,, TMjSXn

2
GEg,, Sx, ——— G,

T2 (g, Xs) 7! Ts ¢:X factors over q to a map ¥,". This map is injective, since
if T2 (g;Xs) = T2°(g% X0), then on the one side “(g:s) = “(g%sY) so g 1gts® =
S and g 'g° 2 Gx. On he other side, Ts'g:Xs = Tso'go:Xs0. S0 (g% Xs0) =
9(g' 199; Tso goi 2 Ts g:Xs . And, therefore, g(g% Xs0) = q(g; Xs).

The Riemann metric °(") induces a G-invariant vector bundle metric on G £
TMjs I GE Sy by

°n(9: Xs; Ys) = o(n)(xs;Ys):

It is alsoinvariant under the Gy-action h:(g; Xs) = (ghi *; T 1:Xs) and, therefore,
inducesa Riemann metric %, on G£g, TMjg . This metric is again G-invariant,
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since the actions of G and G, commute. Now (%,").%, =: 2, is a G-invariant
Riemann metric on TMjs.s , and

p3
° = fln (X)%n

n=1
is a G-invariant Riemann metric onM. =&

Remark. By atheorem of Mostow (1957), if G is a compact Lie group, then any
G-manifold M with a "nite number of orbit types can be embedded into some
(higher dimensional) vector spaceV in sud a way that the action of G on M can
be extendedto a linear action on V (see[5], pp.110{112). A more recert result is
the following theorem found in [31].

5.11. Theorem. [31]

Let G be a matrix group, that is a Lie group with a faithful "nite dimensional
represeration, and let M be a G-spacewith only a nite number of orbit types.
Then there is a G-equivariant embeddingf : M | V into alinear G-spaceV.
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6. Riemannian G-manifolds

6.1. Preliminaries. Let (M;°) be a Riemannian G-manifold. If ' : M {§ M is
an isometric di®eomorphism,then
(1) ' (exp{ (X)) = expM,(tTx"X ). This is due to the fact that isometries
map gealesicsto geadesics,and the starting vector of the geadesict 7!
" (exp (X)) is Ty X .
(2) If ' (x) = x, then, in the chart (Uy;(expl)i 1), ' is a linear isometry
(where Uy is neighborhood of x sosmall, that (expM)i 2 :Us{ T4M isa
di®eomorphismonto a neighborhood of 0 in TyM) :

1(X) = (expl ) T+ texpl (X) = (expl ) texp (Tx"X )= T"X

(3) Fix(")=1fx2 M :' (x) = xgis atotally geaesicsubmanifold of M :
If we chooseX 2 Ty Fix(' ), then, sinceT,:X = X and by (1), we have

" (expM (X)) = exp! (T tX ) = expd! (tX):

Sothe geddesicthrough x with starting vector X stays in Fix (' ).
(4) If H isasetofisometries,then Fix(H) = fx2 M :' (x)=x forall' 2Hg
is also a totally geaesicsubmanifold in M .

6.2. De nition. Let M bea proper Riemannian G-manifold, x 2 M . The normal
bunde to the orbit G:x is de ned as

Nor(G:x) := T(G:x)’

Let Nor-(G:x) = fX 2 Nor(G:x) : jXj < "g, and chooser > 0 small enough
for exp, : TxM 9 B;(0x) { M to be a di®eomorphismonto its image and for
exp, (Br(0x)) \ G:x to have only one componert. Then, since the action of G is
isometric, exp de_nels a di®eomoaphismfrom Nor,-»(G:x) onto an open neighbor-
hood of G:x, soexp Nor,-,(G:x) =: U,=»(G:x) is a tubular neighlwrhood of G:x.
We de ne the normal slice at x by

i ¢
Sy = expy INorrZZ(G:x) <
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6.3. Lemma. Under these conditions we have
1) Sgx = 0:5«.
(2) Sk isasliceat x.

Pro of.
(1) SinceG acts isometrically and by 6.1(1) :

i ¢e_ | i ¢
Sgx = €XPgx Tx g Nor=2(G:x) , = "gexp, Nor=(Gix) , = g:S

(2) r :G:Sc i Gx:iexpygx X 7! giX de nes a smooth equivariant retraction
(note that S, and Sy are disjoint if x 6 y). =

6.4. De nition. Let M beaG-manifold andx 2 M, then there is arepresettation
of the isotropy group Gy

Gxi GL(TYM):g7! Tx'yg

called isotrop y represen tation . If M is a Riemannian G-manifold, then the
isotropy represenation is orthogonal, and T, (G:x) is an invariant subspaceunder
Gy. SoT«(G:x)? is alsoinvariant, and

Gx 1 O(Nory(Gix)) :g7! Ty
is called the slice represen tation .

6.5. Example. Let M = G be a compact Lie group with a biinvariant metric.
Then G £ G actson G by (g1;8):0 := 9199, *, making G a Riemannian (G £ G)-
space. The isotropy group of eis (G£ G)e = f(0;0) : g 2 Gg, and the isotropy
represenation coincideswith the adjoint represenation of G 2 (G£ G) ong =
Te(G).

6.6. Example. Let G=K be a semisimple symmetric space (G compact) and
g = k+ p the corresponding orthogonal decomposition of the Lie algebra g with
regard to the negative Cartan-Killing form j B. Then T¢(G=K) 2 g=k2 p, and the
isotropy subgroupof G at eis K. The isotropy represenation isAd7K;G K { O(p).
The slicesare points sincethe action is transitiv e.

6.7. Lemma. Let M be a proper Riemannian G-manifold, x 2 M. Then the
following three statemerts are equivalent:

(1) x is aregular point.

(2) The slicerepresenation at x is trivial.

(3) Gy = Gy for all y 2 S for a suxciently small slice Sy.

Pro of. Clearly, (2) () (3). Tosee(3) =) (1), let Sy be asmall sliceat x. Then
U := G:S is an open neighborhood of G:x in M, and for all g:;s 2 U we have
Gg:s = 9Gsg ! = gGxg . Therefore G:x is a principal orbit. The corverseis true
by 4.13(3), since G4 is compact. ©
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6.8. De nition. Let M be a Riemannian G-manifold and G:x someorbit, then
a smooth sectionu of the normal bundle Nor(G:x) is called equiv arian t normal
“eld , if

Ty (Cg):uly) = u(gy) forally2 G:x;g2 G:

6.9. Corollary. Let M bea proper Riemannian G-manifold and x a regular point.
If X 2 Nory(G:x), then X (g:x) := Tx("g):X is a well de ned equivariant normal
“eld along G:x in M.

Proof. If gx = hix then hi1g2 G, ) Ty "hi 1g¢:x = X, sincethe slice rep-
resentation is trivial by (2) above. Now by the chain rule: Ty(Tg):X = Tx(h):X.
Therefore X is a well dened, smooth section of Nor(G:x). It is equivariant by
de nition. ©

6.10. Corollary. Let M bea Riemannian G-manifold, G:x a principal orbit, and

frame "eld for Nor(G:x), and Nor(G:x) is a trivial bundle. =

This follows also from the tubular neighborhood description G:Sy 2 G £, Sy,
where Sy is a normal slice at x with trivial Gy-action, see6.7.

6.11. Denition. Let (M;°) be a Riemannian manifold and r M its Levi-Civita
covariant derivative. If P is a submanifold of M and r P the induced covaria

derivativeon P, then the second fundamen tal form S2 C! 'S2T°P - Nor(P)
is given by the so called Gaussequation:

r¥yY =r Y+ S(X;Y) for X;Y 2 X(P)

In other words, S(X;Y) is the part of the covariant derivative in M orthogonal to
P.

6.12. Denition. Let (M;°) be a Riemannian G-manifold and u an equivariant
normal "eld along an orbit P := G:xg. Then X4 2 T4P de nes a linear form on
TxP by

Yy 71 °(S(Xx; Yx); u(x)):

Therefore, there is a vector S, () (Xx) 2 TxP sud that

*Jrp (Su(x)(xx);Yx) = °(S(Xx; Yx);u(x))

This assignmen de nes a linear map Syx) : TxP § TxP called the shape op-
erator of P in the normal direction u(x). For hypersurfacesit is also known as
the Weingarten endomorphism. Its eigervaluesare called the main curvatures of P
along u.

6.13. Lemma. Let u be an equivariant normal "eld along an orbit P := G:Xg,
then

(1) Sugx) = Tx(\g):su(x):Tg:x (‘gi 1)
(2) The main curvatures of P along u are all constart.
(3) fexpV (u(x)) : x 2 P = G:xog is another G-orbit.
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Pro of.
(1) Since® is G-invariant and S is G-equivariant:
° ISu((i;:x) (Xgi;:x) ;Yg:x¢: °(S (Xg:x¢; Ygx) ; U(g:)é:)) =
=° TgS Tg i Xgu;TgitYox ;T g(Ux)) =
_ =°'s'ty KogxiTg ng;x¢;U(X)¢= ¢
=° ISu(x) T 5 1(Xgx); T gi1Ygx =° IT\g £Sux) £ T gi 1 (Xgx); Ygx

(2) By (1) Sy(gx) results from S,y by a linear coordinate transformation,
which doesnot a®ectthe eigervalues.
(3) fexpV (u(x)) : x 2 P = G:xog = G:expM (u(xo)), since

g:exp¥ (u(xo)) = exp™ (T g:u(xo)) = exp (u(g:xo)):

o]

6.14. Example. Let N"(c) be the simply connectedspaceform with constart
sectional curvature c, that is

N"(c) = S"; spherewith radius % ifc>0
R"ifc=10

H"; hyperbolic spherewith radius J%J if c< O

Let G be a closedsubgroupof Isom(N"(c)). If P is a G-orbit, then sois the subset
fexp(u(x)) : x 2 Pg for any equivariant normal "eld u along P. For instance
(1) If G = SO(n) Y2Isom(R"), then the G-orbits are the sphereswith certer O.
A radial vector "eld with constart length on eac sphere,u(x) = f (jxj):x,
de nes an equivariant normal eld on ead orbit. Clearly its “ow carries
orbits badk into orbits.
(2) Another exampleis the subgroup

G=ff :x7'x+ v:, 2R;v2Htvyvy:ii;Vpig
of Isom(R") consistingonly of atne translations in certain "xed directions.

Here the orbits of G are then parallel planes of dimension m. An equi-
variant normal "eld on an orbit is a constart vector eld orthogonal to

6.15. Theorem. Let M be a proper G-manifold, then the setof all regular points
Mg is open and densein M. In particular, there is always a principal orbit type.

Pro of. Supposex 2 Mgg. By 5.7 there is a slice S at x, and by 4.13(3) S can be
chosensmall enoughfor all orbits through S to be principal aswell. Therefore G:S
is an open neighborhood of x in Mg (open by 4.12(3)).

To seethat Mg is dense,let U 4 M be open, x 2 U, and S a slice at x. Now
chooseay 2 G:S\ U for which G, hasthe minimal dimension and the smallest
number of connectedcomponerts for this dimensionin all of G:S\ U. Let Sy bea
sliceat y, then G:Sy\ G:S\ U is open, and for any z 2 G:Sy\ G:S\ U we have
22 gSy = Syy,S0G; U Ggy = gGygi 1. By choiceofy, this implies G, = gG,g *
forall z2 G:Sy\ G:S\ U, and G:y is a principal orbit. =
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6.16. Theorem. Let M be a proper G-manifold and x 2 M. Then there is a
G-invariant neighborhood U of x in which only Tnitely many orbit typesoccur.

Pro of. By theorem 5.10 there is a G-invariant Riemann metric on M. Let S be
the normal slice at x. Then S is again a Riemannian manifold, and the compact
group Gy acts isometrically on S. In 4.13(4) we saw that, if Gy:s; and Gy:s; have
the sameorbit typein S, then G:s; and G:s, have the sameorbit typein M. So
the number of G-orbit typesin G:S can be no more, than the number of G -orbit
typesin S. Thereforeit is suxcient to considerthe casewhere G is a compact Lie
group. Let us now prove the assertionunder this added assumption. We carry out
induction on the dimensionof M .

For n = Othere is nothing to prove. Supposethe assertionis proved for dimM < n.
Again, it will do to nd a slice S at x with only a nite number of Gy-orbit
types. If dim S < dim M, this follows from the induction hypothesis. Now suppose
dim S = n. Sis equivariantly di®eomorphicto an openball in TyM under the slice
represenation (by exp). Sincethe slice represenation is orthogonal, it restricts to
a Gy-action on the sphereS"i 1. By the induction hypothesis, locally, S"i * has
only nitely many Gy-orbit types. SinceS"i  is compact, it hasonly “nitely many
orbit typesglobally. The orbit typesare the sameon all spheresr:S"i * (r > 0),
since x 7! %x is G-equivariant. Therefore, S has only "nitely many orbit types:
those of S"i 1 and the O-orbit. =©

6.17. Theorem. If M is a proper G-manifold then the set M sing =G of all singular
G-orbits does not locally disconnectthe orbit spaceM =G (that is to every point
in M =G the connectedneighborhoods remain connectedeven after removal of all
singular orhits).

Pro of. As in the previous theorem, we will reducethe statemert to an assertion
about the slice represenation. By theorem 5.10, there is a G-invariant Riemann
metric on M. Let S be the normal slice at x. Then S is again a Riemannian
manifold, and the compact group Gy acts isometrically on S. A principal G-orbit
is the restriction of a principal G-orbit, sinceGy:s is principal meansthat all orbits
in a suxciently small neighborhood of G :s have the sameorbit type asGy:s (6.7).
Therefore, by 4.13(4), the corresponding orbits in G:U are also of the sametype,
and G:s is principal as well. So there are \fewer" singular G-orbits in G:S than
there are singular G4-orbits in S. Now cover M with tubular neighborhoods like
G:Sy, and recall that G:S4x=G 2 S,=G4 by 4.13(5). This together with the above
argumert shows us that it will sutce to prove the statemert for the slice action.
Furthermore, like in the proof of theorem 6.18, we can restrict our considerations
to the slice represenation. Sowe have reducedthe statemert to the following:

If V is areal, n-dimensional vector spaceand G a compact Lie group acting on V,
then the set Vsing =G of all singular G-orbits doesnot locally disconnectthe orbit
space V=G (that is to every point in V=G the connected neighborhoods remain
connectedeven after removal of all singular orbits).

