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1

1. In tro duction

Let S(n) denote the spaceof symmetric n £ n matrices with entries in R and O(n)
the orthogonal group. Consider the action:

` : O(n) £ S(n) ¡! S(n)

(A; B ) 7! AB A ¡ 1 = AB A t

If § is the spaceof all real diagonal matrices and S n the symmetric group on n
letters, then we have the following

1.1. Theorem.

(1) § meetsevery O(n)-orbit.
(2) If B 2 § , then `(O(n); B ) \ § , the intersection of the O(n)-orbit through

B with § , equals the S n -orbit through B , where S n acts on B 2 § by
permuting the eigenvalues.

(3) § intersectseach orbit orthogonally in terms of the inner product hA; B i =
tr( AB t ) = tr( AB ) on S(n).

(4) R [S(n)]O(n ) , the spaceof all O(n)-invariant polynomials in S(n) is isomor-
phic to R [§] S n , the symmetric polynomials in § (by restriction).

(5) The spaceC1 (S(n))O(n ) of O(n)-invariant C1 -functions is isomorphic to
C1 (§) S n , the spaceof all symmetric C1 -functions in § (again by restric-
tion), and theseagain are isomorphic to the C1 -functions in the elementary
symmetric polynomials.

(6) The spaceof all O(n)-invariant horizontal p-forms on S(n), that is the space
of all O(n)-invariant p-forms ! with the property i X ! = 0 for all X 2
TA (O(n):A), is isomorphic to the spaceof S n -invariant p-forms on § :

­ p
hor (S(n))O(n ) »= ­ p(§) S n

Pro of. (1). Clear from linear algebra.

(2) The transformation of a symmetric matrix into normal form is unique except
for the order in which the eigenvaluesappear.
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2 1. Intro duction

(3) Take an A in §. For any X 2 o(n), that is for any skew-symmetric X , let ³ X

denote the corresponding fundamental vector ¯eld on S(n). Then we have

³X (A) =
d
dt

¯
¯
¯
¯
t =0

expe(tX )A expe(tX t ) =

= X A id + id AX t = X A ¡ AX :

Now the inner product with ´ 2 TA § »= § computesto

h³X (A); ´ i = tr( ³X (A)´ ) = tr(( X A ¡ AX )´ ) =

= tr( X A ´
| {z }
= X ´ A

) ¡ tr( AX ´ ) = tr( X ´ A) ¡ tr( X ´ A) = 0:

(4) If p 2 R [S(n)]O(n ) then clearly ~p := pj§ 2 R [§] S n . To construct p from ~p we
usethe result from algebra, that R [Rn ]S n is just the ring of all polynomials in the
elementary symmetric functions. So if we usethe isomorphism:

A :=

0

B
B
@

a1 0 : : : 0
0 a2 : : :
...

...
. . .

0 0 : : : an

1

C
C
A 7! (a1; a2; : : : ; an ) =: a

to replaceRn by §, we ¯nd that each symmetric polynomial ~p on § is of the form

~p(A) = ¹p(¾1(A); ¾2(A); : : : ; ¾n (A)) ;

it can be expressedas a polynimial ¹p in the elementary symmetric functions

¾1 = ¡ x1 ¡ x2 ¡ ¢¢¢¡ xn

¾2 = x1x2 + x1x3 + : : :

: : :

¾k = (¡ 1)k
X

j 1 < ¢¢¢<j k

x j 1 : : : x j k

: : :

¾n = (¡ 1)n X 1 : : : xn :

Let us considerthe characteristic polynomial of the diagonal matrix X with eigen-
valuesx1; : : : ; xn :

nY

i =1

(t ¡ x i ) = tn + ¾1:tn ¡ 1 + ¢¢¢+ ¾n ¡ 1:t + ¾n

= det(t:I d ¡ X )

=
nX

i =0

(¡ 1)n ¡ i t i cn ¡ i (X ); where

ck (Y ) = tr(¤ k Y : ¤ k Rn ! ¤ k Rn )
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1. Intro duction 3

is the k-th characteristic coe±cient of a matrix A. So the ¾i extend to O(n)-
invariant polynomials ci on S(n). Sowe can now extend ~p to a polynomial on S(n)
by

~p(H ) := ¹p(c1(H ); c2(H ); : : : ; cn (H )) for all H 2 S(n);

and ~p is an O(n)-invariant polynomial on S(n), and unique as such due to (1).

(5) Again we have that f 2 C1 (S(n))O(n ) implies ~f := f j§ 2 C1 (§) S n . Finding
an inversemap ~f 7! f as above is possibledue to the following theorem by Gerald
Schwarz (seechapter 3) :

Let G bea compactLie group with a ¯nite-dimensional representation G ¡! GL(V ),
and ½1; ½2; : : : ; ½k generatorsfor the algebra R [V ]G of G-invariant polynomials on
V (this space is ¯nitely generated as an algebra due to Hilb ert, seechapter 2).
Then, for any smooth function h 2 C1 (V )G , there is a function ¹h 2 C1

¡
Rk ¢

such
that h(v) = ¹h(½1(v); : : : ; ½k (v)) .

Now we can prove the assertionas in (4) above. Again we take the symmetric poly-
nomials ¾1; : : : ; ¾n as generatorsof R [§] S n . By Schwarz' theorem ~f 2 C1 (§) S n

can be written as a smooth function in ¾1; : : : ; ¾n . So we have an ¹f 2 C1 (Rn )
such that

~f (A) = ¹f (¾1(A); : : : ¾n (A)) for all A 2 §

If we extend the ¾i onto S(n) as in (4), we can de¯ne

f (H ) := ¹f (c1(H ); c2(H ); : : : ; cn (H )) for H 2 S(n):

f is again a smooth function and the unique O(n)-invariant extensionof ~f .

(6) Consider ¾ = (¾1; : : : ; ¾n ) : § ! Rn and put J (x) := det(d¾(x)). For each
® 2 S n we have

J:dx1 ^ ¢¢¢^ dxn = d¾1 ^ ¢¢¢^ d¾n

= ®¤d¾1 ^ ¢¢¢^ d¾n

= (J ±®):®¤dx1 ^ ¢¢¢^ dxn

= (J ±®): det(®):dx1 ^ ¢¢¢^ dxn

J ±® = det(®¡ 1):J(7)

From this we see¯rstly that J is a homogeneouspolynomial of degree

0 + 1 + ¢¢¢+ (n ¡ 1) = n (n ¡ 1)
2 =

µ
n
2

¶
:

The mapping ¾ is a local di®eomorphismon the open set U = § n J ¡ 1(0), thus
d¾1; : : : ; d¾n is a coframeon U, i.e. a basisof the cotangent bundle everywhere on
U. Let (ij ) be the transpositions in S n , let H ( ij ) := f x 2 § : x i ¡ x j = 0g be
the re°ection hyperplanes of the (ij ). If x 2 H ( ij ) then by (7) we have J (x) =
J (( ij )x) = ¡ J (x), so J (X ) = 0. Thus J jH ( ij ) = 0, so the polynomial J is divisible
by the linear form x i ¡ x j , for each i < j . By comparing degreeswe seethat

(8) J (x) = c:
Y

i<j

(x i ¡ x j ); where 0 6= c 2 R:
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4 1. Intro duction

By the sameargument we seethat:

(9) If g 2 C1 (§) satis¯es g ± ® = det(®¡ 1):g for all ® 2 S n , then g = J:h for
h 2 C1 (§) S n .

(10) Claim (10): Let ! 2 ­ p(§) S n . Then we have

! =
X

j 1 <j 2 < ¢¢¢<j p

! j 1 ;:::;j p d¾j 1 ^ ¢¢¢^ d¾j p

on §, for ! j 1 ;:::;j p 2 C1 (§) S n .

To prove claim (10) recall that d¾1; : : : ; d¾n is an S n -invariant coframe on the
S n -invariant open set U. Thus

! jU =
X

j 1 <j 2 < ¢¢¢<j p

gj 1 ;::: ;j p| {z }
2 C 1 (U )

d¾j 1 ^ ¢¢¢^ d¾j p

=
X

j 1 <j 2 < ¢¢¢<j p

Ã
1
n

X

®2 S n

®¤gj 1 ;:::;j p

!

| {z }
h j 1 ;::: ;j p 2 C 1 (U )S n

d¾j 1 ^ ¢¢¢^ d¾j p(11.)

Now chooseI = f i 1 < ¢¢¢< i pg µ f 1; : : : ; ng and let ¹I = f 1; : : : ; ng n I = f i p+1 <
¢¢¢< i n g. Then we have for a sign " = § 1

! jU ^ d¾i p +1 ^ ¢¢¢^ d¾i n| {z }
d¾¹I

= ":h I :d¾1 ^ ¢¢¢^ d¾n

= ":h I :J:dx1 ^ ¢¢¢^ dxn :

On the whole of § we have

! ^ d¾
¹I = ":k I :dx1 ^ ¢¢¢^ dxn

for suitable kI 2 C1 (§). By comparing the two expressionon U we seefrom (7)
that kI ±® = det(®¡ 1):kI sinceU is densein §. So from (9) we may concludethat
kI = J:! I for ! I 2 C1 (§) S n , but then hI = ! I jU and ! =

P
I ! I d¾I as asserted

in claim (10).

Now we may ¯nish the proof. By the theorem of G. Schwartz there exist f I 2
C1 (Rn ) with ! I = f I (¾1; : : : ; ¾n ). Recall now the characteristic coe±cients ci 2
R[S(n)] from the proof of (4) which satisfy ci j§ = ¾i . If we put now

~! :=
X

i 1 < ¢¢¢<i p

f i 1 ;::: ;i p (c1; : : : ; cn ) dci 1 ^ ¢¢¢^ dci p 2 ­ p
hor (S(n))O(n )

then the pullback of ~! to § equals! . ¤
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5

2. Polynomial In varian t Theory

2.1. Theorem of Hilb ert and Nagata. Let G be a Lie group with a ¯nite-
dimensional representation G ¡! GL(V ) and let one of the following conditions be
ful¯lled:

(1) G is semisimpleand has only a ¯nite number of connectedcomponents
(2) V and hG:f i R are completely reducible for all f 2 R [V ] (see Nagata's

lemma)

Then R [V ]G is ¯nitely generatedas an algebra, or equivalently , there is a ¯nite set
of polynomials ½1; : : : ; ½k 2 R [V ]G , such that the map ½:= (½1; : : : ; ½k ) : V ¡! Rk

inducesa surjection
R

£
Rk ¤

��

½¤
R [V ]G :

Remark. The ¯rst condition is stronger than the secondsince for a connected,
semisimple Lie group, or for one with a ¯nite number of connectedcomponents,
every ¯nite dimensional representation is completely reducible. To prove the the-
orem we will only need to know complete reducibilit y for the ¯nite dimensional
representations V and hG:f i R though (as stated in (2)).

2.2. Lemma. Let A = © i ¸ 0A i be a connectedgradedR-algebra(that is A0 = R).
If A+ := ©i> 0A i is ¯nitely generatedas an A-module, then A is ¯nitely generated
as an R-algebra.

Pro of. Let a1; : : : ; an 2 A+ be generatorsof A+ as an A-module. Since they can
be chosenhomogeneous,we assumeai 2 Adi for positive integersdi .
Claim: The ai generateA as an R-algebra: A = R[a1; : : : ; an ]

We will show by induction that A i µ R [a1; : : : ; an ] for all i . For i = 0 the assertion
is clearly true, sinceA0 = R. Now supposeA i µ R [a1; : : : ; an ] for all i < N . Then
we have to show that

AN µ R [a1; : : : ; an ]

as well. Take any a 2 AN . Then a can be expressedas

a =
X

i;j

ci
j ai ci

j 2 A j
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6 2. Polynomial invariant theory

Since a is homogeneousof degree N we can discard all ci
j ai with total degree

j + di 6= N from the righthand side of the equation. If we set ci
N ¡ di

=: ci we get

a =
X

i

ci ai

In this equation all terms arehomogeneousof degreeN . In particular, any occurring
ai have degreedi · N . Consider¯rst the ai of degreedi = N . The corresponding ci

then automatically lie in A0 = R, so ci ai 2 R [a1; : : : ; an ]. To handle the remaining
ai we use the induction hypothesis. Since ai and ci are of degree< N , they are
both contained in R [a1; : : : ; an ]. Therefore, ci ai lies in R [a1; : : : ; an ] as well. So
a =

P
ci ai 2 R [a1; : : : ; an ], which completesthe proof. ¤

Remark. If we apply this lemma for A = R [V ]G we seethat to prove 2.1 we
only have to show that R [V ]G+ , the algebra of all invariant polynomials of strictly

positive degree,is ¯nitely generatedas a module over R [V ]G . The ¯rst step in this
direction will be to prove the weaker statement:

B := R [V ]:R [V ]G+ is ¯nitely generatedas an ideal.

It is a consequenceof a well known theorem by Hilb ert:

2.3. Theorem. (Hilb ert's ideal basis theorem) If A is a commutativ e Noetherian
ring, then the polynomial ring A [x] is Noetherian as well.

A ring is Noetherian if every strictly ascendingsequenceof left ideals I 0 ½ I 1 ½
I 2 ½ : : : is ¯nite, or equivalently , if every left ideal is ¯nitely generated. If we choose
A = R, the theorem states that R [x] is again Noetherian. Now considerA = R [x],
then R [x] [y] = R [x; y] is Noetherian, and soon. By induction, we seethat R [V ] is
Noetherian. Therefore, any left ideal in R [V ], in particular B , is ¯nitely generated.

Pro of of 2.3. Take any ideal I µ A [x] and denote by A i the set of leading
coe±cients of all i -th degreepolynomials in I . Then A i is an ideal in A, and we
have a sequenceof ideals

A0 µ A1 µ A2 µ ¢¢¢µ A:

Since A is Noetherian, this sequencestabilizes after a certain index r , i.e. A r =
A r +1 = ¢¢¢. Let f ai 1; : : : ; ai n i

g be a set of generatorsfor A i (i = 1; : : : ; r ), and pij

a polynomial of degreei in I with leading coe±cient aij .
Claim: Thesepolynomials generateI .

Let P = hpij i A [x ] µ A [x] be the ideal generatedby the pij . P clearly contains all
constants in I (A0 µ I ). Let us show by induction that it contains all polynomials
in I of degreed > 0 as well. Take any polynomial p of degreed. We distinguish
betweentwo cases.
(1) Supposed · r . Then we can ¯nd coe±cients c1; : : : ; cn d 2 A such that

~p := p ¡ c1pd1 ¡ c2pd2 ¡ : : : ¡ cn d pdn d
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2. Polynomial invariant theory 7

has degree< d.
(2) Suppose d > r . Then the leading coe±cients of xd¡ r pr 1; : : : ; xd¡ r pr n r 2 I
generateAd. So we can ¯nd coe±cients c1; : : : ; cn r 2 A such that

~p := p ¡ c1xd¡ r pr 1 ¡ c2xd¡ r pr 2 ¡ : : : ¡ cn r xd¡ r pr n r

has degree< d.

In both caseswe have p 2 ~p + P and deg~p < d. Therefore by the induction
hypothesis ~p, and with it p, lies in P. ¤

To prove theorem 2.1 it remains only to show the following

2.4. Lemma. Let G be a Lie group acting on V such that the sameconditions as
in Hilb ert and Nagata's theorem are satis¯ed. Then for f 1; : : : ; f k 2 R [V ]G :

R [V ]G \ hf 1; : : : ; f k i R[V ] = hf 1; : : : ; f k i R[V ]G

where the brackets denote the generatedideal (module) in the speci¯ed space.

2.5. Remark. In our case,if we take f i = ½i 2 R [V ]G+ to be the ¯nite system of
generatorsof B as an ideal in R [V ], we get:

R [V ]G+ = R [V ]G \ B = h½1; : : : ; ½k i R[V ]G

That is, the ½i generateR [V ]G+ as a R [V ]G -module. With lemma 2.2, Hilb ert and
Nagata's theorem follows immediately.

2.6. Remark. The inclusion (¶ ) in lemma 2.4 is trivial. If G is compact, then
the opposite inclusion

R [V ]G \ hf 1; : : : ; f k i R[V ] µ hf 1; : : : ; f k i R[V ]G

is easilyseenaswell. Take any f 2 R [V ]G \ hf 1; : : : ; f k i R[V ] . Then f can be written
as

f =
X

pi f i pi 2 R [V ]:

SinceG is compact, we can integrate both sidesover G using the Haar measuredg
to get

f (x) =
Z

G
f (g:x)dg =

X

i

Z

G
pi (g:x)f i (g:x)dg =

X

i

(
Z

G
pi (g:x)dg)

| {z }
=: p¤

i (x )

f i (x):

The p¤
i are G-invariant polynomials, therefore f is in hf 1; : : : ; f k i R[V ]G .

To show the lemma in its general form we will need to ¯nd a replacement for the
integral. This is done in the central
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8 2. Polynomial invariant theory

2.7. Lemma [26]. Under the sameconditions as theorem 2.1, to any f 2 R [V ]
there is an f ¤ 2 R [V ]G \ hG:f i R such that

f ¡ f ¤ 2 hGf ¡ Gf i R :

Pro of. Take f 2 R [V ]. Clearly, f is contained in M f := hG:f i R, where f ¤ is
supposed to lie as well. M f is a ¯nite dimensional subspaceof R [V ] since it is
contained in

M f µ
M

i · deg f

R [V ] i :

In addition we have that

hG:f ¡ G:f i R =: N f µ M f

is an invariant subspace. So we can restrict all our considerations to the ¯nite
dimensional G-spaceM f which is completely reducible by our assumption.

If f 2 N f , then we can set f ¤ = 0 and are done. Supposef =2 N f . Then the f ¤ we
are looking for must also lie in M f n N f . From the identit y

g:f = f + (g:f ¡ f )
| {z }

2 N f

for all g 2 G

it follows that
M f = N f © R:f :

In particular, N f has codimension 1 in M f .

Sincewe require of f ¤ to be G-invariant, R:f ¤ will be a onedimensionalG-invariant
subspaceof M f (not contained in N f ). As we just saw, N f has codimension 1 in
M f , therefore R:f ¤ will be a complementary subspaceto N f .

If we now write M f as the direct sum

M f = N f © P;

whereP is the invariant subspacecomplementary to N f guaranteedby the complete
irreducibilit y of M f , then P is a good place to look for f ¤.

Now P »= M f =N f as a G-module, so let us take a look at the action of G on
M f =N f . Every element of M f =N f has a representativ e in R:f , so we need only
considerelements of the form ¸f + N f (¸ 2 R). For arbitrary g 2 G we have:

g:(¸f + N f ) = ¸g :f + N f = ¸f + (¸g :f ¡ ¸f )
| {z }

2 N f

+ N f = ¸f + N f :

So G acts trivially on M f =N f and therefore on P. This is good news, since now
every f 0 2 P is G-invariant and we only have to project f onto P (along N f ) to
get the desiredf ¤ 2 R [V ]G \ M f . ¤
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2. Polynomial invariant theory 9

Pro of of lemma 2.4. Recall that for arbitrary f 1; : : : ; f n we have to show

R [V ]G \ hf 1; : : : ; f n i R[V ] µ hf 1; : : : ; f n i R[V ]G :

We will do so by induction on n. For n = 0 the assertion is trivial.
Suppose the lemma is valid for n = r ¡ 1. Consider f 1; : : : ; f r 2 R [V ]G and
f 2 R [V ]G \ hf 1; : : : ; f r i R[V ] . Then

f =
rX

i =1

pi f i pi 2 R [V ]:

By Nagata's lemma 2.7, we can approximate pi up to hG:pi ¡ G:pi i R by a p¤
i 2

R [V ]G . So for some¯nite subsetF ½ G £ G we have

pi = p¤
i +

X

s;t 2 F

¸ i
s;t (s:pi ¡ t:pi ) ¸ i

s;t 2 R:

Therefore we have

f ¡
rX

i =1

p¤
i f i =

rX

i =1

X

s;t 2 F

¸ i
s;t (s:pi ¡ t:pi )f i 2 R [V ]G :

It remains to show that the righthand sideof this equation lies in hf 1; : : : ; f r i R[V ]G .
Notice that by the G-invariance of f :

rX

i =1

(spi ¡ tpi )f i = 0:

For all s; t 2 G. Therefore

r ¡ 1X

i =1

(s:pi ¡ t:pi )f i = (t:pr ¡ s:pr )f r :

Now we can usethe induction hypothesison
rX

i =1

X

s;t 2 F

¸ i
s;t (s:pi ¡ t:pi )f i =

=
r ¡ 1X

i =1

X

s;t 2 F

(¸ i
s;t ¡ ¸ r

s;t )(s:pi ¡ t:pi )f i 2 R [V ]G \ hf 1; : : : ; f r ¡ 1i R[V ]

to complete the proof. ¤

2.8. Remark. With lemma 2.4, Hilb ert and Nagata's theorem is proved as well.
So in the setting of 2.1 we now have an exact sequence

0 ¡! ker½¤ ¡! R
£
Rk ¤ ½¤

¡ ! R [V ]G ¡! 0

where ker½¤ = f R 2 R
£
Rk

¤
: R(½1; : : : ; ½k ) = 0g is just the ¯nitely generatedideal

consisting of all relations betweenthe ½i .

Sincethe action of G respects the grading of R [V ] = ©k R [V ]k it inducesan action
on the spaceof all power series,R [[V ]] = ¦ 1

k=1 R [V ]k , and we have the following
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10 2. Polynomial invariant theory

2.9. Theorem. Let G ¡! GL(V ) be a representation and ½1; : : : ; ½k a system
of generators for the algebra R [V ]G . Then the map ½:= (½1; : : : ; ½k ) : V ¡! Rk

inducesa surjection

R
££

Rk ¤¤ ½¤

¡ ! R [[V ]]G :

Pro of. Write the formal power seriesf 2 R [[V ]]G as the sum of its homogeneous
parts.

f (x) = f 0 + f 1(x) + f 2(x) + : : :

Then to each f i (x) 2 R [V ]G
i there is a gi (y) 2 R

£
Rk

¤
such that

f i (x) = gi (½1(x); : : : ; ½k (x)) :

Before we can set
g(y) = g0 + g1(y) + g2(y) + : : :

to ¯nish the proof, we have to check whether this expressionis ¯nite in each degree.
This is the case,since the lowest degree¸ i that can appear in gi goes to in¯nit y
with i :

Write explicitly gi =
P

j ® j· i A i;® y® and take an A i;® 6= 0. Then degf i = i =
®1d1 + : : : ®k dk where di = deg½i and

¸ i = inf fj ®j : i =
X

®j dj g ! 1 (i ! 1 ) ¤

The following corollary is an immediate consequence.

2.10. Corollary. If G is a Lie group with a ¯nite dimensional representation
G ¡! GL(V ), then under the same conditions as Hilb ert and Nagata's theorem
there is a ¯nite set of polynomials ½1; : : : ; ½k 2 R [V ]G such that the map ½ :=
(½1; : : : ; ½k ) : V ¡! Rk inducesa surjection

R[[Rk ]]
½¤

¡ ! R[[V ]]G : ¤
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3. C1 -In varian t Theory of Compact Lie Groups

If G is a Lie group acting smoothly on a manifold M , then the orbit spaceM =G
is not generally again a smooth manifold. Yet, it still has a functional structure
induced by the smooth structure on M simply by calling a function f : M =G ¡! R
smooth i® f ± ¼: M ¡! R is smooth (where ¼: M ¡! M =G is the quotient map).
That is, the functional structure on M =G is determined completely by the smooth
G-invariant functions on M . For compact Lie groups, the spaceof all G-invariant
C1 -functions on Rn is characterized in the theorem of Gerald Schwarz (1975),
which we already usedin 1.1(4). In this chapter we will present the proof as found
in [34], Chap. IV. In the following, let G always denote a compact Lie group,
` : G ¡! GL(V ) a representation on V = Rn . Let ½1; : : : ; ½k 2 R[V ]G denote a
¯nite system of generatorsfor the algebra R[V ]G , and let ½denote the polynomial
mapping:

½:= (½1; : : : ; ½k ) : V ¡! Rk :

3.1. De¯nition. A mapping betweentwo topological spacesf : X ¡! Y is called
prop er , if K µ Y compact implies f ¡ 1(K ) µ X is compact.

3.2. Lemma. Let G be a compact Lie group. Then we have

(1) ½is proper.
(2) ½separatesthe orbits of G.
(3) There is a map ½0 : V=G ¡! Rk such that the following diagram commutes,

V �

½

�

�

¼

Rk

V=G

�

�

�

���

½0

and ½0 is a homeomorphismonto its image.

Pro of.

(1) Let r (x) = j x j2 = hx; xi , where h: ; : i is an invariant inner product on V .
Then r 2 R [V ]G . By Hilb ert's theorem there is a polynomial p 2 R

£
Rk

¤

such that r (x) = p(½(x)). If (xn ) 2 V is an unbounded sequence,then
r (xn ) is unbounded. Therefore p(½(xn )) is unbounded, and, since p is a
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12 3. Invariant theory of compact Lie groups

polynomial, ½(xn ) is also unbounded. With this insight we can conclude
that any compactand henceboundedset in Rk must havea boundedinverse
image. By continuit y of ½, it must be closedas well. So the inverseimage
of a compact set under ½is again compact, that is, ½is proper.

(2) Choosetwo di®erent orbits G:x 6= G:y (x; y 2 V ) and consider the map:

f : G:x [ G:y ¡! R f (v) :=
½0 for v 2 G:x

1 for v 2 G:y

Both orbits are closed, so f is continuous. Furthermore, both orbits and
with them their union are compact, sinceG is compact. Therefore, by the
Weierstrassapproximation theorem, there is a polynomial p 2 R[V ] such
that

k p ¡ f kG:x [ G:y = supfj p(z) ¡ f (z) j : z 2 G:x [ G:yg <
1
10

Now we can averagep over the group using the Haar measuredg on G to
get a G-invariant function.

q(v) :=
Z

G
p(g:v)dg

Note that since the action of G is linear, q is again a polynomial. Now let
us check that q approximates f equally well. For v 2 G:x [ G:y, we have

¯
¯
¯
¯

Z

G
f (g:v)dg

| {z }
= f (v)

¡
Z

G
p(g:v)dg

¯
¯
¯
¯ ·

Z

G
j f (g:v) ¡ p(g:v) jdg ·

1
10

Z

G
dg

| {z }
=1

Recalling how f was de¯ned, we get

j q(v) j ·
1
10

for v 2 G:x

j 1 ¡ q(v) j ·
1
10

for v 2 G:y:

Therefore q(G:x) 6= q(G:y), and since q can be expressedin the Hilb ert
generators,we can concludethat ½(G:x) 6= ½(G:y).

(3) Clearly, ½0 is well de¯ned. By (2) ½0 is injective and, with the quotient topol-
ogy on V=G, continuous. Soon every compact subsetof V=G we know that
½0 is a homeomorphismonto its image. Now take any diverging sequencein
V=G. It is the image under ¼of someequally diverging sequencein V . If
this sequencehas an unbounded subsequence,then by (1), its image under
½is unbounded as well, in particular divergent. If the diverging sequence
in V (therefore its image under ¼, our starting sequence)is bounded, then
it is contained in a compact subsetof V , our starting sequenceis contained
in a compact subsetof V=G, and here ½0 is a homeomorphism. Thereby, its
image under ½0 is divergent as well. So we have shown that a sequencein
V=G is convergent i® its imageunder ½0 in Rk is convergent and, with that,
that ½0 is a homeomorphismonto its image. ¤
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3. Invariant theory of compact Lie groups 13

3.3. Remark.
(1) If f : V ¡! R is in C0(V )G , then f factors over ¼ to a continuous map

~f : V=G ¡! R. By 3.2(3) there is a continuous map ¹f : ½(V ) ¡! R given by
¹f = ~f ±½0¡ 1. It has the property f = ¹f ±½. Since½(V ) is closed, ¹f extends
to a continuous function ¹f 2 C0(Rk ) (Tietze-Urysohn). So for continuous
functions we have the assertion that

½¤ : C0(Rk ) ¡! C0(V )G is surjective.

(2) ½(V ) is a real semialgebraicvariety, that is it is describedby a ¯nite number
of polynomial equationsand inequalities. In the complex case,the imageof
an algebraic variety under a polynomial map is again an algebraic variety,
meaning it is described by polynomial equations only. In the real casethis
is already disproved by the simple polynomial map: x 7! x2.

3.4. Before we turn to Schwarz' theorem, let us state here the extension theorem
of Whitney as found in [46], pp. 68{78. For K µ Rn compact and m 2 N, assign
to each multi-index k = (k1; : : : ; kn ) 2 Nn

0 with j k j = j k1 j + ¢¢¢+ j kn j · m a
continuous function F k on K . Then the family of functions (F k ) j k j · m is called an
m-jet on K . The spaceof all m-jets on K endowed with the norm

j F jKm := sup
x 2 K ;j k j· m

¯
¯ F k (x)

¯
¯

shall be denoted by J m (K ). There is a natural map

J m : Cm (Rn ) ¡! J m (K ) : f 7! (
@j k j f
@xk

¯
¯
¯
¯
K

) j k j· m :

By Whitney's ¯rst extension theorem its image is the subspaceof all Whitney jets
de¯ned as follows. For each a 2 K there is a map T m

a : J m (K ) ¡! R [Rn ] given (in
multi-index notation) by

Tm
a F (x) =

X

j k j · m

(x ¡ a)k

k!
F k (a)

which assignsto each m-jet its would-be Taylor polynomial of degreem. With it
we can de¯ne as the remainder term (an m-jet again):

Rm
a F := F ¡ J m (Tm

a F ):

If F is the set of partial derivatives restricted to K of someCm -function then in
particular

(W) (Rm
a F )k (y) = o(j a ¡ y jm ¡j k j ) for a; y 2 K ; j k j · m and j a ¡ y j ! 0

holds by Taylor's theorem. We will call (W) the Whitney condition, and any m-jet
on K which satis¯es (W) Whitney jet of order m on K . The spaceof all Whitney
jets again forms a vector spaceand we endow it with the norm:

k F kK
m = j F jKm + supf

¯
¯ (Rm

x F )k (y)
¯
¯

j x ¡ y jm ¡j k j
: x; y 2 K ; x 6= y; j k j · mg

The spaceof all Whitney jets with the above norm is a Banach spaceand will be
denoted by Em (K ).
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14 3. Invariant theory of compact Lie groups

Whitney's Extension Theorem for Em (K ). For K ½ Rn compact, there is a
continuous linear map

W : Em (K ) ¡! Cm (Rn )

such that for all Whitney jets F 2 Em (K ) and for all x 2 K

D k W (F )(x) = F k (x) j k j · m

holds and the restriction of W (F ) on Rn n K is smooth.