We will prove this by induction on the dimensionn of V. Forn = 1,that isV = R,
the only nontrivial choice for G is O(1) 2 Z,. In this case,R=G = [0;1 ) and
Rsing=G = f0g. Clearly, f 0g doesnot locally disconnect[0; 1 ), and we can proceed
to the generalcase.
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Supposethe assertion is proved for all dimensionssmaller than n. Now for G p
O(n) we considerthe induced action on the invariant submanifold S"i 1. For any
x 2 S"i 1 we can apply the induction hypothesisto the slice represertation Gy {
O(Nory G:x). This implies for the Gy-action on Sy, that S,=G4 2 G:S4=G is not
locally disconnectedby its singular points. As above, we can again cover S"i 1
with tubular neighborhoods like G:S,, and we seethat all of S"i 1=G is not locally
disconnectedby its singular orbits. Now we needto verify that the orbit space
of th unit ball D" is not locally disconnectedby its singular orbits. Since scalar
multiplication is a G-equivariant di®eomorphism, the singular orbits in V (not
including f0g) project radially onto singular orbits in S"i 1. So if we view the
ball D" as coneover S"i 1 and denote the cone construction by coneS"i !, then
Dging = conésg‘iri]gl. Furthermore, we have a homeomorphism

coneS" 1=G{ cone@" '=G) : G:[x;t] 7! [G:x; t]
since G presenesthe \radius" t. Therefore

D"=G = (coneS" 1)=G 2 cone(sgi 1-G)

and Dg,,=G= conesS(;i'=G2 cone Sji =G :

Since s;g,;:e doesnot locally disconnectS"i =G, we also seethat

3

cone Sfji;'=G 2 D{,,=G

doesnot locally disconnectcongS"i 1=G) 2 D"=G. =©

6.18. Corollary. Let M be a connectedproper G-manifold, then

(1) M=G is connected.
(2) M has precisely one principal orbit type.

Pro of.

(1) SinceM is connectedand the quotient map %: M | M=G is cortinuous,
its image M =G is connectedas well.

(2) By the last theorem we have that M=Gj Mging=G = Mg=G is connected.
On the other hand by 6.7, the orbits of a certain principal orbit type form an
open subsetof M =G, in particular of M.g=G. Thereforeif there were more
than one principal orbit type, these orbit types would partition M ¢q=G
into disjoint nonempty open subsetscontradicting the fact that M eg=G is
connected. ©

6.19. Corollary. Let M beaconnected,proper G-manifold of dimensionn and let
k be the least number of connectedcomponerts of all isotropy groups of dimension
m := inff dim G4jx 2 M g. Then the following two assertionsare equivalert:

(1) G:xq is a principal orbit.

(2) The isotropy group Gy, hasdimensionm and k connectedcomponerts.
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If furthermore G is connected and simply connected, these conditions are again
equivalent to

(3) The orbit G:xg hasdimensionn j m and for the order of the fundamental
group we have: j% (G:Xo)j = k.

Pro of. Recall that we proved the existence of a principal orbit in 6.15 just by
taking a Gy, asdescribed above. The other direction of the proof follows from the
above corollary. Sincethere is only one principal orbit type, this must be it.

If moreover G is connectedand simply connectionwe look at the “bration Gy, !
G ! G=G4, = Gixg and at the following portion of its long exact homotopy
sequence

0= %(G)! %(GXp)! Y(Gx,)! “%(G)=0

from which we seethat j¥4(G:Xxo)j = k if and only if the isotropy group G4, hask
connectedcomponerts. @

6.20. Theorem. [37]Let%: G ! O(V) bean orthogonal, real, nite-dimensional

generatorsfor the algebra R[V]® of invariant polynomials on V. For v 2 V, let
Nor, (G:v) := T,(G:v)? bethe normal spaceto the orbit at v, and let Nor, (G:v)®"
be the subspaceof those vectors which are invariant under the isotropy group G, .

Pro of. Clearly ead grad%(v) 2 Nor, (G:v)®. In the following we will identify G
with its image {G) u O(V). Its Lie algebrais then a subalgebraof o(V) and can
be realized asa Lie algebra consisting of skew-symmetric matrices. Let v 2 V, and
let S, be the normal slice at v which is chosenso small that the projection of the
tubular neighborhood (see4.15) pg.y : G:Sy ! G:v from the diagram

GESy jiii GEg, S i G;S
5 5
py pG:vy

G=G, iiii! Guv

has the property, that for any w 2 G:S, the point pg.y (W) 2 G:v is the unique
point in the orbit G:v which minimizes the distance betweenw and the orbit G:v.

Choosen 2 Nor, (G:v)® sosmallthat x := v+ n 2 S,. Sopgy (X) = v. For the
isotropy groupswe have G 1 G, by 4.13.(2). But we havealsoG, u Gy\ G, U Gy,
sothat G, = Gy. Let S, be the normal slice at x which we choosealso so small
that pcx : G:Sx ! G:x hasthe sameminimizing property as ps.y above, but so
largethat v 2 G:Sx (choosen smaller if necessary).We alsohave pg.x (V) = X since
for the Euclidean distancein V we have

Vi xj= rr;igjg:vi Xj sincev = pg.y (X)
g
= minjh:givi hxxj forallh2 G
g2G

=minjvi g Lxj by choosingh = gi ®:
g2G
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For w 2 G:S, we considerthe local, smooth, G-invariant function

dist(w; G:X)z = dist(w; pe:x (W))Z =i pex (W);Wi pex (W)i
hw; wi + Mpgx (W); Pex (W)i i 2hw; peix (W)i
hw; wi + hx; xi i 2hw; pgx (W)i:

Its derivative with respect to w is

1) d(dist( ;G:x)?)(W)y = 2hw;yi i 2hy; pen (W)i i 20w; dpgx (W)yi:
We shall show below that

(2) hv;dps:x (V)yi = 0 forally2V,

sothat the derivative at v is given by

(3)  d(dist( ;G:x)*)(V)y = 2hv;yi i 2hy;pex (V)i = 2w Xx;yi = j 2m;yi:

Now choosea smooth Gy-invariant function f : Sy ! R with compact support
which equalsl1 in an open ball around x and extend it smoothly (seethe diagram
above, but for Sy) to G:S¢ and then to the whole of V. We assumethat f is
still equalto 1 in a neighborhood of v. Then g = f:dist( ;G:x)? is a smooth G-
invariant function on V which coincideswith dist( ;G:x)? nearv. By the theorem
of Schwarz (3.7) there is a smooth function h 2 C! (RK;R) such that g = h+%
where %= (Y4;:::;%) : V! RX. Then we have nally by (3)

i 2n = grad(dist( ;G:x)?)(v) = gradg(v) =

X @
= grad(h£%(v) = —=-(*4v)) grad%(v);
L, @
which provesthe result.

It remainsto chedk equation (2). SinceT,V = T,(G:v) © Nor,(G:v) the normal
spaceNory (G:x) = kerdpg (V) is still transversalto T, (G:v) if n is small enough;
soit remainsto shaw that hv; dpg.x (V):X:vi = 0 for eah X 2 g. Sincex = pg:x (V)
wehavejvi Xj? = mingg jvi g:xj2, and thusthe derivativeof g 7! hvi gix; vi gixi
at e vanishes:for all X 2 g we have

(4) 0= 2hj X:x;vij xi = 2X:x;Xi j 2hX:x;vi = 0 2hX:X; vi;
since the action of X on V is skew symmetric. Now we consider the equation
Pe:x (9:V) = g:pe:x (V) and di®erertiate it with respectto g at e 2 G in the direction

X 2 gto obtain in turn

dpe:x (V):X:v = X:pgx (V) = XX;
hv;dpgx (V):X:vi = hv; X:xi = 0; by (4): =©
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6.21. Lemma. Let ¥a: G ! O(V) be an orthogonal represertation. Let ! 2

- P (V)€ be an invariant di®erertial form on V which is horizontal in the sense

that iy! « = Oif w is tangent to the orbit G:x. Letv2 V andlet w 2 T,V be
orthogonal to the spaceNor\,(G:v)Gs of those orthogonal vectorswhich are invariant
under the connectedcomponert G¢ of the isotropy group G, .

Theniy!y = 0.
Pro of. We considerthe orthogonal decomposition
T,V = Ty(G:v) © W © Nory (G:v)®':

We may assumethat w 2 W sincei,!, = 0for u 2 T,(G:v).

We claim that eacdh w 2 W is a linear combination of elemerts of the form X :u for

u2 W and X 2 gy, := ker(d% )v). SinceG? is compact, the represeration space
W has no xed point other than zero and is completely reducible under G% and
thus also under its Lie algebra g,, and we may treat ead irreducible componert

separately or assumethat W is irreducible. Then g, (W) is an invariant subspace
which is not 0. Soit agreeswith W, and the claim follows.

Sowe may assumethat w = X:u for u2 W. But then
(v+ fuXwu=nX:(v+ tu) 2T, 14(Gi(v + Luy)
satis esix ! yv+u=n = 0 by horizontalit y and thus we have

iw!v =lIxwulv = II'r1n|><:u!v+u=n =0 =
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7. Riemannian Submersions

7.1. Denitions. Letp:E { B bea submersionof smooth manifolds, that is
Tp:TE | TB surjective. Then

V =V(p) = V(E) := Ker(Tp)

is called the vertical subbundle of E. If E is a Riemannian manifold with metric
°, then we can go on to de ne the horizon tal subbundle of E.

Hor = Hor(p) = Hor(E) = Hor(E;°) := V(p)’

If both (E;°g) and (B;°g) are Riemannian manifolds, then we will call p a Rie-
mannian submersion , if

Txp:Hor(p) # Tpx)B
is an isometric isomorphism for all x 2 E.

Some Simple Examples. For any two Riemannian manifolds M ; N, the projec-
tion pr; :M £ N | M is a Riemannian submersion. Here Riemann metric on the
product M £ N isgivenby: men (X;Y) = °m(XmiYm) + °n(Xn; Yn) (Where
weuseT(M £ N)2 TM © TN to decompmseX;Y 2 T(M £ N)). In particular,
RM*" ¢ RM with the usual metric, or pro : S" £ R* { R* are Riemannian
submersions.

7.2. G-manifold with single orbit type as b er bundle. Let (M;°) be a
proper Riemannian G-manifold and supposethat M hasonly one orbit type, (H).
We then want to study the quotient map %: M § M=G. Let us rst considerthe
orbit spaceM =G. Choosex 2 M and let Sy denotethe normal sliceat x. Then by
4.13(2) we have Gy p Gy for all y 2 S,. Since Gy must additionally be conjugate
to Gx and both are compact, they must be the same(by 4.8). So Gy = Gy and
therefore G4 acts trivially on Sy (this can also be seenas a special caseof 6.7).
From 4.13(5) it follows that ¥{Ss) 2 Sy=G; = S, and with 4.15 we have that
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i ¢
G:S, is isomorphic to G=G4 £ S. Therefore, for any x 2 M, ll/(S>();exp§( is,
can serwe as a chart for M =G.

M— Sx
1/4{ Ya
M =G YLSy) — Sx=Gy

To make an atlas out of thesecharts, we have to chedk whether they are compatible
| which is obvious. By 5.9M =G is Hausdor®,and thereforeit is a smooth manifold.

Now let us study the smooth submersion%: M § M=G. We want to nd a
Riemannian metric on M =G which will make ¥a Riemannian submersion.

Claim. For X;Yyx 2 Hory(¥) = Nory(G:x), the following inner product is well
de ned.
200 (TYX G TYN) = %5 (Xxs Yx)

Pro of. ChooseXg:Yg 2 Horg(¥) such that T¥iX 3, = TViXy and T¥YJ, =
TYiYx. Then we see&hat ng = T( ¢g)Xx by the following argumertation: Clearly
T1/4'X8x i T(g):Xx = 0, sothe di®erenceX{, i T('g):Xx is vertical. On the
other hand, ng is horizontal, and sois T("g):Xx:

"y leaves G:x invariant, consequetly, T ¢y maps vertical vectorsto vertical vectors
and sinceit is an isometry, it also maps horizontal vectors to horizontal vectors.
Thereforexgx i T( g):Xx is horizontal aswell as vertical and must be zero.

Now we can conclude, that

i ¢ . . .
ogx ng§Yg?< = ogx(T( g)xx;T( g)Yx) = x(xx;Yx): o

So we have found a Riemannian metric ¢ on M =G which makes ¥ a Riemannian
submersion.

Let us nally try to understand in which sense¥: M ! M=G is an ass&iated
bundle. Let x 2 M be suc that Gy = H. By 6.1.(4) the set Fix(H) = fx 2
M : gx = x forallg 2 Hg is a gedesically complete submanifold of M. It is
Ng (H)-invariant, and the restriction %: Fix(H) ! M=G is a smooth submersion
since for ead y 2 Fix(H) the slice Sy is also cortained in Fix(H). The b er of
Ya: Fix(H) ! M=Gis afree Ng(H)=H-orbit: if ¥{x) = Ay) and Gx = H = Gy
then g2 Ng(H). So¥%: Fix(H)! M=G is a principal Ng(H)=H-bundle, and M
is the assaiated bundle with b er G=H asfollows:

Fix(H) £ G=H
‘ (x; [a]) 7! gx

FiX(H)ENG(H):H G=H —s M
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7.3. Another b er bundle construction. Let M againbeaproper Riemannian
G-manifold with only one orbit type. Then we can \partition” M into the totally
geadesicsubmanifolds Fix(gH gi 1) := fx 2 M : ghg :x = x for all h 2 Hg where
H = G, (X0 2 M arbitrary) is xed and g varies. This is not a proper partitioning
in the sensethat if g 6 e commutes with H, for instance, then Fix(gHgi 1) =
Fix(eHe 1). We want to 'nd out just which g give the samesetsFix(gH gi 1).
Claim.