If we de¯ne J 1 (K ) (resp. E1 (K )) as the projective limit of the spacesJ m (K )
(Em (K )) we can extend the above theorem to the following

Whitney's Extension Theorem for E1 (K ). For K ½ Rn compact, there is a
linear map

W1 : E1 (K ) ¡! C1 (Rn )

such that for all Whitney jets F 2 E1 (K ) and for all x 2 K

D k W1 (F )(x) = F k (x) for all k 2 Nn
0

holds.

3.5. Remark. In general, the norm k : kK
m generatesa ¯ner topology on Em (K )

than j : jKm , yet there is a casewhen we can show that they are equal. If K is
connected with respect to recti¯able curves and the Euclidean distance on K is
equivalent to the geodesic distance (such a K is called 1-regular ), then the two
norms coincide. This is shown roughly as follows.
By de¯nition

j F jKm · k F kK
m = j F jKm + supf

¯
¯ (Rm

x F )k (y)
¯
¯

j x ¡ y jm ¡j k j
g:

So if we approximate supf j (R m
x F ) k (y ) j

j x ¡ y j m ¡j k j g by C:j F jKm , then we are done. For a ¯xed
x 2 K let us denote

g := D k (W (F ) ¡ Tm
x F ):

Then g is in Cm ¡j k j (Rn ) and °at of order m ¡ j k j ¡ 1 at x. On K , g coincides
with (Rm

x F )k . Now, by a somewhat generalizedmean value theorem, we have for
any recti¯able curve ¾connecting x with y:

j g(y) ¡ g(x) j ·
p

nj ¾j supf
¯
¯ D j g(»)

¯
¯ : » 2 ¾; j j j = 1g

SinceD k g(x) = 0 for all j k j < m ¡ j k j we can iterate this inequality m ¡ j k j ¡ 1
times, to get

j g(y) j · n
m ¡j k j

2 j ¾jm ¡j k j supf
¯
¯ D j g(»)

¯
¯ : » 2 ¾; j j j = m ¡ j k jg

Furthermore, we can replace j ¾j by the geodesic distance ±(x; y), which is the
in¯m um over all j ¾j, ¾aschosenabove. Now, if we choosex; y in K and substitute
back for g, then the above inequality implies:

¯
¯ (Rm

x F )k (y)
¯
¯ ·

· n
m ¡j k j

2 ±(x; y)m ¡j k j supf
¯
¯ F j (») ¡ F j (x)

¯
¯ : » 2 K ; j j j = mg ·

· 2n
m ¡j k j

2 ±(x; y)m ¡j k j j F jKm
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3. Invariant theory of compact Lie groups 15

Since±(x; y) · cj x ¡ y j for all x; y 2 K , this givesus an approximation

supf

¯
¯ (Rm

x F )k (y)
¯
¯

j x ¡ y jm ¡j k j
g · Cj F jKm

which completesour proof.

So, for a 1-regular K , we have that for every m 2 N, Em (K ) carries the \usual"
topology of uniform convergencein each \deriv ative". In this casethe assertion
that the operator W of the ¯rst Whitney extension theorem is continuous implies
that a sequenceof functions in W (Em (K )) µ Cm (Rk ) which convergesuniformly
in all derivativeson K doesso on every other compact set as well.

If the j : jKm -topology coincideswith the usual topology on Em (K ) for all m as in
the above case,then the topology on the projective limit

~E1 (K ) := proj
m !1

(Em (K ); j : jKm )

coincideswith the usual topology on E1 (K ) as well. So the topology on E1 (K ) is
generatedby the family of seminormsfj : jKm : m 2 N0g. Although there is a natural
inclusion i : E1 (K ) ,! Em (K ), the restriction i ¤W of W : Em (K ) ¡! Cm (Rn ) does
not coincide with W1 . If it did, then W1 would have to be continuous as well,
which is generally not the case.

There is one more result we will need. It is a direct consequenceof Whitney's
extension theorem if we take K = f xg (then E1 (K ) »= R1 ), but was discovered
and proved independently and much earlier (1898) by Emile Borel.

Theorem of E. Borel. To any formal power seriesp 2 R [[Rn ]] and x 2 Rn there
is a smooth function f 2 C1 (Rn ) with formal Taylor development p at x. ¤

Herewe can seedirectly that the extensionoperator W1 is not continuous,because
if it were, it would give an embedding of R1 into C1 (K ) (where K ½ Rn is any
compact set containing x). But this is impossible, since R1 has no continuous
norm.

3.6. Theorem. Multidimensional Faa di Bruno form ula. Let f 2 C1 (Rk ),
let g = (g1; : : : ; gk ) 2 C1 (Rn ; Rk ). Then for a multiindex ° 2 Nn the partial
derivative @° (f ±g)(x) of the composition is given by the following formula, where
we usemultiindex-notation heavily.

@° (f ±g)(x) =

=
X

¯ 2 Nk

(@¯ f )(g(x))
X

¸ =( ¸ i® )2 Nk £ ( Nn n 0)
P

® ¸ i® = ¯ iP
i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i® Y

i;®> 0

(@®gi (x)) ¸ i®

=
X

¸ =( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i® ³

@
P

® ¸ ® f
´

(g(x))
Y

i;®> 0

(@®gi (x)) ¸ i®
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16 3. Invariant theory of compact Lie groups

Pro of. The proof of this goesroughly as follows. The in¯nite Taylor development
of the composition is the composition of the Taylor developments,

j 1 (f ±g)(x) = j 1 f (g(x)) ± j g(x);

j 1 f (y)(z) =
X

¯ 2 Rk

1
¯ !

@¯ f (y)z¯

=
X

¯ 2 Rk

1
¯ 1! : : : ¯ k !

@¯ f (y)z¯ 1
1 : : : z¯ k

k

Sowe write down the Taylor seriesand composethem, using multinomial theorems,
and compute then one of the coe±cients. The formula above comesup. ¤

3.7. Theorem of Schwarz. ( [38])
Let G be a compact Lie group, ` : G ¡! O(V ) a ¯nite-dimensional representation,
and ½1; ½2; : : : ; ½k generatorsfor the algebra R [V ]G of G-invariant polynomials on
V (this spaceis ¯nitely generatedas an algebra due to Hilb ert; seechapter 2). If
½:= (½1; : : : ; ½k ) : V ¡! Rk , then

½¤ : C1 ¡
Rk ¢

¡! C1 (V )G is surjective.

The actual proof of Gerald Schwarz' theorem will take us the rest of this section.
But let us just begin now with someremarks and make somesimpli¯cations.

(1) For the action of G = f§ 1g on R1 the result is due to Whitney [47].
(2) If G = S n acting on Rn by the standard representation it was shown by

G.Glaeser[15]
(3) It is easy to see that ½¤C1

¡
Rk

¢
is dense in C1 (V )G in the compact

C1 -topology. Therefore, Schwarz' theorem is equivalent to the assertion:
½¤C1

¡
Rk

¢
is closedin C1 (V )G . If ½1; : : : ; ½k can be chosenalgebraically

independent, then this follows from a theorem by Glaeser(see[15]).
(4) To start out with, notice that the Hilb ert polynomials can be chosenhomo-

geneousand of positive degree: Since the action of G is linear, the degree
of a polynomial p 2 R [V ] is invariant under G. Therefore, if we split
each Hilb ert polynomial up into its homogeneousparts, we get a new set
of Hilb ert polynomials. Let us denote these by ½i and the corresponding
degreesby di > 0.

3.8. Corollary. Under the sameconditions as 3.7:

½¤ : C1
0 (Rk ) ¡! C1

0 (V )G is surjective,

where C1
0 denotesthe spaceof all germsat 0 of C1 .

Pro of. C1 (V )G [ ]0¡¡ ! C1
0 (V )G is surjective, since for any f 2 C1

0 (V )G there is
a representativ e f 0 2 C1 (V ) , and with it f 00 :=

R
G `(g)¤f 0dg 2 C1 (V )G also

represents f . By Schwarz' theorem, f 00= h ±½for someh 2 C1
¡
Rk

¢
. ¤
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3. Invariant theory of compact Lie groups 17

3.9. Corollary. Under the same conditions as 3.7, also for spacesof smooth
functions with compact supports we have:

½¤ : C1
c (Rk ) ¡! C1

c (V )G is surjective.

Pro of. For f 2 C1
C (V )G by 3.7 there is an ~f 2 C1

¡
Rk

¢
such that f = ½¤ ~f = ~f ±½.

Since f = ~f ± ½has compact support it vanishesoutside somelarge compact ball
B ½ V. Then ½(B ) is contained in somelarger ball B1 ½ Rk . Take h 2 C1

c (Rk )
with hjB1 = 1. Then (h ±½)jB = 1 and thus (h: ~f ) ± r h = ~f ±½= f . ¤

3.10. Lemma. It su±ces to prove theorem 3.7 for representations with zero as
the only ¯xed point.

Pro of. DecomposeV into the subspaceof all ¯xed points and its orthogonal com-
plement:

V = Fix( G)
| {z }

=: U

© Fix (G)?

| {z }
=: W

Then W is an invariant subspacewith only the one¯xed point: 0. Let ¾1; : : : ; ¾n be
generatorsof R[W ]G such that ¾¤ : C1 (Rn ) ¡! C1 (W )G is surjective. Consider
the following diagram, where ­̂ denotesprojective tensor product. Note, that in
this caseit coincideswith the injective tensor product, since C1 (V ) is a nuclear
Fr¶echet space.From this it follows that the horizontal maps on the bottom and on
the top are homeomorphisms.

C1 (U)­̂ C1 (Rn )

�

C1 (U)­̂ ¾¤

�

»= C1 (U £ Rn )

�

C1 (U)­̂ C1 (W )G �� C1 (U £ W )G

C1 (U)­̂ C1 (W )

�

C1 (U)­̂
R

G `(g)¤dg

�

»= C1 (U £ W )

�

R
G

·̀(g)¤dg

Starting from the bottom, notice that C1 (U)­̂
R

G `(g)¤dg and
R

G
·̀(g)¤dg are sur-

jective. Therefore, the horizontal map in the center is surjective. By our assump-
tion, C1 (U)­̂ ¾¤ is also surjective, so we can conclude that the map on the top
right is surjective as well. But this map is just ½¤ for ½:= (idU ; ¾), and we are
done. ¤

3.11. We shall usethe following notation: For a manifold M and a closedsubman-
ifold K µ M let

C1 (M ; K ) := f f 2 C1 (M ) : f is °at along K g:
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18 3. Invariant theory of compact Lie groups

Lemma. For the proof of theorem 3.7 it su±ces to show that

C1 (V ; 0)G ½¤

Ã¡ C1 (Rk ; 0) is surjective.

Pro of. Consider the following diagram:

0 ¡¡ ¡ ¡ ! C1 (Rn ; 0)G i¡ ¡ ¡ ¡ ! C1 (Rn )G t¡ ¡ ¡ ¡ ! R [[V ]]G ¡ ¡ ¡ ¡ ! 0

½¤

x
?
? ½¤

x
?
? ½¤

x
?
?

0 ¡¡ ¡ ¡ ! C1
¡
Rk ; 0

¢
¡¡ ¡ ¡ ! C1

¡
Rk ¢ T¡ ¡ ¡ ¡ ! R

££
Rk ¤¤

¡¡ ¡ ¡ ! 0

The right ½¤ is surjective by corollary 2.10. The map T on the lower righthand
side assignsto each function its formal Taylor seriesat zero. It is surjective by
the theorem of E. Borel. The same goes for the map t above it. Just take any
smooth function f 2 C1 (Rn ) with a given formal Taylor seriesin R [[V ]]G and
integrate it over G. The resulting function lies in C1 (Rn )G and has the same
formal Taylor development since this was G-invariant to begin with. Clearly, the
space C1 (Rn ; 0)G embedded in C1 (Rn )G is just the kernel of t. So the top
sequenceis exact. The samegoesfor the bottom sequence.Now supposewe knew
that the left ½¤ is surjective as well, then we could conclude that the ½¤ in the
middle is surjective by the following diagram chase. Take any f 2 C1 (Rn )G and
consider t(f ). Then there is a power seriesp 2 R

££
Rk ¤¤

with ½¤(p) = t(f ) and a
smooth function g 2 C1

¡
Rk ¢

with T(g) = p. Now f ¡ ½¤g 2 Ker t = Im i , and
by the surjectivit y of the ½¤ on the lefthand side of the diagram, we can ¯nd an
h 2 C1

¡
Rk ¢

such that ½¤h = f ¡ ½¤g. So f = ½¤(g + h) and the central ½¤ is
surjective as well. ¤

The proof will involve transforming everything into polar coordinates, so let us
start with the following lemma.

3.12. Lemma. Let ' : [0; 1 ) £ Sn ¡ 1 ¡! Rn be the polar coordinate transforma-
tion ' (t; x) = tx . Then

C1 ([0; 1 ) £ Sn ¡ 1)
' ¤

Ã ¡ C1 (Rn )

satis¯es

(1) ' ¤ is injective.
(2) ' ¤(C1 (Rn ; 0)) = C1 ([0; 1 ) £ Sn ¡ 1; 0 £ Sn ¡ 1).

Pro of. (1) is clear since ' is surjective. Let us go on to (2). Here it is easyto see
the inclusion

' ¤(C1 (Rn ; 0)) µ C1 ([0; 1 ) £ Sn ¡ 1; 0 £ Sn ¡ 1):

If f : Rn ¡! R is smooth and °at at zero, then ' ¤(f ) = f ± ' is smooth and °at
at ' ¡ 1(0) = 0 £ Sn ¡ 1. Now let us show the converse. On (0; 1 ) £ Sn ¡ 1, ' has an
inverse' ¡ 1 : Rn nf 0g ¡! (0; 1 )£ Sn ¡ 1 given by ' ¡ 1(x) = (j x j; 1

j x j x). Take a chart
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3. Invariant theory of compact Lie groups 19

(Ui ; ui ) of Sn ¡ 1 and de¯ne ' ¡ 1
i = (idR; ui ) ± ' ¡ 1. Then we can ¯nd C®; A® > 0

such that ¯
¯ @®' ¡ 1

i (x)
¯
¯ · C®j x j¡ A ® :

Choosef 2 C1
¡
[0; 1 ) £ Sn ¡ 1; f 0g £ Sn ¡ 1¢

, then sincef is °at along f 0g£ Sn ¡ 1

we have
@®f (t; u¡ 1

i (x)) · B (®; N )tN 8N; 8® 2 Nn :

All together this givesus via the Faa di Bruno formula 3.6

j@° (f ± ' ¡ 1
i )(x)j =

=

¯
¯
¯
¯

X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i® ³

@
P

® ¸ ® f
´

(' ¡ 1
i (x))

Y

i;®> 0

(@®(' ¡ 1
i )(x)) ¸ i®

¯
¯
¯
¯

· C(° ; N )j x jN

for j x j · 1. Therefore f ± ' ¡ 1 can be extendedat 0 to f 2 C1 (Rn ; f 0g). ¤

3.13. Now let us extend the result of this lemma somewhat. If G is a compact Lie
group acting orthogonally on Rn , then G acts on Sn ¡ 1 and trivially on R, so it acts
on R £ Sn ¡ 1. Consider the Z2-action on R £ Sn ¡ 1 given by

¹A : (t; µ) ¡! (¡ t; ¡ µ)

It clearly commutes with the G-action, so we get a Z2 £ G-action on R £ Sn ¡ 1.
Now consider

Á : R £ Sn ¡ 1 ¡! Rn Á(t; µ) := t:µ :

Then Á is Z2 £ G-equivariant if we let Z2 act trivially on Rn . Therefore, it induces
a homomorphism:

Á¤ : C1 (Rn )Z2 £ G ¡! C1 ¡
R £ Sn ¡ 1¢Z2 £ G

;

and we have the following

Lemma.

(1) Á¤ is injective.
(2) C1

¡
R £ Sn ¡ 1; f 0g £ Sn ¡ 1

¢Z2 = Á¤C1 (Rn ; f 0g)

C1
¡
R £ Sn ¡ 1; f 0g £ Sn ¡ 1

¢Z2 £ G
= Á¤C1 (Rn ; f 0g)G

Remark. By (1) it is su±cient to prove 3.7 in polar coordinates. That is, we only
have to show that Á¤C1 (Rn ; f 0g)G = Á¤½¤C1

¡
Rk ; f 0g

¢
. The ¯rst step in this

direction is taken in (2).

Pro of.

(1) As in 3.12(1) it is su±cient to note that Á is surjective.
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20 3. Invariant theory of compact Lie groups

(2) If we de¯ne Ã : R £ Sn ¡ 1 ¡! [0; 1 ) £ Sn ¡ 1 : (t; µ) 7! sgnt:(t; µ) =
(jt j; sgn(t):µ), then we have Á = ' ± Ã, where ' is the polar coordinate
transformation as in 3.12. Therefore:

Á¤(C1 (Rn ; 0)) = Ã¤ ± ' ¤(C1 (Rn ; f 0g))

= Ã¤(C1 ¡
[0; 1 ) £ Sn ¡ 1; f 0g £ Sn ¡ 1¢

) by 3.12

Now take any f 2 C1
¡
[0; 1 ) £ Sn ¡ 1; f 0g £ Sn ¡ 1¢

. Since Ã j [0;1 )£ Sn ¡ 1

and Ã j( ¡1 ;0]£ Sn ¡ 1 are di®eomorphismsonto [0; 1 ) £ Sn ¡ 1, Ã¤f is smooth
on (¡1 ; 0]£ Sn ¡ 1 aswell ason [0; 1 ) £ Sn ¡ 1. Sincef is °at at f 0g£ Sn ¡ 1,
Ã¤f is smooth altogether. Furthermore, Ã¤(f ) is Z2-invariant, since Ã is
Z2-invariant. So we have

Ã¤C1 ¡
[0; 1 ) £ Sn ¡ 1; f 0g £ Sn ¡ 1¢

µ C1 ¡
R £ Sn ¡ 1; f 0g £ Sn ¡ 1¢Z2

The opposite inclusion is clear, sinceany f 2 C1
¡
R £ Sn ¡ 1; f 0g £ Sn ¡ 1

¢Z2

is the image under Ã¤ of its restriction to [0; 1 ) £ Sn ¡ 1.

The assertionwith added G-invariance follows easily from this. That f :=
Á¤ ~f is G-invariant with ~f is clear, since Á is G-equivariant. Now if f is
G-invariant, then for all g 2 G we have ~f (g:Á(x)) = ~f (Á(x)), so by the
surjectivit y of Á we can concludethat ~f is G-invariant as well. ¤

3.14. The next step, roughly, is to translate the Z2-action ¹A as well as the polar
coordinate transformation to the image of R £ Sn ¡ 1 under id £ ½. This is done
in the following two diagrams, where r : Rn ¡! R stands for the polynomial map
x 7! j x j2.

R £ Sn ¡ 1

�

R £ ½

�

¹A R £ Sn ¡ 1

�

R £ ½

R £ ½(Sn ¡ 1) �
A R £ ½(Sn ¡ 1)

R £ Sn ¡ 1

�

R £ ½

�

Á
Rn

�

r £ ½

R £ ½(Sn ¡ 1) �
B R £ ½(Rn )

Recall that the ½i were chosenhomogeneousof degreedi . With this, A and B are
given by:

A(t; y) := (¡ t; (¡ 1)d1 y1; : : : ; (¡ 1)dk yk )

B (t; y) := (t2; td1 y1; : : : ; tdk yk )

With this de¯nition, we can let A and B have domain R £ Rk . The choice of
(t; y) 7! t2 for the ¯rst component of B lets B retain the Z2-invariance under the
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3. Invariant theory of compact Lie groups 21

Z2-action given by A. Indeed, B ±A = B :

B ±A(t; y) = B (¡ t; (¡ 1)d1 y1; : : : ; (¡ 1)dk yk ) =

=
¡
(¡ t)2; (¡ t)d1 (¡ 1)d1 y1; : : : ; (¡ t)dk (¡ 1)dk yk

¢
=

= (t2; td1 y1; : : : ; tdk yk ) = B (t; y)

Now we can state the following

Lemma. The map B as de¯ned above inducesa mapping B ¤ on C1
¡
R £ Rk ; 0

¢

into C1
¡
R £ Rk ; 0 £ Rk

¢Z2 such that

C1 ¡
R £ Rk ; 0

¢
�

B ¤

�

�

�

���

�

C1 ¡
R £ Rk ; 0 £ Rk ¢Z2

�

r estr

C1 ¡
R £ Rk ; 0 £ Rk ¢Z2

¯
¯
¯
R£ ½(Sn ¡ 1 )

The map r estr ±B ¤ : C1
¡
R £ Rk ; 0

¢
¡! C1

¡
R £ Rk ; 0 £ Rk

¢Z2
¯
¯
¯
R£ ½(Sn ¡ 1 )

is sur-

jective.

Pro of. The inclusion B ¤C1
¡
R £ Rk ; 0

¢
µ C1

¡
R £ Rk ; 0 £ Rk

¢Z2 is clear since,
¯rst of all, B maps 0 £ Rk to 0, so if f is °at at 0, then B ¤f is °at at 0 £ Rk .
Secondly, B ¤f is Z2-invariant, sinceB is Z2-invariant.

For the surjectivit y, chooseany h 2 C1
¡
R £ Rk ; 0 £ Rk

¢Z2 . Then we needto ¯nd
an H 2 C1

¡
R £ Rk ; 0

¢
such that B ¤H jR£ ½(Sn ¡ 1 ) = hjR£ ½(Sn ¡ 1 ) . Formally, that

would give us
H (t; y) = h(t

1
2 ; t ¡ d 1

2 y1; : : : ; t ¡ d 1
2 y1):

For t > 0, this is well de¯ned. With the Z2-symmetry, we know how to de¯ne ¹h for
t < 0 as well. To handle the caset = 0 we will needWhitney's extension theorem.

Let ¢ be a k-dimensional cube in Rk with center 0 which contains ½(Sn ¡ 1). Con-
sider K := [¡ 1; 1] £ ¢ µ R £ Rk and set L := B (K ) ½ R £ Rk . More precisely, L
is a compact subsetof [0; 1 ) £ Rk . Now de¯ne on [0; 1 ) £ Rk ¾ L the function

H " (t; y1; : : : ; yk ) := h
³

(t + " )
1
2 ; (t + " )¡ d 1

2 y1; : : : ; (t + " )¡ d k
2 yk

´
:

H " is smooth on [0; 1 ) £ Rk ¾ L, so J 1 H " 2 J 1 (L ) is a Whitney jet on L . Now
we will have to study the behavior of H " for " ! 0. Our strategy will be asfollows:

(1) Show that L is 1-regular. Referring back to 3.5, the topology on E1 (L ) is
then generatedby the family of seminormsfj : jLm : m 2 N0g.

(2) Show that J 1 H " is a Cauchy sequencefor " ! 0 in terms of the family of
seminormsfj : jLm : m 2 N0g.

(3) SinceE1 (L ) is complete, (1) and (2) together imply that J 1 H " converges
to someWhitney 1 -jetH = (H ®)®2 Nk +1

0
on L. In this situation, Whitney's

extensiontheorem implies that H 0 is the restriction onto L of somesmooth
function we will again call H 2 C1

¡
R £ Rk

¢
.

(4) Show that H is °at at zero and after some slight modi¯cations satis¯es
B ¤H = h on R £ ½(Sn ¡ 1) to ¯nish the proof.
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Let us now go aheadand show (1).

Let distL (l ; l0) denote the shortest length of any recti¯able curve in L joining l with
l0. Then we will show that

dist(l ; l0) · distL (l ; l0) · 2dist(l ; l0)

The lefthand sideof this inequality is clear. To show the righthand sidelet l = (t; y)
and l0 = (t0; y0) and supposewithout lossof generality that t0 · t. Recall oncemore
how L wasde¯ned (L = B (K ) whereK = [¡ 1; 1]£ 4 ). Consider the line segments
[(t; y); (t; y0)] and [(t; y0); (t0; y0)]. Both are contained in L :

To seethis, take any (s; y0) 2 [(t; y0); (t0; y0)], that is t0 · s · t. Then

(s; y0) = B (
p

s;s¡ d 1
2 y0

1; : : : ; s¡ d k
2 y0

k )

Since(t0; y0) 2 L , we have (t0¡
d 1
2 y0

1; : : : ; t0¡
d k
2 y0

k ) 2 4 . With t0 · s, that is t0¡
d k
2 ¸

s¡ d k
2 , this implies that (s¡ d 1

2 y0
1; : : : ; s¡ d k

2 y0
k ) lies in 4 as well. That

p
s 2 [¡ 1; 1]

is clear from (t; y) 2 L . In particular, we now have that (t; y0) lies in L . Therefore,
by the linearit y of B in the secondvariable, the ¯rst line segment [(t; y); (t; y0)] is
also contained in L .

Sincethe line segments [l ; (t; y0)] and [(t; y0); l0] are the sidesof a right triangle with
hypotenuse[l ; l0], this immediately implies

distL (l ; l0) · dist( l ; (t; y0)) + dist(( t; y0); l0) · 2dist(l ; l0)

and (1) is proved.

Now let us turn to (2). Write H " as composition H " = h ± ¯ " where the map
¯ " : R+ £ Rk ¡! R+ £ Rk is given by

¯ " : (t; y1; : : : ; yk ) 7! (( t + " )
1
2 ; (t + " )¡ d 1

2 y1; : : : ; (t + " )¡ d k
2 yk ):

By de¯nition, every (t; y) 2 L is image under B of some(¿; z) 2 K = [0; 1] £ 4 .
That is:

(t; y) = (¿2; ¿d1 z1; : : : ; ¿dk zk )

which makes

¯ " (t; y) =

Ã

(¿2 + ")
1
2 ;

¿d1

(¿2 + ")
d 1
2

z1; : : : ;
¿dk

(¿2 + ")
d k
2

zk

!

:

From this formula we seethat for " ! 0 there is a compact subset P of R £ Rk

such that ¯ " (L ) lies in P for all " .

Now to h. Sinceh is °at at 0£ Rk we have that for all compact P µ R£ Rk ; ® 2 Nn

and N > 0 there is a constant C = C(P; ®; N ) such that

j @®h(t; y) j · C(P; ®; N )tN 8(t; y) 2 P
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Now we have all we need to approximate sup
( t;y )2 L

j@° (H " (t; y) ¡ H ¹ (t; y)) j. If we

chooseP as described above we may apply Faa di Bruno's formula 3.6 and we see
that for (t; y) 2 L

j@° (h ± ¯ " (t; y) ¡ h ± ¯ ¹ (t; y)) j ·

·
X

¸ =( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

¯
¯
¯
¯

³
@

P
® ¸ ® h

´
(¯ " (t; y))

Y

®> 0

(@®¯ " (t; y)) ¸ ® ¡

¡
³

@
P

® ¸ ® h
´

(¯ ¹ (t; y))
Y

®> 0

(@®¯ ¹ (t; y)) ¸ ®

¯
¯
¯
¯ ·

·
X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

C(P;
P

® ¸ ®; N )¢

¢

¯
¯
¯
¯(t + " )

N
2

Y

®> 0

(@®¯ " (t; y)) ¸ ® ¡ (t + ¹ )
N
2

Y

®> 0

(@®¯ ¹ (t; y)) ¸ ®

¯
¯
¯
¯:

At this point we must distinguish betweentwo cases.
(t ¸ ± > 0) In this casewe chooseC´ := C´ ;2 so that by the above considerations
we have

j@° (H " (t; y) ¡ H ¹ (t; y)) j ·

·
X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

C(P;
P

® ¸ ®; 2)±¢

¢

¯
¯
¯
¯
Y

®> 0

(@®¯ " (t; y)) ¸ ® ¡
Y

®> 0

(@®¯ ¹ (t; y)) ¸ ®

¯
¯
¯
¯:

Sincej @®¯ " (t; y) ¡ @®¯ ¹ (t; y) j ! 0 for ¸; ¹ ! 0 we may concludethat the expres-
sion j@° (H " (t; y) ¡ H ¹ (t; y)) j goesto zerowith " and ¹ uniformly in (t; y) 2 L \ f t ¸
±g
(± ¸ t ¸ 0) In this casewe have

j @° (H ¸ (t; y) ¡ H ¹ (t; y)) j ·

·
X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

C(
P

® ¸ ®; N )¢

¢

¯
¯
¯
¯(t + " )

N
2

Y

®> 0

(@®¯ " (t; y)) ¸ ® ¡ (t + ¹ )
N
2

Y

®> 0

(@®¯ ¹ (t; y)) ¸ ®

¯
¯
¯
¯:

Recalling how ¯ " was de¯ned, we see that the sums on the righthand side are
basically polynomials in (t + " )¡ 1 (resp. (t + ¹ )¡ 1) and y. So we only need to
chooseN su±ciently large to have the above term converge to zero uniformly in
(t; y) for "; ¹ ! 0.
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This completes the proof that J 1 H " is a Cauchy sequencewith regard to the
seminormsj : jLm . By (3) it has a limit in the spaceof Whitney jets on L which we
extend to a smooth function H 2 C1

¡
R £ Rk

¢
usingWhitney's extensiontheorem.

We now turn to (4).

On L, @° H is the limit of @° H " for " ! 0. Since0 2 L, it su±ces to show

@° H " (0) ! 0 for all ° 2 Nk+1

to imply that H is °at at 0. This is seenas in (2) above: By setting (t; y) = 0 in

j @° (h ± ¯ " )( t; y) j ·

(t + " )
N
2

X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

C(P;
P

® ¸ ®; N ) ¢

¯
¯
¯
¯
Q

®> 0(@®¯ " (t; y)) ¸ ®

¯
¯
¯
¯:

we get

j @° H " (0) j ·

· "
N
2

X

( ¸ i® )2 Nk £ ( Nn n 0)
P

i® ¸ i® ®= °

° !
¸ !

Y

®2 Nn

®> 0

µ
1
®!

¶ P
i ¸ i®

C(P;
P

® ¸ ®; N )

¯
¯
¯
¯
Q

®> 0(@®¯ " (0)) ¸ ®

¯
¯
¯
¯:

Again, the righthand sum is a polynomial in " ¡ 1, and if N is chosenlarge enough,
we seethat the whole expressionconvergesto zero with " ! 0.