3 .

Fix(gHg' ) = Fix gHg” " ()  oN(H)= gN(H)
where N (H) denotesthe normalizer of H in G.
Pro of. First let us shaw the following identit y:

N(H)=fg2 G:gFix(H) u Fix(H)g

(L) Letn2 N(H) andy 2 Fix(H). Then n:y is H -invariant:
hn:y = nni thniy = n(ni thn):y = niy
(1) gFix(H) p Fix(H) implies that hg:y = gy, or equivalertly gi hg:y =y,
for any y 2 Fix(H) and h 2 H. Recall at this point, that H = Gy,
for somexo 2 M. Therefore, we have gi *hg:xo = Xo and consequetly
g *hg2 Gy, = H.
Using this characterization for N (H) and the identit y

g%¥g2 G:gFix(H) pu Fix(H)g= fg2 G : gFix(H) pu ¢°Fix(H)g;

we can corvert the righthand side of our equality, gN (H) = g™N (H), to the follow-
ing:

fa2 G:aFix(H) p g:Fix(H)g= fa2 G : aFix(H) p g*Fix(H)g:
In particular, this is the caseif
g: Fix(H) = g% Fix(H):
In fact, let us show that the two equationsare equivalent. Supposeindirectly that

gy 2 g% Fix(H) for somey 2 Fix(H). Then a = g hasthe property a:Fix(H) 6u
g% Fix(H), sofa2 G:aFix(H) u g:Fix(H)g6 fa2 G:aFix(H) p g%Fix(H)g.

So far we have shown that gN(H) = g™N(H) , g Fix(H) = g%Fix(H). To
complete the proof it only remainsto chedk whether

Fix(gHg' 1) = gFix(H):
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60 7. Riemannian submersions

This is easily done (as well as plausible, since it resenbles strongly the \dual"
notion Ggx = gGxg' 1)
y2 Fix(gHg Y () ghg' l:y=y foralh2 H
() hgty=g'ly foralh2H
() g Ly 2 Fix(H)
() y2gFix(H) =

Claim. The map ¥%: M { G=N(H) dened by Fix(gHgi 1) 3 x 7! g:N(H) is a
b er bundle with typical b er Fix(H).

Pro of. To prove this, let us considerthe following diagram.

G £ Fix(H) M

:

GEnm Fix(H) 7

G=N(H)

Here we use the restricted action * : N(H) £ Fix(H) § Fix(H) to assiate to
the principal bundle G § G=N(H) the bundle G[Fix(H); ] = G £ x () Fix(H).
It remains to shaw that ~is a di®eomorphism,since then % has the desired b er
bundle structure.

~is smooth, since ™t g = " is smooth and g is a submersion. Now let us show that
~is bijective.

(1) T is surjective: Since H is the only orbit type, for every x 2 M there is a
g 2 G, sud that G, = gHg *, which implies x 2 Fix(gHg 1) = gFix(H) n
(G £ Fix(H)). So’ is surjective and, by the commutativit y of the diagram, sois

(2) Tis injective: Suppose (a;x) = a:xx = b:y= “(b;y), for somea;b2 G; x;y 2
Fix(H). Then b 'a:xx = y 2 FixH implies hb 'a:xx = y = b 'a:xx which im-
plies again (b’ a)i *hb 'a:xx = x. Since there is only one orbit type and all
isotropy groups are compact, we know that x 2 FixH ) H = Gy (by 4.8). So
(b ta)i *hbi a is againin H, and b a 2 N(H). In this case,q(a;x) = [a;x] =
[bb *a;x] = [b;b *a:x] = [b;y] = q(b;y).

= 1 js smooth, since’ is a submersion. So ~is a di®eomorphismand ¥:a b er
bundle with typical ber Fix(H). =©

7.4. Construction for more than one orbit type. Let (H) be oneparticular
orbit type (H = Gy). To reducethe caseat hand to the previous one, we must
partition the points in M into setswith common orbit type:

M) = fx2 M :(Gx) = (H)g
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Claim. For a proper Riemannian G-manifold, the spaceM ) asde ned above is
a smooth G-invariant submanifold.

Pro of. M is of course G-invariant as a collection of orbits of a certain type.
We only have to prove that it is a smooth submanifold. Take any x in M (then,
without lossof generality, H = Gy), and let S, beasliceat x. Considerthe tubular
neighborhood G:S 2 G £ St (4.15). Then the orbits of type (H) in G:S are just
those orbits that meet S, in S{' (where S}! shall denote the xed point set of H
in Sx). Or, equivalertly, (GEw S¢)uy) = GEn SY':

(M) [0:5]12 (GEH S)H)) 952G SHy) gHG '=GspuH) Gs=H)
s2S}') [g:s]2 GEy SY
(M [gs] 2 GEL S ) s2 St ) H p G, but sinces 2 S; we have
Gs U Gx = H by 4.13(2), therefore Gs = H and [g;s] 2 (GE£ 1 Sx)(n)
Now, let Sy = exp, (Nor, (G:x)) be the normal sliceat x. That is, r is chosenso
small that exp, is a di®eomorphismon Nor, (G:x) =: V. Notice, that V is not only
di®eomorphicto Sy, but G-equivariantly so, if we let G act on Nory(G:x) via the
slice represeration. Sincethe slice action is orthogonal, in particular linear, the
set of points xed by the action of H is a linear subspaceof Nory (G:x) and its
intersection with V, a\linear" submanifold. Therefore S¥ is alsoa submanifold of
Sx. Now considerthe diagram

GE st i M

GEy S

The map i is well de ned, injective and smooth, sincep is a submersionand " is
smooth. Furthermore, p is open, and sois ~. Just consider any open set of the
form U£ W in G£ SF. Then “(U £ W) is the union of all sets™, (W) for u2 U.
Since ' is a di®eomorphism, ead one of theseis open, so (U £ W) is open as
well. Therefore, i must be open, and soi is an embedding and G:SH 2 G £ st
an embedded submanifold of M. =

Let (H) be one particular orbit type (H = Gy), then Fix(H) is again a closed,
totally geadesicsubmanifold of M (see6.1(3)).

Claim. Fix"(H):= fx 2 M : Gy = Hg is an open submanifold of Fix(H).

Remark. For one orbit type, x 2 Fix(H) implied H = Gy, and thus Fix’(H) =
Fix(H). For more than oneorbit type Fix(H) is not necessarilycontained in M (.
Therefore, it is necessaryto study Fix“(H) = Fix(H)\ M ).

Pro of. In 7.3we saw that N (H) is the largest subgroup of G acting on Fix(H). It

inducesa proper N (H)=H-action on Fix(H). Now, Fix”(H) is the set of all points
in Fix(H) with trivial isotropy group with respect to this action. Soby 6.191it is
simply the set of all regular points. Therefore, by 6.15, Fix“(H) is an open, dense
submanifold of Fix(H). =

Now, M4y can be turned into a b er bundle over G=N(H) with typical b er
Fix"(H) just asbefore(Fix "(H) is really the xed point spaceof H in M 4,). And,

Draft from March 21, 2005 Peter W. Mic hor,



62 7. Riemannian submersions

on the other hand, M) is a b er bundle over M 4,=G with typical ber G=H.
The partition of M into submanifolds M (4, and that of M=G into the di®erert
orbit typesis locally nite by 6.16. SoM and M =G are in a sensestrati ed, and
Y%:M {§ M=Gis astratied Riemannian submersion(seealso [13]).

7.5. Denition. Letp:E { B bea Riemannian submersion.

A vector eld » 2 X(E) is called vertical , if »(x) 2 Vi (p) for all x (i.e. if Tp»(x) =
0).
» 2 X(E) is called horizon tal, if »(x) 2 Horx(p) for all x, that is, if »(x) ?
Vy (p) for all x.

»2 X(E) is called pro jectable , if thereisan” 2 X(B), such that Tp:»= " £p

» 2 X(E) is called basic, if it is horizontal and projectable.

Remark. The orthogonal projection A: TE { V(E) with respectto the Riemann
metric is a (generalized)connectionon the bundle (E; p) and de nes a local parallel
transport over ead curve in B (denoted by Pt”(c;:)) aswell asthe horizontal lift:

C:TBE£E{ TE:(Xp;e) 7! Ye; wWhereYe 2 Horg(p) with Tep:Ye = Xy
B

This map also gives us an isomorphism C, : X(B) § Xpasic between the vector
“elds on B and the basic vector "elds.

7.6. Lemma. Consider a Riemannian submersionp : (E;°g) § (B;°g) with
connectionA: TE { V(p),andc:[0;1]4# B, a gedlesic. Let LE(c) denote the
arc length of ¢ from c(a) to ¢(b) in B. Then:
(1) Li(o) = LtOPtA(c;:; u), whereu 2 E( is the starting point of the parallel
transport.
(2) PtA(c;;;u) ? Egy for all t
3) If c {'s a geadesig of minimal length in B, then we have L(l)(PtA(c;:; u)) =
dist Ec'(O) ; Ec(l) .
(4) t 7! PtA(c;t; u) is a gedadesicin E (again for any geadesicc in B).

Pro of.
. d_ .z . . .
(1) Since d—SPtA(c;s; u) is a horizontal vector and by the property of p as Rie-
mannian submersion,we have

) Zy M d . d_ . 1
LoPtA(c;su) = °e —Pth(c;s;u); ——Pt?(c;siu)  ds
0 ds ds

t

= g (Ys);cXs) tds = L(0):
0

(N

(2) This is due to our choice of A as orthogonal projection onto the vertical
bundle in terms of the given metric on E. By this choice, the parallel
transport is the unique horizontal curve covering c, soit is orthogonal to
eah berEyy it meets.

(3) Considera (piecewise)smooth curvee: [0;1]{ E from E¢g) to E¢y, then
pteis a (piecewise)smooth curve from ¢(0) to ¢(1). Sincec is a minimal
gedesic, we have Lic - L3(p+e€). Furthermore, we can decompse the
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vectors tangert to e into horizontal and vertical componerts and use the
fact that Tp is an isometry on horizontal vectorsto show: Lie, Li(pzxe)
(in more detail: €Xt) = h(t) + v(t) 2 HE © VE, and sincep is a Rie-
mannian submersion®g (T p:h(t); Tp:h(t)) = °e (h(t); h(t)) and Tp:v(t) = 0.
Therefore j Tp:eXt)j = jTp:h(t)j = jh(t)j - jh(t) + v(t)j = jeXt)j, and
Lipte - Lie) Now with (1) we can conclude: LiPtA(c;:;;u) = Lic -
Lge for all (piecewise) smooth cgves e from Ecp) to Ecqy. Therefore,
LI(PtA(c;:;u)) = dist'Ec(o);Ec(l) :

(4) This is a consequenceof (3) and the obsenation that every curve which
minimizes length locally is a geadesic. ©

7.7. Corollary. Consider a Riemannian submersionp : E | B, and let c:
[0;1]! E beagedesicin E with the property c%tg) ? Ep(c(to)) for somety. Then
ct) ? Epcqry for all t 2 [0;1].

Pro of. Consider the curve d : t 7! expg(c(to))'(tTC(to)p:d)(to)). It is a geadesic
in B and therefore lifts to a geadesice(t) = PtA(d;t i to;c(to)) in E (by 7.6(4)).
Furthermore e(to) = c(to) and e(to) = C(T¢(ty)P:Xto); c(to)) = Xto) sincecto) ?
Ep(c(to) ishorizontal. But geadesicsare uniquely determined by their starting point
and starting vector. Therefore e = ¢, and e is orthogonal to ead b er it meetshby
7.6(2). ©

7.8. Corollary. Letp:E { B bea Riemannian submersion

(1) If Hor(E) is integrable, then every leaf is totally geadesic.
(2) If Hor(E) is integrable and S is a leaf,then ps : S{ B is alocal isometry.

Pro of. (1) follows from corollary 7.7, while (2) is just a direct consequencef the
de nitions. =

7.9. Remark. If p: E { B is a Riemannian submersion, then Hor(E)jg, =
Nor(Ey) for all b 2 B and p de nes a global parallelism as follows. A section
v 2 C! (Nor(Eyp)) is called p-parallel, if Tep:w(e) = v 2 T,B is the samepoint for
all e 2 Ey. There is also a secondparallelism. It is given by the induced covariant
derivative: A sectionv 2 C! (Nor(Ep)) is called parallel if r N'v = 0. The p-
parallelism is always °at and with trivial holonomy which is not generally true for
r Nor Yet we will seelater on that if Hor(E) is integrable then the two parallelisms
coincide.

7.10. Remark. Let M be a connected Riemannian G-manifold and (H) the
principal orbit type, then we saw in 7.4that ¥4: M4y § M4)=G is a Riemannian
submersion. Now we can prove:

i ¢
Claim. »2 C! (Nor(G:x)) 'x 2 Mieg = M(n) is¥aparallel i®» is G-equivariant.
(( =) »gx) = Tyx g»(X) implies Tgu ¥ax(g:X) = Ty Yat Ty g(X) = Ty ¥ax(x) for
all g2 G. Therefore » is Y«parallel.
(=) ) »(g:x) and Tx ¢»(x) are both in Norgy (G:x), and since » is ¥zparallel we
have:
Tgx Yax(g:X) = Ty ¥a(X) = Tgx Yax Ty g»(X). So»(g:x) and Ty g:»(x) both
have the sameimage under Ty ¥ BecauseTy., Ysarestricted to Norg., (G:x)
is an isomorphism, »(g:x) = Ty ¢:»(X). =
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7.11. De nition. A Riemannian submersionp : E { B is called integrable, if
Hor(E) = (Ker Tp)? is an integrable distribution.

7.12. Local Theory of Riemannian Submersions. Letp:(E;°e){ (B;°s)
be a Riemannian submersion. Choose for an open neighborhood U in E an or-
thonormal frame "eld

in such a way that s;;:::;s, are vertical and sp+1;:::;Sh+k are basic. That way,
if we \pro ject" Sn+1;:::;Sh+k Onto TBjp(U) we get another orthonormal frame
“eld, 8= (5n41;::::80+%) 2 C! (TBjp(U))K, sincep, as Riemannian submersion,

is isometric on horizontal vectors.

P
In the following, will always refer to the sum over all indices occurring twice
unlessotherwise speci ed. Furthermore, we adopt the following index corvertion.
The listed indiceswill always run in the domain indicated:

1- i0j;k- n
n+1- ® ;°- n+k
1- A;B;C:- n+k

In this spirit, the orthogonal coframe corresponding to s is de ned by the relation
¥ (se) = #

We will write its componerts in the form of a column vector and in generaladhere
to the conventions of linear algebra so that, wherewer possible,we can use matrix
multiplication to avoid having to write down indices.

374:@ A2_1(U)n+k
K

Analogously, we have the orthonormal coframe¥® 2 - (p(U)) on p(U) p B, with
YP(5-) = £°:

It is related to 3 by p*3® = 3. In terms of these, the Riemannian metrics °g
and °g take on the form

_ X
oEJU = ?/4A - ?/4A

_ N
°Blpu) = yP - P
®

Now let r denote the Levi-Civita covariant derivative on (E; °g)
r :X(E)E X(E)i X(E); (OX;Y)7'rxY:
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In terms of the frame "eld we will write the covariant derivative as

X
rsa= sg!f; 18 2-1):
B

If we view ! asthe matrix of 1-forms(! §), then the above equation can be written
in terms of matrix multiplication:

rs=s:!

We get the following relation for ! .

Oz)((joE(SA;SB) = °g(r SA;XSB) + °g(Sa;rsg) =

°e( sc!'fise)+ e(sa;  scl§)=!a+!4
Therefore ! (X) is a real skewsymmetric matrix for all X 2 X(U), and we have

12 - 1(U;so(n + k)):
: — . P . .
An arbitrary vector eld X on U can be written as X = siu' where u' 2
C! (U;R) can be regarded as the componerts of a column-vector-valued function
u sothat we canwrite X = s:u. Its covariant derivative can be calculated directly
using the derivation property.
r(siu)=r siu+ s:du=s:!:u+ s:du
Now let us calculate the curvature tensor in this setting.
ROXGY)Z = (Ir xsrvli FixoyDZ=rxryZi ryrxZirxyZ:

Let R(X;Y)s denote the row of vector elds R(X;Y)sa. Then we can go on to
calculate:

ROX;Y)S=1 xrysj ryrxsjrixyyss=
=rxtY)iry (st (X)) st (X;Y]) =
(rxs)t(Y)+sXI(Y); (rys)l(X)j sY:I (X)i st ([X;Y]) =
SEX)T (YY) sH(Y)P (X)+s:(X:L(Y)i Y2 (X)i P (PX;Y)) =
=s AL(X;Y)+sd (X;Y) = si(d + 1 AKX Y)

The notation ! ~ ! stands for (P 1A~ 18)4, which hasthe form of a standard
matrix multiplication, only with the usual product on the componerts replaced by
the exterior product. This leadsto the denition - = d! +! A1 =d! + [t ;1 ]".
Like with !, the orthonormality of s implies -} = j - |, so- ?(U;so(n + k)). The
second Bianc hi identit y follows directly:

n

(2. Bianchi identity) d +!r-j -~ =d +[;-] =0
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Using the property that the Levi-Civita connectionis free of torsion, we can derive
the so-calledstructure equation on! . It determinesthe Levi-Civita connection
completely.

O=Tor(X;Y)=r x(SSHY)) i r y(s3H4X)) i s:3[X;Y]) =
= s (X)HUY)+ s X(HUY)) i st (N)HUX) i ssYAX)) i s3([X; Y] =
= st (X)FAY) i P (Y)HX)) + si(X(HAY)) i Y(HAX)) i YA[X;Y]) =
= si(P M¥UXY)) + sidHX YY) = si(P N Vet dI(XY)

I M3+ d34=0
\structure equation” X A
q or AN +d¥A =0
B

As a direct consequencethe rst Bianc hi identit y takeson the following form.
(1. Bianchi identity) -N"¥%=0

If we pull badk the structure equation d%.+ * ~ 3= 0 from B to E, we can derive
somerelations betweenthe componerts ! ¥ of ! :

3

X K
0=p" d&+ 1OrY =
o X i o ®¢ i o -¢ X i o ®¢ 2
= dp°ye + pILE A P, = dYR + piLe A Y,
P B
Eogetherwith the ®componert of the structure equationon E, d3%®+ 1723, +
I @A 34 = 0, this givesus:

i ap@®a o ®n 3/, X ® A 3/
* ptE ANy, = 2N, + 1PN %

The lefthand side of this equation cortains no ¥ ~ ¥#- or % ~ % -terms. Let us
write out ! ® and ! ® in this basis.

X X
ile= %%+ D%

®
I

!

-®

. X © X © i
ile= ar ¥ + ri v
This givesus for the righthand side of (*)

_ X X o
YVt U+ ARV NY+ PHNYE=
X X

- i
% "%+

¢ - 11X ¢ . _
b% i a® ANV + 5 ey AN
So we have found

& = 12

I,

_.=

::@
1

e _
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or, in other words,

1E(s7) =1 ¥(s1)
LP(s) =1 (1)

That is: ! ®(sa) = ! £(si), and this just meansthat the horizontal part of [sa;si]
is 0, or [sa;si] is always vertical:

Chor .

X ® . X ® . hor i
0= Se! i (Sa) i Se! A(Si) = (F'sySii r'sSa) = [Sals

Now wewill calculatethe secondfundamertal form S : XE,£ g, XEp, { XM (EjEyp)
of E, := p' (b) in E. Let r~ denote the Levi-Civita covariant derivative on Ejp
corresponding to the induced metric i°g (wherei : Ey ! E is the inclusion). Since
ewvery vector “eld on E, can be extendedto a vertical vector "eld on E (do it in
charts, patch it up with a partition of unity and then composewith the connection
Ato make it vertical), we can determine r for vector elds de ned only on E by
extending them onto E. We will denote the restriction of r onto Ey againby r .
It can easily be chedked that this de nition is independert of the extensionchosen.
Now the secondfundamertal form is de ned as:

S(X ver. Yver) =r X veerer l r-X ver Yver
If we expressr~ in terms of r , we get
SXVET YY) = 1 v YV i (1 v Y YOS = (1 xver Y V)M

Expressedin the local frame, it is:
hor 3 X . ’ hor
(r Xveerer) = I xver ( Si%(Yver)) =
¥ X

. X . ’ hor
= (r xvers))% (YY) +  sid(Fa(Y): X" =
X _ X .
- ( SA! |A(X ver)%(Yver))hor +0= S®! |®(X ver)%(Yver) -
X ) .
- r$>s®_ 3 - %(X ver;Yver)

So X _ .
se¥(S) = rise- % - ¥

S is a symmetric tensor eld asindeed the secondfundamertal form must always
be. But in our special casewe have already shavn that ri‘j‘D = rJ-®i and thereby proved
this result directly.

Similarly to the covariant derivative on the vertical bundle, which was obtained by
taking the vertical part of the covariant derivativer xver Y V' of two vertical vector
“elds, we cande ne a covariant derivative on the the normal bundle Nor(Ep) § Ep
by taking the horizontal part of the covariant derivative r x ve Y " of a horizontal
vector "eld along a vertical vector “eld:

r NoT - X(Ep) £ C! (Nor(Ep)) i C* (Nor(Ep))

Nor Yhor - | ¢hor_

r X ver r xvethor
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In our frame "eld:

N h 3 3 X = h ’ hor
r x?/rerY o= r X ver S*%(Y Or) =

= h ’ hor X - h
= (r X ver S*)% (Y Or) + s—d3 (Y Or):x ver —
X _ X _
= Se! @(X veny, (Yhor) + s-d% (Yhor):x ver —
_ _ X _
= WBse- Y- T (XVEYM) 4+ sp- d¥% (YMO)(XVE)

or X _ 4 ¢
r Nothor - b®i%(Yhor)%+ d%@(Yhor) - Se:

Liker itself, r N°" is not a tensor eld. Yet in the decomposition

i Cer+ hor
r )(Y: [ x ver 4 x hor (Yver+ YhOI’)

wecan nd two moretensor elds (besidesS), the socalled fundamertal (or O'Neill-
) tensor elds. (see[28])

X:Y 2 X(E)
T(X:Y) 1= (F yver YVENO 4 Tp ey hor
A(X,Y) = II’ X hor YhOI’ ¢ + (I‘ X hor Yver)hor

Crer

In fact eact of of these four summandswhich make up A and T are tensor elds
by themseles- the rst onerestricting to S on E,. Why they are combined to two
tensorsin just this way we will seeoncewe have expressedhem in our local frame.
At the sametime, we will seethat they really are tensor "elds.

: ¥ X “ver B X or

AX:Y) = F ynor se¥2(Y) + r oy ( SITA(Y)) o

X _ X _
= slEXMN)IR(Y)+ 0+ se! P(XMN)I(Y)+ 0=
X ; ¢ _ X _ )
=" s a® BOOWY)+ sea® % (X)A(Y) =
3X - ) B ¢
= a,@l%- Ya- spi ¥a- Y- s (X3Y)

Analogously: ¢

T= r?'%-%-s@gi%-%-si

If Hor(E) is integrable, then every leaf L is totally geadesicby 7.8(1), and the Sgj,

are a local orthonormal frame "eld on L. L being totally gedesicis equivalent

to its secondfundamental form vanishing. Now, in the sameway we found S, the
secondfundamertal form of L is
S xhoryhory s Ty e

Soit is a necessarycondition for the integrability of Hor(E) that S, = 0, that is

0= St (Se;5) = (r s,5) " =
X x 3

= si! L(se) = Si i@ % (Se):
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This is equivalert to the condition
a¥ =0 for all 2

or
A=0:
Let us now prove the corverse: If A vanishes,then the horizontal distribution on
E is integrable. In this gase,we have 0 = A (se;S™) = (r s,5°)"" + 0, aswell as
1 er . .
0=A(s;Se)= I s Se + 0. Therefore, [sg)s- = I 5,5 i I s-Se is horizontal,
and the horizontal distribution is integrable.

7.13. Theorem. Letp:E { B bea Riemannian submersion,then the following
conditions are equivaler.

(1) pisintegrable (that is Hor(p) is integrable).

(2) Every p-parallel normal "eld along Ey, is r N°" -parallel.

(3) The O'Neill tensor A is zero.

Pro of. We already sawv (1) () (3) above.
(3) =) (2) Take s for a p-parallel normal "eld X alongEy. A = 0implies A(se;Si) =
0+ (r 5,5)" = 0. Recall that, as we shaved above, [s;;Se is vertical.
Therefore,

or

r S‘N‘ors®: (r Sis®)hor — I[Si;5®]+ r s®Si¢h =0

Sincefor any e 2 Ey, Teijorb(Eb) is an isometric isomorphism, a p-parallel
rmal "eld X along Ey, is determined completely by the equation X (e) =
X ®(e)se(€). Thereforeit is always a linear combination of the sg with
constart coexcients and we are done.
(2) =) (B) By (2 rise = (rs se)™ = 0. Therefore, as above, we have that
|[si;s®] + T gSi = 0+ (r 6,5)" = A(Se;si) = 0. Thus % A(Se;Si) =
aéi = 0, so A vanishescompletely. =

Draft from March 21, 2005 Peter W. Mic hor,



70

8. Sections

In this chapter, let (M;°) always denote a connected, complete Riemannian G-
manifold, and assumethat the action of G on M is e®ective and isometric.

8.1. Lemma. Consider X 2 g, the Lie algebraof G, 3y, the assa&iated funda-
mertal vector “eld to X, and ¢, a geadesicin M. Then ° (ct);3x (c(t))) is constart
in t.

Pro of. Let r bethe Levi-Civita covariant derivative on M. Then
@:° (cU);3x (1)) = ° (r @CXt);3x (c(t)) + ° (Xt);r @(3x £0)):

Sincecis a gedadesic,r gcXt) = 0, and sois the ertire rst summand. Soit remains
to show that ° (cXt);r @(3x =c)) vanishesaswell.

Let sq;::::s, be a local orthonormal frame "eld on an epen neigrborhood U of
c(t), and ¥4;:::;%4 the orthonormal coframe. Then ® = % - 3. Let ususethe
notation
X .
3y = s X'
X . .
r3xjy = Xlsj - %:

Then we have X .
reCx 0= X{(c(t)sj(c(t) %(cA):

So

X ,
S )ir @Cx £0) = A (r @(Cx £0) =
X _ .
= X (c(t) %A () %A (SAL)):
If we now show that X! + X/ = 0, then ° (cYt);r @(®x *¢)) will be zero, and the
proof will be complete. Sincethe action of G is isometric, 3x is a Killing vector
“eld; that is Ls, ° = 0. Sowe have

. X .
Laxa/zil- ¥+ 3% - Lsx%:O:
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Now we must trysto expressLs, % in terms of Xij . For this, recall the structure
equation: d% + | K~ % = 0. Now we have

| e X .
Loy %= is, d%+d'is, % = iis, (!~ %)+d@3hEx)) =
X X X

= sy

LA +dX! = 10XT ) (e )% + dX

Since

X X X X

raxjy=r( sxhs= sitXl+ 5. dX = X|si- %;

P . P . .
we canreplace ! [:X! by X% j dX'. Therefore,

o X o 4 , X ) . .
L., % = (Xj'%i !J-'(Bx)%): (lei !jl(ax))%

Now, let usinsert this into 0= Ls, °:

X _ X .
0= Ls,%- %A+ %- Lo, %=
X : _ 4 - X _ . . .
X[ CxNA- As (X0 Cx)A- =
X+ XD - i (fEx)+ )R- %=
X , . .
= (X{+XD#%- %o

since! (Y) is skew symmetric. This implies in + Xij = 0, and we are done. =
8.2. De nition.  For any x in Mg We de ne:

E(x):
Ereg (X) :

exp, (Nory (G:x)) u M
E(X)\ Mreg

In a neighborhood of x; E(x) is a manifold; globally, it can intersect itself.