Next and ¯nal point of the proof is to check inhowfar B ¤ mapsH to h. On L nf 0g,
¯ " convergesto ¯ 0 : L nf 0g ¡! (0; 1]£ 4 . Sorestricted to L nf 0g, wehaveH = h±¯ 0.
By de¯nition of ¯ 0,

B ¤H = B ¤(h ± ¯ 0) = h on (0; 1] £ 4 :

Therefore, by continuit y, B ¤H = h on [0; 1] £ 4 ; in particular

B ¤H j[0;1]£ ½(Sn ¡ 1 ) = h j[0;1]£ ½(Sn ¡ 1 ) :

Since h as well as B ¤H are A-invariant, their values on A([0; 1] £ ½(Sn ¡ 1)) =
[¡ 1; 0] £ ½(Sn ¡ 1) are uniquely determined by their restriction to [0; 1] £ ½(Sn ¡ 1).
So we even have

B ¤H j[¡ 1;1]£ ½(Sn ¡ 1 ) = h j[¡ 1;1]£ ½(Sn ¡ 1 ) :

SinceB is a di®eomorphismon (1; 1 ) £ ½(Sn ¡ 1) aswell ason (¡1 ; ¡ 1) £ ½(Sn ¡ 1)
we can changeH outside of B ([¡ 1; 1] £ ½(Sn ¡ 1)) to

H =

8
><

>:

h ±B j¡ 1
(1 ;1 )£ ½(Sn ¡ 1 ) on B ((1; 1 ) £ ½(Sn ¡ 1))

H on B ([¡ 1; 1] £ ½(Sn ¡ 1))

h ±B j¡ 1
( ¡1 ;¡ 1)£ ½(Sn ¡ 1 ) on B ((¡1 ; ¡ 1) £ ½(Sn ¡ 1))

This H is in C1
¡
R £ Rk ; 0

¢
, and it has the desiredproperty:

B ¤H jR£ ½(Sn ¡ 1 ) = h jR£ ½(Sn ¡ 1 ) : ¤
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3. Invariant theory of compact Lie groups 25

3.15. The main part of the proof of Schwarz' theorem will be carried out by induc-
tion. To be able to state the induction hypothesis,we make the following de¯nition:

For two compact Lie groups G and G0 we will call G < G0 if

(a) dim G < dim G0 or

(b) if dim G = dim G0, then G has lessconnectedcomponents than G0.

We will continue the proof of 3.7 under the following two hypotheses:

I (Induction hypothesis)The compact Lie group G is such that theorem 3.7 is
valid for all compactLie groupsG0 < G (and each orthogonal representation
of G0).

I I The orthogonal representation has 0 as only ¯xed point (see3.10).

The next step will be to prove the

Key lemma. Under the hypothesesI and I I :

½¤C1 ¡
Rk n f 0g

¢
= C1 (V n f 0g)G :

In particular: ( ½jSn ¡ 1 )¤ C1
¡
Rk

¢
= C1

¡
Sn ¡ 1

¢G
.

Before we get involved in a complicated proof, let us draw someconclusionsfrom
this.

3.16. Corollary. Under the hypothesesI and I I we have

(id £ ½jSn ¡ 1 )¤ C1 (R £ Rk ; f 0g £ Rk ) = C1 (R £ Sn ¡ 1; f 0g £ Sn ¡ 1)G
(a)

(id £ ½jSn ¡ 1 )¤ C1 (R £ Rk ; f 0g £ Rk )Z2 = C1 (R £ Sn ¡ 1; f 0g £ Sn ¡ 1)Z2 £ G
(b)

where the Z2-action on R £ Rk is given by A and on R £ Sn ¡ 1 by ¹A.

Remark. 3.16(b) is the missing link between3.13(2) and 3.14. Together the three
lemmasgive the equation

Á¤C1 (Rn ; 0)G = C1 (R £ Sn ¡ 1; f 0g £ Sn ¡ 1)Z2 £ G by 3.13(2)

= (id £ ½jSn ¡ 1 )¤ C1 (R £ Rk ; f 0g £ Rk )Z2 by (b)

= (id £ ½jSn ¡ 1 )¤ B ¤C1 (R £ Rk ; f 0g) by 3.14:

This is already a big step forward in the proof of Schwarz' theorem.

Pro of of the Corollary. In (a) as well as in (b) the inclusion \ µ " is clear. So
let us just concernourselveswith the surjectivit y of (id £ ½jSn ¡ 1 )¤ in each case.

(a) is a consequenceof the identit y

C1 (R £ Rk ; f 0g £ Rk ) »= C1 (Rk ; C1 (R; f 0g)) »= C1 (Rk )­̂ C1 (R; f 0g)
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26 3. Invariant theory of compact Lie groups

and the resulting commutativ e diagram

C1 (R; 0)­̂ C1 (Rk )

�

�

id ­̂ (½jSn ¡ 1)¤

�

»= C1 (R £ Rk ; 0 £ Rk )

�

(id £ ½jSn ¡ 1)¤

C1 (R; 0)­̂ C1 (Sn ¡ 1)G �� C1 (R £ Sn ¡ 1; 0 £ Sn ¡ 1)G

C1 (R; 0)­̂ C1 (Sn ¡ 1)

�

�

id ­̂
R

G

�

»= C1 (R £ Sn ¡ 1; 0 £ Sn ¡ 1)

�

� R
G

Here, the map on the upper lefthand side, id ­̂ (½jSn ¡ 1)¤, is surjective by 3.15. The
surjectivit y of the mapson the bottom is clear and implies that the horizontal map
in the middle is also surjective. From this we can deducethat (id £ ½jSn ¡ 1)¤ on
the upper righthand side is surjective as well. This proves(a).

(b) is now a consequenceof (a). To any ' 2 C1 (R £ Sn ¡ 1; f 0g £ Sn ¡ 1)Z2 £ G

assertion (a) supplies a Ã 2 C1 (R £ Rk ; 0 £ Rk ) which is mapped to ' under
(id £ ½jSn ¡ 1 )¤. It remains to make Ã Z2-invariant. On R £ ½(Sn ¡ 1) Ã is automat-
ically Z2-invariant:

(id £ ½jSn ¡ 1 )¤ (Ã ±A) = Ã ±A ±(id £ ½jSn ¡ 1 ) =

= Ã ±(id £ ½jSn ¡ 1 ) ± ¹A = ' ± ¹A = ' = (id £ ½jSn ¡ 1 )¤ Ã

SinceA mapsR+ £ Rk onto R¡ £ Rk and Ã is °at at f 0g£ Rk , we can changeÃ on
R¡ £ Rk to make it Z2-invariant everywhere. This way we retain its smoothness,
its °atness at f 0g £ Rk and since Ã isn't changed on R £ ½(Sn ¡ 1) we also retain
' = (id £ ½jSn ¡ 1 )¤ Ã. ¤

Notation. In the following we will sometimeswrite R [x] for R [Rn ] where (x =
(x1; : : : ; xn )) stands for the variable. The linear subspaceof homogeneouspolyno-
mials of degreei will be denoted by R [x] i , so that we have

R [V ] =
M

i ¸ 1

R [x] i

R [[V ]] =
Y

i ¸ 1

R [x] i

Furthermore, we will abbreviate the ideal of all polynomials with no constant term
by M

i> 1

R [x] i =: R [x]+

3.17. De¯nition. We will call a system of generatorsf ¾1; : : : ; ¾m g of an algebra
minimal , if there is no nontrivial polynomial relation of the type

¾j = P(¾1; : : : ; ¾j ¡ 1; ¾j +1 ; : : : ; ¾k ):
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3. Invariant theory of compact Lie groups 27

Remark. If an algebra is ¯nitely generated, then it automatically possessesa
minimal system of generators. We only have to take an arbitrary ¯nite set of
generatorsand recursively drop any elements which canbeexpressedaspolynomials
in the others.

Pro of of 3.15. Let us get an idea of how this proof will work before we go into
the technical lemmasit requires.

Choosean arbitrary Ã 2 C1 (Rn n f 0g)G and take p 2 Rn n f 0g. By hypothesis I I,
p is not ¯xed under G. Therefore Gp < G and Schwarz' theorem is satis¯ed for any
representation of Gp by the induction hypothesis. In particular, take a slice S at p
small enoughnot to meet 0 (this also implies 0 =2 G:S). S is contained in an a±ne
subspacep + L(Rq) µ Rn , where L is a linear embedding L : Rq ,! Rn . The slice
action givesa representation of Gp on Rq. Restrict p+ L to L ¡ 1(S ¡ p) =: ~S µ Rq

(open) to get the map ~̧ : ~S
»=¡! S. We then have ~̧¤(Ã jS ) 2 C1 ( ~S)Gp . Consider

a minimal system of generators¾1; : : : ; ¾s of R [Rq]Gp , then by Schwarz' theorem
there is an ® 2 C1 (Rs) such that

~̧¤Ã(t) = ®(¾1(t); : : : ; ¾s(t)) for all t 2 ~S

(since ~̧¤Ã can be extendedto a Gp-invariant function on Rk ). Now we require the
following

Lemma 3.20. In the above situation (where here it is important that f ¾i g be a
minimal system of generators),denote by ¹¾i (resp. ¹¹ i ) the germ of ¾i (resp. ¹ i :=
½i ± (p + L)) at 0. Then there are germs of smooth functions ¹B i 2 C1

0 (Rk ) such
that

¹¾j = ¹B j ( ¹¹ 1; : : : ; ¹¹ k ):

Let us ¯rst ¯nish the proof of 3.15assumingthe lemmaand then return to it. Recall
that on ~S we were able to expressÃ ± ~̧ in the Hilb ert generators¾1; : : : ; ¾s.

Ã ± ~̧ = ®(¾1; : : : ; ¾s)

In a su±ciently small neighborhood U0 of 0 we can now replace¾i by B i ±¹ , where
B i is a suitable representativ e of the germ ¹B i and has domain Vp = ¹ (U0) (notice
that ¹ (U0) = ½(p + L(U0)) = ½(G:(p + L(U0))) is open since½is open by 3.2(3)).

Ã ± ~̧ jU0
= ®±(B1 ± ¹ jU0

; : : : ; Bk ± ¹ jU0
):

Since ~̧ is a di®eomorphismand ¹ j ~S = ½jS ± ~̧, we can drop the ~̧ on each side.
With ~Up := ~̧(U0) this givesus:

Ã j ~Up
= ®±(B1 ±½j ~Up

; : : : ; Bk ±½j ~Up
)

Sinceboth sidesare G-invariant, we can extend the above equation to the tubular
neighborhood Up := G: ~Up of p. To simplify the formula, we set

C1 (Vp) 3 ' p : x 7! ®(B1(x); : : : ; Bk (x)) :
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28 3. Invariant theory of compact Lie groups

So we get:

(*) Ã jUp
= ½¤ ' p jUp

In this way we can assignto each p 2 Rn nf 0g neighborhoods Up 3 p and Vp 3 ½(p)
aswell asa map ' p 2 C1 (Vp) with the above property. Let us considera partition
of unit y (hp) of ½(Rn ) n f 0g which corresponds to the covering Vp. Then we can
de¯ne

' :=
X

hp ' p 2 C1 (Rk n f 0g):

Now ½¤hp is a G-invariant partition of unit y on Rn n f 0g. It corresponds to the
covering (Up) since ½(Up) = Vp and ½separatesthe orbits by 3.2(2). So with (*)
we get

½¤ ' = ½¤(
X

hp ' p) =
X

(½¤hp)(½¤ ' p) =
X

(½¤hp)Ã jUp
= Ã ¤

Before we can prove the key lemma's key lemma (3.20) we need two supporting
lemmas:

3.18. Lemma. Let ¾1; : : : ; ¾k be a system of homogeneousgeneratorsof R [x]G .
Then the following two conditions are equivalent:

(1) f ¾1; : : : ; ¾k g is a minimal system; that is there is no nontrivial polynomial
relation of the type

½j = P(½1; : : : ; ½j ¡ 1; ½j +1 ; : : : ; ½k )

(2) ½1; : : : ; ½k are an R-basisof R [x]G+ =(R [x]G+ )2.

Pro of.

(* ) Supposethere is a nontrivial relation. It can be written as

½j =
X

i 6= j

¸ i ½i +
X

¹ ®½®

where the secondsummation is taken over all multi-indices ® 2 Nk with
j ®j ¸ 2 and ®j = 0. This immediately implies

½j ´
X

i 6= j

¸ i ½i mod (R [x]G+ )2:

So the ½j are linearly dependent mod (R [x]G+ )2.

(+) Sincethe ½i generateR [x]G , they automatically generateR [x]G+ =(R [x]G+ )2

as a vector space. So if we suppose (2) false, then there is a nontrivial
relation X

¸ i ½i ´ 0 mod (R [x]G+ )2:

Order the ½i by degree: i < j ) di · dj . Now let i 0 be the smallest i for
which ¸ i 6= 0. Then we can express½i 0 as follows

½i 0 =
X

i 0 <j

¹ j ½j +
X

j ® j ¸ 2

º ®½®:
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This equality still holds if we drop all terms of degree6= di 0 , and both sides
remain the same. After doing so, we seethat ½i 0 does not appear on the
righthand sideof the equation. Becauseif it did, then it would be in a term
º ®½® with ®i 0 6= 0 in the sum on the far right and this term would have
degree> di 0 . So we have a nontrivial polynomial relation between the ½i

and a contradiction to (1). ¤

3.19. Lemma [15]. Consider U µ Rn ; V µ Rm open, f : U ¡! V smooth and
f ¤ : C1 (V ) ! C1 (U) with the compact C1 -topology on both spaces.Then for
each ' 2 f ¤C1 (V ) and for all a 2 U there is a Ã 2 C1 (V ) such that

T1
a ' = T1

f (a) Ã ±T1
a f ;

where T1
a ' 2 R [[x ¡ a]] denotes the formal Taylor seriesof ' at a and by the

composition on the right we mean the insertion of T 1
a f 2 R [[x ¡ a]] for y in

T1
f (a) Ã 2 R [[y ¡ f (a)]].

Pro of. The assertionof the lemma is equivalent to the statement

T1
a (f ¤C1 (V )) = T1

a (f ¤C1 (V ));

since T1
a (f ¤C1 (V )) is simply the set of all jets which can be written as a com-

position like in the lemma. Due to the fact that T 1
a is continuous, we have the

inclusions:

T1
a (f ¤C1 (V )) µ T1

a (f ¤C1 (V )) µ T1
a (f ¤C1 (V )) :

Therefore, it is su±cient to show that T 1
a ± f ¤ has a closedimage. SinceC1 (V )

is a re°exive Fr¶echet space,we can show instead that the dual map (T 1
a ±f ¤)0 has

a closedimage.
(T1

a )0 : R [[x ¡ a]]0 ¡! C1 (V )0

R [[x ¡ a]]0 is the spaceof all distributions with support a. Let
P

¸ ¯ ±( ¯ )
a be such a

distribution, and take any ® 2 C1 (V ). Then

D
®; (T1

a ± f ¤)0
X

¸ ¯ ±( ¯ )
a

E
=

D
(T1

a ± f ¤)(®);
X

¸ ¯ ±( ¯ )
a

E
=

=
X

¯

¸ ¯ (®± f )( ¯ ) (a) =
X

°

¹ ° @° ®(f (a)) =
D

®;
X

¹ ° ±( ° )
f (a)

E
:

So the image of R [[x ¡ a]]0 under (T1
a ±f ¤)0 is contained in the spaceof all distri-

butions concentrated at f (a) which is isomorphic to a countable sum of R with the
¯nest locally convex topology. But in this topology, every linear subspaceis closed
(since every quotient mapping is continuous), so (T 1

a ± f ¤)0(R [[x ¡ a]]0) is closed
as well. ¤

Now let us state again
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3.20. Lemma. Consider ¸ : ~S
~̧

¡! S ,! G:S as in the proof of 3.15, and de¯ne
¹ := ½jG:S ± ¸ : ~S ¡! Rk . The ¾i form a minimal system of generatorsfor R

£
Rk

¤

and we denote the germ of ¾i (resp. ¹ i ) by ¹¾i (resp. ¹¹ i ). Then there are germsof
smooth functions ¹B i 2 C1

0 (Rk ) such that

¹¾j = ¹B j ( ¹¹ 1; : : : ; ¹¹ k ):

Pro of of lemma 3.20. Since¹ is a Gp-invariant polynomial (or the restriction of
one), we can express¹ i in the Hilb ert generatorsas follows:

(*) ¹ i = ¹ i (0) + A i (¾1; : : : ; ¾s) A i 2 R [Rs]

So our goal is to ¯nd a local inversefor A. With the help of Glaeser'slemma 3.19
let us now try to construct a formal power seriesinverse. ¸ inducesan isomorphism
by which

C1 ( ~S)Gp = ¸ ¤C1 (G:S)G :

Without lossof generality let us now assumeS was chosencompact. Then G:S is
compact as well and we can apply the Weierstrassapproximation theorem to get

C1 (G:S)G = R [x] jG:S
G = ½j¤G:S R [t] = ½j¤G:S C1 (Rk ):

If we use the fact that ¸ ¤ is a homeomorphism,the two equations taken together
yield

C1 ( ~S)Gp = ¸ ¤(½jG:S)¤C1 (Rk ) = ¸ ¤(½jG:S)¤C1 (Rk ) = ¹ ¤C1 (Rk ):

So we have that ¾i 2 C1 ( ~S)Gp is \almost" somesmooth function of ¹ . Now we
can use Glaeser's lemma. Take ¾i and 0 2 ~S. Then there is a smooth function
Ãi 2 C1 (Rk ) such that

T1
0 ¾i = T1

¹ (0) Ãi ±T1
0 ¹:

Sinceboth ¾i and ¹ are polynomials, we can disregard the T 1
0 . T1

¹ (0) Ãi is a power
seriesin (t ¡ ¹ (0)). If we take ' i 2 R [t] to be the power seriesin t with the same
coe±cients, then the above formula turns into

(**) ¾i = ' i (¹ ¡ ¹ (0)) :

Since¾i is homogeneousof degree> 0, ' i has no constant term. So we can write
it as

' i = L i + higher order terms L i 2 R [t]1

In particular, if we insert (*) into (**) this implies

(***) ¾i ¡ L i (A1(¾); : : : ; Ak (¾)) 2 (R [t]Gp
+ )2:

Sincethe ¾i were chosento be a minimal systemof generators,lemma 3.18 implies
that the ¾i + (R [t]Gp

+ )2 form a basisof R [t]Gp
+ =(R [t]Gp

+ )2. Therefore we have a well
de¯ned algebra isomorphism:

R [t]Gp
+ =(R [t]Gp

+ )2 »=¡! A := R [z1; : : : ; zs]+ =
­
z2®

¾i + (R [t]Gp
+ )2 7! [zi ]
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Now (***) translated to A gives

L i (A1(z); : : : ; Ak (z)) = zi + O(z2) in R [z]

Therefore
DL(0) ±DA(0) = I dRk ;

and by the inversefunction theorem A has a local inverse. So, locally, we can solve
the equation (*) in terms of ¾i , which provesthe lemma. ¤

This completes the proof of the key lemma. So far, we have shown (see remark
3.16) that under the hypothesesI and I I

Á¤C1 (Rn ; f 0g)G = (id £ ½jSn ¡ 1 )¤ B ¤C1 (R £ Rk ; f 0g)

holds. We have been able to pull out ½, but the polar coordinate transformation
is now encoded in B . We must now pull the B ¤ out in front of the (id £ ½jSn ¡ 1 )¤

where it will appear again as Á¤ and then get rid of the excessdimension.

Recall that B was de¯ned to satisfy the diagram:

R £ Sn ¡ 1 �

Á

�

id £ (½jSn ¡ 1 )

Rn

�

(r; ½)

R £ Rk �

B R £ Rk

where r denoted the polynomial map r (x) = j x j2 on Rn . Thus B ±(id £ ½jSn ¡ 1 ) =
(r; ½) ±Á. And therefore

Á¤C1 (Rn ; f 0g)G = (id £ ½jSn ¡ 1 )¤ B ¤C1 (R £ Rk ; f 0g) =

= Á¤ ±(r; ½)¤C1 (R £ Rk ; f 0g):

SinceÁ¤ was injective, we can now discard it to get

C1 (Rn ; f 0g)G = (r; ½)¤C1 (R £ Rk ; f 0g):

That takescare of B as well as Á, so let us now tackle r .

r is an O(n)-invariant polynomial, in particular it is G-invariant. Therefore by
Hilb ert:

r = Ã ±½ for someÃ in C1 (Rk ).

So (r; ½) = (Ã; id) ±½and we get

C1 (Rn ; f 0g)G = ½¤ ± (Ã; id)¤C1 (R £ Rk ; f 0g):

Now we are just one easylemma away from the desiredresult

C1 (Rn ; f 0g)G = ½¤C1 (Rk ; f 0g)

under hypothesesI and I I. That is.
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3.21. Lemma.
(Ã; id)¤C1 (R £ Rk ; f 0g) = C1 (Rk ; f 0g)

Pro of. Taking a closer look at (Ã; id), we seethat it is a composition of maps

(Ã; id) : Rk »=¡!
g

Graph Ã
i

,! R £ Rk

wherei is the embedding of the closedsubmanifold Graph Ã into R£ Rk . Therefore

(Ã; id)¤C1 (R £ Rk ; f 0g) = g¤ i ¤C1 (R £ Rk ; f 0g):

Since0 = r (0) = Ã ±½(0) = Ã(0), we seethat g(0) = 0. So we also have

C1 (Rk ; f 0g) = g¤C1 (Graph Ã; f 0g):

Therefore it remains to prove that

i ¤C1 (R £ Rk ; f 0g) = C1 (Graph Ã; f 0g):

Now take an arbitrary f 2 C1 (Graph Ã; f 0g). There is a smooth extension ~f of f
on R £ Rk but it neednot be °at at zero. So consider a submanifold chart (»; U)
of Graph Ã around 0 and de¯ne

f U : U
»

¡! R £ Rk pr 2¡¡ ! Rk (Ã ;id )
¡¡ ¡ ¡! Graph Ã

f
¡! R:

Then f U is a smooth extensionof f on U and is °at at zero. Now ~f and f U patched
together with a suitable partition of unit y give a function ¹f 2 C1 (R £ Rk ; 0) such
that i ¤ ¹f = f . ¤

End of the Pro of of 3.7. Recall from lemma 3.10that it is su±cient to prove the
theorem of Schwarz, assuminghypothesisI I. We will now carry out induction over
G. For G = fg id, 3.7 holds trivially . Now for any compact Lie group G satisfying
hypothesis I I we showed above that under the induction hypothesis (I)

½¤C1 (Rk ; f 0g) = C1 (Rn ; f 0g)G :

From this, together with our considerationsfrom the beginning of the proof (3.11),
we seethat Schwarz' theorem is valid for G. ¤

There is one more Corollary to be gained from all of this. Notice that up to now
we have not shown

(*) ½¤C1 (Rk ; f 0g) = C1 (Rn ; f 0g)G

in general. Although we worked on this throughout the proof of 3.7, we were
only able to show it under the hypothesesI and I I. Now that Schwarz' theorem is
proved, the hypothesis I is automatically satis¯ed so we can disregard it. But we
have to look more deeply into the proof to be able to seewhether (*) is satis¯ed
for representations of compact Lie groups with more than one ¯xed point. It turns
out that it is.
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3.22. Corollary. Let G bea compactLie group with an orthogonal representation
on Rn and ½= (½1; : : : ; ½k ) the corresponding Hilb ert generators,homogeneousand
of positive degree.Then

½¤C1 (Rk ; f 0g) = C1 (Rn ; f 0g)G :

Pro of. Schwarz' theorem implies that

(½jSn ¡ 1 )¤ C1 (Rk ) = C1 (Sn ¡ 1)G :

By backtracing we seethat before we knew theorem 3.7 this was a consequence
of the key lemma 3.15 which was based on the two hypotheses. In fact, it was
the only assertionof 3.15 that was neededto prove the corollary 3.16. So we now
know that 3.16 doesnot require the hypothesesafter all. But the remainder of the
proof for ½¤C1 (Rk ; f 0g) = C1 (Rn ; f 0g)G did not use3.15at all, it only used3.16.
Therefore, it is independent of the hypothesesas well. ¤

Further results in this direction were obtained by Luna who, among other things,
generalizedthe theorem of Schwarz to reductive Lie groupslosing only the property
of the Hilb ert generatorsseparating the orbits (see[20]).

Luna's Theorem (1976). Consider a representation of a reductive Lie group G
on Km ( where K = C; R ), and let ¾= (¾1; : : : ; ¾n ) : Km ¡! Kn , where ¾1; : : : ; ¾n

generatethe algebra K [K m ]G . Then the following assertionshold:

(1) K = C ) ¾¤ : H(Cn ) ¡! H(Cm )G is surjective.
(2) K = R ) ¾¤ : C! (Rn ) ¡! C! (Rm )G is surjective.
(3) K = R implies that

¾¤ : C1 (Rn ) ¡!
©

f 2 C1 (Rm )G : f is constant on ¾¡ 1(y) for all y 2 Rn ª

is surjective.
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4. Transformation Groups

4.1. De¯nition. Let G be a Lie group, M a C1 -manifold. A smooth map
` : G £ M ¡! M (we will write `g(x); `x (g) as well as g:x for `(g; x)), de¯nes a
smooth action of G on M if it satis¯es

(1) e:x = x; for all x 2 M where e 2 G is the unit element.
(2) (g1 ¢g2):x = g1:(g2:x); for all g1; g2 2 G; x 2 M .

We will also say G acts on M , M is a G-manifold or M is a smooth G-space.

4.2. De¯nition.

(1) For x 2 M the set G:x = f g:x : g 2 Gg is called the G-orbit through x.
(2) A G-action on M is called transitiv e if the whole of M is one G-orbit.
(3) A G-action on M is called e®ectiv e if the homorphism G ! Di®(M ) into

the di®eomorphismgroup is injective: If g:x = x for all x 2 M then g = e.
(4) A G-action on M is called free if `x : G ! M is injective for each x 2 M :

g:x = x for one x 2 M already implies g = e.
(5) A G-action on M is called in¯nitesimally free if Te(`x ) : g ! Tx M is

injective for each x 2 M .
(6) A G-action on M is called in¯nitesimally transitiv e if Te(`x ) : g ! Tx M

is surjective for each x 2 M .
(7) A G-action on M is called linear if M is a vector spaceand the action

de¯nes a representation.
(8) A G-action on M is called a±ne if M is an a±ne space,and every `g :

M ¡! M is an a±ne map.
(9) A G-action on M is called orthogonal if (M ; ° ) is a Euclidean vector space

and `g 2 O(M ; ° ) for all g 2 G. (Then f `g : g 2 Gg µ O(M ; ° ) is auto-
matically a subgroup).

(10) A G-action on M is called isometric if (M ; ° ) is a Riemannian manifold
and `g is an isometry for all g 2 G.

(11) A G-action on M is called symplectic if (M ; ! ) is a symplectic manifold
and `g is a symplectomorphism for all g 2 G (i.e. ` ¤

g preserves! ).
(12) A G-action on M is called a principal ¯b er bundle action if it is free

and if the projection onto the orbit space¼ : M ! M =G is a principal
¯b er bundle. This meansthat that M =G is a smooth manifold, and ¼is a
submersion. By ther implicit function theoremthere exit then local sections,
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and the inversefunction theorem the mapping ¿ : M £ M =G M ! G which
satis¯es x = ¿(x; y):y for x and y in the sameorbit, is smooth. This is a
central notion of di®erential geometry.

4.3. De¯nition. If M is a G-manifold, then M =G, the space of all G-orbits
endowed with the quotient topology, is called the orbit space.

4.4. Examples.

(1) The standard action of O(n) on Rn is orthogonal. The orbits are the con-
centric spheresaround the ¯xed point 0 and 0 itself. The orbit spaceis
Rn =O(n) »= [0; 1 ).

(2) Every Lie group acts on itself by conjugation: conj : G £ G ¡! G is de¯ned
by (g; h) 7! conjg(h) := g:h:g¡ 1 and is a smooth action of the Lie group on
itself.

(3) The adjoint action Ad : G ¡! GL(g) of the Lie group G on its Lie algebra
g is de¯ned as the derivative of conj (interpreted as a map G ¡! Aut (G))

Ad(g) : X 7!
d
dt

¯
¯
¯
¯
t =0

g: expG (tX ):g¡ 1 = Te(conjg) : g ¡! g

It is clearly linear. If G is compact, then it is orthogonal with respect to
the negative Cartan-Killing form,

¡ B : g £ g ¡! R : (X ; Y ) 7! ¡ tr( ad(X ) ±ad(Y )) ;

which in this casede¯nes an inner product on g.
(4) In particular, the orthogonal group acts orthogonally on o(n), the Lie al-

gebra of all antisymmetric n £ n-matrices. Not a special caseof (3) is the
O(n)-action on S(n) de¯ned in chapter 1. Yet it is also orthogonal: Let
A 2 O(n) act on G; H 2 S(n) then

tr
¡
AH A ¡ 1(AGA ¡ 1) t ¢

= tr (AH A ¡ 1(A ¡ 1) t G t A t ) =

tr( AH A ¡ 1AG t A ¡ 1) = tr (AH G t A ¡ 1) = tr( H G t )

(5) SU(n) acts unitarily on the hermitian n £ n matrices by conjugation (anal-
ogousto (4)).

4.5. De¯nition.
Let M be a G-manifold, then the closedsubgroup Gx = f g 2 G : g:x = xg of G is
called the isotrop y subgroup of x.

Remark. The map i : G=Gx ¡! M de¯ned by i : g:Gx 7! g:x 2 M is a G-
equivariant initial immersion with image G:x. [19], Theorem 5.14

G �

`x

�

�

p

M

G=Gx

�

�

�

���

i

If G is compact, then clearly i is an embedding.
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4.6. Lemma. Let M be a G-manifold and x; y 2 M , then
(1) Ggx = g:Gx :g¡ 1

(2) G:x \ G:y 6= ; ) G:x = G:y
(3) Tx (G:x) = Te(`x ):g

Pro of.
(1) a 2 Ggx , ag:x = g:x , g¡ 1ag:x = x ( ) g¡ 1ag 2 Gx , a 2 gGx g¡ 1.
(2) z 2 G:x \ G:y ) z = g1:x = g2:y ) x = g¡ 1

1 g2y =: g:y, therefore G:x =
G:(g:y) = G:y.

(3) X 2 Tx (G:x) , X = d
dt

¯
¯
t =0 c(t) for somesmooth curve c(t) = gt :x 2 G:x

with g0 = e. So we have X = d
dt

¯
¯
t =0 `x (gt ) 2 Te(`x ):g. ¤

4.7. Conjugacy Classes. The closed subgroups of G can be partitioned into
equivalenceclassesby the following relation:

H » H 0 : ( ) 9 g 2 G for which H = gH 0g¡ 1

The equivalenceclassof H is denoted by (H ).
First consequence:( with lemma 4.6(1) ) The conjugacy classof an isotropy sub-
group is invariant under the action of G : (Gx ) = (Ggx ). Therefore we can assign
to each orbit G:x the conjugacy class(Gx ). We will call (Gx ) the isotrop y t yp e
of the orbit through x, and two orbits are said to be of the sametype, if they have
the sameisotropy type.

If G is compact, we can de¯ne a partial ordering on the conjugacy classessimply
by transferring the usual partial ordering \ µ " on the subgroupsto the classes:

(H ) · (H 0) : ( ) 9 K 2 (H ); K 0 2 (H 0) : K µ K 0

This is equivalent to a shorter de¯nition:

(H ) · (H 0) : ( ) 9 g 2 G : H ½ gH 0g¡ 1

If G is not compact this relation may not be antisymmetric. For compact G the
antisymmetry of this relation is a consequenceof the following

4.8. Lemma [5], 1.9. Let G be a compact Lie group, H a closedsubgroup of G,
then

gH g¡ 1 µ H =) gH g¡ 1 = H

Pro of. By iteration, gH g¡ 1 µ H implies gn H g¡ n µ H for all n 2 N. Now let us
study the set A := f gn : n 2 N0g. We will show that g¡ 1 is contained in its closure.

Suppose¯rst that e is an accumulation point of ¹A. Then for any neighborhood U
of e there is a gn 2 U where n > 0. This implies gn ¡ 1 2 g¡ 1U \ A. Sincethe sets
g¡ 1U form a neighborhood basisof g¡ 1, we seethat g¡ 1 is an accumulation point
of A as well. That is, g¡ 1 2 ¹A.

Now supposethat e is discretein ¹A. Then sinceG is compact, A is ¯nite. Therefore
gn = e for somen > 0, and gn ¡ 1 = g¡ 1 2 A.

Sinceconj : G £ G ¡! G is continuous and H is closed,we have

conj( ¹A; H ) µ H :

In particular, g¡ 1H g µ H which together with our premise implies that gH g¡ 1 =
H . ¤
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4.9. De¯nition. Let M and N be G-manifolds. A smooth map f : M ¡! N is
called equiv arian t , if it satis¯es f (g:x) = g:f (x) for all x in M and g in G.

4.10. De¯nition. Let M be a G-manifold. The orbit G:x is called principal
orbit , if there is an invariant open neighborhood U of x in M and for all y 2 U an
equivariant map f : G:x ¡! G:y.

Remark.
(1) The equivariant map f : G:x ¡! G:y of the de¯nition is automatically

surjective :
Let f (x) =: a:y. For an arbitrary z = g:y 2 G:y this givesus
z = g:y = ga¡ 1a:y = ga¡ 1f (x) = f (ga¡ 1:x).

(2) The existenceof f in the above de¯nition is equivalent to the condition :
Gx µ aGy a¡ 1 for somea 2 G:
() ) g 2 Gx ) g:x = x ) g:f (x) = f (g:x) = f (x) and for f (x) =: a:y
this implies ga:y = a:y ) g 2 Gay = aGy a¡ 1(by 4.6(1)).
(( ) De¯ne f : G:x ¡! G:y explicitly by f (g:x) := ga:y. Then we have
to check that, if g1:x = g2:x i.e. g := g¡ 1

2 g1 2 Gx , then g1a:y = g2a:y or
g 2 Gay = aGy a¡ 1. This is guaranteed by our assumption.

(3) We call x 2 M a regular poin t if G:x is a principal orbit. Otherwise, x is
called singular . The subsetof all regular (singular) points in M is denoted
by M reg ( M sing ).

4.11. De¯nition. Let M be a G-manifold and x 2 M then a subset S µ M is
called a slice at x, if there is a G-invariant open neighborhood U of G:x and a
smooth equivariant retraction r : U ¡! G:x such that S = r ¡ 1(x).

4.12. Prop osition. If M is a G-manifold and S = r ¡ 1(x) a sliceat x 2 M , where
r : U ¡! G:x is the corresponding retraction, then

(1) x 2 S and Gx :S µ S
(2) g:S \ S 6= ; ) g 2 Gx

(3) G:S = f g:s : g 2 G; s 2 Sg = U

Pro of.
(1) x 2 S is clear, since S = r ¡ 1(x) and r (x) = x. To show that Gx :S µ S,

take an s 2 S and g 2 Gx . Then r (g:s) = g:r (s) = g:x = x, and therefore
g:s 2 r ¡ 1(x) = S.

(2) g:S \ S 6= ; ) g:s 2 S for somes 2 S ) x = r (g:s) = g:r (s) = g:x ) g 2
Gx .

(3) (µ ) Sincer is de¯ned on U only, and U is G-invariant, G:S = G:r ¡ 1(x) µ
G:U = U.
(¶ ) Consider y 2 U with r (y) = g:x, then y = g:(g¡ 1:y) and g¡ 1:y 2 S,
sincer (g¡ 1:y) = g¡ 1:r (y) = g¡ 1g:x = x so y 2 G:S. ¤

4.13. Corollary. If M is a G-manifold and S a slice at x 2 M , then
(1) S is a Gx -manifold.
(2) Gs µ Gx for all s 2 S.
(3) If G:x is a principal orbit and Gx compact, then Gy = Gx for all y 2 S if

the slice S at x is chosensmall enough. In other words, all orbits near G:x
are principal as well.
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(4) If two Gx -orbits Gx :s1; Gx :s2 in S have the sameorbit type as Gx -orbits in
S, then G:s1 and G:s2 have the sameorbit type as G-orbits in M .

(5) S=Gx
»= G:S=G is an open neighborhood of G:x in the orbit spaceM =G.

Pro of.

(1) This is is clear from 4.12(1).
(2) g 2 Gy ) g:y = y 2 S ) g 2 Gx by 4.12(2).
(3) By (2) we have Gy µ Gx , soGy is compact aswell. BecauseG:x is principal

it follows that for y 2 S close to x, Gx is conjugate to a subgroup of
Gy , Gy µ Gx µ g:Gy g¡ 1. Since Gy is compact, Gy µ g:Gy g¡ 1 implies
Gy = g:Gy g¡ 1 by 4.8. Therefore Gy = Gx , and G:y is also a principal
orbit.

(4) For any s 2 S it holds that (Gx )s = Gs, since(Gx )s µ Gs, and, conversely,
by (2), Gs µ Gx , therefore Gs µ (Gx )s. So (Gx )s1 = g(Gx )s2 g¡ 1 implies
Gs1 = gGs2 g¡ 1 and the G-orbits have the sameorbit type.

(5) The isomorphism S=Gx
»= G:S=G is given by the map Gx :s 7! G:s (it is an

injection by 4.12(2)). SinceG:S = U is an open G-invariant neighborhood
of G:x in M (4.12(3)), we have G:S=G is an open neighborhood of G:x in
M =G. ¤

4.14. Remark. The converseto 4.13(4) is generallyfalse. If the two G-orbits G:s1,
G:s2 are of the same type, then the isotropy groups Gs1 and Gs2 are conjugate
in G. They need not be conjugate in Gx . For example, consider the compact
Lie group G := (S1 £ S1)s Z2 with multiplication " ±" de¯ned as follows. Let
' 1; ' 2; Ã1; Ã2 2 S1 and ®; ¯ 2 Z2. Take on S1 £ S1 the usual multiplication by
components, and as Z2-action:

i :¹0 7! i 0 := idS1 £ S1

¹1 7! (i 1 : (' 1; ' 2) 7! (' 2; ' 1)) :

Then
(' 1; ' 2; ®) ± (Ã1; Ã2; ¯ ) := (( ' 1; ' 2):i ®(Ã1; Ã2); ®+ ¯ )

shall give the multiplication on (S1 £ S1)s Z2.
Now we let G act on M := V t W where V = W = R2 £ R2. For any element in
M we will indicate its connectedcomponent by the index (x; y)V or (x; y)W . The
action shall be the following

(' 1; ' 2; ¹0):(x; y)V := (' 1:x; ' 2:y)V

(' 1; ' 2; ¹1):(x; y)V := (' 1:y; ' 2:x)W

The action on W is simply given by interchanging the V 's and W 's in the above
formulae. This really de¯nes an action as can be veri¯ed directly, for example,

(' 1; ' 2; ¹1):((Ã1; Ã2; ¹1):(x; y)V ) = (' 1; ' 2; ¹1):(Ã1:y; Ã2:x)W

= (' 1Ã2:x; ' 2Ã1:y)V = (' 1Ã2; ' 2Ã1; ¹0)(x; y)V

= (( ' 1; ' 2; ¹1) ± (Ã1; Ã2; ¹1)) :(x; y)V :
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4. Transformation groups 39

Denote by H the abelian subgroup S1 £ S1 £ f ¹0g. H is the isotropy subgroup of
(0; 0)V , and V is a slice at (0; 0)V . Now considers1 := (0; v1)V and s2 := (v2; 0)V ,
both not equal to zero. Then let

H1 := Gs1 = S1 £ f idg £ f ¹0g

H2 := Gs2 = f idg £ S1 £ f ¹0g

H1 and H2 are conjugate in G by c = (id; id; ¹1):

H1 ±c 3 ('; id; ¹0) ±c = ('; id; ¹1) = c ± (id; '; ¹0) 2 c ±H2

Yet they are clearly not conjugate in H sinceH is abelian. So H:s1 and H:s2 have
di®erent orbit types in H while G:s1 and G:s2 are of the sameG-orbit type.

4.15. Prop osition. Let M be a G-manifold and S a slice at x, then there is a
G-equivariant di®eomorphismof the associated bundle G [S] onto G:S,

f : G [S] = G £ G x S ¡! G:S

which maps the zero section G £ G x f xg onto G:x.

Pro of. Since `(gh; h¡ 1:s) = g:s = `(g; s) for all h 2 Gx , there is an f : G[S] ¡!
G:S such that the diagram below commutes.

G £ S �

`

�

�

q

G:S

G £ G x S

�

�

�

���

f

f is smooth becausef ± q = ` is smooth and q is a submersion. It is equivariant
since ` and q are equivariant. Also, f maps the zero section G £ G x f xg onto G:x.
It remains to show that f is a di®eomorphism. f is bijective, sincewith 4.12(2)

g1:s1 = g2:s2 ( ) s1 = g¡ 1
1 g2:s2 ( )

g1 = g2h¡ 1 and s1 = h:s2 for h = g¡ 1
1 g2 2 Gx

and this is equivalent to
q(g1; s1) = q(g2; s2):

To seethat f is a di®eomorphismlet us prove that the rank of f equalsthe dimen-
sion of M . First of all, note that

Rank(`g) = dim(g:S) = dim S

and Rank(`x ) = dim(G:x)

SinceS = r ¡ 1(x) and r : G:S ¡! G:x is a submersion(r jG:x = id) it follows that
dim(G:x) = codim S. Therefore,

Rank(f ) = Rank(`) = Rank(`g) + Rank(`x ) =

dim S + dim(G:x) = dim S + codim S = dim M :
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¤

4.16. Remark. The conversealsoholds. If ¹f : G£ G x S ¡! G:S is a G-equivariant
di®eomorphism,then for some¹g 2 G; ¹s 2 S, ¹f [¹g; ¹s] = x. Sof [g; s] := ¹f [g¹g; s] de¯nes
a G-equivariant di®eomorphismwith the additional property that x = f [e; ¹s].

G £ G x S
f

¡ ¡ ¡ ¡ ! G:S

pr 1

?
?
y r

?
?
y

G=Gx
i¡ ¡ ¡ ¡ ! G:x

If we de¯ne r := i ±pr1 ±f ¡ 1 : G:S ¡! G:x, then r is again a smooth G-equivariant
map, and it is a retraction onto G:x since

x
f ¡ 1

¡ ¡ ! [e; ¹s]
pr 1¡¡ ! e:Gx

i¡! e:x:

Furthermore, r ¡ 1(x) = S making S a slice.
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5. Prop er Actions

In this sectionwe describe and characterize\prop er" actions of Lie groups. We will
seethat the following de¯nition is tailored to generalizecompact Lie group actions
while retaining many of their nice properties.

5.1. De¯nition. A smooth action ` : G £ M ¡! M is called prop er if it satis¯es
one of the following three equivalent conditions:

(1) (`; id) : G £ M ¡! M £ M ; (g; x) 7! (g:x; x), is a proper mapping
(2) gn :xn ! y and xn ! x in M , for somegn 2 G and xn ; x; y 2 M , implies

that thesegn have a convergent subsequencein G.
(3) K and L compact in M implies that f g 2 G : g:K \ L 6= ;g is compact as

well.

Pro of.
(1) ) (2) is a direct consequenceof the de¯nitions.
(2) ) (3): Let gn be a sequencein f g 2 G : g:K \ L 6= ;g and xn 2 K such
that gn :xn 2 L. Since K is compact, we can choose a convergent subsequence
xn k ! x 2 K of xn . SinceL is compact we can do the samefor gn k :xn k there. Now
(2) tells us that in such a casegn must have a convergent subsequence,therefore
f g 2 G : g:K \ L 6= ;g is compact.
(3) ) (1): Let R be a compact subset of M £ M . Then L := pr1(R) and
K := pr2(R) are compact, and (`; id)¡ 1(R) µ f g 2 G : g:K \ L 6= ;g £ K . By (3),
f g 2 G : g:K \ L 6= ;g is compact. Therefore (`; id) ¡ 1(R) is compact, and (`; id) is
proper. ¤

5.2. Remark. If G is compact, then every G-action is proper. If ` : G£ M ¡! M is
a proper action and G is not compact, then for any unbounded H µ G and x 2 M
the set H :x is unbounded in M . Furthermore, all isotropy groups are compact
(most easily seenfrom 5.1(3) by setting K = L = f xg).

5.3. Lemma. A continuous, proper map f : X ¡! Y between two topological
spacesis closed.

Pro of. Considera closedsubsetA µ X , and take a point y in the closureof f (A).
Let f (an ) 2 f (A) converge to y (an 2 A). Then the f (an ) are contained in a
bounded subset B µ f (A). Therefore an µ f ¡ 1(B ) \ A which is now, since f is
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proper, a bounded subset of A. Consequently , (an ) has a convergent subsequence
with limit a 2 A, and by continuit y of f , it givesa convergent subsequenceof f (an )
with limit f (a) 2 f (A). Sincef (an ) convergesto y, we have y = f (a) 2 f (A). ¤

5.4. Prop osition. The orbits of a proper action ` : G £ M ¡! M are closed
submanifolds.

Pro of. By the preceding lemma, (`; id) is closed. Therefore (`; id)(G; x) = G:x £
f xg, and with it G:x is closed. Next let us show that ` x : G ¡! G:x is an open
mapping.

Since `x is G-equivariant, we only have to show for a neighborhood U of e that
`x (U) = U:x is a neighborhood of x. Let us assumethe contrary: there is a sequence
gn :x 2 G:x ¡ U:x which converges to x. Then by 5.1(2), gn has a convergent
subsequencewith limit g 2 Gx . On the other hand, since gn :x =2 U:x = U:Gx :x
we have gn =2 U:Gx , and, since U:Gx is open, we have g =2 U:Gx as well. This
contradicts g 2 Gx .

Now we seethat the orbits of a proper action are closedsubmanifolds.

G �

`x

�

�

�

���

p
G:x

G=Gx

�

�

�

���

i

As the integral manifold of fundamental vector ¯elds, G:x is an initial submanifold,
and i is an injective immersion [19], Theorem 5.14. Sincei ±p = ` x is open, i is open
as well. Therefore it is a homeomorphism,and G:x is an embeddedsubmanifold of
M . ¤

5.5. Lemma. Let (M ; ° ) be a Riemannian manifold and ` : G £ M ¡! M an
e®ective isometric action (i.e. g:x = x for all x 2 M ) g = e), such that `(G) µ
Isom(M ; ° ) is closedin the compact open topology. Then ` is proper.

Pro of. Let gn 2 G and xn ; x; y 2 M such that gn :xn ! y and xn ! x then we
have to show that gn has a convergent subsequencewhich is the sameas proving
that f gn : n 2 Ng is relatively compact, since`(G) µ Isom(M ; ° ) is closed.

Let us choosea compact neighborhood K of x in M . Then, sincethe gn act isomet-
rically, we can ¯nd a compact neighborhood L µ M of y such that

S 1
n =1 gn :K is

contained in L . Sof gn g is bounded. Furthermore, the set of all gn is equicontinuous
as subsetof Isom(M ). Therefore, by the theorem of Ascoli-Arzela, f gn : n 2 Ng is
relatively compact. ¤

5.6. Theorem (Existence of Slices). [31], 1961
Let M be a G-space,and x 2 M a point with compact isotropy group Gx . If for
all open neighborhoods W of Gx in G there is a neighborhood V of x in M such
that f g 2 G : g:V \ V 6= ;g µ W , then there exists a slice at x.

Pro of. Let ~° be any Riemann metric on M . Since Gx is compact, we can get a
Gx -invariant metric by integrating over the Haar-measurefor the action of Gx .

° x (X ; Y ) :=
Z

G x

(`¤
a ~° )(X ; Y )da =

Z

G x

~° (T`aX ; T`aY)da
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5. Prop er actions 43

Now if we choose " > 0 small enough for exp°
x : Tx M ¶ B 0x (" ) ¡! M to be a

di®eomorphismonto its image, we can de¯ne:

~S := exp°
x

¡
Tx (G:x)? \ B 0x (" )

¢
µ M :

~S is a submanifold of M and the ¯rst step towards obtaining a real slice. Let us
show that ~S is Gx -invariant. SinceGx leaves° unchangedand Tx (G:x) is invariant
under Tx `g (for g 2 Gx ), Tx `g is an isometry and leavesTx (G:x)? \ B 0x (" ) invariant.
Therefore:

Tx (G:x)? \ B 0x (" )
Tx ` g¡ ¡ ¡ ¡ ! Tx (G:x)? \ B 0x (" )

?
?
y exp °

x

?
?
y exp °

x

~S
` g¡ ¡ ¡ ¡ ! ~S

What is not necessarilytrue for ~S is that any g 2 G which maps somes 2 ~S back
into ~S is automatically in Gx . This property is necessaryfor a slice, and we will
now try to attain it for a Gx -invariant subsetS µ ~S. At this point, the condition
that for every open neighborhood W of Gx in G, there is a neighborhood V of x in
M such that f g 2 G : g:V \ V 6= ;g µ W comesin. The idea is to ¯nd a suitable
W and corresponding V such that V \ ~S has the desiredproperty.

First we must construct a W ¯tting our purposes. Choosean open neighborhood
U µ G=Gx of e:Gx such that there is a smooth sectionÂ : U ¡! G of ¼: G ¡! G=Gx

with Â(e:Gx ) = e. And let U and possibly ~S be small enough for us to get an
embedding

f : U £ ~S ¡! M : (u; s) 7! Â(u):s:

Our neighborhood of Gx will be W := ¼¡ 1(U). Now by our assumption, there is a
neighborhood V of x in M such that f g 2 G : g:V \ V 6= ;g µ W .

Next we will prove that V can be chosenGx -invariant. Supposewe can choosean
open neighborhood ~W of Gx in G such that Gx : ~W µ W (we will prove this below).
Then let V 0 be the neighborhood of x in M satisfying f g 2 G : g:V 0\ V 0 6= ;g µ ~W .
Now V := Gx :V 0 has the desiredproperty, since:

f g 2 G : g:Gx :V 0 \ Gx :V 0 6= ;g =
[

g1 ;g2 2 G x

f g 2 G : g:g1:V 0 \ g2:V 0 6= ;g =

[

g1 ;g2 2 G x

f g 2 G : g¡ 1
2 gg1:V 0 \ V 0 6= ;g =

[

g1 ;g2 2 G x

g2f g 2 G : g:V 0 \ V 0 6= ;g g¡ 1
1 =

Gx :f g 2 G : g:V 0 \ V 0 6= ;g :Gx µ Gx : ~W :Gx µ W:Gx µ W

To complete the above argumentation, we have left to prove the
Claim: To any open neighborhood W of Gx in G there is an open neighborhood
~W of Gx such that Gx : ~W µ W .

Proof: The proof relies on the compactnessof Gx . Choose for all (a; b) 2 Gx £
Gx neighborhoods Aa;b of a and Ba;b of b, such that Aa;b :Ba;b µ W . This is
possibleby continuit y, since Gx :Gx = Gx . f Ba;b : b 2 Gx g is an open covering of
Gx . Then sinceGx is compact, there is a ¯nite subcovering

S N
j =1 Ba;b j := Ba ¶ Gx .

Since Aa;b j :Ba;b j µ W we must choose Aa :=
T N

j =1 Aa;b j , to get Aa :Ba µ W .
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44 5. Prop er actions

Now since Aa is a neighborhood of a in Gx , the Aa cover Gx again. Consider a
¯nite subcovering A :=

S n
j =1 Aa j ¶ Gx , and as before de¯ne B :=

T n
j =1 Ba j , so

that A:B µ W . In particular, this gives us Gx :B µ W , so ~W := B is an open
neighborhood of Gx with the desiredproperty.

We have found a Gx -invariant neighborhood V of x, with f g 2 G : gV \ V 6= ;g
contained in W . Now wede¯ne S := ~S\ V and hopefor the best. S is an opensubset
of ~S, and it is again invariant under Gx . Let us check whether we have the converse:
f g 2 G : g:S\ S 6= ;g µ Gx . If g:s1 = s2 for somes1; s2 2 S, then g 2 W = ¼¡ 1(U)
by the above e®ort. Therefore ¼(g) 2 U. Chooseh = g¡ 1Â(¼(g)) 2 Gx . Then

f (¼(g); h¡ 1s1) = Â(¼(g))h¡ 1s1 = g:s1 = s2 = f (¼(e); s2):

Since f is a di®eomorphismonto its image, we have shown that ¼(g) = ¼(e), that
is g 2 Gx .

Now, it is easy to see that F : G £ G x S ¡! G:S : [g; s] 7! g:s is well de¯ned,
G-equivariant and smooth. We have the diagram

G £ S �
`

�

�

�

���

�

q
G:S

G £ G x S

�

�

�

���

F

To ¯nish the proof, wehave to show that F is a di®eomorphism(4.16). F is injective
because:

F [g; s] = F [g0; s0] ) g:s = g0:s0 ) g¡ 1g0:s0 = s

) g¡ 1g0 2 Gx ) [g; s] = [g; g¡ 1g0:s0] = [g0; s0]

Next, we notice that `(W; S) = W:S = f (U; S) is open in M sincef : U £ ~S ¡! M is
an embedding with an open image. Consequently , G:S = `(G; W:S) is open, since
` is open, and F is a di®eomorphism. ¤

5.7. Theorem. If M is a proper G-manifold, then for all x 2 M the conditions
of the previous theorem are satis¯ed, so each x has slices.

Pro of. We have already shown that Gx is compact (5.2(2)). Now for every neigh-
borhood U of Gx in G, for every x 2 M , it remains to ¯nd a neighborhood V of x
in M such that

f g 2 G : g:V \ V 6= ;g µ U:

Claim: U contains an open neighborhood ~U with Gx ~U = ~U ( so we will be able to
assumeGx U = U without lossof generality ).

In the proof of theorem 5.6 we showed the existenceof a neighborhood B of Gx such
that Gx :B µ U, using only the compactnessof Gx . So ~U := Gx :B =

S
g2 G x

g:B is
again an open neighborhood of Gx , and it has the desiredproperties.

Now we can supposeU = Gx :U. Next, we have to construct an open neighborhood
V µ M of x, such that f g 2 G : g:V \ V 6= ;g µ U. This is the same as saying
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(G ¡ U):V \ V should be empty. So we have to look for V in the complement of
(G ¡ U):x.

First wehave to check that M ¡ ((G¡ U):x) really contains an openneighborhood of
x. Upon closerinspection, we seethat M ¡ ((G¡ U):x) is open altogether, or rather
that (G ¡ U):x is closed. This is because(G ¡ U):x £ f xg = (`; id)(( G ¡ U) £ f xg)
is the image of a closedset under (`; id) which is a closedmapping by lemma 5.3.

Now let us choose a compact neighborhood W of x in M ¡ ((G ¡ U):x). Then
since G acts properly, it follows that f g 2 G : g:W \ W 6= ;g is compact, in
particular K := f g 2 G ¡ U : g:W \ W 6= ;g is compact. But what we need is for
f g 2 G ¡ U : g:V \ V 6= ;g to be empty. An x-neighborhood V contained in W
ful¯lls this, if K :V µ M ¡ W . Let us ¯nd such a neighborhood.

Our choice of W guarantees K :x µ M ¡ W . But M ¡ W is open, therefore for
each k 2 K we can choosea neighborhood Qk of k in G and Vk of x in W , such
that Qk :Vk µ M ¡ W . The neighborhoods Qk cover K , and we can choose a
¯nite subcovering

S m
j =1 Qj . Then V :=

T m
j =1 Vj has the desiredproperty : K :V µ

M ¡ W . ¤

5.8. Lemma. Let M be a proper G-manifold , V a linear G-spaceand f : M ¡! V
smooth with compact support, then

~f : x 7!
Z

G
g¡ 1f (g:x)d¹ r (g)

is a G-equivariant C1 -map with ~f (x) = 0 for x =2 G: suppf (where d¹ r stands for
the right Haar measureon G).

Pro of. Since G acts properly, f g 2 G : g:x 2 suppf g is compact. Therefore the
map g 7! g¡ 1f (g:x) has compact support, and ~f is well de¯ned. To seethat ~f
is smooth, let x0 be in M , and U a compact neighborhood of x0. Then the set
f g 2 G : g:U \ suppf 6= ;g is compact. Therefore, ~f restricted to U is smooth, in
particular ~f is smooth in x0. ~f is G-equivariant, since

~f (h:x) =
Z

G
g¡ 1f (gh:x)d¹ r (g) =

=
Z

G
h(gh)¡ 1f (gh:x)d¹ r (g) = h:

Z

G
g¡ 1f (g:x)d¹ r (g) = h ~f (x):

Furthermore, x =2 G: suppf ) f (g:x) = 0 for all g 2 G ) ~f (x) = 0. ¤

5.9. Corollary. If M is a proper G-manifold, then M =G is completely regular.

Pro of. ChooseF µ M =G closedand ¹x0 = ¼(x0) =2 F . Now let U be a compact
neighborhood of x0 in M ful¯lling U \ ¼¡ 1(F ) = ; , and f 2 C1 (M ; [0; 1 )) with
support in U such that f (x0) > 0. If we take the trivial representation of G on
R, then from lemma 5.8 it follows that ~f : x 7!

R
G f (g:x)d¹ r (g) de¯nes a smooth

G-invariant function. Furthermore, ~f (x0) > 0. Since supp ~f µ G: suppf µ G:U,
we have supp ~f \ ¼¡ 1(F ) = ; . Because ~f 2 C1 (M ; [0; 1 ))G , f factors over ¼to a
map ¹f 2 C0(M =G;[0; 1 )), with ¹f ( ¹x0) > 0 and ¹f

¯
¯
F = 0. ¤
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5.10. Theorem. If M is a proper G-manifold, then there is a G-invariant Riemann
metric on M .

Pro of. By 5.7 there is a slice Sx at x for all x 2 M . If ¼ : M ¡! M =G is the
quotient map, then we will show the existenceof a sequencexn 2 M such that
¼(Sx n ) is a locally ¯nite covering of M =G. To do so, notice ¯rst that M =G is
locally compact (in particular Hausdor®), ¾-compact and therefore normal.

SinceM =G is ¾-compact and Hausdor®,there is a countable locally ¯nite covering
by compact sets Ci . Each Ci , in turn, is covered by f ¼(Sx ) : x 2 ¼¡ 1(Ci )g. Since
Ci is compact, there is a ¯nite subcovering, and these taken all together give the
desiredcovering of M =G.

Let us now construct a neighborhood K n of xn in Sx n (=: Sn ) such that K n has
compact closure in Sn and f ¼(K n )g is still a covering.

Take a Ci from above. If f ¼(Sj ) : j 2 F ½ N; ¯nite g covers Ci , then consider the
complement of

S
j 2 F nf l g ¼(Sj ) in Ci . This is a compact set contained in Ci with

open neighborhood ¼(Sl ), so it has a relatively compact neighborhood R l with
¹Rl ½ ¼(Sl ), sinceM =G is normal. K l := ¼¡ 1(Rl ) \ Sl is relatively compact due to
the compactnessof Gx l : K i is a subsetof Si , so 4.13(5) states that R i

»= K i =Gx i ,
so ¹Ri

»= ¹K i =Gx i and with ¹Ri , ¹K i must be compact, sinceGx i is compact.

If we choosef n 2 C1 (M ; [0; 1 )) with f n jK n
> 0 and supp(f n ) µ G:Sn compact,

then
¹f n (x) :=

Z

G
f n (g:x)d¹ r (g) 2 C1 (M ; [0; 1 ))G

is positive on G:K n and has supp( ¹f n ) µ G:Sn . The action of the compact group
Gx n on TM jSn

is ¯b er linear, so there is a Gx -invariant Riemann metric ° (n ) on
the vector bundle TM jSn

by integration. To get a Riemann metric on TM jG:S n

invariant under the whole group G, consider the following diagram.

G £ TM jSx n

�

T2`

�

�

q

TM jG:S x n

�

G £ G x n
TM jSx n

�

�

�

���

gT2`

�

G £ G x n
Sx n

�

»= G:Sx n

T2` : (g; X s) 7! Ts`g:X s factors over q to a map gT2`. This map is injective, since
if T2`(g; X s) = T2`(g0; X s0), then on the one side `(g:s) = `(g0:s0) so g¡ 1g0:s0 =
s and g¡ 1g0 2 Gx . On the other side, Ts`g:X s = Ts0`g0:X s0. So (g0; X s0) =¡
g(g¡ 1g0); Ts0`g0¡ 1 Ts`g:X s

¢
. And, therefore, q(g0; X s0) = q(g; X s).

The Riemann metric ° (n ) induces a G-invariant vector bundle metric on G £
TM jSn

¡! G £ Sn by
° n (g; X s; Ys) := ° (n ) (X s; Ys):

It is also invariant under the Gx -action h:(g; X s) = (gh¡ 1; T`h :X s) and, therefore,
inducesa Riemann metric ~° n on G £ G x TM jSn

. This metric is again G-invariant,
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since the actions of G and Gx commute. Now (gT2`)¤~° n =: ¹° n is a G-invariant
Riemann metric on TM jG:S n

, and

° :=
1X

n =1

¹f n (x)¹° n

is a G-invariant Riemann metric on M . ¤

Remark. By a theorem of Mostow (1957), if G is a compact Lie group, then any
G-manifold M with a ¯nite number of orbit types can be embedded into some
(higher dimensional) vector spaceV in such a way that the action of G on M can
be extended to a linear action on V (see[5], pp.110{112). A more recent result is
the following theorem found in [31].