8.3. Lemma. Let x 2 Mg then
(1) gE(x) = E(g:x); g:Ereg(X) = Ereg(g:x)-
(2) For X« 2 Nor(G:x) the geddesicc :t 7! exp(t:X x) is orthogonal to every
orbit it meets.
(3) If G is compact, then E(x) meetsewvery orbit in M.

Pro of.

(1) This is a direct consequencedf 6.1(1): g:exp, (t:X ) = expg. (tTx g:X).

(2) By choice of starting vector X, the geadesic c is orthogonal to the orbit
G:x, which it meetsat t = 0. Therefore it intersects every orbit it meets
orthogonally, by Lemma 8.1.

(3) For arbitrary x;y 2 M, we will prove that E(x) intersects Gy. Since G
is compact, by cortinuity of ¥ : G § M the orbit G:y is compact as
well. Therefore we can chooseg 2 G in such a way, that dist(x; Giy) =
dist(x; gy). Let c(t) = exp,(t:Xx) be a minimal geadesic connecting
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x = ¢(0) with gy = ¢(1). We now have to show, that X 2 Nory(G:x):
Take a point p = c(t) on the gealesic very closeto g:y|close enoughso
that exp, is a di®eomorphisminto a neighborhood U, of p containing gy
(it shall have domain V p TpM). In this situation the lemma of Gauss
statels,that alpgeadesicsthrough p are orthogonal to the \geodesicspheres™:
exp, k:SMi ! (whereS™it:= X, 2 TM :°(Xp;Xp) = 1g, andk > O'is
small enoughfor k:S™i * i V to hold). From this it can be concludedthat
cis orthogonalto G:y : Takethe smallestgeadesicspherearound p touching
G:y. By the minimalit y of ¢, ¢ must leave the geadesicsphereat a touching
point, and by Gauss'lemma, it must leave at a right angleto the geadesic
sphere. Clearly, the touching point is just g:y = ¢(1), and there c alsomeets
G:y at aright angle. By (2), ¢ enclosesa right anglewith every other orbit
it meetsaswell. In particular, c starts orthogonally to G:x. Therefore, X x
isin Nory(G:x), and gy = ¢(1) 2 E(x). ®©

8.4. Remark. Let x 2 M be a regular point and Sy the normal slice at x. If Sy
is orthogonal to every orbit it meets, then so are all g:Syx (g 2 G arbitrary). So
the submanifolds g:Sy can be consideredas leaves of the horizontal foliation (local
solutions of the horizontal distribution|whic h hasconstart rank in a neighborhood
of a regular point), and the Riemannian submersion¥s: Mg i Meg=G is inte-
grable. Sincethis is not always the case(the horizontal distribution is not generally
integrable), it must also be false, in general,that the normal slice is orthogonal to
every orbit it meets. But it doesalways meet orbits transversally.

Example. Consider the isometric actioln_of the circle group St on C£ C (asreal
vector spaces)de ned by e€":(z1;2,) ;= €':z;;€':z, . Then p= (0;1) is a regular
point: G, = flg. The subspaceNor,(St:p) of T,C £ C takes on the following
form: Nor,(St:p) = W1;0);(i; 0);(0;1)ig = C £ R. Therefore, we get: IIE(O; ¥
f(u;1+r) :u2 C;r 2 Rg. In particular, y = (1;1) 2 E(0; 1), but Sy = f €';et :
t 2 Rg is not orthogonal to E(0;1). Its tangert space,T,(S':y) = h(i; i)ig, is not
orthogonal to C £ R.

8.5. Denition. A connected closed complete submanifold § ¥2 M is called a
section for the G-action if

(1) & meetsewvery orbit, or equivalertly: G:§ = M.

(2) Where 8 meetsan orbit, it meetsit orthogonally.
The secondcondition can be replacedby the equivalent

(2) x28) Tx8 1 Nork(G:x) or

(21 x28;X249g) 3x(x)? T«8.

Remark. If § is a section,then sois g:§ for all g in G. SinceG:8 = M, there is
a sectionthrough every point in M. We say \M admits sections".

The notion of a section was introduced by Szenhe [42], [43], in slightly di®eren
form by Palais and Terng in [32], [33]. The caseof linear represertations was con-
sidered by Bott and Samelson[4], Conlon [10], and then by Dadok [11] who called
represenations admitting sectionspolar represettations (see8.20) and completely
classi ed all polar represenations of connectedLie groups. Conlon [9] considered
Riemannian manifolds admitting °at sections. We follow here the notion of Palais
and Terng.
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8.6. Example. For the standard action of O(n) on R" the orbits are spheres,and
every line through 0 is a section.

8.7. Example. If G is a compact, connectedLie group with biinvariant metric,
then conj: GE G{ G, conjy(h) = ghg’ ! is an isometric action on G. The orbits
are just the conjugacy classesof elemerts.

Prop osition. Every maximal torus H of a compact connectedLie group G is a
section.

A torus is a product of circle groups or equivalertly a compact connectedabelian
Lie group; a maximal torus of a compactLie group is a toral subgroupwhich is not
properly contained in any larger toral subgroup (cf. [5], chapter 6).)

Pro of. (1) conj(G):H = G: This statesthat any g 2 G can be found in someto
H conjugate subgroup, g 2 aHai 1. This is equivalert to ga2 aH or gaH = aH.
So the conjecture now preserts itself asa xed point problem: doesthe map "4 :
G=H | G=H :aH 7! gaH have a xed point. It is solved in the following way:

The xed point theorem of Lefschetz (see[41],11.6.2,p.297) says that

a smooth mappingf : M ! M from a connectedcompact manifold to
itself hasno xed point if and only if

digg M
(i 1) TracgH'(f) :H'(M)! H'(M)) = 0
i=0

Since G is connected, "y is homotopic to the identity, so

dinszH
(i 1)' TraceH'(g) : H'(G=H) ! H'(G=H)) =
. dinxG:H dinxe:H
= (i 1) Trace'(Id)) = (i 1)'dimH'(G=H) = A(G=H);
i=0 i=0

the Euler characteristic of G=H. This is given by the following theorem ([30], Sec.
13, Theorem 2, p.217)

If G is a connected compact Lie group and H is a connected com-
pact subgroup then the Euler characteristic A(G=H) , 0. Moreover
A(G=H) > 0 if and only if the rank of G equalsthe rank of H. In
casewhen A(G=H) > 0then A(G=H) = jWgj5jWy j, the quotient of the
respective Weyl groups.

Sincethe Weyl group of a torus is trivial, in our casewe have A(G=H) = jWgj > 0,
and thus there exists a xed point.
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Y h2H=X 2g) 3x(h)? TpH:
3% (h) = % t=0 EXP(X )hexp(j tX) = Tet h:X i Telp:X. Now chooseY 2 h. Then
we have Tety:Y 2 ThH, and

“h(TelnY; Tt "X TelniX) = °e(Y;Ad(h):X | X) =
= °e(Y;Ad(h):X) i °e(Y;X) = °e(Ad(h):Y;Ad(h):X) i °e(Y;X) =0

by the right, left and therefore Ad-invariance of °© and by the commutativit y of
H. =

8.8. Example. Let G beacompactsemisimpleLie group acting onits Lie algebra
by the adjoint action Ad : GE g} g¢. Then every Cartan subalgebrah of g is a
section.

Pro of. Every elemen of a semisimpleLie algebrag is cortained in a Cartan sub-
algebra, and any two Cartan subalgebrasare conjugated by an elemen g 2 G,
since G is compact. This is a consequenceof 8.7 above, since the subgroup in G
corresponding to a Cartan subalgebrais a maximal torus. Thus every Adg-orbit
meetsthe Cartan subalgebrah. It meetsorthogonally with respect to the Cartan
Killing form B: Let H1;H2, 2 hand X 2 g. Then d'itjo Ad(exp(tX )):Hi = ad(X)H;
is a typical vector tangert to the orbit through H;1 2 h, and H, is tangent to h.
Then

B(ad(X)H1;Hz) = B([X;H1;H2) = B(X;[H1;H2]) = 0

sinceh is commutative. ©

8.9. Example. In Theorem 1.1 we showed that for the O(n)-action on S(n) by
conjugation the space§ of all diagonal matrices is a section.

8.10. Example. Similarly asin 8.9, when the SU(n) act on the Hermitian ma-
trices by conjugation, the (real) diagonal matrices turn out to be a section.

8.11. Denition.  The principal horizon tal distrlibution on a Riemannian
G-manifold M is the horizontal distribution on M g i!/" M eg=G.

8.12. Theorem. If a connected,complete Riemannian G-manifold M has a sec-
tion §, then

(1) The principal horizontal distribution is integrable.

(2) Every connected componert of 84 is a leaf for the principal horizontal
distribution.

(3) If L isthe leaf of Hor (Mgg) through x 2 Myeg, then ¥, :L {1 Mg=Gis
an isometric covering map.

(4) § istotally gedesic.

(5) Through ewery regular point x 2 M there is a unique section: E(x) =
exp, (Nory (G:x))

(6) A G-equivariant normal "eld along a principal orbit is parallel in terms of
the induced covariant derivative r N°T
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Pro of.

(1) The submanifolds g:8 g Of Mey are integral manifolds to the horizontal
distribution, sincethey are orthogonal to ead orbit and by an argumert of
dimension.

(2) clear.

(3) see7.8(2).

(4) see7.8(1).

(5) This is a consequenceof (4). Namely, for x 2 M chooseg 2 G such that
gx 2 8\ G:x, then g *:8 is a sectionthrough x. By (2) and (4) we have
E(x) u ¢ ':8 The corversecan be seenas follows: Let y 2 gi ::8 and
choosea minimal geadesicfrom x to y. By the argument givenin the proof
of 8.3.(3) this gedesicis orthogonal to the orbit through x and thus lies in
E(x). Soy 2 E(x).

(6) see7.13(1) () (2) and recall that by remark 7.10 a normal "eld is
G-equivariant i®it is Yzparallel, where%: M { M=G s the orbit map. =

8.13. Remark. The cornverseof 8.12(1)is not true. Namely, an integral manifold
of Hor(M¢g) is not, in general,a section.

Example. Considerthe Lie group G = S £ f1g, and let it acton M := S £ S?
by translation. Let » = (1;0) denotethe fundamertal vector "eld of the action, and
chooseany ~ 2 Lie(S* £ S!) = R£ R which generatesa one-parametersubgroup ¢
which is densein S*£ S? (irrational ascer). Now, endowv S'£ St with a Riemannian
metric making » and ~ an orthonormal frame eld. Any section of M would then
have to be a cosetof ¢, and therefore dense. This contradicts the assumption that
a sectionis a closedembedded submanifold.

8.14. De nition. A symmetric space is a complete, connected Riemannian
manifold M such that for each x 2 M there is an isometry Sy (de ned globally)
which locally around x takeson the form:

exp, tX 7! exp, (j tX)
In particular, x is an isolated xed point.

Remark. Equivalert to this de nition is the following one: A symmetric spaceis
a quotient spaceM = G=H of a Lie group G with a subgroupH together with an
automorphism %4: G{ G which satis es two conditions

(1) ¥t %= id

(2) (G"ou H p G*:=fg2 G:¥%g) = gg
An indication for this isthat the "rst de nition of a symmetric spaceimpliesthat the
group of isometriesmust act transitiv ely. For any x;y 2 M, take a geadesicjoining
the two, then the re°ection S, at the certral point betweenx and y on the gealesic
carriesx into y. Now if we identify G := Isom(M) and let H := Gy, for somepoint
Xo in M, then M = G=H, and ¥can be de ned as¥(g) := Sy, +g+Sy,. It clearly
ful'lls ¥t%= id. Let usched (2). Takeany h2 H. SinceTy,Sx, = i IdeOM and
h:xg = Xo, we get Ty, ¥(h) = Ty,h by the chain rule. This suxcesto prove that
¥{h) = h (cf. [17], Lemma 4 p.254). Sowe have H 2 Gy, To see(Gy), U H, take
a one-parametersubgroup g: of Gs, with go = id. Then ¥{qg;) = g implies that
Sxo £G = O £Sx,. S0Sy, £0:(X0) = G(Xo), and since go(Xp) = Xo and Xxq is an
isolated xed point of Sx,, g (Xo) = Xo for the other t aswell, sog; 2 H.
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8.15. Theorem. ([18] Ch.XI, 4.3) If (G=H;3%) is a symmetric space,then the
totally geadesic connectedsubmanifolds N of G=H through e 2 G=H correspond
exactly to the linear subspacesTeN = m°u m:= T.G=H 2 fX 2 g:¥(X) =i Xg
which ful Tl [[m%m%; mq p m°

Remark. This implies that a locally totally geadesicsubmanifold of a simply con-
nected symmetric spacecan be extended uniquely to a complete, totally geadesic
submanifold. Here we mean by locally geadesic submanifold that a geadesic can
leave the submanifold only at its \b oundary”. In other words, the secondfunda-
mental form must be zero.

8.16. Corollary. Let M = G=H be a simply connected, complete symmetric
space,K W G, a subgroup. Then the action of K on G=H admits sectionsi®
Hor(M ) is integrable. In particular, if the principal K -orbits have codimension
1, there are always sections.

8.17. Theorem. Consider any Riemannian G-manifold M. Then the following
statemerts are equivalert.

(1) Hor(Meg) is integrable.

(2) Every G-equivariant normal "eld along a principal orbit is r N°" -parallel.