5.11. Theorem. [31]
Let G be a matrix group, that is a Lie group with a faithful ¯nite dimensional
representation, and let M be a G-spacewith only a ¯nite number of orbit types.
Then there is a G-equivariant embedding f : M ¡! V into a linear G-spaceV.
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6. Riemannian G-manifolds

6.1. Preliminaries. Let (M ; ° ) be a Riemannian G-manifold. If ' : M ¡! M is
an isometric di®eomorphism,then

(1) ' (expM
x (tX )) = expM

' (x ) (tTx ':X ). This is due to the fact that isometries
map geodesics to geodesics, and the starting vector of the geodesic t 7!
' (expM

x (t:X )) is Tx ':X .
(2) If ' (x) = x, then, in the chart (Ux ; (expM

x )¡ 1), ' is a linear isometry
(where Ux is neighborhood of x so small, that (expM

x )¡ 1 : Ux ¡! Tx M is a
di®eomorphismonto a neighborhood of 0 in Tx M ) :

¹' (X ) := (expM
x )¡ 1 ± ' ±expM

x (X ) = (expM
x )¡ 1 expM

x (Tx ':X ) = Tx ':X

(3) Fix( ' ) = f x 2 M : ' (x) = xg is a totally geodesicsubmanifold of M :
If we chooseX 2 Tx Fix( ' ), then, sinceTx ':X = X and by (1), we have

' (expM
x (tX )) = expM

x (Tx ':tX ) = expM
x (tX ):

So the geodesic through x with starting vector X stays in Fix (' ).
(4) If H is a set of isometries,then Fix( H ) = f x 2 M : ' (x) = x for all ' 2 H g

is also a totally geodesicsubmanifold in M .

6.2. De¯nition. Let M be a proper Riemannian G-manifold, x 2 M . The normal
bundle to the orbit G:x is de¯ned as

Nor(G:x) := T(G:x)?

Let Nor" (G:x) = f X 2 Nor(G:x) : j X j < "g, and choose r > 0 small enough
for expx : Tx M ¶ B r (0x ) ¡! M to be a di®eomorphismonto its image and for
expx (B r (0x )) \ G:x to have only one component. Then, since the action of G is
isometric, exp de¯nes a di®eomorphismfrom Norr =2(G:x) onto an open neighbor-
hood of G:x, so exp

¡
Norr =2(G:x)

¢
=: Ur =2(G:x) is a tubular neighborhood of G:x.

We de¯ne the normal slice at x by

Sx := expx

¡
Norr =2(G:x)

¢
x

:
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6.3. Lemma. Under theseconditions we have

(1) Sg:x = g:Sx .
(2) Sx is a slice at x.

Pro of.

(1) SinceG acts isometrically and by 6.1(1) :

Sg:x = expg:x

¡
Tx `g

¡
Norr =2(G:x)

¢
x

¢
= `g expx

¡
Norr =2(G:x)

¢
x

= g:Sx

(2) r : G:Sx ¡! G:x : expg:x X 7! g:x de¯nes a smooth equivariant retraction
(note that Sx and Sy are disjoint if x 6= y). ¤

6.4. De¯nition. Let M bea G-manifold and x 2 M , then there is a representation
of the isotropy group Gx

Gx ¡! GL(Tx M ) : g 7! Tx `g

called isotrop y represen tation . If M is a Riemannian G-manifold, then the
isotropy representation is orthogonal, and Tx (G:x) is an invariant subspaceunder
Gx . So Tx (G:x)? is also invariant, and

Gx ¡! O(Norx (G:x)) : g 7! Tx `g

is called the slice represen tation .

6.5. Example. Let M = G be a compact Lie group with a biinvariant metric.
Then G £ G acts on G by (g1; g2):g := g1gg¡ 1

2 , making G a Riemannian (G £ G)-
space. The isotropy group of e is (G £ G)e = f (g; g) : g 2 Gg, and the isotropy
representation coincideswith the adjoint representation of G »= (G £ G)e on g =
Te(G).

6.6. Example. Let G=K be a semisimple symmetric space (G compact) and
g = k + p the corresponding orthogonal decomposition of the Lie algebra g with
regard to the negative Cartan-Killing form ¡ B . Then Te(G=K ) »= g=k »= p, and the
isotropy subgroupof G at e is K . The isotropy representation is Ad?

K ;G : K ¡! O(p).
The slicesare points sincethe action is transitiv e.

6.7. Lemma. Let M be a proper Riemannian G-manifold, x 2 M . Then the
following three statements are equivalent:

(1) x is a regular point.
(2) The slice representation at x is trivial.
(3) Gy = Gx for all y 2 Sx for a su±ciently small slice Sx .

Pro of. Clearly, (2) ( ) (3). To see(3) =) (1), let Sx be a small slice at x. Then
U := G:S is an open neighborhood of G:x in M , and for all g:s 2 U we have
Gg:s = gGsg¡ 1 = gGx g¡ 1. Therefore G:x is a principal orbit. The converseis true
by 4.13(3), sinceGx is compact. ¤
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6.8. De¯nition. Let M be a Riemannian G-manifold and G:x someorbit, then
a smooth section u of the normal bundle Nor(G:x) is called equiv arian t normal
¯eld , if

Ty (`g):u(y) = u(g:y) for all y 2 G:x; g 2 G:

6.9. Corollary. Let M bea proper Riemannian G-manifold and x a regular point.
If X 2 Norx (G:x), then X̂ (g:x) := Tx (`g):X is a well de¯ned equivariant normal
¯eld along G:x in M .

Pro of. If g:x = h:x then h¡ 1g 2 Gx ) Tx
¡
`h ¡ 1 g

¢
:X = X , since the slice rep-

resentation is trivial by (2) above. Now by the chain rule: Tx (`g):X = Tx (`h ):X .
Therefore X̂ is a well de¯ned, smooth section of Nor(G:x). It is equivariant by
de¯nition. ¤

6.10. Corollary. Let M be a Riemannian G-manifold, G:x a principal orbit, and
(u1; : : : ; un ) an orthonormal basis of Norx (G:x). By corollary 6.9, each ui de¯nes
an equivariant normal ¯eld ûi . So (û1; : : : ; ûn ) is a global equivariant orthonormal
frame ¯eld for Nor(G:x), and Nor(G:x) is a trivial bundle. ¤

This follows also from the tubular neighborhood description G:Sx
»= G £ G x Sx ,

where Sx is a normal slice at x with trivial Gx -action, see6.7.

6.11. De¯nition. Let (M ; ° ) be a Riemannian manifold and r M its Levi-Civita
covariant derivative. If P is a submanifold of M and r P the induced covariant
derivativeon P, then the second fundamen tal form S 2 C1

¡
S2T¤P ­ Nor(P)

¢

is given by the so called Gaussequation:

r M
X Y = r P

X Y + S(X ; Y ) for X ; Y 2 X(P)

In other words, S(X ; Y ) is the part of the covariant derivative in M orthogonal to
P.

6.12. De¯nition. Let (M ; ° ) be a Riemannian G-manifold and u an equivariant
normal ¯eld along an orbit P := G:x0. Then X x 2 Tx P de¯nes a linear form on
Tx P by

Yx 7! ° (S(X x ; Yx ); u(x)) :

Therefore, there is a vector Su(x ) (X x ) 2 Tx P such that

° jT P (Su(x ) (X x ); Yx ) = ° (S(X x ; Yx ); u(x))

This assignment de¯nes a linear map Su(x ) : Tx P ¡! Tx P called the shap e op-
erator of P in the normal direction u(x). For hypersurfacesit is also known as
the Weingarten endomorphism. Its eigenvaluesare called the main curvatures of P
along u.

6.13. Lemma. Let u be an equivariant normal ¯eld along an orbit P := G:x0,
then

(1) Su(g:x ) = Tx (`g):Su(x ) :Tg:x (`g¡ 1 )
(2) The main curvatures of P along u are all constant.
(3) f expM (u(x)) : x 2 P = G:x0g is another G-orbit.
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Pro of.
(1) Since° is G-invariant and S is G-equivariant:

°
¡
Su(g:x ) (X g:x ) ; Yg:x

¢
= ° (S (X g:x ; Yg:x ) ; u(g:x)) =

= °
¡
T`gS

¡
T`g¡ 1 X g:x ; T`g¡ 1 Yg:x

¢
; T`g(u(x))

¢
=

= °
¡
S

¡
T`g¡ 1 X g:x ; T`g¡ 1 Yg:x

¢
; u(x)

¢
=

= °
¡
Su(x ) ±T`g¡ 1 (X g:x ); T`g¡ 1 Yg:x

¢
= °

¡
T`g ±Su(x ) ±T`g¡ 1 (X g:x ); Yg:x

¢

(2) By (1) Su(g:x ) results from Su(x ) by a linear coordinate transformation,
which doesnot a®ectthe eigenvalues.

(3) f expM (u(x)) : x 2 P = G:x0g = G: expM (u(x0)), since

g: expM (u(x0)) = expM (T`g:u(x0)) = expM (u(g:x0)) :

¤

6.14. Example. Let N n (c) be the simply connectedspaceform with constant
sectional curvature c, that is

N n (c) = Sn ; spherewith radius
1
c

if c > 0

= Rn if c = 0

= H n ; hyperbolic spherewith radius
1
jcj

if c < 0:

Let G be a closedsubgroupof Isom(N n (c)). If P is a G-orbit, then so is the subset
f exp(u(x)) : x 2 Pg for any equivariant normal ¯eld u along P. For instance

(1) If G = SO(n) ½ Isom(Rn ), then the G-orbits are the sphereswith center 0.
A radial vector ¯eld with constant length on each sphere,u(x) := f (jxj):x,
de¯nes an equivariant normal ¯eld on each orbit. Clearly its °ow carries
orbits back into orbits.

(2) Another example is the subgroup

G = f f : x 7! x + ¸v : ¸ 2 R; v 2 hv1; v2; : : : ; vm ig

of Isom(Rn ) consistingonly of a±ne translations in certain ¯xed directions.
Here the orbits of G are then parallel planes of dimension m. An equi-
variant normal ¯eld on an orbit is a constant vector ¯eld orthogonal to
v1; v2; : : : ; vm .

6.15. Theorem. Let M be a proper G-manifold, then the set of all regular points
M reg is open and densein M . In particular, there is always a principal orbit type.

Pro of. Supposex 2 M reg . By 5.7 there is a slice S at x, and by 4.13(3) S can be
chosensmall enoughfor all orbits through S to be principal aswell. Therefore G:S
is an open neighborhood of x in M reg (open by 4.12(3)).

To seethat M reg is dense,let U µ M be open, x 2 U, and S a slice at x. Now
choosea y 2 G:S \ U for which Gy has the minimal dimension and the smallest
number of connectedcomponents for this dimension in all of G:S \ U. Let Sy be a
slice at y, then G:Sy \ G:S \ U is open, and for any z 2 G:Sy \ G:S \ U we have
z 2 g:Sy = Sg:y , soGz µ Gg:y = gGy g¡ 1. By choiceof y, this implies Gz = gGy g¡ 1

for all z 2 G:Sy \ G:S \ U, and G:y is a principal orbit. ¤
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6.16. Theorem. Let M be a proper G-manifold and x 2 M . Then there is a
G-invariant neighborhood U of x in which only ¯nitely many orbit typesoccur.

Pro of. By theorem 5.10 there is a G-invariant Riemann metric on M . Let S be
the normal slice at x. Then S is again a Riemannian manifold, and the compact
group Gx acts isometrically on S. In 4.13(4) we saw that, if Gx :s1 and Gx :s2 have
the sameorbit type in S, then G:s1 and G:s2 have the sameorbit type in M . So
the number of G-orbit types in G:S can be no more, than the number of Gx -orbit
typesin S. Therefore it is su±cient to consider the casewhere G is a compact Lie
group. Let us now prove the assertionunder this added assumption. We carry out
induction on the dimension of M .

For n = 0 there is nothing to prove. Supposethe assertionis proved for dim M < n.
Again, it will do to ¯nd a slice S at x with only a ¯nite number of Gx -orbit
types. If dim S < dim M , this follows from the induction hypothesis. Now suppose
dim S = n. S is equivariantly di®eomorphicto an open ball in Tx M under the slice
representation (by exp). Sincethe slice representation is orthogonal, it restricts to
a Gx -action on the sphereSn ¡ 1. By the induction hypothesis, locally, Sn ¡ 1 has
only ¯nitely many Gx -orbit types. SinceSn ¡ 1 is compact, it hasonly ¯nitely many
orbit types globally. The orbit types are the sameon all spheresr:Sn ¡ 1 (r > 0),
since x 7! 1

r x is G-equivariant. Therefore, S has only ¯nitely many orbit types:
those of Sn ¡ 1 and the 0-orbit. ¤

6.17. Theorem. If M is a proper G-manifold then the set M sing =G of all singular
G-orbits does not locally disconnect the orbit spaceM =G (that is to every point
in M =G the connectedneighborhoods remain connectedeven after removal of all
singular orbits).

Pro of. As in the previous theorem, we will reduce the statement to an assertion
about the slice representation. By theorem 5.10, there is a G-invariant Riemann
metric on M . Let S be the normal slice at x. Then S is again a Riemannian
manifold, and the compact group Gx acts isometrically on S. A principal Gx -orbit
is the restriction of a principal G-orbit, sinceGx :s is principal meansthat all orbits
in a su±ciently small neighborhood of Gx :s have the sameorbit type asGx :s (6.7).
Therefore, by 4.13(4), the corresponding orbits in G:U are also of the sametype,
and G:s is principal as well. So there are \fewer" singular G-orbits in G:S than
there are singular Gx -orbits in S. Now cover M with tubular neighborhoods like
G:Sx , and recall that G:Sx =G »= Sx =Gx by 4.13(5). This together with the above
argument shows us that it will su±ce to prove the statement for the slice action.
Furthermore, like in the proof of theorem 6.18, we can restrict our considerations
to the slice representation. So we have reducedthe statement to the following:

If V is a real, n-dimensional vector spaceand G a compact Lie group acting on V ,
then the set Vsing =G of all singular G-orbits does not locally disconnect the orbit
spaceV=G (that is to every point in V=G the connected neighborhoods remain
connectedeven after removal of all singular orbits).

We will prove this by induction on the dimensionn of V . For n = 1, that is V = R,
the only nontrivial choice for G is O(1) »= Z2. In this case,R=G = [0; 1 ) and
Rsing =G = f 0g. Clearly, f 0g doesnot locally disconnect[0; 1 ), and we can proceed
to the generalcase.
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Suppose the assertion is proved for all dimensionssmaller than n. Now for G µ
O(n) we consider the induced action on the invariant submanifold Sn ¡ 1. For any
x 2 Sn ¡ 1 we can apply the induction hypothesis to the slice representation Gx ¡!
O(Norx G:x). This implies for the Gx -action on Sx , that Sx =Gx

»= G:Sx =G is not
locally disconnectedby its singular points. As above, we can again cover Sn ¡ 1

with tubular neighborhoods like G:Sx , and we seethat all of Sn ¡ 1=G is not locally
disconnectedby its singular orbits. Now we need to verify that the orbit space
of th unit ball D n is not locally disconnectedby its singular orbits. Since scalar
multiplication is a G-equivariant di®eomorphism, the singular orbits in V (not
including f 0g) project radially onto singular orbits in Sn ¡ 1. So if we view the
ball D n as cone over Sn ¡ 1 and denote the cone construction by coneSn ¡ 1, then
D n

sing = coneSn ¡ 1
sing . Furthermore, we have a homeomorphism

coneSn ¡ 1=G ¡! cone(Sn ¡ 1=G) : G:[x; t] 7! [G:x; t]

sinceG preservesthe \radius" t. Therefore

D n =G = (coneSn ¡ 1)=G »= cone(Sn ¡ 1=G)

and D n
sing =G = coneSn ¡ 1

sing =G »= cone
³

Sn ¡ 1
sing =G

´
:

SinceSn ¡ 1
sing =G doesnot locally disconnectSn ¡ 1=G, we also seethat

cone
³

Sn ¡ 1
sing =G

´
»= D n

sing =G

doesnot locally disconnectcone(Sn ¡ 1=G) »= D n =G. ¤

6.18. Corollary. Let M be a connectedproper G-manifold, then

(1) M =G is connected.
(2) M has precisely one principal orbit type.

Pro of.

(1) SinceM is connectedand the quotient map ¼: M ¡! M =G is continuous,
its image M =G is connectedas well.

(2) By the last theorem we have that M =G¡ M sing =G = M reg=G is connected.
On the other hand by 6.7, the orbits of a certain principal orbit type form an
open subsetof M =G, in particular of M reg=G. Therefore if there weremore
than one principal orbit type, these orbit types would partition M reg=G
into disjoint nonempty open subsetscontradicting the fact that M reg=G is
connected. ¤

6.19. Corollary. Let M bea connected,proper G-manifold of dimensionn and let
k be the least number of connectedcomponents of all isotropy groups of dimension
m := inf f dim Gx jx 2 M g. Then the following two assertionsare equivalent:

(1) G:x0 is a principal orbit.
(2) The isotropy group Gx 0 has dimension m and k connectedcomponents.
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If furthermore G is connected and simply connected, these conditions are again
equivalent to

(3) The orbit G:x0 has dimension n ¡ m and for the order of the fundamental
group we have: j¼1(G:x0)j = k.

Pro of. Recall that we proved the existence of a principal orbit in 6.15 just by
taking a Gx 0 as described above. The other direction of the proof follows from the
above corollary. Sincethere is only one principal orbit type, this must be it.

If moreover G is connectedand simply connection we look at the ¯bration Gx 0 !
G ! G=Gx 0 = G:x0 and at the following portion of its long exact homotopy
sequence

0 = ¼1(G) ! ¼1(G:x0) ! ¼0(Gx 0 ) ! ¼0(G) = 0

from which we seethat j¼1(G:x0)j = k if and only if the isotropy group Gx 0 has k
connectedcomponents. ¤

6.20. Theorem. [37] Let ¼: G ! O(V ) be an orthogonal, real, ¯nite-dimensional
representation of a compact Lie group G. Let ½1; : : : ; ½k 2 R[V ]G be homogeneous
generators for the algebra R[V ]G of invariant polynomials on V . For v 2 V , let
Norv (G:v) := Tv (G:v)? be the normal spaceto the orbit at v, and let Norv (G:v)G v

be the subspaceof those vectors which are invariant under the isotropy group Gv .

Then grad½1(v); : : : ; grad½k (v) span Norv (G:v)G v as a real vector space.

Pro of. Clearly each grad½i (v) 2 Norv (G:v)G v . In the following we will identify G
with its image ¼(G) µ O(V ). Its Lie algebra is then a subalgebraof o(V ) and can
be realized as a Lie algebra consisting of skew-symmetric matrices. Let v 2 V , and
let Sv be the normal slice at v which is chosenso small that the projection of the
tubular neighborhood (see4.15) pG:v : G:Sv ! G:v from the diagram

G £ Sv
q

¡ ¡ ¡ ¡ ! G £ G v Sv
¼¡ ¡ ¡ ¡ ! G:Sv

p
?
?
y pG:v

?
?
y

G=Gv
¼¡ ¡ ¡ ¡ !
»=

G:v

has the property, that for any w 2 G:Sv the point pG:v (w) 2 G:v is the unique
point in the orbit G:v which minimizes the distance betweenw and the orbit G:v.

Choosen 2 Norv (G:v)G v so small that x := v + n 2 Sv . So pG:v (x) = v. For the
isotropy groupswehaveGx µ Gv by 4.13.(2). But wehavealsoGv µ Gv \ Gn µ Gx ,
so that Gv = Gx . Let Sx be the normal slice at x which we choosealso so small
that pG:x : G:Sx ! G:x has the sameminimizing property as pG:v above, but so
large that v 2 G:Sx (choosen smaller if necessary).We alsohave pG:x (v) = x since
for the Euclidean distance in V we have

jv ¡ xj = min
g2 G

jg:v ¡ xj sincev = pG:v (x)

= min
g2 G

jh:g:v ¡ h:xj for all h 2 G

= min
g2 G

jv ¡ g¡ 1:xj by choosing h = g¡ 1:
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For w 2 G:Sx we consider the local, smooth, G-invariant function

dist(w; G:x)2 = dist(w; pG:x (w))2 = hw ¡ pG:x (w); w ¡ pG:x (w)i

= hw; wi + hpG:x (w); pG:x (w)i ¡ 2hw; pG:x (w)i

= hw; wi + hx; xi ¡ 2hw; pG:x (w)i :

Its derivative with respect to w is

(1) d(dist ( ; G:x)2)(w)y = 2hw; yi ¡ 2hy; pG:x (w)i ¡ 2hw; dpG:x (w)yi :

We shall show below that

(2) hv; dpG:x (v)yi = 0 for all y 2 V;

so that the derivative at v is given by

(3) d(dist ( ; G:x)2)(v)y = 2hv; yi ¡ 2hy; pG:x (v)i = 2hv ¡ x; yi = ¡ 2hn; yi :

Now choose a smooth Gx -invariant function f : Sx ! R with compact support
which equals1 in an open ball around x and extend it smoothly (seethe diagram
above, but for Sx ) to G:Sx and then to the whole of V . We assumethat f is
still equal to 1 in a neighborhood of v. Then g = f : dist( ; G:x)2 is a smooth G-
invariant function on V which coincideswith dist( ; G:x)2 near v. By the theorem
of Schwarz (3.7) there is a smooth function h 2 C1 (Rk ; R) such that g = h ± ½,
where ½= (½1; : : : ; ½k ) : V ! Rk . Then we have ¯nally by (3)

¡ 2n = grad(dist ( ; G:x)2)(v) = gradg(v) =

= grad(h ±½)(v) =
kX

i =1

@h
@yi

(½(v)) grad½i (v);

which provesthe result.

It remains to check equation (2). Since Tv V = Tv (G:v) © Norv (G:v) the normal
spaceNorx (G:x) = kerdpG:x (v) is still transversal to Tv (G:v) if n is small enough;
so it remains to show that hv; dpG:x (v):X :vi = 0 for each X 2 g. Sincex = pG:x (v)
we have jv¡ xj2 = ming2 G jv¡ g:xj2, and thus the derivative of g 7! hv¡ g:x; v¡ g:xi
at e vanishes: for all X 2 g we have

(4) 0 = 2h¡ X :x; v ¡ xi = 2hX :x; xi ¡ 2hX :x; vi = 0 ¡ 2hX :x; vi ;

since the action of X on V is skew symmetric. Now we consider the equation
pG:x (g:v) = g:pG:x (v) and di®erentiate it with respect to g at e 2 G in the direction
X 2 g to obtain in turn

dpG:x (v):X :v = X :pG:x (v) = X :x;

hv; dpG:x (v):X :vi = hv; X :xi = 0; by (4): ¤
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6.21. Lemma. Let ¼ : G ! O(V ) be an orthogonal representation. Let ! 2
­ p

hor (V )G be an invariant di®erential form on V which is horizontal in the sense
that i w ! x = 0 if w is tangent to the orbit G:x. Let v 2 V and let w 2 Tv V be
orthogonal to the spaceNorv (G:v)G0

v of thoseorthogonal vectorswhich are invariant
under the connectedcomponent G0

v of the isotropy group Gv .

Then i w ! v = 0.

Pro of. We consider the orthogonal decomposition

Tv V = Tv (G:v) © W © Norv (G:v)G0
v :

We may assumethat w 2 W since i u ! v = 0 for u 2 Tv (G:v).

We claim that each w 2 W is a linear combination of elements of the form X :u for
u 2 W and X 2 gv := ker(d¼( )v). SinceG0

v is compact, the representation space
W has no ¯xed point other than zero and is completely reducible under G0

v and
thus also under its Lie algebra gv , and we may treat each irreducible component
separately, or assumethat W is irreducible. Then gv (W ) is an invariant subspace
which is not 0. So it agreeswith W , and the claim follows.

So we may assumethat w = X :u for u 2 W . But then

(v + 1
n u; X :u = nX :(v + 1

n u)) 2 Tv+ 1
n u (G:(v + 1

n u))

satis¯es i X :u ! v+ u=n = 0 by horizontalit y and thus we have

i w ! v = i X :u ! v = lim
n

i X :u ! v+ u=n = 0: ¤
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7. Riemannian Submersions

7.1. De¯nitions. Let p : E ¡! B be a submersionof smooth manifolds, that is
Tp : TE ¡! TB surjective. Then

V = V(p) = V (E) := Ker(Tp)

is called the vertical subbundle of E . If E is a Riemannian manifold with metric
° , then we can go on to de¯ne the horizon tal subbundle of E .

Hor = Hor(p) = Hor(E) = Hor(E ; ° ) := V (p)?

If both (E ; ° E ) and (B ; ° B ) are Riemannian manifolds, then we will call p a Rie-
mannian submersion , if

Tx p : Hor(p) ¡! Tp(x ) B

is an isometric isomorphism for all x 2 E .

Some Simple Examples. For any two Riemannian manifolds M ; N , the projec-
tion pr1 : M £ N ¡! M is a Riemannian submersion. Here Riemann metric on the
product M £ N is given by: ° M £ N (X ; Y ) := ° M (X M ; YM ) + ° N (X N ; YN ) (where
we use T(M £ N ) »= TM © TN to decomposeX ; Y 2 T(M £ N )). In particular,
Rm + n ¡! Rm with the usual metric, or pr2 : Sn £ R+ ¡! R+ are Riemannian
submersions.

7.2. G-manifold with single orbit t yp e as ¯b er bundle. Let (M ; ° ) be a
proper Riemannian G-manifold and supposethat M has only one orbit type, (H ).
We then want to study the quotient map ¼: M ¡! M =G. Let us ¯rst consider the
orbit spaceM =G. Choosex 2 M and let Sx denote the normal slice at x. Then by
4.13(2) we have Gy µ Gx for all y 2 Sx . SinceGy must additionally be conjugate
to Gx and both are compact, they must be the same(by 4.8). So Gx = Gy and
therefore Gx acts trivially on Sx (this can also be seenas a special caseof 6.7).
From 4.13(5) it follows that ¼(Sx ) »= Sx =Gx = Sx , and with 4.15 we have that
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G:Sx is isomorphic to G=Gx £ Sx . Therefore, for any x 2 M ,
¡
¼(Sx ); exp¡ 1

x jSx

¢

can serve as a chart for M =G.

M

�

¼

Sx
�

�

¼

M =G ¼(Sx )� Sx =Gx

To make an atlas out of thesecharts, we have to check whether they are compatible
| which is obvious. By 5.9M =G is Hausdor®,and thereforeit is a smooth manifold.

Now let us study the smooth submersion ¼ : M ¡! M =G. We want to ¯nd a
Riemannian metric on M =G which will make ¼a Riemannian submersion.

Claim. For X x ; Yx 2 Horx (¼) = Norx (G:x), the following inner product is well
de¯ned.

¹° ¼(x ) (T¼X x ; T¼Yx ) := ° x (X x ; Yx )

Pro of. Choose X 0
gx ; Y 0

gx 2 Horgx (¼) such that T¼:X 0
gx = T¼:X x and T¼:Y 0

gx =
T¼:Yx . Then we seethat X 0

gx = T(`g)X x by the following argumentation: Clearly
T¼

¡
X 0

gx ¡ T(`g):X x
¢

= 0, so the di®erenceX 0
gx ¡ T(`g):X x is vertical. On the

other hand, X 0
gx is horizontal, and so is T(`g):X x :

`g leavesG:x invariant, consequently , T`g maps vertical vectors to vertical vectors
and since it is an isometry, it also maps horizontal vectors to horizontal vectors.
Therefore X 0

gx ¡ T(`g):X x is horizontal as well as vertical and must be zero.
Now we can conclude, that

° gx
¡
X 0

gx ; Y 0
gx

¢
= ° gx (T(`g)X x ; T(`g)Yx ) = ° x (X x ; Yx ): ¤

So we have found a Riemannian metric ¹° on M =G which makes ¼ a Riemannian
submersion.

Let us ¯nally try to understand in which sense¼ : M ! M =G is an associated
bundle. Let x 2 M be such that Gx = H . By 6.1.(4) the set Fix (H ) = f x 2
M : g:x = x for all g 2 H g is a geodesically complete submanifold of M . It is
NG (H )-invariant, and the restriction ¼: Fix( H ) ! M =G is a smooth submersion
since for each y 2 Fix( H ) the slice Sy is also contained in Fix( H ). The ¯b er of
¼: Fix( H ) ! M =G is a free NG (H )=H-orbit: if ¼(x) = ¼(y) and Gx = H = Gy

then g 2 NG (H ). So ¼: Fix (H ) ! M =G is a principal NG (H )=H-bundle, and M
is the associated bundle with ¯b er G=H as follows:

Fix( H ) £ G=H �

�

�

�

�

���

(x; [g]) 7! g:x

�

Fix( H ) £ N G (H )=H G=H �

»=

�

M

�

M =G M =G:
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7.3. Another ¯b er bundle construction. Let M againbea proper Riemannian
G-manifold with only one orbit type. Then we can \partition" M into the totally
geodesicsubmanifolds Fix( gH g¡ 1) := f x 2 M : ghg¡ 1:x = x for all h 2 H g where
H = Gx 0 (x0 2 M arbitrary) is ¯xed and g varies. This is not a proper partitioning
in the sensethat if g 6= e commutes with H , for instance, then Fix( gH g¡ 1) =
Fix( eHe¡ 1). We want to ¯nd out just which g give the samesetsFix( gH g¡ 1).

Claim.

Fix( gH g¡ 1) = Fix
³

g0H g0¡ 1
´

( ) gN (H ) = g0N (H )

where N (H ) denotesthe normalizer of H in G.

Pro of. First let us show the following identit y:

N (H ) = f g 2 G : gFix (H ) µ Fix( H )g

(µ ) Let n 2 N (H ) and y 2 Fix( H ). Then n:y is H -invariant:

hn:y = nn ¡ 1hn:y = n(n¡ 1hn):y = n:y

(¶ ) gFix( H ) µ Fix( H ) implies that hg:y = g:y, or equivalently g¡ 1hg:y = y,
for any y 2 Fix( H ) and h 2 H . Recall at this point, that H = Gx 0

for some x0 2 M . Therefore, we have g¡ 1hg:x0 = x0 and consequently
g¡ 1hg 2 Gx 0 = H .