(3) For x 2 Myeg, S the normal sliceat x and X 2 g ands 2 S arbitrary,
3x (s) ? Ts(S).

Pro of. The equivalenceof (1) and (2) is a direct consequencef 7.13 and remark
7.10. Furthermore, suppose (1), then there is an integral submanifold H of the
horizontal distribution going through x. H is totally geadesic by 7.8(1), and so
S = exp, (Nor, (G:x)) is contained in H. Therefore, (3) holds: The fundamental
vector "eld 3y is tangent to the orbit G:s and with that perpendicular to the
horizontal distribution and to Ts(S). Now if we suppose(3), then S is an integral
submanifold of Hor(Meg), and (1) holds. =

8.18. Remark. We already saw in 6.10that Nor G:x is a trivial bundle. Now we
even have a parallel global frame "eld. Sothe normal bundle to a regular orbit is
°at.

8.19. Corollary. Consideran orthogonal represetiation V of G, G| O(V). Let
X 2 V be any regular point and § the linear subspaceof V that is orthogonal to
the orbit through x. Then the following statemerts are equivalent:

(1) V admits sections
(2) § is asection
(3) forally28 andX 2 g,3x(y)? §

Pro of. (3) implies that the horizontal bundle is integrable (8.17). In this case8.15
implies (1). (1)) (2) is clearwith 8.12(5). (2) ) (3) istrivial. =

8.20. De nition.  An orthogonal represetiation of G is called polar represen-
tation if it admits sections.
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8.21. Corollary. Let%:G! O(V) be a polar represertation, and let v2 V be
a regular point. Then
§ 1= fw2V :35(w)p 3(V)g

is the sectionthrough v, where3g(w) := f3x (w) : X 2 ggp V.
Pro of. Since34(v) = T,(G:v) and by 8.19, a section through v is given by §°:=

35(v)?. If 22 89 then 34(z) u (897, which in our caseimplies that 34(z) p 34(V).
Soz?2 8§.

Conversely supposez is a regular point in §. Consider the section §® = 34(z)?
through z. Then, since34(z) p 34(v), we also have that §°= 34(v)” u 34(2)? =
§® Therefore §°= §®and, in particular, z2 §°% =«
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P. Polar represen tations

In this chapter we dewvelopthe theory of real orthogonal represertations which admit
a section. These are called polar representations We follow [11]. Let G ¥2 O(V)
be an orthogonal represenation of a compact Lie group G on a nite dimensional
vector spaceV, with Lie algebrag ¥z o(V).

P.1. Lemma. For every v 2 V the normal spaceNor,(G:v) = T,(G:v)” meets
every orbit.

Pro of. Let w 2 V and considerf : G! R, f(g) = hg:w;vi. Let go be a crit-
ical point, e.g. a minimum on the compact group G, then 0 = d (go):(X:gp) =
hX:go:w; Vi = jh go:w; X:vi for all X 2 g. Thus gp:w 2 Nor,(G:v). =

P.2. Lemma. For any regular vo 2 V the following assertionsare equivalert:

(1) For any v 2 Vieq there existsg 2 G with g:T,(G:v) = Ty, (G:vo).
(2) Nory,(G:vp) = Ty, (G:vp) is a section.

Proof. (1)) (2) Let A := fv 2 Nory,(G:vp) : hg:v; Nor,, (G:vp)i = Og, a linear
subspace. If (2) does not hold then A ( Nor,,(G:vp), and then dim(G:A) <
dim(V). Sothere exists w 2 Vieg N G:A, and by lemma P.1 we may assumethat
w 2 Nor,,. By (1) there existsg 2 G with k:Nor, = Nor,,. This meansNorg., =
Nor,,, a cortradiction to the de nition of A.

(2) ) (1) For any w 2 V¢4 there exists g 2 G with g:w 2 Nory,. But then
g:Nory, = Norg.w = Nory,, so(1) holds. =

P.3. Theorem. If G %2 O(V) is a polar represenation then for any v 2 V with
a section § %2 Nor,, the isotropy represeration G, %2 Nor, is also polar with the
samesection § %2 Nor,.

Conversely if there exists somev 2 V sudt that the isotropy represenation G, %
Nor, is polar with section 8 % Nor,, then also G %2 O(V) is polar with the same
section8 % V.

Proof. () ) Let G % O(V) be polar with section§, let v2 § andw 2 84 =
§ \ Vreg.
Claim. ThenV = § © g,:w © g:v is an orthogonal direct sum decomgosition.
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Namely, we have hg:§;8i = 0 sothat
hgy:w; g:vi = hw; g: R*Z}Vi i hw; [g\{igg:vi =0
0 Yag

Sincew is in Vieg We have the orthogonal direct sumV = § ©g:w, sothat dim(V) =
dim(8) + dim(g) i dim(gw); and alsowe have (gy)w = gw. Thus we get

dim(8 © g,:w© g:v) = dim(8) + dim(gy)i dim((gy)w) + dim(g) i dim(gy)
dim(8) + dim(gy) i dim(gw) + dim(g) i dim(gy)

dim(V)

and the claim follows.

But then we seefrom the claim that Nor, = § © g,:w is an orthogonal decomposi-
tion, and that P.2.(1) holds, sothat G, ¥ Nor, is polar with section 8.

Conversely if G, % Nor, is polar with section § we get the orthogonal decompo-
sition Nor, = § © g,:8 for This implies h§;g:8i = 0. By lemma P.1 we have
G:Nory, = V, by polarity we have G,:§ = Nor,, thus nally G:§ = V. So
G % 0O(V) is polar. ©

P.4. Theorem. Let G beconnectedand G %2 O(V = V;©V,) bea polar reducible
represenation, which is decompsedasV = V; © V, as G-module. Then we have:

(1) Both G-modulesV; and V, are polar, and any section§ of V is of the form
8§ = §, © 8, for sections§; in V,.
(2) Considerthe connectedsubgroups

G1:=1g2G:g82,=09"  G2:=fg2G:gj§:= 0g”

Then G = G;:G,, and G; £ G, actson V = V; © V, componertwise by
(01; )(Vi+V2) = 01:Vi+ go:Vo, With the sameorbits asG: G:v = (G1£ G,):v
for any v.

Proof. Letv=vi+ V22 8\ Vigg 2V =V, 0OV,. ThenV = § © g, thusv; =
si+Xj:vfors; 2 § andX; 2 g. But thens; 2 §\ Vi = § andV; = (§8\ V|)©gy,
and the assertion (1) follows.

Moreover Nory, = (g:v1)” = 81 ©V,, and by theorem P.3 the action of G,, on this
spaceis polar with section§, © 8,. Thus we have g,, = g2 := gs, and g,, acts
only on V, and vanisheson V; and we getV, = §,© gy,V2 = 8, © g:vp. Similarly
Ov, = 01 := gs, and g,, actsonly on V; and vanisheson V,, andV; = §,;©¢,,Vv1 =
810©0q:v;. Thusg= g; + g and consequetly G = G;:G, = G,:G; by compactness
of G;. Forany g2 G we have g = g:g> = 09:0f for g;;g°2 G;. Foru= u; + uy 2
V1 ©V, = V we then have g:(u; + Up) = gr:g2:Us + g2:0%:uz = gr:ug + g:up, thus
G:u pu (G1 £ Gy):u. Sinceboth orbits have the samedimension, G:u is open in
(G1 £ G2):u; sinceall groups are compact and connected,the orbits coincide. ©
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9. The Generalized Weyl Group of a Section

Consider a complete Riemannian G-manifold M which admits sections. For any
closedsubsetS of M we de ne the largest subgroup of G which inducesan action
onS:

N(S):=fg2G: 4(S)= Sg

and the subgroup consisting of all g 2 G which act trivially on S:
Z(S) =fg2G:'y4(s)=s; forall s2 Sg:

T
Then, sinceS is closed,N (S) is closed,hencea Lie subgroupof G. Z(S) = _,5Gs
is closedas well and is a normal subgroup of N (S). Therefore, N (S)=Z(S) is a Lie
group, and it acts on S e®ectiely.

If we take for S a section §, then the above constructed group is called the gener-
alized Weyl group of 8 and is denoted by

W(8) = N(8) =Z(8):

9.1. Remark. For any regular point x 2 §, Gy acts trivially on the normal slice
Sy at x (by 6.7). Since8 = exp, Nory(G:x) by 8.12(5), Sx is an open subsetof §,
and we seethat Gy actstrivially onall of 8. Sowe have Gx 1 Z(8). On the other
hand, Z(8) p Gy is obvious, therefore

Z(8) = Gy for x 2 8\ Myeg:

Now, sinceZ (8) is a normal subgroupof N (8), we have N(8) u N (Gx) wherethe
secondN stands for the normalizer in G. Sowe have

W (8) 1 N (Gx)=CGx for x 2 8\ Myeg:

9.2. Prop osition. Let M be a proper Riemannian G-manifold and § a section,
then the assaiated Weyl group W (8) is discrete. If §°is a di®erert section, then
there is an isomorphismW (8) § W (89 induced by an inner automorphism of G.
It is uniquely determined up to an inner automorphism of W (8) .

Pro of. Take aregular point x 2 8 and considerthe normal sliceSx. Then S, 1 §
open. Therefore,any gin N (8) closeto the identity elemen mapsx bad into Sy.
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9. The generalized Weyl group of a section 81

By 4.12(2) g then liesin Gx = Z(8). SoZ(8) is an open subsetof N (§8), and the
quotient W (8) is discrete.

If §°is another section, then §°= g:§ whereg 2 G is uniquely determined up to
N (8). Clearly, conjy : G{ G inducesisomorphisms

conjy :N(8) if N(89
Z®8) it Z(89

and therefore it factors to an isomorphism W (8) i W(E9. o

9.3. Example. Any nite group is a generalizedWeyl group in the appropriate
setting. That is, to an arbitrary nite group W we will now construct a setting in
which it occurs as a Weyl group. Let G be a compact Lie group and H a closed
subgroupsud that W p N (H)=H (this is always possiblesinceany nite group can
be regardedas a subgroup of O(V) =: G sowe needonly chooseH = feg). Next,
take a smooth manifold 8 on which W acts e®ectively. Considerthe inverseimage of
W under the quotient map ¥: N(H) § N(H)=H, K := ¥ 1(W). Then the action
of W inducesa K -action on § aswell. The smooth manifold M := GE£x § hasa
left G-action. Let j B denotethe G-invariant Riemann metric on G induced by the
Cartan-Killing form on the semisimplepart and any inner product on the certer,
and let °s be a W-invariant Riemann metric on §. Then the Riemann metric
i BE£ °s on GE£ 8 inducesa G-invariant Riemann metric on the quotient space
GEk 8. With this, G£ ¢ § isaRiemannian G-manifold, andif q: GE§ { G£g §
is the quotient map, then q(feg£ 8) 2 § meetsevery G-orbit orthogonally. Soit
is a section. The largest subgroup of G acting on § is K and the largest acting
trivially on 8§ is H. Therefore, W(8) = K=H = W is the Weyl group assiated
to the section 8.

9.4. Theorem. Let M be a proper Riemannian G-manifold with sections. Then,
for any x 2 M, the slicerepresettation Gy § O( Nory(G:x)) is a polar represera-
tion. If § is a sectionthrough x in M, then T« § is a sectionin Nor,(G:x) for the
slice represettation. Furthermore,

W(Tx8) = W(8)«:

Pro of. Clearly T,& p Nors(G:x). We begin by shawing that it has the right
codimension. Take a » 2 Nor(G:x) closeto O, then (Gy), = Gy for y = exp; »,
sinceexp, is a Gx-equivariant di®eomorphismin a neighborhood of 0. So Gy :» 2
Gx=(Gyx)» = Gx=Gy. Let us now calculate the codimension of Gy :» in Nor, (G:x):

dim Nory, (G:x) i dim Gx:» = dim Nory,(G:x) j dim Gy + dim Gy =
= Flim Nory (G:)E; + dim G:G)} i fdim G i{zdim Gyg = codimy G:y:

=dim M =dim G=G,

Sincethe regular points lie dense,we can choose» 2 T4 8 regular by assumingthat
y = exp, (X) is regular in §. Then y is regular aswell and we get:

codimper, (g:x) Gx:» = codimy Gy = dim§ = dim T §:
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82 9. The generalized Weyl group of a section

So T« 8§ is a linear subspaceof Nory G:x with the right codimension for a section.
Therefore, if we show that T8 is orthogonal to ead orbit it meets, then it is
already the ertire orthogonal complemen of a regular orbit, and by corollary 8.19
(3) =) (2), we know that it meetsevery orbit.

Denote the G-actionon M by " : G} Isom(M). If » 2 T«§ is arbitrary, then it
remainsto prove that for all * 2 T8 and X 2 gy:
3 .

i ) =0

To do this, choosea smooth one-parameterfamily “ (t) 2 Teyp (1) 8 sud that “ (0) =
“andr @ = 0. Since§ is a sectionin M we know for ead singlet that

i - . L
Cexp(») “x (€Xp (»)); (1) =0

If we derive this equation we get

d= P \ L . . N
0= = ° (@ (99):7(9) =° rax(exp (s7):°(0) :
s=0

Soit remainsto shaw that r g3y (exp’ (s»)) is the fundamertal vector “eld of X
at » for the slice represenation.

r ))3;( =K iT3;< »=

K 2T (@jo exps (1x )): @jo €XPy (S»))

K :@jO:@jO\expG (tX )(exp; (S»))

Kiwm :@jo:@jO‘expG (tX )(expx (S»))

K:iwm :@jO:T(\expG(tX ))(»)

Here, K denotesthe connectorand - \y the canonical®ip betweenthe two structures
of TTM, andwe usethe identity K - = K, which is a consequencef the symmetry
of the Levi-Civita connection. The argument of K in the last expressionis vertical

already since X 2 gyx. Therefore we can replace K by the vertical projection and
get -

r @3 (exp’ (s»)

. . d-— . T2
r @3x (exp (s») = vpr a_ Tx( exp© (tX )):»: sz & (»):
t=0

503;2\16* (») intersects T« 8 orthogonally, and therefore Ty 8 is a section.

Now considerNg, (Tx(8)) = fg2 Gx : Tx('g):Tx8 = Tx8g. Clearly, Ng(8) \ Gy i
Ng, (Tx(8)). On the other hand, any g 2 Ng, (Tx(8)) leaves § invariant asthe
following argumert shows.

For any regular y 2 8§ we have 8 = exp, Nor(G:y). Therefore x = exp, " for
a suitable © 2 Ty§, and corversely y can be written asy = exp,» for » =
i % (=1 EXPy t 2 Tx8. Now gy = g:exp, » = exp, Tx ¢:» liesin §, since Ty ¢:»
liesin Tx8. Sog mapsall regular points in § bad into 8. Sincetheseform a dense
subsetand since "¢ is cortinuous, we get g 2 Ng(8).

We have now shown that
Ng, (Tx8) = Ng(8) \ Gx:
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Analogous argumerts usedon Zg, (Tx8) give
Zg, (Tx8) = Zc(8);
and we seethat

We, (Tx8) = (N(§) \ G)=Z(8) = W(§)x: =

9.5.. Corollary. Let M be a Riemannian G-manifold admitting sectionsand let
X 2 M. Then for any section 8 through x we have

Nory (G:x)®* 1 Ty§;
where G? is the connectedcomponert of the isotropy group Gy at x.

Pro of. By theorem 9.4 the tangent spaceTy§ is a sectionfor the slice represerta-
tion Gx ! O(Nory(G:x)). Let » 2 Tx8 be a regular vector for the slice represen-
tation. By corollary 8.21we have Ty & = f~ 2 Nory(G:x) : 3g, (") %234, (») 0. Since
NorX(G:x)Gg consistsof all ~ in Nor, (G:x) with 3¢ (") = 0, the result follows. =

9.6. Corollary. Let M be a proper Riemannian G-manifold with sectionsand
X 2 M. Then Gy acts transitiv ely on the set of all sectionsthrough x.

Pro of. Consider two arbitrary sections§; and 8§, through x and a normal slice
Sx at x. By theorem 9.4, T, 8, is a sectionfor the slice represenation. Sinceexp,
can be restricted to a Gx-equivariant di®eomorphismonto Sy, 8,\ Sy is a section
for the Gy-action on S;. Next, choosea regular point y 2 81\ S4. Its Gy-orbit
meetsthe section§,\ S, that iswecan nd ag2 Gy suc that giy 2 §,. Now
8§, and g:8; are both sectionscortaining the regular point g:y. Therefore they are
equal. ©

9.7. Corollary. Let M be a proper G-manifold with sections,§ a section of M
andx 2 §. Then
G:x\ § = W(8) x

Pro of. The inclusion () is clear. Now we have

y2Gx\ 8§ () y = gx 2 8§ for someg2 G:

Take this g and considerthe section §°:= g:§. Then § and §° are both sections
through y, and by 9.6 there is a g° 2 Gy which carries §° back into §. Now
g%:8 = §, that isg% 2 N(8), andg%:x = g%y = y. Soy2 N(8) :x = W(8) :x. ®©

9.8. Corollary. If M is a proper G-manifold with section §, then the inclusion
of § into M inducesa homeomorphismj betweenthe orbit spaces.
§ — 1 M

A Yan

§=W(§) —— M=G

Draft from March 21, 2005 Peter W. Mic hor,



84 9. The generalized Weyl group of a section
(but it doesnot necessarilypresene orbit types,seeremark 4.14).

Pro of. By the precedingcorollary there is a oneto one corresppndencebetween
the G-orbits in M and the W (G)-orbits in §, soj is well de ned and bijective.
Sincej +Yg = Yy *i and Y is open,j is cortinuous.

Considerany opensetU p §=W(8) . We now have to show that
Vi i (U) = Gi%4 H(U)

is an open subsetof M (since then j(U) is openand ji ! continuous). Take any
X 2 1/1{,|1j (U). Weassumex 2 § (otherwiseit canbereplacedby a suitable g:x 2 8).
Sox 2 1/4& 1(U). Let Sy be a normal slice at x, then § \ S, is a submanifold of
Sy of dimensiondim 8. In Sy, x hasarbitrarily small G -invariant neighborhoods,
sincethe sliceaction is orthogonal and Sy G-equivariantly di®eomorphicto an open
ball in Nory(G:x). Let Vi be such an open neighborhood of x, small enough for
Vi \ § to be contained in %4 L(U). V is again a slice, therefore G:V, is openin M
(4.12(3)). Now we have to ched whether G:Vy is really a subsetof ¥, 1j (V). Using
corollary 9.6 we get

G:(Vx\ 8) = G:Gx(Vx \ 8) = G:(Vx\ Gx:8) = G:Vy:

Therefore, G:Vy p G:%4 1(U) = %,'j (U) whereit is an open neighborhood of x. So
1/1'{,,1j (U) is an open subsetof M, j (U) is openin M=G, andji ! is continuous. ©
9.9. Corollary. Let M bea proper Riemannian G-manifold and 8 p M a section
with Weyl group W. Then the inclusioni : § | M inducesan isomorphism

COM)® it co(g)™:

Pro of. By corollary 9.7 we seethat every f 2 C°(8) W hasa unique G-equivariant
extensionf~onto V. If we consideronce more the diagram

§ —1 M

Y Yar

§=wW(E) — M=G

we seethat f factors over ¥ to amap f°2 C°(§=W(8)), and sincej is a homeo-
morphism (9.8) we get for the G-invariant extensionf~of f :

= f0ji 1+ 2COM)®%: =
9.10. Theorem. [32], 4.12, or [44], theorem D. Let G ! GL(V) be a polar
represenation of a compact Lie group G, with section 8 and generalized Weyl
group W = W (8) .
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9. The generalized Weyl group of a section 85

Then the algebra R[V]® of G-invariant polynomials on V is isomorphic to the
algebra R[§]W of W-invariant polynomials on the section §, via the restriction
mapping f 7! fj§.

9.11. Remark. This seeminglyvery algebraictheoremis actually a consequencef
the geometry of the orbits. This already becomesevidert in the caseof a rst degree
homogeneougpolynomial. To seethat the G-invariant extensionofp 2 R [§]\1N toV

is again a polynomial (and again of ‘rst degree),we we must assumethe following

convexity result of Terng.

Under the conditions of the theorem, for every regular orbit G:x the orthogonal
projection onto §, pr(G:x), is cortained in the corvex hull of G:x \ § (this is a
“nite subsetof § by 9.7 sinceG is compactand W (8) discrete).

Let us make this assumption. Denote by p the unique G-invariant extension of p,
then clearly p is homogeneous.Now, notice that for any orbit G:x, p is gonstart
on thgcon\/ex hull of G:x\ § =: fg;1:X; go:X; :::;0k:Xg. Just takeany s=  ,igX
with i = 1, then

’ X X
p(s) = LiP(Gix) = p(a:x) i = p(grx):

With this and with our assumption we can show that for regular points u;v 2 M,
p(u + v) = p(u) + p(v). Supposewithout lossof generality that u+ v 2 §, then

p(u+ v) = p(pr(u) + pr(v)) = p(pr(u)) + p(pr(v))
At this point, the corvexity theorem assertsthat pr(u) and pr(v) can be written
as corvex combinations of elemerts of G:u\ §, respectively G:v\ 8. If we x an
arbitrary g, (resp. gy) in G such that g,:u (resp. gy:v) lie in §, then by the above
argumert we get

p(pr(u)) = p(gu:u) and  p(pr(v)) = p(gv:v):
Sowe have
p(u+ v) = p(gu:u) + p(gv:v) = p(u) + p(v);
and pis linear on V. Sincethe regular points are a densesubsetof V, and p is
cortinuous by 9.9, pis linear altogether.

A proof of the convexity theorem can be found in [45] or again in [33], pp. 168{
170. For a proof of theorem 9.10 we refer to [44]. In both sourcesthe assertions
are shown for the more general casewhere the principal orbits are replaced by
isoparametric  submanifolds (i.e. submanifoldsof a spaceform with °at normal
bundle and whoseprincipal curvatures along any parallel normal eld are constart;
compare 6.13 and 8.18). To any isoparametric submanifold there is a singular
foliation which generalizesthe orbit foliation of a polar action but retains many of
its fascinating properties (cf. [33]).

9.12. Remark. In connection with the example we studied in chapter 1, the
convexity theorem from above yields the following classical result of Schur [39],
1923:

Let M p S(n) bethe subsetof all matriceswith "xed distinct eigervaluesas;:::;an
and pr: S(n) { R" de ned by

pr((Xij )) = (X11;X22; 555 Xnn )
then pr(M) is contained in the corvex hull of S,:a wherea= (az;:::;an)
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9.13. Theorem. Let M be a proper Riemannian G-manifold with section§ and
Weyl group W. Then the inclusioni : 8 | M inducesan isomorphism

ct (M)® it ¢t ®W©

Pro of. Clearly f 2 C1 (M)® impliesi®f 2 C! (§) W. By 9.9 we know that every
f 2 ¢! (8)" hasa unique continuous G-invariant extensionf~ We now have to
show that -2 C1 (M)°.

Let ustake an x 2 M and shaw that f~is smooth at x. Actually, we can assume

x 2 8, becauseif f~is smooth at x then 7+ 1 is smooth at g:x, sof~is smooth
at g:x aswell. Now let Sy denote a normal sliceat x. Then we have

G:S, ! GEs, S g GE S

=zl f7js, P2
G=Gx R

Sincein the above diagram | is an isomorphism and g a submersion, it is suzcient
to show that f7jg *pr, or equivalertly f7jg is smooth at Xx. Let B p TxSc bea
ball around 0, such that B 2 S, and T,8§ \ B 2 §\ S,. Then, by theorem 9.4,
the Gy-action on Sy is basically a polar represenation (up to di®eomorphism). So
it remainsto shaw the following:

Claim: If 8§ is a section of a polar represenation Gx § O(V) with Weyl group
W, and f is a smooth Wy-invariant function on §, then f extendsto a smooth
Gy -invariant function f-on V.

In order to show this, let ¥%4;:::;% be a systemof homogeneouS—HIlb erg generators
for R[§]"*. Then, by Schwarz' theorem, there is an % 2 C! R* such that

Therefore we get

is a smooth Gy-invariant extensionof f. o
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10. Basic Di®eren tial Forms

Our aim in this section is to shaw that pullback along the embedding8 ! M
induces an isomorphism - £ (M)¢ 2 - P(§)W® for eath p, where a di®erertial
form ! on M is called horizontal if it kills ead vector tangert to someorbit. For
ead point x in M, the slicerepresenation of the isotropy group Gx on the normal
spaceT, (G:x)? to the tangert spaceto the orbit through x is a polar represenation.
The “rst step is to show that the result holds for polar represenations. This is
done in theorem 10.6 for polar represerations whose generalizedWeyl group is
really a Coxeter group, is generatedby re°ections. Every polar represenation of
a connectedLie group has this property. The method used there is inspired by
Solomon [40]. Then the generalresult is proved under the assumption that eat
slice represeration has a Coxeter group as a generalizedWeyl group. This result
is from [24].

10.1. Basic di®erential forms. Let G be a Lie group with Lie algebrag, mul-
tiplication * :GE G! G, andforg2 Gletty;19:G! G denotethe left and
right translation.

Let ' :GEM ! M bealeft action of the Lie group G on a smooth manifold M . We
considerthe partial mappings g :M ! M forg2 Gand *:G! M forx2 M
and the fundamertal vector "eld mapping? : g! X(M) givenby 3yx (x) = Te("*)X.
Since’ is a left action, the negative j 3 is a Lie algebrahomomorphism.

A di®ereriial form ' 2 - P(M) is called G-invariant if ("4)*" ="' forallg2 G and
horizontal if ' kills ead vector tangent to a G-orbit: i., * = 0for all X 2 g. We
denote by - Eor(M )€ the spaceof all horizontal G-invariant p-forms on M. They
are also called basic forms.

10.2. Lemma. Under the exterior di®ererial - o (M )€ is a subcomplexof-( M).

Proof. If' 2 - 1o (M)C then the exterior derivatived' is clearly G-invariant. For
X 2 g we have

isxd' :isxdI '|'di:4><I =K, =0;

X

sod' is alsohorizontal. =
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88 10. Basic di®erential forms

10.3. Main Theorem. ([24]and [25])LetM £ G! M be a proper isometric
right action of a Lie group G on a smooth Riemannian manifold M, which admits
a section§.

Then the restriction of di®ererial forms inducesan isomorphism

Por (M)© iF - P(8) W

~ hor

betweenthe spaceof horizontal G-invariant di®ereriial forms on M and the space
of all di®ereriial forms on § which are invariant under the action of the generalized
Weyl group W (8) of the section§.

The proof of this theorem will take up the rest of this section.

Pro of of injectivit y. Leti:8 ! M bethe embedding of the section. It clearly

induces a linear mapping i : - P (M)¢ I -P(8)W® which is injective by the
following argumert: Let! 2 - P (M)® with i®! = 0. Forx 2 § wehaveix!, =0
for X 2 T«8 sincei”! = 0, and alsofor X 2 T« (G:x) since! is horizontal. Let

X 2 8§\ Mg bearegular point, then T,§ = (T«(G:x))? andso! x = 0. This holds
along the whole orbit through x since! is G-invariant. Thus! jM 4 = 0, and since
Mg is densein M, ! = 0.

Soit remainsto shaw that i® is surjective. This will be donein 10.10below. ©

10.4. Lemma. Let ® 2 V© be alinear functional on a "nite dimensional vector
spaceV, and let f 2 C! (V;R) be a smooth function which vanisheson the kernel
of °, sothat fj'i 1(0) = 0. Then there is a unique smooth function g suc that

f="0g

Pro of. Choosecoordinatesxll?; 25 x"onV with © = xt. Thenf (0;x?;:::;x") = 0

10.5. Question. Let G! GL(V) be arepresentation of a compact Lie group in
a nite dimensionalvector spaceV. Let 2= (Y3;:::;%, ) :V ! R™ bethe polyno-
mial mapping whosecomponerts % are a minimal set of homogeneougyenerators
for the algebraR[V]® of invariant polynomials.