Using this characterization for N (H ) and the identit y

g0f g 2 G : gFix( H ) µ Fix (H )g = f g 2 G : gFix (H ) µ g0Fix (H )g;

we can convert the righthand sideof our equality, gN (H ) = g0N (H ), to the follow-
ing:

f a 2 G : aFix (H ) µ g: Fix (H )g = f a 2 G : aFix (H ) µ g0: Fix (H )g:

In particular, this is the caseif

g: Fix (H ) = g0: Fix (H ):

In fact, let us show that the two equationsare equivalent. Supposeindirectly that
g:y =2 g0: Fix (H ) for somey 2 Fix( H ). Then a = g has the property a:Fix (H ) 6µ
g0: Fix (H ), so f a 2 G : aFix( H ) µ g: Fix (H )g 6= f a 2 G : aFix (H ) µ g0: Fix (H )g.

So far we have shown that gN (H ) = g0N (H ) , g: Fix (H ) = g0: Fix (H ). To
complete the proof it only remains to check whether

Fix( gH g¡ 1) = gFix( H ):
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This is easily done (as well as plausible, since it resembles strongly the \dual"
notion Ggx = gGx g¡ 1)

y 2 Fix( gH g¡ 1) ( ) ghg¡ 1:y = y for all h 2 H

( ) hg¡ 1:y = g¡ 1y for all h 2 H

( ) g¡ 1:y 2 Fix (H )

( ) y 2 gFix( H ) ¤

Claim. The map ¹¼: M ¡! G=N (H ) de¯ned by Fix( gH g¡ 1) 3 x 7! g:N (H ) is a
¯b er bundle with typical ¯b er Fix( H ).

Pro of. To prove this, let us consider the following diagram.

G £ Fix( H )

�

�

q

�

` M

~¼G £ N (H ) Fix( H )

�

�

�

�

�

�

�

���

~̀

�

�

G=N(H )

Here we use the restricted action ` : N (H ) £ Fix (H ) ¡! Fix( H ) to associate to
the principal bundle G ¡! G=N(H ) the bundle G[Fix (H ); `] = G £ N (H ) Fix( H ).
It remains to show that ~̀ is a di®eomorphism,since then ~¼ has the desired ¯b er
bundle structure.
~̀ is smooth, since ~̀±q = ` is smooth and q is a submersion. Now let us show that
~̀ is bijective.
(1) ~̀ is surjective: Since H is the only orbit type, for every x 2 M there is a
g 2 G, such that Gx = gH g¡ 1, which implies x 2 Fix( gH g¡ 1) = gFix (H ) µ
`(G £ Fix( H )). So ` is surjective and, by the commutativit y of the diagram, so is
~̀.
(2) ~̀ is injective: Suppose`(a; x) = a:x = b:y = `(b;y), for somea;b 2 G; x; y 2
Fix( H ). Then b¡ 1a:x = y 2 Fix H implies hb¡ 1a:x = y = b¡ 1a:x which im-
plies again (b¡ 1a)¡ 1hb¡ 1a:x = x. Since there is only one orbit type and all
isotropy groups are compact, we know that x 2 Fix H ) H = Gx (by 4.8). So
(b¡ 1a)¡ 1hb¡ 1a is again in H , and b¡ 1a 2 N (H ). In this case,q(a; x) = [a; x] =
[bb¡ 1a;x] = [b;b¡ 1a:x] = [b;y] = q(b;y).
~̀¡ 1 is smooth, since ` is a submersion. So ~̀ is a di®eomorphismand ¹¼ a ¯b er
bundle with typical ¯b er Fix (H ). ¤

7.4. Construction for more than one orbit t yp e. Let (H ) be one particular
orbit type (H = Gx ). To reduce the caseat hand to the previous one, we must
partition the points in M into setswith common orbit type:

M (H ) := f x 2 M : (Gx ) = (H )g
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Claim. For a proper Riemannian G-manifold, the spaceM (H ) as de¯ned above is
a smooth G-invariant submanifold.

Pro of. M (H ) is of course G-invariant as a collection of orbits of a certain type.
We only have to prove that it is a smooth submanifold. Take any x in M (H ) (then,
without lossof generality, H = Gx ), and let Sx be a sliceat x. Considerthe tubular
neighborhood G:S »= G £ H Sx (4.15). Then the orbits of type (H ) in G:S are just
those orbits that meet Sx in SH

x (where SH
x shall denote the ¯xed point set of H

in Sx ). Or, equivalently , (G £ H Sx )(H ) = G £ H SH
x :

(µ ) [g; s] 2 (G £ H Sx )(H ) ) g:s 2 G:S(H ) ) gH g¡ 1 = Gs µ H ) Gs = H )
s 2 SH

x ) [g; s] 2 G £ H SH
x

(¶ ) [g; s] 2 G £ H SH
x ) s 2 SH

x ) H µ Gs, but since s 2 Sx we have
Gs µ Gx = H by 4.13(2), therefore Gs = H and [g; s] 2 (G £ H Sx )(H )

Now, let Sx = expx (Nor r (G:x)) be the normal slice at x. That is, r is chosenso
small that expx is a di®eomorphismon Norr (G:x) =: V . Notice, that V is not only
di®eomorphicto Sx , but G-equivariantly so, if we let G act on Norx (G:x) via the
slice representation. Since the slice action is orthogonal, in particular linear, the
set of points ¯xed by the action of H is a linear subspaceof Norx (G:x) and its
intersection with V , a \linear" submanifold. Therefore SH

x is also a submanifold of
Sx . Now consider the diagram

G £ SH
x

�
`

�

�

�

���

�

p

M

G £ H SH
x

i

The map i is well de¯ned, injective and smooth, since p is a submersionand ` is
smooth. Furthermore, p is open, and so is `. Just consider any open set of the
form U £ W in G £ SH

x . Then `(U £ W ) is the union of all sets `u (W ) for u 2 U.
Since `u is a di®eomorphism,each one of these is open, so `(U £ W ) is open as
well. Therefore, i must be open, and so i is an embedding and G:SH »= G £ H SH

x
an embeddedsubmanifold of M . ¤

Let (H ) be one particular orbit type (H = Gx ), then Fix( H ) is again a closed,
totally geodesicsubmanifold of M (see6.1(3)).

Claim. Fix ¤(H ) := f x 2 M : Gx = H g is an open submanifold of Fix( H ).

Remark. For one orbit type, x 2 Fix( H ) implied H = Gx , and thus Fix ¤(H ) =
Fix( H ). For more than oneorbit type Fix (H ) is not necessarilycontained in M (H ) .
Therefore, it is necessaryto study Fix ¤(H ) = Fix( H ) \ M (H ) .

Pro of. In 7.3 we saw that N (H ) is the largest subgroupof G acting on Fix (H ). It
inducesa proper N (H )=H-action on Fix( H ). Now, Fix ¤(H ) is the set of all points
in Fix (H ) with trivial isotropy group with respect to this action. So by 6.19 it is
simply the set of all regular points. Therefore, by 6.15, Fix ¤(H ) is an open, dense
submanifold of Fix( H ). ¤

Now, M (H ) can be turned into a ¯b er bundle over G=N (H ) with typical ¯b er
Fix ¤(H ) just asbefore(Fix ¤(H ) is really the ¯xed point spaceof H in M (H ) ). And,
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on the other hand, M (H ) is a ¯b er bundle over M (H ) =G with typical ¯b er G=H.
The partition of M into submanifolds M (H ) and that of M =G into the di®erent
orbit types is locally ¯nite by 6.16. So M and M =G are in a sensestrati¯ed, and
¼: M ¡! M =G is a strati¯ed Riemannian submersion(seealso [13]).

7.5. De¯nition. Let p : E ¡! B be a Riemannian submersion.
A vector ¯eld » 2 X(E) is called vertical , if »(x) 2 Vx (p) for all x (i.e. if Tp»(x) =
0).
» 2 X(E) is called horizon tal , if »(x) 2 Horx (p) for all x, that is, if »(x) ?
Vx (p) for all x.
» 2 X(E) is called pro jectable , if there is an ´ 2 X(B ), such that Tp:» = ´ ±p
» 2 X(E) is called basic , if it is horizontal and projectable.

Remark. The orthogonal projection Á : TE ¡! V (E) with respect to the Riemann
metric is a (generalized)connectionon the bundle (E ; p) and de¯nes a local parallel
transport over each curve in B (denoted by PtÁ(c; :)) as well as the horizontal lift:

C : TB £
B

E ¡! TE : (X b; e) 7! Ye; where Ye 2 Hore(p) with Tep:Ye = X b

This map also gives us an isomorphism C¤ : X(B ) ¡! Xbasic between the vector
¯elds on B and the basic vector ¯elds.

7.6. Lemma. Consider a Riemannian submersion p : (E ; ° E ) ¡! (B ; ° B ) with
connection Á : TE ¡! V (p), and c : [0; 1] ¡! B , a geodesic. Let L b

a(c) denote the
arc length of c from c(a) to c(b) in B . Then:

(1) L t
0(c) = L t

0PtÁ(c; :; u), where u 2 Ec(0) is the starting point of the parallel
transport.

(2) PtÁ(c; :; u) ? Ec( t ) for all t
(3) If c is a geodesic of minimal length in B , then we have L 1

0(PtÁ(c; :; u)) =
dist

¡
Ec(0) ; Ec(1)

¢
.

(4) t 7! PtÁ(c; t; u) is a geodesic in E (again for any geodesicc in B ).

Pro of.

(1) Since
d
ds

PtÁ(c;s;u) is a horizontal vector and by the property of p as Rie-

mannian submersion,we have

L t
0PtÁ(c; :; u) =

Z t

0
°E

µ
d
ds

PtÁ(c;s;u);
d
ds

PtÁ(c;s:u)
¶ 1

2

ds

=
Z t

0
°B (c0(s); c0(s))

1
2 ds = L t

0(c):

(2) This is due to our choice of Á as orthogonal projection onto the vertical
bundle in terms of the given metric on E. By this choice, the parallel
transport is the unique horizontal curve covering c, so it is orthogonal to
each ¯b er Ec( t ) it meets.

(3) Considera (piecewise)smooth curve e : [0; 1] ¡! E from Ec(0) to Ec(1) , then
p ± e is a (piecewise)smooth curve from c(0) to c(1). Sincec is a minimal
geodesic, we have L 1

0c · L 1
0(p ± e). Furthermore, we can decompose the
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vectors tangent to e into horizontal and vertical components and use the
fact that Tp is an isometry on horizontal vectors to show: L 1

0e ¸ L 1
0(p ± e)

(in more detail: e0(t) = h(t) + v(t) 2 H E ©E VE, and since p is a Rie-
mannian submersion° B (Tp:h(t); Tp:h(t)) = ° E (h(t); h(t)) and Tp:v(t) = 0.
Therefore j Tp:e0(t) j = j Tp:h(t) j = j h(t) j · j h(t) + v(t) j = j e0(t) j, and
L 1

0p ± e · L 1
0e.) Now with (1) we can conclude: L 1

0PtÁ(c; :; u) = L 1
0c ·

L 1
0e for all (piecewise) smooth curves e from Ec(0) to Ec(1) . Therefore,

L 1
0(PtÁ(c; :; u)) = dist

¡
Ec(0) ; Ec(1)

¢
.

(4) This is a consequenceof (3) and the observation that every curve which
minimizes length locally is a geodesic. ¤

7.7. Corollary. Consider a Riemannian submersion p : E ¡! B , and let c :
[0; 1] ! E be a geodesicin E with the property c0(t0) ? Ep(c( t 0 )) for somet0. Then
c0(t) ? Ep(c( t )) for all t 2 [0; 1].

Pro of. Consider the curve d : t 7! expB
p(c( t 0 )) (tTc( t 0 ) p:c0(t0)). It is a geodesic

in B and therefore lifts to a geodesic e(t) = PtÁ(d; t ¡ t0; c(t0)) in E (by 7.6(4)).
Furthermore e(t0) = c(t0) and e0(t0) = C(Tc( t 0 ) p:c0(t0); c(t0)) = c0(t0) sincec0(t0) ?
Ep(c( t 0 )) is horizontal. But geodesicsareuniquely determinedby their starting point
and starting vector. Therefore e = c, and e is orthogonal to each ¯b er it meetsby
7.6(2). ¤

7.8. Corollary. Let p : E ¡! B be a Riemannian submersion
(1) If Hor(E ) is integrable, then every leaf is totally geodesic.
(2) If Hor(E ) is integrable and S is a leaf, then pS : S ¡! B is a local isometry.

Pro of. (1) follows from corollary 7.7, while (2) is just a direct consequenceof the
de¯nitions. ¤

7.9. Remark. If p : E ¡! B is a Riemannian submersion, then Hor(E)jE b =
Nor(Eb) for all b 2 B and p de¯nes a global parallelism as follows. A section
~v 2 C1 (Nor(Eb)) is called p-parallel, if Tep:~v(e) = v 2 TbB is the samepoint for
all e 2 Eb. There is also a secondparallelism. It is given by the induced covariant
derivative: A section ~v 2 C1 (Nor(Eb)) is called parallel if r Nor ~v = 0. The p-
parallelism is always °at and with trivial holonomy which is not generally true for
r Nor . Yet we will seelater on that if Hor(E ) is integrable then the two parallelisms
coincide.

7.10. Remark. Let M be a connected Riemannian G-manifold and (H ) the
principal orbit type, then we saw in 7.4 that ¼: M (H ) ¡! M (H ) =G is a Riemannian
submersion. Now we can prove:

Claim. » 2 C1 (Nor(G:x))
¡
x 2 M reg = M (H )

¢
is ¼-parallel i® » is G-equivariant.

( ( = ) »(g:x) = Tx `g:»(x) implies Tg:x ¼:»(g:x) = Tg:x ¼± Tx `g:»(x) = Tx ¼:»(x) for
all g 2 G. Therefore » is ¼-parallel.

( =) ) »(g:x) and Tx `g»(x) are both in Norg:x (G:x), and since » is ¼-parallel we
have:
Tg:x ¼:»(g:x) = Tx ¼:»(x) = Tg:x ¼± Tx `g:»(x). So »(g:x) and Tx `g:»(x) both
have the sameimage under Tg:x ¼. BecauseTg:x ¼restricted to Norg:x (G:x)
is an isomorphism, »(g:x) = Tx `g:»(x). ¤
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7.11. De¯nition. A Riemannian submersionp : E ¡! B is called integrable, if
Hor(E ) = (Ker Tp)? is an integrable distribution.

7.12. Lo cal Theory of Riemannian Submersions. Let p : (E ; ° E ) ¡! (B ; ° B )
be a Riemannian submersion. Choose for an open neighborhood U in E an or-
thonormal frame ¯eld

s = (s1; : : : ; sn + k ) 2 C1 (TE jU)n + k

in such a way that s1; : : : ; sn are vertical and sn +1 ; : : : ; sn + k are basic. That way,
if we \pro ject" sn +1 ; : : : ; sn + k onto TB jp(U) we get another orthonormal frame
¯eld, ¹s = (¹sn +1 ; : : : ; ¹sn + k ) 2 C1 (TB jp(U)) k , since p, as Riemannian submersion,
is isometric on horizontal vectors.

In the following,
P

will always refer to the sum over all indices occurring twice
unlessotherwise speci¯ed. Furthermore, we adopt the following index convention.
The listed indices will always run in the domain indicated:

1 · i; j ; k · n

n + 1 · ®; ¯ ; ° · n + k

1 · A; B ; C · n + k

In this spirit, the orthogonal coframecorresponding to s is de¯ned by the relation

¾A (sB ) = ±A
B

We will write its components in the form of a column vector and in generaladhere
to the conventions of linear algebra so that, wherever possible,we can use matrix
multiplication to avoid having to write down indices.

¾=

0

@
¾1

...
¾n + k

1

A 2 ­ 1(U)n + k

Analogously, we have the orthonormal coframe ¹¾® 2 ­ 1(p(U)) on p(U) µ B , with

¹¾®(¹s¯ ) = ±®
¯ :

It is related to ¾® by p¤ ¹¾® = ¾®. In terms of these, the Riemannian metrics ° E

and ° B take on the form

°E jU =
X

A

¾A ­ ¾A

°B jp(U ) =
X

®

¹¾® ­ ¹¾®:

Now let r denote the Levi-Civita covariant derivative on (E ; ° E )

r : X(E) £ X(E) ¡! X(E); (X ; Y ) 7! r X Y:
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In terms of the frame ¯eld we will write the covariant derivative as

r sA =
X

B

sB ! B
A ; ! B

A 2 ­ 1(U):

If we view ! as the matrix of 1-forms (! B
A ), then the above equation can be written

in terms of matrix multiplication:

r s = s:!

We get the following relation for ! .

0 = d°E (sA ; sB ) = ° E (r sA ; sB ) + ° E (sA ; r sB ) =

°E (
X

sC ! C
A ; sB ) + ° E (sA ;

X
sC ! C

B ) = ! B
A + ! A

B

Therefore ! (X ) is a real skewsymmetric matrix for all X 2 X(U), and we have

! 2 ­ 1(U; so(n + k)) :

An arbitrary vector ¯eld X on U can be written as X =
P

si ui where ui 2
C1 (U; R) can be regarded as the components of a column-vector-valued function
u so that we can write X = s:u. Its covariant derivative can be calculated directly
using the derivation property.

r (s:u) = r s:u + s:du = s:! :u + s:du

Now let us calculate the curvature tensor in this setting.

R(X ; Y )Z = ([r X ; r Y ] ¡ r [X ;Y ])Z = r X r Y Z ¡ r Y r X Z ¡ r [X ;Y ]Z:

Let R(X ; Y )s denote the row of vector ¯elds R(X ; Y )sA . Then we can go on to
calculate:

R(X ; Y )s = r X r Y s ¡ r Y r X s ¡ r [X ;Y ]s =

= r X (s:! (Y )) ¡ r Y (s:! (X )) ¡ s:! ([X ; Y ]) =

= (r X s):! (Y ) + s:X :! (Y ) ¡ (r Y s):! (X ) ¡ s:Y:! (X ) ¡ s:! ([X ; Y ]) =

= s:! (X ):! (Y ) ¡ s:! (Y ):! (X ) + s: (X :! (Y ) ¡ Y:! (X ) ¡ ! ([X ; Y ])) =

= s:! ^ ! (X ; Y ) + s:d! (X ; Y ) = s:(d! + ! ^ ! )(X ; Y )

The notation ! ^ ! stands for (
P

! A
C ^ ! C

B )A
B , which has the form of a standard

matrix multiplication, only with the usual product on the components replacedby
the exterior product. This leadsto the de¯nition ­ := d! + ! ^ ! = d! + 1

2 [! ; ! ]^ .
Like with ! , the orthonormalit y of s implies ­ j

i = ¡ ­ i
j , so ­ 2(U; so(n + k)). The

second Bianc hi iden tit y follows directly:

(2. Bianchi identit y) d­ + ! ^ ­ ¡ ­ ^ ! = d­ + [! ; ­] ^ = 0
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Using the property that the Levi-Civita connection is free of torsion, we can derive
the so-calledstructure equation on ! . It determinesthe Levi-Civita connection
completely.

0 = Tor(X ; Y ) = r X (s:¾(Y )) ¡ r Y (s:¾(X )) ¡ s:¾([X ; Y ]) =

= s:! (X ):¾(Y ) + s:X (¾(Y)) ¡ s:! (Y )¾(X ) ¡ s:Y(¾(X )) ¡ s:¾([X ; Y ]) =

= s:(! (X ):¾(Y ) ¡ ! (Y ):¾(X )) + s:(X (¾(Y )) ¡ Y (¾(X )) ¡ ¾([X ; Y ])) =

= s:(! ^ ¾(X ; Y )) + s:d¾(X ; Y ) = s:(! ^ ¾+ d¾)(X ; Y )

\structure equation"

! ^ ¾+ d¾= 0

or
X

B

! A
B ^ ¾B + d¾A = 0

As a direct consequence,the ¯rst Bianc hi iden tit y takeson the following form.

(1. Bianchi identit y) ­ ^ ¾= 0

If we pull back the structure equation d¹¾+ ¹! ^ ¹¾= 0 from B to E, we can derive
somerelations betweenthe components ! ®

A of ! :

0 = p¤
³

d¹¾® +
X

¹! ®
¯ ^ ¹¾¯

´
=

= dp¤ ¹¾® +
X ¡

p¤ ¹! ®
¯

¢
^

¡
p¤ ¹¾¯ ¢

= d¾® +
X ¡

p¤ ¹! ®
¯

¢
^ ¾¯

Togetherwith the ®-component of the structure equation on E, d¾® +
P

! ®
¯ ^ ¾̄ +

P
! ®

i ^ ¾i = 0, this givesus:

(*)
X ¡

p¤ ¹! ®
¯

¢
^ ¾¯ =

X
! ®

¯ ^ ¾¯ +
X

! ®
i ^ ¾i

The lefthand side of this equation contains no ¾i ^ ¾®- or ¾i ^ ¾j -terms. Let us
write out ! ®

¯ and ! ®
i in this basis.

! ®
¯ = ¡ ! ¯

® =:
X

q®
¯ ° ¾° +

X
b®

¯ i ¾
i

! ®
i = ¡ ! i

® =:
X

a®
i¯ ¾¯ +

X
r ®

ij ¾j

This givesus for the righthand side of (*)

X
q®

¯ ° ¾° ^ ¾¯ +
X

b®
¯ i ¾

i ^ ¾¯ +
X

a®
i¯ ¾¯ ^ ¾i +

X
r ®

ij ¾j ^ ¾i =
X

q®
¯ ° ¾° ^ ¾¯ +

X ¡
b®

¯ i ¡ a®
i¯

¢
¾i ^ ¾¯ +

1
2

X ¡
r ®

ij ¡ r ®
j i

¢
¾j ^ ¾i

So we have found

a®
i¯ = b®

¯ i

r ®
ij = r ®

j i ;
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or, in other words,

! ®
i (s¯ ) = ! ®

¯ (si )

! ®
i (sj ) = ! ®

j (si )

That is: ! ®
i (sA ) = ! ®

A (si ), and this just meansthat the horizontal part of [sA ; si ]
is 0, or [sA ; si ] is always vertical:

0 =
X

s®! ®
i (sA ) ¡

X
s®! ®

A (si ) = (r sA si ¡ r si sA )hor =
¡
[sA ];s i

¢hor
:

Now wewill calculate the secondfundamental form S : XEb£ E b XEb ¡! Xhor ( E j Eb)
of Eb := p¡ 1(b) in E . Let ~r denote the Levi-Civita covariant derivative on Eb

corresponding to the induced metric i ¤g (where i : Eb ,! E is the inclusion). Since
every vector ¯eld on Eb can be extended to a vertical vector ¯eld on E (do it in
charts, patch it up with a partition of unit y and then composewith the connection
Á to make it vertical), we can determine r for vector ¯elds de¯ned only on Eb by
extending them onto E . We will denote the restriction of r onto Eb again by r .
It can easily be checked that this de¯nition is independent of the extensionchosen.
Now the secondfundamental form is de¯ned as:

S(X ver ; Y ver) := r X v er Y ver ¡ ~r X v er Y ver

If we express ~r in terms of r , we get

S(X ver ; Y ver) = r X v er Y ver ¡ (r X v er Y ver)ver = (r X v er Y ver)hor

Expressedin the local frame, it is:

(r X v er Y ver)hor =
³

r X v er (
X

si ¾i (Y ver))
´ hor

=

=
³ X

(r X v er si )¾i (Y ver) +
X

si d(¾i (Y ver)) :X ver
´ hor

=

= (
X

sA ! A
i (X ver)¾i (Y ver))hor + 0 =

X
s®! ®

i (X ver)¾i (Y ver) =

=
X

r ®
ij s® ­ ¾j ­ ¾i (X ver ; Y ver)

So X
s®¾®(S) =

X
r ®

ij s® ­ ¾j ­ ¾i :

S is a symmetric tensor ¯eld as indeed the secondfundamental form must always
be. But in our special casewe have already shown that r ®

ij = r ®
j i and thereby proved

this result directly.

Similarly to the covariant derivative on the vertical bundle, which was obtained by
taking the vertical part of the covariant derivative r X v er Y ver of two vertical vector
¯elds, we can de¯ne a covariant derivative on the the normal bundle Nor(Eb) ¡! Eb

by taking the horizontal part of the covariant derivative r X v er Y hor of a horizontal
vector ¯eld along a vertical vector ¯eld:

r Nor : X(Eb) £ C1 (Nor(Eb)) ¡! C1 (Nor(Eb))

r Nor
X v er Y hor :=

¡
r X v er Y hor ¢hor

:
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In our frame ¯eld:

r Nor
X v er Y hor =

³
r X v er

³ X
s¯ ¾¯ (Y hor )

´ ´ hor
=

=
³ X

(r X v er s¯ ) ¾¯ (Y hor )
´ hor

+
X

s¯ d¾¯ (Y hor ):X ver =

=
X

s®! ®
¯ (X ver)¾¯ (Y hor ) +

X
s¯ d¾¯ (Y hor ):X ver =

=
X

b®
¯ i s® ­ ¾i ­ ¾¯ (X ver ; Y hor ) +

X
s® ­ d¾¯ (Y hor )(X ver)

or
r Nor Y hor =

X ¡
b®

¯ i ¾
¯ (Y hor )¾i + d¾®(Y hor )

¢
­ s®:

Like r itself, r Nor is not a tensor ¯eld. Yet in the decomposition

r X Y =
¡
r X v er + X hor (Y ver + Y hor )

¢ver + hor

wecan¯nd two more tensor ¯elds (besidesS), the socalled fundamental (or O'Neill-
) tensor ¯elds. (see[28])

X ; Y 2 X(E)

T(X ; Y ) := (r X v er Y ver)hor +
¡
r X v er Y hor ¢ver

A(X ; Y ) :=
¡
r X hor Y hor ¢ver

+ (r X hor Y ver)hor

In fact each of of these four summandswhich make up A and T are tensor ¯elds
by themselves- the ¯rst onerestricting to S on Eb. Why they are combined to two
tensorsin just this way we will seeoncewe have expressedthem in our local frame.
At the sametime, we will seethat they really are tensor ¯elds.

A(X ; Y ) =
³

r X hor

³ X
s®¾®(Y )

´ ´ ver
+

³
r X hor (

X
si ¾i (Y ))

´ hor
=

=
X

si ! i
®(X hor )¾®(Y ) + 0 +

X
s®! ®

i (X hor )¾i (Y ) + 0 =

=
X

si
¡
¡ a®

i¯

¢
¾¯ (X )¾®(Y ) +

X
s®a®

i¯ ¾¯ (X )¾i (Y ) =

=
³ X

a®
i¯

¡
¾¯ ­ ¾i ­ s® ¡ ¾¯ ­ ¾® ­ si

¢
(X ; Y )

´

Analogously:
T =

X
r ®

ij

¡
¾j ­ ¾i ­ s® ¡ ¾i ­ ¾® ­ si

¢

If Hor(E) is integrable, then every leaf L is totally geodesicby 7.8(1), and the s®jL
are a local orthonormal frame ¯eld on L . L being totally geodesic is equivalent
to its secondfundamental form vanishing. Now, in the sameway we found S, the
secondfundamental form of L is

SL (X hor ; Y hor ) :=
¡
r X hor Y hor ¢ver

So it is a necessarycondition for the integrabilit y of Hor(E) that SL = 0, that is

0 = SL (s®; s¯ ) = (r s® s¯ )ver =

=
X

si ! i
¯ (s®) =

X
si

³
¡ a¯

i°

´
¾° (s®):
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This is equivalent to the condition

a®
i¯ = 0 for all ®

i¯

or
A = 0:

Let us now prove the converse: If A vanishes,then the horizontal distribution on
E is integrable. In this case,we have 0 = A (s®; s¯ ) = (r s® s¯ )ver + 0, as well as
0 = A (s¯ ; s®) =

¡
r s¯ s®

¢ver
+ 0. Therefore, [s®];s ¯ = r s® s¯ ¡ r s¯ s® is horizontal,

and the horizontal distribution is integrable.

7.13. Theorem. Let p : E ¡! B be a Riemannian submersion,then the following
conditions are equivalent.

(1) p is integrable (that is Hor(p) is integrable).
(2) Every p-parallel normal ¯eld along Eb is r Nor -parallel.
(3) The O'Neill tensor A is zero.

Pro of. We already saw (1) ( ) (3) above.

(3) =) (2) Take s® for a p-parallel normal ¯eld X along Eb. A = 0 implies A(s®; si ) =
0 + (r s® si )

hor = 0. Recall that, as we showed above, [si ; s®] is vertical.
Therefore,

r Nor
si

s® = (r si s®)hor =
¡
[si ; s®] + r s® si

¢hor
= 0

Sincefor any e 2 Eb, TepjNor b (E b ) is an isometric isomorphism, a p-parallel
normal ¯eld X along Eb is determined completely by the equation X (e) =P

X ®(e)s®(e). Therefore it is always a linear combination of the s® with
constant coe±cients and we are done.

(2) =) (3) By (2) r Nor
si

s® = (r si s®)hor = 0. Therefore, as above, we have that
¡
[si ; s®] + r s® si

¢hor
= 0 + (r s® si )

hor = A(s®; si ) = 0. Thus ¾̄ A(s®; si ) =
a¯

®i = 0, so A vanishescompletely. ¤
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In this chapter, let (M ; ° ) always denote a connected, complete Riemannian G-
manifold, and assumethat the action of G on M is e®ective and isometric.

8.1. Lemma. Consider X 2 g, the Lie algebra of G, ³ X , the associated funda-
mental vector ¯eld to X , and c, a geodesicin M . Then ° (c0(t); ³X (c(t))) is constant
in t.

Pro of. Let r be the Levi-Civita covariant derivative on M . Then

@t :° (c0(t); ³X (c(t))) = ° (r @t c
0(t); ³X (c(t))) + ° (c0(t); r @t (³X ±c)) :

Sincec is a geodesic,r @t c
0(t) = 0, and sois the entire ¯rst summand. Soit remains

to show that ° (c0(t); r @t (³X ±c)) vanishesas well.