We consider the pullback homomorphism%Z : - P(R™) I - P(V). Is it surjective

onto the space- £, (V)€ of G-invariant horizontal smooth p-forms on V?

Seeremark 10.7 for a classof represettations where the answer is yes.

In generalthe answer is no. A counterexampleis the following: Let the cyclic group
Z, = Z=nZ of order n, viewed asthe group of n-th roots of unity, act on C = R? by
complex multiplication. A generating system of polynomials consistsof ¥3 = jzj?,
Y% = Re(z"), Y3 = Im(z"). But then ead d% vanishesat 0 and there is no chance
to have the horizontal invariant volume form dx » dy in ¥5-( R3).

10.6. Theorem. ([24] and [25]) Let G! GL(V) be a polar represenation of a
compact Lie group G, with section § and generalizedWeyl group W = W (8) .

Then the pullback to § of di®erertial forms inducesan isomorphism

bor (V)® i -P(E)W O

~ hor

Draft from March 21, 2005 Peter W. Mic hor,
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According to Dadok [11], remark after proposition 6, for any polar represertation
of a connectedLie group the generalizedWeyl group W (8) is a re°ection group.
This theorem is true for polynomial di®ererial forms, and also for real analytic
di®erertial forms, by essetially the sameproof.

Proof. Leti:& ! V bethe embedding. It is provedin 10.3that the restriction
i%:- P (V)1 - P(8) WIS isinjective, soit remainsto prove surjectivity.

Let us rst supposethat W = W (8) is generatedby re°ections (a re°ection group

independert polynomials, n = dim 8§, and their degreesd;;:::;d, are uniquely
determined up to order. We even have (see[16])
(1) dy:::dy = jWj, the order of W,
(2) 6 + ¢¢¢+ d, = n+ N, whereN is the number of re°ections in W,
3) i”:l @+ (dij Dt) = ag + ast + ¢¢¢+ a,t", where a; is the number of
elemerns in W whose xed point set hasdimensionnj i.

Let us considerthe mapping 2= (Y4;:::;%) : 8 ! R" and its Jacobian J(x) =
have

J:dxt A ¢een dx”

dig A Cee™ dvy = ¥4 (dvg ~ ¢ee™ da)
(J 2% (dxt ~ ¢eer dx) = (I +3) det(3(dxt A ¢een dx™);
4 J £%= det(% 1)J:

If J(x) 6 0, then in a neighborhood of x the mapping %zis a di®eomorphismby

He. Let " 2 87 be a linear functional with He = i 1(0). If x 2 He we have
J(X) = det(¥»)J (¥o:X) = i J(X), sothat JjHe = O for eah ®, and by lemma 10.4
we have

(5) J=c 1N
Since J is a polynomial of degreeN, ¢ must be a constart. Repeating the last

argumert for an arbitrary function g and using (5), we get:

(6) If g2 C! (§;R) satis esg+%= det(¥ ')g for eath %2 W, we haveg = J:h
forh2 C! (§;R)W.
(7) Claim. Let! 2 -P(8)W. Then we have

X
b= !jlfiijpdl/FlAmq:A dl/?p;
ji< ced

where!j,.;, 2 C! (§;R)W.
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Since dv;;:::;d% form a coframe on the W-invariant denseopen set U = fx
J(x) 6 0g, we have
X
Iju = G, 0%, jU N €OCN dYp, jU
ji<eed)

for g, =, 2 C* (U;R). Since! and all d% are W -invariant, we may replaceg, ..; ,
by X
W7 Guip 2%2 CH(UR)Y;
Y2 W

or assumewithout lossthat g, ..;, 2 C* (U;R)".

fi, < ¢¢¢< ipg. Then for somesign" = § 1 we have

rjun dl/gp+1 A e d, "0y o :dva N Ceen dig
"Gy, Jidxt A ¢e¢N dx™; and

":kil:::i P Xm N ¢¢¢A an

(8) | A, A G6eN dY,

for a function ki,..;, 2 C* (§;R). Thus

(9) I(il:::ipjU = gilzz:ip:JjU:

Since! and eat d% is W-invariant, from (8) we get ki, i, + %= det(% 1)kil;;;ip

for ead a2 W. But then by (6) we have ki, .., = i, ,:J for unique ! . 2
C! (§8;R)V, and (9) then implies ! i, ;i ,jU = @,.i,, sothat the claim (7) follows
sinceU is dense.

Now we may nish the proof of the theorem in the casethat W = W(8) is a
re°ection group. Leti : 8 ! V bethe embedding. By theorem 9.10 the algebra
R[V]® of G-invariant polynomials on V is isomorphic to the algebra R[§]W of W -
invariant polynomials on the section §, via the restriction mapping i®. Choose
polynomials %4;:::% 2 R[V]® with % +i = % for all i. Put %= (%4;:::;%) :
V ! R". In the setting of claim (7), usethe theorem 3.7 of G. Schwarz to nd

X
k= (hj,= , £Ad%, ~ C0CN d% ;
ji<eegi p

which isin - b (V)® and saties i®~=1!.

Thus the mapping i® : - P, (V)¢ ! -} (8) W is surjective in the casethat W =
W (8) is are°ection group.

Now we treat the general case. Let Gy be the connectedcomponert of G. From
8.19.(3) one concludes:

A subspace§ of V is a section for G if and only if it is a section for
Go. Thus %is a polar represenation for G if and only if it is a polar
represeration for Gg.
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The generalizedWeyl groups of § with respectto G and to G are related by
W (Go) = Ng,(8) <Zc,(8) 2W(G) = Ng(8) <Zc(8);

sinceZg(8) \ Ng,(8) = Zg,(8).
Let ! 2 -P(§)WI(C) 1, .p(§)W(Go) Since Gy is connectedthe generalizedWeyl
group W (Gyp) is generated by re°ections (a Coxeter group) by [1], remark after
proposition 6. Thus by the rst part of the proof

j2..p (V)Go iF _ p(g)W(Go)

* hor

is an isomorphism,and we get' 2 - b (M )% with i®* = !. Let us consider

Z
A= g"dg2-p, (V%
G
where dg denotesHaar measureon G. In order to show that i°A = ! it sutcesto
chedk that i°g™ = ! for each g2 G. Now g(8) is again a section of G, thus also
of Gg. Sinceany two sectionsare related by an elemen of the group, there exists
h 2 Gp such that hg(8) = 8. Then hg 2 Ng(8) and we denote by [hg] the coset
in W(G), and we may compute as follows:

(iﬂgn- )x - (gﬂl )X:DpTi = g(x):upTg:DpTi

= (™" )gx):@PTgPTi;  since' 2 - P (M)®
= g @PT(hQ):ePTi = " jjgyx):@PTi:aPT([hg])
=" ihglx) @ PTiePT([hg]) = (i™ )ingix) :@PT ([hg])

gl :@PT((hg]) = [hg]®! =1: =

10.7. Remark. The proof of theorem 10.6 shans that the answer to question10.5
is yesfor the represenations treated in 10.6.

10.8. Corollary . Let¥22 G! O(V;h ; i) beanorthogonalpolar represertation
of a compact Lie group G, with section8 and generalizedWeyl group W = W (8) .
Let B %2V be an open ball certered at 0.

Then the restriction of di®erertial forms inducesan isomorphism

For (B)C 1T -P(E 1\ B)YO

~ hor

Pro of. Chedk the proof of 10.6 or usethe following argumenrt. Supposethat B =
fv 2V :jvj < 1g and considera smooth di®eomorphismf : [0;1) ! [0;1 ) with
f(t) = t near 0. Then g(v) := %v is a G-equivariant di®eomorphismB ! V
and by 10.6 we get:
i 1ym » o
P ®)C P P (V)CF -PEYE § -PE\ BV o

hor
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10.9. Let us assumethat we are in the situation of the main theorem 10.3, for the
rest of this section. Forx 2 M let S be a (normal) sliceand Gy the isotropy group,
which acts on the slice. Then G:S, is openin M and G-equivariantly di®eomorphic
to the ass@iated bundle G! G=G, via

GE Sc iiii! GEg Sciiiil G
? ?

y yr

G=G, iiii! Gx;
wherer is the projection of a tubular neighborhood. Sinceq: GE Sy ! GE£g, Sk is
a principal Gy-bundle with principal right action (g;s):h = (gh; hi 1:s), we have an
isomorphismg® : -( GEg, Sx) ! - 6,; nor (GE Sx)®*. Sinceqis also G-equivariant
for the left G-actions, the isomorphism g° maps the subalgebra- { (G:S,)¢ 2

hor

P (GE£g, Sx)C of -( GEg, Sx) to the subalgebra- gxi hor (Sx) €% Of = G, ; hor (GE

~ hor
Sx)®*. Sowe have proved:

Lemma. In this situation there is a canonicalisomorphism

P (GS)C T -2 1o (S)®

~ hor

which is given by pullback alongthe embedding Sy ! G:Sy.

10.10. Rest of the pro of of theorem 10.6. Let us consider! 2 - P(§)W® |
We want to construct a form = 2 - P (M)€ with i+ = !. This will nish the
proof of theorem 10.6.

Choosex 2 § and an openball By with certer 0in TyM sud that the Riemannian
exponertial mapping exp, : TxM | M is a di®eomorphismon B,. We consider
now the compact isotropy group Gx and the slice represettation % : G, ! O(Vx),
whereVy = Nory (G:x) = (Tyx(G:x))? ¥ TxM is the normal spaceto the orbit. This
is a polar represenation with sectionT,8, and its generalizedWeyl group is given
by W(Tx8) 2 Ng(8) \ Gx=Zs(8) = W(8) x (see9.4). Then exp, : By \ W ! S
is a di®eomorphismonto a sliceand exp, : Bx\ Tx8 ! 8§, % § is a di®eomorphism
onto an open neighborhood §, of x in the section §.

Let us now considerthe pullback (expjBx \ Ty8)°! 2 - P(Bx\ T,8§W(™x8 By
corollary 10.8 there exists a unique form ' * 2 - & ., (Bx\ V)% sudc that
i’ * = (expjBx \ Tx8)°!, whereiy is the embedding. Then we have

((expiBx\ V)T =" ¥ 2 - § 1 (S
and by lemma 10.9 this form corresponds uniquely to a di®erenial form ! * 2

- bor (G:Sy)€ which satis'es (ij§x)°! * = ! j§, sincethe exponertial mapping com-

mutes with the respective restriction mappings. Now the intersection G:Sy \ § is
the disjoint union of all the open setsw; (§ x) where we pick one w; in ead left
cosetof the subgroup W (8) x in W(8). If we chooseg; 2 Ng(8) projecting on w;
for all j, then

(jwi (8:))%1 = (g ij8x xw) 1)1
= (wf 1)°(ij8x)g

= (Wi D(ij8 )% * = (Wi 1)1 j8x) = ! jw; (8x);
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sothat (ijG:Sx\ 8)°! * = 1 jG:S,\ 8. We cando this for eac point x 2 8.

Using the method of 5.8 and 5.10we may nd a sequenceof points (Xp)n2n in 8§
such that the {8, ) form a locally nite open cover of the orbit spaceM =G 2
§=W(8), and a smooth partition of ungy f, consisting of G-invariant functions
with supp(fn) %2 G:Sy,. Then &k :=  _fpl* 2 -P (M)C hasthe required
property i*=1. o
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11. Basic versus equiv arian t cohomology

11.1. Basic cohomology. For a Lie group G and a smooth G-manifold M, by
10.2we may considerthe basic cohomologyH g, .. (M) = HP(- {5, (M)®; d).

11.2. Equiv ariant cohomology , Borel model. For a topological group and
a topological G-spacethe equivariant cohomologywas de ned as follows, see[3]:
Let EG ! BG be the classifying G-bundle, and consider the assaiated bundle
EG £ M with standard "b er the G-spaceM . Then the equivariant cohomology
isgivenby HP(EG £5 M ;R).

11.3. Equiv ariant cohomology , Cartan model. For a Lie group G and a
smooth G-manifold M we considerthe space

(8" - P(M)°

of all homogeneouspolynomial mappings®: g! - P(M) of degreek from the Lie
algebra g of G to the spaceof k-forms, which are G-equivariant: ®&Ad (g’ H)X) =
g®(X) for all g2 G. The mapping

dg:Aqus/lM)! AT (M)

AL(M) = (S*g°- -P(M))°
2k+p=q

(dg®)(X) 1= d(&(X)) i sy &X)
satis es dy +dy = 0 and the following result holds.

Theorem. Let G be a compact connectedLie group and let M be a smooth G-
manifold. Then
HP(EGEs M;R) = HP(AG(M);dg):

This result is stated in [1] together with someargumerts, and it is attributed to
[6], [7]in chapter 7 of [2]. | wasunableto nd a satisfactory published proof.
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11.4.. Let M beasmooth G-manifold. Then the obvious embeddingj (! ) = 1- !
givesa mapping of graded di®ererial algebras

M
1P (M)C 1 (S°%7- -P(M)C L (SKgT- - P (M) C = AZ(M):
k

On the other hand evaluation at 0 2 g de nes a homomorphism of graded di®eren-
tial algebrasevp : AZ(M) ! -°(M)®, and ev 4 is the embedding - ;. (M )€ !
- ®(M)©. Thus we get canonical homomorphismsin cohomology

HP(- ﬁq;(M)G) iii]?! HP(AG(M):dg) iiii! HP(- n(M)G;d)
Hgibasic(M) iiii! HE(M) T HP(M)C:

If G is compact and connectedwe have HP(M)® = HP(M), by integration and
homotopy invariance.
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