Let s1; : : : ; sn be a local orthonormal frame ¯eld on an open neighborhood U of
c(t), and ¾1; : : : ; ¾n the orthonormal coframe. Then ° =

P
¾i ­ ¾i . Let us usethe

notation

³X jU =:
X

si X i

r ³X jU =:
X

X j
i sj ­ ¾i :

Then we have
r @t (³X ±c) =

X
X j

i (c(t))sj (c(t))¾i (c0(t)) :

So

° (c0(t); r @t (³X ±c)) =
X

¾j (c0(t))¾j (r @t (³X ±c)) =

=
X

X j
i (c(t))¾j (c0(t))¾i (c0(t)) :

If we now show that X j
i + X i

j = 0, then ° (c0(t); r @t (³X ±c)) will be zero, and the
proof will be complete. Since the action of G is isometric, ³ X is a Killing vector
¯eld; that is L ³ X ° = 0. So we have

X
L ³ X ¾i ­ ¾i +

X
¾i ­ L ³ X ¾i = 0:
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Now we must try to expressL ³ X ¾i in terms of X j
i . For this, recall the structure

equation: d¾k +
P

! k
j ^ ¾j = 0. Now we have

L ³ X ¾i = i ³ X d¾i + d
¡
i ³ X ¾i ¢ = ¡ i ³ X (

X
! i

j ^ ¾j ) + d(¾i (³X )) =

= ¡ i ³ X

X
! i

j ^ ¾j + dX i =
X

! i
j :X j ¡

X
! i

j (³X )¾j + dX i :

Since

r ³X jU = r (
X

sj X j ) =
X

si :! i
j :X j +

X
si ­ dX i =

X
X i

j si ­ ¾j ;

we can replace
P

! i
j :X j by

P
X i

j ¾j ¡ dX i . Therefore,

L ³ X ¾i =
X

(X i
j ¾j ¡ ! i

j (³X )¾j ) =
X

(X i
j ¡ ! i

j (³X ))¾j

Now, let us insert this into 0 = L ³ X ° :

0 =
X

L ³ X ¾i ­ ¾i +
X

¾i ­ L ³ X ¾i =

=
X

(X i
j ¡ ! i

j (³X ))¾j ­ ¾i +
X

(X i
j ¡ ! i

j (³X ))¾i ­ ¾j =

=
X

(X i
j + X j

i )¾j ­ ¾i ¡
X

(! i
j (³X ) + ! j

i (³X ))¾j ­ ¾i =

=
X

(X i
j + X j

i )¾j ­ ¾i ¡ 0

since! (Y ) is skew symmetric. This implies X i
j + X j

i = 0, and we are done. ¤

8.2. De¯nition. For any x in M reg we de¯ne:

E(x) := exp°
x (Norx (G:x)) µ M

E reg (x) := E(x) \ M reg

In a neighborhood of x; E (x) is a manifold; globally, it can intersect itself.

8.3. Lemma. Let x 2 M reg then

(1) g:E(x) = E(g:x) ; g:E reg (x) = E reg (g:x).
(2) For X x 2 Nor(G:x) the geodesic c : t 7! exp(t:X x ) is orthogonal to every

orbit it meets.
(3) If G is compact, then E(x) meetsevery orbit in M .

Pro of.

(1) This is a direct consequenceof 6.1(1): g: expx (t:X ) = expg:x (t:Tx `g:X ).
(2) By choice of starting vector X x , the geodesic c is orthogonal to the orbit

G:x, which it meets at t = 0. Therefore it intersects every orbit it meets
orthogonally, by Lemma 8.1.

(3) For arbitrary x; y 2 M , we will prove that E(x) intersects G:y. Since G
is compact, by continuit y of `y : G ¡! M the orbit G:y is compact as
well. Therefore we can choose g 2 G in such a way, that dist(x; G:y) =
dist(x; g:y). Let c(t) := expx (t:X x ) be a minimal geodesic connecting
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x = c(0) with g:y = c(1). We now have to show, that X x 2 Norx (G:x):
Take a point p = c(t) on the geodesic very close to g:y|close enough so
that expp is a di®eomorphisminto a neighborhood Up of p containing g:y
(it shall have domain V µ TpM ). In this situation the lemma of Gauss
states, that all geodesicsthrough p are orthogonal to the \geodesicspheres":
expp

¡
k:Sm ¡ 1

¢
(where Sm ¡ 1 := f X p 2 TpM : ° (X p; X p) = 1g, and k > 0 is

small enoughfor k:Sm ¡ 1 µ V to hold). From this it can be concludedthat
c is orthogonal to G:y : Take the smallestgeodesicspherearound p touching
G:y. By the minimalit y of c, c must leave the geodesicsphereat a touching
point, and by Gauss' lemma, it must leave at a right angle to the geodesic
sphere. Clearly, the touching point is just g:y = c(1), and there c alsomeets
G:y at a right angle. By (2), c enclosesa right angle with every other orbit
it meetsas well. In particular, c starts orthogonally to G:x. Therefore, X x

is in Norx (G:x), and g:y = c(1) 2 E(x). ¤

8.4. Remark. Let x 2 M be a regular point and Sx the normal slice at x. If Sx

is orthogonal to every orbit it meets, then so are all g:Sx (g 2 G arbitrary). So
the submanifoldsg:Sx can be consideredas leavesof the horizontal foliation (local
solutions of the horizontal distribution|whic h hasconstant rank in a neighborhood
of a regular point), and the Riemannian submersion¼ : M reg ¡! M reg=G is inte-
grable. Sincethis is not always the case(the horizontal distribution is not generally
integrable), it must also be false, in general, that the normal slice is orthogonal to
every orbit it meets. But it doesalways meet orbits transversally.

Example. Consider the isometric action of the circle group S1 on C £ C (as real
vector spaces)de¯ned by eit :(z1; z2) :=

¡
eit :z1; eit :z2

¢
. Then p = (0; 1) is a regular

point: Gp = f 1g. The subspaceNorp(S1:p) of TpC £ C takes on the following
form: Norp(S1:p) = h(1; 0); (i; 0); (0; 1)i R = C £ R. Therefore, we get: E (0; 1) =
f (u; 1+ r ) : u 2 C; r 2 Rg. In particular, y = (1; 1) 2 E(0; 1), but S1:y = f

¡
eit ; eit

¢
:

t 2 Rg is not orthogonal to E(0; 1). Its tangent space,Ty (S1:y) = h(i; i )i R, is not
orthogonal to C £ R.

8.5. De¯nition. A connected closed complete submanifold § ½ M is called a
section for the G-action if

(1) § meetsevery orbit, or equivalently: G:§ = M .
(2) Where § meetsan orbit, it meets it orthogonally.

The secondcondition can be replacedby the equivalent
(2') x 2 § ) Tx § µ Norx (G:x) or
(2") x 2 § ; X 2 g ) ³X (x) ? Tx § .

Remark. If § is a section, then so is g:§ for all g in G. SinceG:§ = M , there is
a section through every point in M . We say \ M admits sections".

The notion of a section was intro duced by Szenthe [42], [43], in slightly di®erent
form by Palais and Terng in [32], [33]. The caseof linear representations was con-
sideredby Bott and Samelson[4], Conlon [10], and then by Dadok [11] who called
representations admitting sectionspolar representations (see8.20) and completely
classi¯ed all polar representations of connectedLie groups. Conlon [9] considered
Riemannian manifolds admitting °at sections. We follow here the notion of Palais
and Terng.
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8.6. Example. For the standard action of O(n) on Rn the orbits are spheres,and
every line through 0 is a section.

8.7. Example. If G is a compact, connectedLie group with biinvariant metric,
then conj : G £ G ¡! G, conjg(h) = ghg¡ 1 is an isometric action on G. The orbits
are just the conjugacy classesof elements.

Prop osition. Every maximal torus H of a compact connectedLie group G is a
section.

A torus is a product of circle groups or equivalently a compact connectedabelian
Lie group; a maximal torus of a compact Lie group is a toral subgroupwhich is not
properly contained in any larger toral subgroup (cf. [5], chapter 6).)

Pro of. (1) conj(G):H = G: This states that any g 2 G can be found in someto
H conjugate subgroup, g 2 aH a¡ 1. This is equivalent to ga 2 aH or gaH = aH .
So the conjecture now presents itself as a ¯xed point problem: does the map `g :
G=H ¡! G=H : aH 7! gaH have a ¯xed point. It is solved in the following way:

The ¯xed poin t theorem of Lefschetz (see[41], 11.6.2,p.297) says that

a smooth mapping f : M ! M from a connectedcompact manifold to
itself has no ¯xed point if and only if

dim MX

i =0

(¡ 1)i Trace(H i (f ) : H i (M ) ! H i (M )) = 0:

SinceG is connected,`g is homotopic to the identit y, so

dim G=HX

i =0

(¡ 1)i Trace(H i (`g) : H i (G=H) ! H i (G=H)) =

=
dim G=HX

i =0

(¡ 1)i Trace(H i (Id)) =
dim G=HX

i =0

(¡ 1)i dim H i (G=H) = Â(G=H);

the Euler characteristic of G=H. This is given by the following theorem ([30], Sec.
13, Theorem 2, p.217)

If G is a connected compact Lie group and H is a connected com-
pact subgroup then the Euler characteristic Â(G=H) ¸ 0. Moreover
Â(G=H) > 0 if and only if the rank of G equals the rank of H . In
casewhen Â(G=H) > 0 then Â(G=H) = jWG j=jWH j, the quotient of the
respective Weyl groups.

Sincethe Weyl group of a torus is trivial, in our casewe have Â(G=H) = jWG j > 0,
and thus there exists a ¯xed point.
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(2") h 2 H ; X 2 g ) ³X (h) ? Th H :
³X (h) = d

dt

¯
¯
t =0 exp(tX )h exp(¡ tX ) = Te¹ h :X ¡ Te¹ h :X . Now chooseY 2 h. Then

we have Te¹ h :Y 2 Th H , and

° h (Te¹ h :Y; Te¹ h :X ¡ Te¹ h :X ) = ° e(Y; Ad(h):X ¡ X ) =

= ° e(Y; Ad(h):X ) ¡ ° e(Y; X ) = ° e(Ad(h):Y; Ad(h):X ) ¡ ° e(Y; X ) = 0

by the right, left and therefore Ad-invariance of ° and by the commutativit y of
H . ¤

8.8. Example. Let G be a compact semisimpleLie group acting on its Lie algebra
by the adjoint action Ad : G £ g ¡! g. Then every Cartan subalgebrah of g is a
section.

Pro of. Every element of a semisimpleLie algebra g is contained in a Cartan sub-
algebra, and any two Cartan subalgebrasare conjugated by an element g 2 G,
since G is compact. This is a consequenceof 8.7 above, since the subgroup in G
corresponding to a Cartan subalgebrais a maximal torus. Thus every AdG -orbit
meets the Cartan subalgebrah. It meetsorthogonally with respect to the Cartan
Killing form B : Let H1; H2 2 h and X 2 g. Then d

dt j0 Ad(exp(tX )) :H1 = ad(X )H1

is a typical vector tangent to the orbit through H 1 2 h, and H2 is tangent to h.
Then

B (ad(X )H1; H2) = B ([X ; H1]; H2) = B (X ; [H1; H2]) = 0

sinceh is commutativ e. ¤

8.9. Example. In Theorem 1.1 we showed that for the O(n)-action on S(n) by
conjugation the space§ of all diagonal matrices is a section.

8.10. Example. Similarly as in 8.9, when the SU(n) act on the Hermitian ma-
trices by conjugation, the (real) diagonal matrices turn out to be a section.

8.11. De¯nition. The principal horizon tal distribution on a Riemannian
G-manifold M is the horizontal distribution on M reg

¼¡! M reg=G.

8.12. Theorem. If a connected,complete Riemannian G-manifold M has a sec-
tion § , then

(1) The principal horizontal distribution is integrable.
(2) Every connected component of § reg is a leaf for the principal horizontal

distribution.
(3) If L is the leaf of Hor (M reg ) through x 2 M reg , then ¼jL : L ¡! M reg=G is

an isometric covering map.
(4) § is totally geodesic.
(5) Through every regular point x 2 M there is a unique section: E(x) =

exp°
x (Norx (G:x))

(6) A G-equivariant normal ¯eld along a principal orbit is parallel in terms of
the induced covariant derivative r Nor .
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Pro of.
(1) The submanifolds g:§ reg of M reg are integral manifolds to the horizontal

distribution, sincethey are orthogonal to each orbit and by an argument of
dimension.

(2) clear.
(3) see7.8(2).
(4) see7.8(1).
(5) This is a consequenceof (4). Namely, for x 2 M chooseg 2 G such that

g:x 2 § \ G:x, then g¡ 1:§ is a section through x. By (2) and (4) we have
E(x) µ g¡ 1:§. The converse can be seenas follows: Let y 2 g¡ 1:§ and
choosea minimal geodesicfrom x to y. By the argument given in the proof
of 8.3.(3) this gedesicis orthogonal to the orbit through x and thus lies in
E(x). So y 2 E(x).

(6) see7.13 (1) ( ) (2) and recall that by remark 7.10 a normal ¯eld is
G-equivariant i® it is ¼-parallel, where¼: M ¡! M =G is the orbit map. ¤

8.13. Remark. The converseof 8.12(1) is not true. Namely, an integral manifold
of Hor(M reg ) is not, in general,a section.

Example. Consider the Lie group G = S1 £ f 1g, and let it act on M := S1 £ S1

by translation. Let » = (1; 0) denotethe fundamental vector ¯eld of the action, and
chooseany ´ 2 Lie(S1 £ S1) = R £ R which generatesa one-parametersubgroup c
which is densein S1£ S1 (irrational ascent). Now, endow S1£ S1 with a Riemannian
metric making » and ´ an orthonormal frame ¯eld. Any section of M would then
have to be a cosetof c, and therefore dense.This contradicts the assumption that
a section is a closedembeddedsubmanifold.

8.14. De¯nition. A symmetric space is a complete, connected Riemannian
manifold M such that for each x 2 M there is an isometry Sx (de¯ned globally)
which locally around x takeson the form:

expx tX 7! expx (¡ tX )

In particular, x is an isolated ¯xed point.

Remark. Equivalent to this de¯nition is the following one: A symmetric spaceis
a quotient spaceM = G=H of a Lie group G with a subgroup H together with an
automorphism ¾: G ¡! G which satis¯es two conditions

(1) ¾±¾= id
(2) (G¾)o µ H µ G¾ := f g 2 G : ¾(g) = gg

An indication for this is that the ¯rst de¯nition of a symmetric spaceimplies that the
group of isometriesmust act transitiv ely. For any x; y 2 M , take a geodesicjoining
the two, then the re°ection Sc at the central point betweenx and y on the geodesic
carriesx into y. Now if we identify G := Isom(M ) and let H := Gx 0 for somepoint
x0 in M , then M = G=H, and ¾can be de¯ned as ¾(g) := Sx 0 ±g ±Sx 0 . It clearly
ful¯lls ¾±¾= id. Let us check (2). Take any h 2 H . SinceTx 0 Sx 0 = ¡ I dTx 0 M and
h:x0 = x0, we get Tx 0 ¾(h) = Tx 0 h by the chain rule. This su±ces to prove that
¾(h) = h (cf. [17], Lemma 4 p.254). So we have H 2 G¾. To see(G¾)o µ H , take
a one-parametersubgroup gt of G¾ with g0 = id. Then ¾(gt ) = gt implies that
Sx 0 ± gt = gt ± Sx 0 . So Sx 0 ± gt (x0) = gt (x0), and since g0(x0) = x0 and x0 is an
isolated ¯xed point of Sx 0 , gt (x0) = x0 for the other t as well, so gt 2 H .
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8.15. Theorem. ( [18], Ch.XI, 4.3) If (G=H; ¾) is a symmetric space, then the
totally geodesic connectedsubmanifolds N of G=H through e 2 G=H correspond
exactly to the linear subspacesTeN = m0 µ m := TeG=H »= f X 2 g : ¾0(X ) = ¡ X g
which ful¯ll [[m0; m0]; m0] µ m0.

Remark. This implies that a locally totally geodesicsubmanifold of a simply con-
nected symmetric spacecan be extended uniquely to a complete, totally geodesic
submanifold. Here we mean by locally geodesic submanifold that a geodesic can
leave the submanifold only at its \b oundary". In other words, the secondfunda-
mental form must be zero.

8.16. Corollary. Let M = G=H be a simply connected, complete symmetric
space, K µ G, a subgroup. Then the action of K on G=H admits sections i®
Hor(M reg ) is integrable. In particular, if the principal K -orbits have codimension
1, there are always sections.

8.17. Theorem. Consider any Riemannian G-manifold M . Then the following
statements are equivalent.

(1) Hor(M reg ) is integrable.
(2) Every G-equivariant normal ¯eld along a principal orbit is r Nor -parallel.
(3) For x 2 M reg , S the normal slice at x and X 2 g and s 2 S arbitrary ,

³X (s) ? Ts(S).

Pro of. The equivalenceof (1) and (2) is a direct consequenceof 7.13 and remark
7.10. Furthermore, suppose (1), then there is an integral submanifold H of the
horizontal distribution going through x. H is totally geodesic by 7.8(1), and so
S = expx (Nor r (G:x)) is contained in H . Therefore, (3) holds: The fundamental
vector ¯eld ³X is tangent to the orbit G:s and with that perpendicular to the
horizontal distribution and to Ts(S). Now if we suppose(3), then S is an integral
submanifold of Hor(M reg ), and (1) holds. ¤

8.18. Remark. We already saw in 6.10 that Nor G:x is a trivial bundle. Now we
even have a parallel global frame ¯eld. So the normal bundle to a regular orbit is
°at.

8.19. Corollary. Consideran orthogonal representation V of G, G ¡! O(V ). Let
x 2 V be any regular point and § the linear subspaceof V that is orthogonal to
the orbit through x. Then the following statements are equivalent:

(1) V admits sections
(2) § is a section
(3) for all y 2 § and X 2 g, ³X (y) ? §

Pro of. (3) implies that the horizontal bundle is integrable (8.17). In this case8.15
implies (1). (1) ) (2) is clear with 8.12(5). (2) ) (3) is trivial. ¤

8.20. De¯nition. An orthogonal representation of G is called polar represen-
tation if it admits sections.
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8.21. Corollary. Let ¼: G ! O(V ) be a polar representation, and let v 2 V be
a regular point. Then

§ := f w 2 V : ³g(w) µ ³g(v)g

is the section through v, where ³g(w) := f ³X (w) : X 2 gg µ V .

Pro of. Since ³g(v) = Tv (G:v) and by 8.19, a section through v is given by § 0 :=
³g(v)? . If z 2 § 0, then ³g(z) µ (§ 0)? , which in our caseimplies that ³ g(z) µ ³g(v).
So z 2 §.

Conversely, supposez is a regular point in §. Consider the section § 00 = ³g(z)?

through z. Then, since ³g(z) µ ³g(v), we also have that § 0 = ³g(v)? µ ³g(z)? =
§ 00. Therefore § 0 = § 00 and, in particular, z 2 § 0. ¤
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P. Polar represen tations

In this chapter wedevelop the theory of real orthogonal representations which admit
a section. These are called polar representations. We follow [11]. Let G ½ O(V)
be an orthogonal representation of a compact Lie group G on a ¯nite dimensional
vector spaceV , with Lie algebra g ½ o(V ).

P.1. Lemma. For every v 2 V the normal spaceNorv (G:v) = Tv (G:v)? meets
every orbit.

Pro of. Let w 2 V and consider f : G ! R, f (g) = hg:w; vi . Let g0 be a crit-
ical point, e.g. a minimum on the compact group G, then 0 = df (g0):(X :g0) =
hX :g0:w; vi = ¡h g0:w; X :vi for all X 2 g. Thus g0:w 2 Norv (G:v). ¤

P.2. Lemma. For any regular v0 2 V the following assertionsare equivalent:

(1) For any v 2 Vreg there exists g 2 G with g:Tv (G:v) = Tv0 (G:v0).
(2) Norv0 (G:v0) = Tv0 (G:v0) is a section.

Pro of. (1) ) (2) Let A := f v 2 Norv0 (G:v0) : hg:v; Norv0 (G:v0)i = 0g, a linear
subspace. If (2) does not hold then A ( Norv0 (G:v0), and then dim(G:A) <
dim(V ). So there exists w 2 Vreg n G:A, and by lemma P.1 we may assumethat
w 2 Norv0 . By (1) there exists g 2 G with k: Norw = Norv0 . This meansNorg:w =
Norv0 , a contradiction to the de¯nition of A.

(2) ) (1) For any w 2 Vreg there exists g 2 G with g:w 2 Norv0 . But then
g: Norw = Norg:w = Norv0 , so (1) holds. ¤

P.3. Theorem. If G ½ O(V) is a polar representation then for any v 2 V with
a section § ½ Norv , the isotropy representation Gv ½ Norv is also polar with the
samesection § ½ Norv .

Conversely, if there exists somev 2 V sucht that the isotropy representation Gv ½
Norv is polar with section § ½ Norv , then also G ½ O(V ) is polar with the same
section § ½ V.

Pro of. () ) Let G ½ O(V) be polar with section §, let v 2 § and w 2 § reg =
§ \ Vreg .
Claim. Then V = § © gv :w © g:v is an orthogonal direct sum decomposition.
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Namely, we have hg:§ ; § i = 0 so that

hgv :w; g:vi = hw; g: gv :v
|{z}

0

i ¡ hw; [gv ; g]
| {z }

½g

:vi = 0:

Sincew is in Vreg we have the orthogonal direct sum V = § ©g:w, sothat dim(V ) =
dim(§) + dim(g) ¡ dim(gw ); and also we have (gv )w = gw . Thus we get

dim(§ © gv :w © g:v) = dim(§) + dim(gv ) ¡ dim((gv )w ) + dim(g) ¡ dim(gv )

= dim(§) + dim(gv ) ¡ dim(gw ) + dim(g) ¡ dim(gv )

= dim(V )

and the claim follows.

But then we seefrom the claim that Norv = § © gv :w is an orthogonal decomposi-
tion, and that P.2.(1) holds, so that Gv ½ Norv is polar with section §.

Conversely, if Gv ½ Norv is polar with section § we get the orthogonal decompo-
sition Norv = § © gv :§ for This implies h§ ; g:§ i = 0. By lemma P.1 we have
G: Norv = V , by polarit y we have Gv :§ = Norv , thus ¯nally G:§ = V . So
G ½ O(V ) is polar. ¤

P.4. Theorem. Let G be connectedand G ½ O(V = V1 ©V2) be a polar reducible
representation, which is decomposedas V = V1 © V2 as G-module. Then we have:

(1) Both G-modules V1 and V2 are polar, and any section § of V is of the form
§ = § 1 © § 2 for sections§ i in Vi .

(2) Consider the connectedsubgroups

G1 := f g 2 G : gj§ 2 = 0go; G2 := f g 2 G : gj§ 1 = 0go:

Then G = G1:G2, and G1 £ G2 acts on V = V1 © V2 componentwise by
(g1; g2)(v1+ v2) = g1:v1+ g2:v2, with the sameorbits asG: G:v = (G1£ G2):v
for any v.

Pro of. Let v = v1 + v2 2 § \ Vreg ½ V = V1 © V2. Then V = § © g:v, thus vi =
si + X i :v for si 2 § i and X i 2 g. But then si 2 § i \ Vi =: § i and Vi = (§ \ Vi )©g:vi

and the assertion(1) follows.

Moreover Norv1 = (g:v1)? = § 1 © V2, and by theorem P.3 the action of Gv1 on this
spaceis polar with section § 1 © § 2. Thus we have gv1 = g2 := g§ 1 and gv1 acts
only on V2 and vanisheson V1 and we get V2 = § 2 © gv1 v2 = § 2 © g:v2. Similarly
gv2 = g1 := g§ 2 and gv2 acts only on V1 and vanisheson V2, and V1 = § 1 © gv2 v1 =
§ 1 © g:v1. Thus g = g1 + g2 and consequently G = G1:G2 = G2:G1 by compactness
of Gi . For any g 2 G we have g = g1:g2 = g0

2:g0
1 for gi ; g0

i 2 Gi . For u = u1 + u2 2
V1 © V2 = V we then have g:(u1 + u2) = g1:g2:u1 + g0

2:g0
1:u2 = g1:u1 + g0

2:u2, thus
G:u µ (G1 £ G2):u. Since both orbits have the samedimension, G:u is open in
(G1 £ G2):u; sinceall groups are compact and connected,the orbits coincide. ¤
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9. The Generalized W eyl Group of a Section

Consider a complete Riemannian G-manifold M which admits sections. For any
closedsubsetS of M we de¯ne the largest subgroup of G which inducesan action
on S:

N (S) := f g 2 G : `g(S) = Sg

and the subgroup consisting of all g 2 G which act trivially on S:

Z (S) := f g 2 G : `g(s) = s; for all s 2 Sg:

Then, sinceS is closed,N (S) is closed,hencea Lie subgroupof G. Z (S) =
T

s2 S Gs

is closedas well and is a normal subgroup of N (S). Therefore, N (S)=Z (S) is a Lie
group, and it acts on S e®ectively.

If we take for S a section §, then the above constructed group is called the gener-
alized W eyl group of § and is denoted by

W (§) = N (§) =Z (§) :

9.1. Remark. For any regular point x 2 §, Gx acts trivially on the normal slice
Sx at x (by 6.7). Since§ = expx Norx (G:x) by 8.12(5), Sx is an open subsetof §,
and we seethat Gx acts trivially on all of §. Sowe have Gx µ Z (§). On the other
hand, Z (§) µ Gx is obvious, therefore

Z (§) = Gx for x 2 § \ M reg :

Now, sinceZ (§) is a normal subgroupof N (§), we have N (§) µ N (Gx ) where the
secondN stands for the normalizer in G. So we have

W (§) µ N (Gx )=Gx for x 2 § \ M reg :

9.2. Prop osition. Let M be a proper Riemannian G-manifold and § a section,
then the associated Weyl group W (§) is discrete. If § 0 is a di®erent section, then
there is an isomorphism W (§) ¡! W (§ 0) induced by an inner automorphism of G.
It is uniquely determined up to an inner automorphism of W (§) .

Pro of. Take a regular point x 2 § and considerthe normal sliceSx . Then Sx µ §
open. Therefore, any g in N (§) closeto the identit y element maps x back into Sx .
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By 4.12(2) g then lies in Gx = Z (§). So Z (§) is an open subsetof N (§), and the
quotient W (§) is discrete.

If § 0 is another section, then § 0 = g:§ where g 2 G is uniquely determined up to
N (§). Clearly, conjg : G ¡! G induces isomorphisms

conjg :N (§)
»=¡! N (§ 0)

Z (§)
»=¡! Z (§ 0)

and therefore it factors to an isomorphism W (§)
»=¡! W (§ 0). ¤

9.3. Example. Any ¯nite group is a generalizedWeyl group in the appropriate
setting. That is, to an arbitrary ¯nite group W we will now construct a setting in
which it occurs as a Weyl group. Let G be a compact Lie group and H a closed
subgroupsuch that W µ N (H )=H (this is always possiblesinceany ¯nite group can
be regardedas a subgroup of O(V ) =: G so we needonly chooseH = f eg). Next,
takea smooth manifold § on which W actse®ectively. Considerthe inverseimageof
W under the quotient map ¼: N (H ) ¡! N (H )=H, K := ¼¡ 1(W ). Then the action
of W inducesa K -action on § as well. The smooth manifold M := G £ K § has a
left G-action. Let ¡ B denotethe G-invariant Riemann metric on G induced by the
Cartan-Killing form on the semisimplepart and any inner product on the center,
and let ° § be a W -invariant Riemann metric on §. Then the Riemann metric
¡ B £ ° § on G £ § induces a G-invariant Riemann metric on the quotient space
G£ K §. With this, G£ K § is a Riemannian G-manifold, and if q : G£ § ¡! G£ K §
is the quotient map, then q(f eg £ §) »= § meetsevery G-orbit orthogonally. So it
is a section. The largest subgroup of G acting on § is K and the largest acting
trivially on § is H . Therefore, W (§) = K =H = W is the Weyl group associated
to the section §.

9.4. Theorem. Let M be a proper Riemannian G-manifold with sections. Then,
for any x 2 M , the slice representation Gx ¡! O( Norx (G:x)) is a polar representa-
tion. If § is a section through x in M , then Tx § is a section in Norx (G:x) for the
slice representation. Furthermore,

W (Tx §) = W (§) x :

Pro of. Clearly Tx § µ Norx (G:x). We begin by showing that it has the right
codimension. Take a » 2 Norx (G:x) closeto 0x , then (Gx )» = Gy for y = exp°

x »,
sinceexpx is a Gx -equivariant di®eomorphismin a neighborhood of 0x . So Gx :» »=
Gx =(Gx )» = Gx =Gy . Let us now calculate the codimension of Gx :» in Norx (G:x):

dim Norx (G:x) ¡ dim Gx :» = dim Norx (G:x) ¡ dim Gx + dim Gy =

= dim Norx (G:x) + dim G=Gx| {z }
=dim M

¡ (dim G ¡ dim Gy )
| {z }

=dim G=G y

= codimM G:y:

Sincethe regular points lie dense,we can choose» 2 Tx § regular by assumingthat
y = exp°

x (X ) is regular in §. Then y is regular as well and we get:

codimNor x (G:x ) Gx :» = codimM G:y = dim § = dim Tx § :
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So Tx § is a linear subspaceof Norx G:x with the right codimension for a section.
Therefore, if we show that Tx § is orthogonal to each orbit it meets, then it is
already the entire orthogonal complement of a regular orbit, and by corollary 8.19
(3) =) (2), we know that it meetsevery orbit.

Denote the G-action on M by ` : G ¡! Isom(M ). If » 2 Tx § is arbitrary , then it
remains to prove that for all ´ 2 Tx § and X 2 gx :

° x

³
´ ; ³

T ` jG x
X (»)

´
= 0:

To do this, choosea smooth one-parameterfamily ´ (t) 2 Texp( t» ) § such that ´ (0) =
´ and r @t ´ = 0. Since§ is a section in M we know for each single t that

° exp( t» )
¡
³ `

X (exp° (t»)) ; ´ (t)
¢

= 0:

If we derive this equation we get

0 =
d
ds

¯
¯
¯
¯
s=0

°
¡
³ `

X (exp° (s»)) ; ´ (s)
¢

= °
¡
r @s ³ `

X (exp° (s»)) ; ´ (0)
¢

:

So it remains to show that r @s ³ `
X (exp° (s»)) is the fundamental vector ¯eld of X

at » for the slice representation.

r @s ³ `
X (exp° (s»)) = r »³ `

X = K ±T³ `
X :» =

= K ±T(@t j0`exp G ( tX ) ):@s j0 exp°
x (s»))

= K :@s j0:@t j0`exp G ( tX ) (exp°
x (s»))

= K :· M :@t j0:@s j0`exp G ( tX ) (exp°
x (s»))

= K :· M :@t j0:T(`exp G ( tX ) )(»)

Here,K denotesthe connectorand · M the canonical°ip betweenthe two structures
of TTM , and weusethe identit y K ±· = K , which is a consequenceof the symmetry
of the Levi-Civita connection. The argument of K in the last expressionis vertical
already since X 2 gx . Therefore we can replace K by the vertical projection and
get

r @s ³ `
X (exp° (s»)) = vpr

d
dt

¯
¯
¯
¯
t =0

Tx (`exp G ( tX ) ):» = ³
T2 ` jG x
X (»):

So ³
T2 ` jG x
X (») intersectsTx § orthogonally, and therefore Tx § is a section.

Now considerNG x (Tx (§)) = f g 2 Gx : Tx (`g):Tx § = Tx § g. Clearly, NG (§) \ Gx µ
NG x (Tx (§)). On the other hand, any g 2 NG x (Tx (§)) leaves § invariant as the
following argument shows.

For any regular y 2 § we have § = expy Nor(G:y). Therefore x = expy ´ for
a suitable ´ 2 Ty §, and conversely, y can be written as y = expx » for » =
¡ d

dt

¯
¯
t =1 expy t´ 2 Tx §. Now g:y = g: expx » = expx Tx `g:» lies in §, since Tx `g:»

lies in Tx §. Sog mapsall regular points in § back into §. Sincetheseform a dense
subsetand since`g is continuous, we get g 2 NG (§).

We have now shown that

NG x (Tx §) = NG (§) \ Gx :
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Analogousarguments usedon ZG x (Tx §) give

ZG x (Tx §) = ZG (§) ;

and we seethat

WG x (Tx §) = (N (§) \ Gx )=Z (§) = W (§) x : ¤

9.5.. Corollary. Let M be a Riemannian G-manifold admitting sectionsand let
x 2 M . Then for any section § through x we have

Norx (G:x)G0
x µ Tx § ;

where G0
x is the connectedcomponent of the isotropy group Gx at x.

Pro of. By theorem 9.4 the tangent spaceTx § is a section for the slice representa-
tion Gx ! O(Norx (G:x)). Let » 2 Tx § be a regular vector for the slice represen-
tation. By corollary 8.21 we have Tx § = f ´ 2 Norx (G:x) : ³gx (´ ) ½ ³gx (»)g. Since
Norx (G:x)G0

x consistsof all ´ in Norx (G:x) with ³gx (´ ) = 0, the result follows. ¤

9.6. Corollary. Let M be a proper Riemannian G-manifold with sections and
x 2 M . Then Gx acts transitiv ely on the set of all sectionsthrough x.

Pro of. Consider two arbitrary sections§ 1 and § 2 through x and a normal slice
Sx at x. By theorem 9.4, Tx § 2 is a section for the slice representation. Sinceexpx
can be restricted to a Gx -equivariant di®eomorphismonto Sx , § 2 \ Sx is a section
for the Gx -action on Sx . Next, choosea regular point y 2 § 1 \ Sx . Its Gx -orbit
meets the section § 2 \ Sx , that is we can ¯nd a g 2 Gx such that g:y 2 § 2. Now
§ 2 and g:§ 1 are both sectionscontaining the regular point g:y. Therefore they are
equal. ¤

9.7. Corollary. Let M be a proper G-manifold with sections,§ a section of M
and x 2 § . Then

G:x \ § = W (§) :x

Pro of. The inclusion (¶ ) is clear. Now we have

y 2 G:x \ § ( ) y = g:x 2 § for someg 2 G:

Take this g and consider the section § 0 := g:§. Then § and § 0 are both sections
through y, and by 9.6 there is a g0 2 Gy which carries § 0 back into §. Now
g0g:§ = §, that is g0g 2 N (§), and g0g:x = g0:y = y. Soy 2 N (§) :x = W (§) :x. ¤

9.8. Corollary. If M is a proper G-manifold with section § , then the inclusion
of § into M inducesa homeomorphismj betweenthe orbit spaces.

§ �

i

�

�

¼§

M

�

�

¼M

§ =W(§) �

j
M =G
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(but it doesnot necessarilypreserve orbit types,seeremark 4.14).

Pro of. By the preceding corollary there is a one to one correspondencebetween
the G-orbits in M and the W (G)-orbits in §, so j is well de¯ned and bijective.
Sincej ±¼§ = ¼M ± i and ¼§ is open, j is continuous.

Consider any open set U µ § =W(§) . We now have to show that

¼¡ 1
M j (U) = G:¼¡ 1

§ (U)

is an open subset of M (since then j (U) is open and j ¡ 1 continuous). Take any
x 2 ¼¡ 1

M j (U). Weassumex 2 § (otherwise it canbereplacedby a suitable g:x 2 §).
So x 2 ¼¡ 1

§ (U). Let Sx be a normal slice at x, then § \ Sx is a submanifold of
Sx of dimension dim §. In Sx , x has arbitrarily small Gx -invariant neighborhoods,
sincethe sliceaction is orthogonal and Sx G-equivariantly di®eomorphicto an open
ball in Norx (G:x). Let Vx be such an open neighborhood of x, small enough for
Vx \ § to be contained in ¼¡ 1

§ (U). Vx is again a slice, therefore G:Vx is open in M
(4.12(3)). Now we have to check whether G:Vx is really a subsetof ¼¡ 1

M j (U). Using
corollary 9.6 we get

G:(Vx \ §) = G:Gx (Vx \ §) = G:(Vx \ Gx :§) = G:Vx :

Therefore, G:Vx µ G:¼¡ 1
§ (U) = ¼¡ 1

M j (U) where it is an open neighborhood of x. So
¼¡ 1

M j (U) is an open subsetof M , j (U) is open in M =G, and j ¡ 1 is continuous. ¤

9.9. Corollary. Let M be a proper Riemannian G-manifold and § µ M a section
with Weyl group W . Then the inclusion i : § ,! M inducesan isomorphism

C0(M )G i ¤

¡! C0(§) W :

Pro of. By corollary 9.7 we seethat every f 2 C0(§) W hasa unique G-equivariant
extension ~f onto V . If we consideroncemore the diagram

§ �

i

�

�

¼§

M

�

�

¼M

§ =W(§) �

j
M =G

we seethat f factors over ¼§ to a map f 0 2 C0(§ =W(§)), and sincej is a homeo-
morphism (9.8) we get for the G-invariant extension ~f of f :

~f = f 0± j ¡ 1 ±¼M 2 C0(M )G : ¤

9.10. Theorem. [32], 4.12, or [44], theorem D. Let G ! GL(V ) be a polar
representation of a compact Lie group G, with section § and generalizedWeyl
group W = W (§) .
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Then the algebra R[V ]G of G-invariant polynomials on V is isomorphic to the
algebra R[§] W of W -invariant polynomials on the section § , via the restriction
mapping f 7! f j§ .

9.11. Remark. This seeminglyvery algebraictheoremis actually a consequenceof
the geometryof the orbits. This already becomesevident in the caseof a ¯rst degree
homogeneouspolynomial. To seethat the G-invariant extensionof p 2 R [§] W

1 to V
is again a polynomial (and again of ¯rst degree),we we must assumethe following
convexity result of Terng.

Under the conditions of the theorem, for every regular orbit G:x the orthogonal
projection onto §, pr(G:x), is contained in the convex hull of G:x \ § (this is a
¯nite subsetof § by 9.7 sinceG is compact and W (§) discrete).

Let us make this assumption. Denote by ~p the unique G-invariant extension of p,
then clearly ~p is homogeneous.Now, notice that for any orbit G:x, p is constant
on the convex hull of G:x \ § =: f g1:x; g2:x; : : : ; gk :xg. Just take any s =

P
¸ i gi :x

with
P

¸ i = 1, then

p(s) =
X

¸ i p(gi :x) = p(g1:x)
X

¸ i = p(g1:x):

With this and with our assumption we can show that for regular points u; v 2 M ,
~p(u + v) = ~p(u) + ~p(v). Supposewithout lossof generality that u + v 2 §, then

p(u + v) = p(pr( u) + pr(v)) = p(pr( u)) + p(pr( v))

At this point, the convexity theorem assertsthat pr(u) and pr(v) can be written
as convex combinations of elements of G:u \ §, respectively G:v \ §. If we ¯x an
arbitrary gu (resp. gv ) in G such that gu :u (resp. gv :v) lie in §, then by the above
argument we get

p(pr( u)) = p(gu :u) and p(pr( v)) = p(gv :v):

So we have
p(u + v) = p(gu :u) + p(gv :v) = ~p(u) + ~p(v);

and ~p is linear on Vreg . Since the regular points are a densesubset of V , and ~p is
continuous by 9.9, ~p is linear altogether.

A proof of the convexity theorem can be found in [45] or again in [33], pp. 168{
170. For a proof of theorem 9.10 we refer to [44]. In both sourcesthe assertions
are shown for the more general casewhere the principal orbits are replaced by
isoparametric submanifolds (i.e. submanifoldsof a spaceform with °at normal
bundle and whoseprincipal curvatures along any parallel normal ¯eld are constant;
compare 6.13 and 8.18). To any isoparametric submanifold there is a singular
foliation which generalizesthe orbit foliation of a polar action but retains many of
its fascinating properties (cf. [33]).

9.12. Remark. In connection with the example we studied in chapter 1, the
convexity theorem from above yields the following classical result of Schur [39],
1923:

Let M µ S(n) be the subsetof all matrices with ¯xed distinct eigenvaluesa1; : : : ; an

and pr : S(n) ¡! Rn de¯ned by

pr ((x ij )) := (x11; x22; : : : ; xnn )

then pr(M ) is contained in the convex hull of S n :a where a = (a1; : : : ; an ).
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86 9. The generalized Weyl group of a section

9.13. Theorem. Let M be a proper Riemannian G-manifold with section § and
Weyl group W . Then the inclusion i : § ,! M inducesan isomorphism

C1 (M )G i ¤

¡! C1 (§) W (§) :

Pro of. Clearly f 2 C1 (M )G implies i ¤f 2 C1 (§) W . By 9.9 we know that every
f 2 C1 (§) W has a unique continuous G-invariant extension ~f . We now have to
show that ~f 2 C1 (M )G .

Let us take an x 2 M and show that ~f is smooth at x. Actually , we can assume
x 2 §, becauseif ~f is smooth at x then ~f ± `g¡ 1 is smooth at g:x, so ~f is smooth
at g:x as well. Now let Sx denote a normal slice at x. Then we have

G:Sx
�

�

�

���

G £ G x Sx
I

�

�

�

���~f ± I

G £ Sx
q

~f jSx
±pr2

G=Gx R

Sincein the above diagram I is an isomorphism and q a submersion,it is su±cient
to show that ~f jSx

± pr2 or equivalently ~f jSx
is smooth at x. Let B µ Tx Sx be a

ball around 0x such that B »= Sx and Tx § \ B »= § \ Sx . Then, by theorem 9.4,
the Gx -action on Sx is basically a polar representation (up to di®eomorphism). So
it remains to show the following:
Claim: If § is a section of a polar representation Gx ¡! O(V ) with Weyl group
Wx and f is a smooth Wx -invariant function on §, then f extends to a smooth
Gx -invariant function ~f on V .

In order to show this, let ½1; : : : ; ½k be a systemof homogeneousHilb ert generators
for R [§] W x . Then, by Schwarz' theorem, there is an f 0 2 C1

¡
Rk ¢

such that
f = f 0±(½1; : : : ; ½k ). By theorem9.10,each ½i extendsto a polynomial ~½i 2 R [V ]G x .
Therefore we get

~f := f 0± ( ~½1; : : : ; ~½k ) : V ¡! R

is a smooth Gx -invariant extensionof f . ¤
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10. Basic Di®eren tial Forms

Our aim in this section is to show that pullback along the embedding § ! M
induces an isomorphism ­ p

hor (M )G »= ­ p(§) W (§) for each p, where a di®erential
form ! on M is called horizontal if it kills each vector tangent to someorbit. For
each point x in M , the slice representation of the isotropy group Gx on the normal
spaceTx (G:x)? to the tangent spaceto the orbit through x is a polar representation.
The ¯rst step is to show that the result holds for polar representations. This is
done in theorem 10.6 for polar representations whose generalizedWeyl group is
really a Coxeter group, is generatedby re°ections. Every polar representation of
a connected Lie group has this property. The method used there is inspired by
Solomon [40]. Then the general result is proved under the assumption that each
slice representation has a Coxeter group as a generalizedWeyl group. This result
is from [24].

10.1. Basic di®eren tial forms. Let G be a Lie group with Lie algebra g, mul-
tiplication ¹ : G £ G ! G, and for g 2 G let ¹ g; ¹ g : G ! G denote the left and
right translation.

Let ` : G£ M ! M bea left action of the Lie group G on a smooth manifold M . We
consider the partial mappings `g : M ! M for g 2 G and `x : G ! M for x 2 M
and the fundamental vector ¯eld mapping ³ : g ! X(M ) givenby ³ X (x) = Te(`x )X .
Since` is a left action, the negative ¡ ³ is a Lie algebra homomorphism.

A di®erential form ' 2 ­ p(M ) is called G-invariant if (`g)¤ ' = ' for all g 2 G and
horizontal if ' kills each vector tangent to a G-orbit: i ³ X ' = 0 for all X 2 g. We
denote by ­ p

hor (M )G the spaceof all horizontal G-invariant p-forms on M . They
are also called basic forms.

10.2. Lemma. Under the exterior di®erential ­ hor (M )G is a subcomplexof ­( M ).

Pro of. If ' 2 ­ hor (M )G then the exterior derivative d' is clearly G-invariant. For
X 2 g we have

i ³ X d' = i ³ X d' + di ³ X ' = ÃL ³ X ' = 0;

so d' is also horizontal. ¤

Draft from March 21, 2005 Peter W. Mic hor,



88 10. Basic di®erential forms

10.3. Main Theorem. ([24] and [25]) Let M £ G ! M be a proper isometric
right action of a Lie group G on a smooth Riemannian manifold M , which admits
a section § .

Then the restriction of di®erential forms inducesan isomorphism

­ p
hor (M )G »=¡! ­ p(§) W (§)

betweenthe spaceof horizontal G-invariant di®erential forms on M and the space
of all di®erential forms on § which are invariant under the action of the generalized
Weyl group W (§) of the section § .

The proof of this theorem will take up the rest of this section.

Pro of of injectivit y. Let i : § ! M be the embedding of the section. It clearly
induces a linear mapping i ¤ : ­ p

hor (M )G ! ­ p(§) W (§) which is injective by the
following argument: Let ! 2 ­ p

hor (M )G with i ¤! = 0. For x 2 § we have i X ! x = 0
for X 2 Tx § since i ¤! = 0, and also for X 2 Tx (G:x) since ! is horizontal. Let
x 2 § \ M reg be a regular point, then Tx § = (Tx (G:x))? and so ! x = 0. This holds
along the whole orbit through x since! is G-invariant. Thus ! jM reg = 0, and since
M reg is densein M , ! = 0.

So it remains to show that i ¤ is surjective. This will be done in 10.10below. ¤

10.4. Lemma. Let ` 2 V ¤ be a linear functional on a ¯nite dimensional vector
spaceV , and let f 2 C1 (V; R) be a smooth function which vanisheson the kernel
of `, so that f j` ¡ 1(0) = 0. Then there is a unique smooth function g such that
f = `:g

Pro of. Choosecoordinates x1; : : : ; xn on V with ` = x1. Then f (0; x2; : : : ; xn ) = 0
and we have f (x1; : : : ; xn ) =

R1
0 @1f (tx 1; x2; : : : ; xn )dt:x 1 = g(x1; : : : ; xn ):x1: ¤

10.5. Question. Let G ! GL(V ) be a representation of a compact Lie group in
a ¯nite dimensionalvector spaceV . Let ½= (½1; : : : ; ½m ) : V ! Rm be the polyno-
mial mapping whosecomponents ½i are a minimal set of homogeneousgenerators
for the algebra R[V ]G of invariant polynomials.

We consider the pullback homomorphism ½¤ : ­ p(Rm ) ! ­ p(V ). Is it surjective
onto the space­ p

hor (V )G of G-invariant horizontal smooth p-forms on V?

Seeremark 10.7 for a classof representations where the answer is yes.

In generalthe answer is no. A counterexample is the following: Let the cyclic group
Zn = Z=nZ of order n, viewed asthe group of n-th roots of unit y, act on C = R2 by
complex multiplication. A generating system of polynomials consistsof ½1 = jzj2,
½2 = Re(zn ), ½3 = Im(zn ). But then each d½i vanishesat 0 and there is no chance
to have the horizontal invariant volume form dx ^ dy in ½¤­( R3).

10.6. Theorem. ([24] and [25]) Let G ! GL(V ) be a polar representation of a
compact Lie group G, with section § and generalizedWeyl group W = W (§) .

Then the pullback to § of di®erential forms inducesan isomorphism

­ p
hor (V )G »=¡! ­ p(§) W (§) :
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According to Dadok [11], remark after proposition 6, for any polar representation
of a connectedLie group the generalizedWeyl group W (§) is a re°ection group.
This theorem is true for polynomial di®erential forms, and also for real analytic
di®erential forms, by essentially the sameproof.

Pro of. Let i : § ! V be the embedding. It is proved in 10.3 that the restriction
i ¤ : ­ p

hor (V )G ! ­ p(§) W (G) is injective, so it remains to prove surjectivit y.

Let us ¯rst supposethat W = W (§) is generatedby re°ections (a re°ection group
or Coxeter group). Let ½1; : : : ; ½n bea minimal setof homogeneousgeneratorsof the
algebraR[§] W of W -invariant polynomials on §. Then this is a set of algebraically
independent polynomials, n = dim §, and their degreesd1; : : : ; dn are uniquely
determined up to order. We even have (see[16])

(1) d1 : : : dn = jW j, the order of W ,
(2) d1 + ¢¢¢+ dn = n + N , where N is the number of re°ections in W ,
(3)

Q n
i =1 (1 + (di ¡ 1)t) = a0 + a1t + ¢¢¢+ an tn , where ai is the number of

elements in W whose¯xed point set has dimension n ¡ i .

Let us consider the mapping ½= (½1; : : : ; ½n ) : § ! Rn and its Jacobian J (x) =
det(d½(x)). Let x1; : : : ; xn be coordinate functions in §. Then for each ¾2 W we
have

J:dx1 ^ ¢¢¢^ dxn = d½1 ^ ¢¢¢^ d½n = ¾¤(d½1 ^ ¢¢¢^ d½n )

= (J ±¾)¾¤(dx1 ^ ¢¢¢^ dxn ) = (J ±¾) det(¾)(dx1 ^ ¢¢¢^ dxn );

J ±¾= det(¾¡ 1)J:(4)

If J (x) 6= 0, then in a neighborhood of x the mapping ½is a di®eomorphismby
the inversefunction theorem, so that the 1-forms d½1; : : : ; d½n are a local coframe
there. Sincethe generators½1; : : : ; ½n are algebraically independent over R, J 6= 0.
Since J is a polynomial of degree(d1 ¡ 1) + ¢¢¢+ (dn ¡ 1) = N (see(2)), the set
U = § n J ¡ 1(0) is open and densein §, and d½1; : : : ; d½n form a coframeon U.

Now let (¾®)®=1 ;::: ;N be the set of re°ections in W , with re°ection hyperplanes
H®. Let `® 2 § ¤ be a linear functional with H ® = ` ¡ 1(0). If x 2 H® we have
J (x) = det(¾®)J (¾®:x) = ¡ J (x), so that J jH ® = 0 for each ®, and by lemma 10.4
we have

(5) J = c:`1 : : : `N :

Since J is a polynomial of degreeN , c must be a constant. Repeating the last
argument for an arbitrary function g and using (5), we get:

(6) If g 2 C1 (§ ; R) satis¯es g±¾= det(¾¡ 1)g for each ¾2 W , we have g = J:h
for h 2 C1 (§ ; R)W .

(7) Claim. Let ! 2 ­ p(§) W . Then we have

! =
X

j 1 < ¢¢¢<j p

! j 1 :::j p d½j 1 ^ ¢¢¢^ d½j p ;

where ! j 1 :::j p 2 C1 (§ ; R)W .
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Since d½1; : : : ; d½n form a coframe on the W -invariant denseopen set U = f x :
J (x) 6= 0g, we have

! jU =
X

j 1 < ¢¢¢<j p

gj 1 :::j p d½j 1 jU ^ ¢¢¢^ d½j p jU

for gj 1 :::j p 2 C1 (U; R). Since! and all d½i are W -invariant, we may replacegj 1 :::j p

by
1

jW j

X

¾2 W

gj 1 :::j p ±¾2 C1 (U; R)W ;

or assumewithout loss that gj 1 ::: j p 2 C1 (U; R)W .

Let us choosenow a form index i 1 < ¢¢¢< i p with f i p+1 < ¢¢¢< i n g = f 1; : : : ; ngn
f i 1 < ¢¢¢< i pg. Then for somesign " = § 1 we have

! jU ^ d½i p +1 ^ ¢¢¢^ d½i n = ":gi 1 :::i p :d½1 ^ ¢¢¢^ d½n

= ":gi 1 :::i p :J:dx1 ^ ¢¢¢^ dxn ; and

! ^ d½i p +1 ^ ¢¢¢^ d½i n = ":k i 1 :::i p dx1 ^ ¢¢¢^ dxn(8)

for a function ki 1 :::i p 2 C1 (§ ; R). Thus

(9) ki 1 :::i p jU = gi 1 :::i p :J jU:

Since ! and each d½i is W -invariant, from (8) we get ki 1 :::i p ± ¾= det(¾¡ 1)ki 1 ::: i p

for each ¾2 W . But then by (6) we have ki 1 :::i p = ! i 1 :::i p :J for unique ! i 1 :::i p 2
C1 (§ ; R)W , and (9) then implies ! i 1 :::i p jU = gi 1 :::i p , so that the claim (7) follows
sinceU is dense.

Now we may ¯nish the proof of the theorem in the case that W = W (§) is a
re°ection group. Let i : § ! V be the embedding. By theorem 9.10 the algebra
R[V ]G of G-invariant polynomials on V is isomorphic to the algebra R[§] W of W -
invariant polynomials on the section §, via the restriction mapping i ¤. Choose
polynomials ~½1; : : : ~½n 2 R[V ]G with ~½i ± i = ½i for all i . Put ~½= ( ~½1; : : : ; ~½n ) :
V ! Rn . In the setting of claim (7), use the theorem 3.7 of G. Schwarz to ¯nd
hi 1 ;:::;i p 2 C1 (Rn ; R) with hi 1 ;::: ;i p ±½= ! i 1 ;::: ;i p and consider

~! =
X

j 1 < ¢¢¢<j p

(hj 1 :::j p ± ~½)d~½j 1 ^ ¢¢¢^ d~½j p ;

which is in ­ p
hor (V )G and sati¯es i ¤ ~! = ! .

Thus the mapping i ¤ : ­ p
hor (V )G ! ­ p

hor (§) W is surjective in the casethat W =
W (§) is a re°ection group.

Now we treat the general case. Let G0 be the connectedcomponent of G. From
8.19.(3) one concludes:

A subspace§ of V is a section for G if and only if it is a section for
G0. Thus ½is a polar representation for G if and only if it is a polar
representation for G0.
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The generalizedWeyl groups of § with respect to G and to G0 are related by

W (G0) = NG0 (§) =ZG0 (§) ½ W (G) = NG (§) =ZG (§) ;

sinceZG (§) \ NG0 (§) = ZG0 (§).

Let ! 2 ­ p(§) W (G) ½ ­ p(§) W (G0 ) . Since G0 is connected the generalizedWeyl
group W (G0) is generated by re°ections (a Coxeter group) by [1], remark after
proposition 6. Thus by the ¯rst part of the proof

i ¤ : ­ p
hor (V )G0

»=¡! ­ p(§) W (G0 )

is an isomorphism, and we get ' 2 ­ p
hor (M )G0 with i ¤ ' = ! . Let us consider

Ã :=
Z

G
g¤ ' dg 2 ­ p

hor (V )G ;

where dg denotesHaar measureon G. In order to show that i ¤Ã = ! it su±ces to
check that i ¤g¤ ' = ! for each g 2 G. Now g(§) is again a section of G, thus also
of G0. Sinceany two sectionsare related by an element of the group, there exists
h 2 G0 such that hg(§) = §. Then hg 2 NG (§) and we denote by [hg] the coset
in W (G), and we may compute as follows:

(i ¤g¤ ' )x = (g¤ ' )x :¤ pTi = ' g(x ) :¤
pTg:¤ pTi

= (h¤ ' )g(x ) :¤
pTg:¤ pTi; since ' 2 ­ p

hor (M )G0

= ' hg (x ) :¤
pT(hg):¤ pTi = ' i [hg ]( x ) :¤

pTi:¤ pT([hg])

= ' i [hg ]( x ) :¤
pTi:¤ pT([hg]) = (i ¤ ' )[hg ]( x ) :¤

pT([hg])

= ! [hg ]( x ) :¤
pT([hg]) = [hg]¤! = ! : ¤

10.7. Remark. The proof of theorem 10.6shows that the answer to question 10.5
is yesfor the representations treated in 10.6.

10.8. Corollary . Let ½: G ! O(V; h ; i ) bean orthogonal polar representation
of a compact Lie group G, with section § and generalizedWeyl group W = W (§) .
Let B ½ V be an open ball centered at 0.

Then the restriction of di®erential forms inducesan isomorphism

­ p
hor (B )G »=¡! ­ p(§ \ B )W (§) :

Pro of. Check the proof of 10.6 or usethe following argument. Supposethat B =
f v 2 V : jvj < 1g and consider a smooth di®eomorphismf : [0; 1) ! [0; 1 ) with
f (t) = t near 0. Then g(v) := f ( j v j )

j v j v is a G-equivariant di®eomorphismB ! V
and by 10.6 we get:

­ p
hor (B )G (g¡ 1 )¤

¡ ¡ ¡ ¡ ! ­ p
hor (V )G »=¡! ­ p(§) W (§) g¤

¡ ! ­ p(§ \ B )W (§) : ¤
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10.9. Let us assumethat we are in the situation of the main theorem 10.3, for the
rest of this section. For x 2 M let Sx be a (normal) sliceand Gx the isotropy group,
which acts on the slice. Then G:Sx is open in M and G-equivariantly di®eomorphic
to the associated bundle G ! G=Gx via

G £ Sx
q

¡ ¡ ¡ ¡ ! G £ G x Sx
»=¡ ¡ ¡ ¡ ! G:Sx

?
?
y

?
?
y r

G=Gx
»=¡ ¡ ¡ ¡ ! G:x;

wherer is the projection of a tubular neighborhood. Sinceq : G£ Sx ! G£ G x Sx is
a principal Gx -bundle with principal right action (g; s):h = (gh; h¡ 1:s), we have an
isomorphismq¤ : ­( G£ G x Sx ) ! ­ G x ¡ hor (G£ Sx )G x . Sinceq is alsoG-equivariant
for the left G-actions, the isomorphism q¤ maps the subalgebra ­ p

hor (G:Sx )G »=
­ p

hor (G£ G x Sx )G of ­( G£ G x Sx ) to the subalgebra­ p
G x ¡ hor (Sx )G x of ­ G x ¡ hor (G£

Sx )G x . So we have proved:

Lemma. In this situation there is a canonical isomorphism

­ p
hor (G:Sx )G »=¡! ­ p

G x ¡ hor (Sx )G x

which is given by pullback along the embedding Sx ! G:Sx .

10.10. Rest of the pro of of theorem 10.6. Let us consider ! 2 ­ p(§) W (§) .
We want to construct a form ~! 2 ­ p

hor (M )G with i ¤ ~! = ! . This will ¯nish the
proof of theorem 10.6.

Choosex 2 § and an open ball Bx with center 0 in Tx M such that the Riemannian
exponential mapping expx : Tx M ! M is a di®eomorphismon Bx . We consider
now the compact isotropy group Gx and the slice representation ½x : Gx ! O(Vx ),
whereVx = Norx (G:x) = (Tx (G:x))? ½ Tx M is the normal spaceto the orbit. This
is a polar representation with section Tx §, and its generalizedWeyl group is given
by W (Tx §) »= NG (§) \ Gx =ZG (§) = W (§) x (see9.4). Then expx : Bx \ Vx ! Sx

is a di®eomorphismonto a sliceand expx : Bx \ Tx § ! § x ½ § is a di®eomorphism
onto an open neighborhood § x of x in the section §.

Let us now consider the pullback (exp jB x \ Tx §) ¤! 2 ­ p(Bx \ Tx §) W (Tx §) . By
corollary 10.8 there exists a unique form ' x 2 ­ p

G x ¡ hor (Bx \ Vx )G x such that
i ¤ ' x = (exp jBx \ Tx §) ¤! , where i x is the embedding. Then we have

((exp jBx \ Vx )¡ 1) ¤ ' x 2 ­ p
G x ¡ hor (Sx )G x

and by lemma 10.9 this form corresponds uniquely to a di®erential form ! x 2
­ p

hor (G:Sx )G which satis¯es (i j§ x )¤! x = ! j§ x , sincethe exponential mapping com-
mutes with the respective restriction mappings. Now the intersection G:Sx \ § is
the disjoint union of all the open sets wj (§ x ) where we pick one wj in each left
cosetof the subgroup W (§) x in W (§). If we choosegj 2 NG (§) projecting on wj

for all j , then

(i jwj (§ x ))¤! x = (`gj ± i j§ x ±w¡ 1
j )¤! x

= (w¡ 1
j )¤(i j§ x )¤`¤

gj
! x

= (w¡ 1
j )¤(i j§ x )¤! x = (w¡ 1

j )¤(! j§ x ) = ! jwj (§ x );
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so that (i jG:Sx \ §) ¤! x = ! jG:Sx \ §. We can do this for each point x 2 §.

Using the method of 5.8 and 5.10 we may ¯nd a sequenceof points (xn )n 2 N in §
such that the ¼(§ x n ) form a locally ¯nite open cover of the orbit spaceM =G »=
§ =W(§), and a smooth partition of unit y f n consisting of G-invariant functions
with supp(f n ) ½ G:Sx n . Then ~! :=

P
n f n ! x n 2 ­ p

hor (M )G has the required
property i ¤ ~! = ! . ¤
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11. Basic versus equiv arian t cohomology

11.1. Basic cohomology. For a Lie group G and a smooth G-manifold M , by
10.2 we may consider the basic cohomologyH p

G¡ basic (M ) = H p(­ ¤
hor (M )G ; d).

11.2. Equiv arian t cohomology , Borel mo del. For a topological group and
a topological G-spacethe equivariant cohomology was de¯ned as follows, see[3]:
Let EG ! B G be the classifying G-bundle, and consider the associated bundle
EG £ G M with standard ¯b er the G-spaceM . Then the equivariant cohomology
is given by H p(EG £ G M ; R).

11.3. Equiv arian t cohomology , Cartan mo del. For a Lie group G and a
smooth G-manifold M we consider the space

(Sk g¤ ­ ­ p(M ))G

of all homogeneouspolynomial mappings ® : g ! ­ p(M ) of degreek from the Lie
algebra g of G to the spaceof k-forms, which are G-equivariant: ®(Ad (g¡ 1)X ) =
`¤

g®(X ) for all g 2 G. The mapping

dg : Aq
G (M ) ! Aq+1

G (M )

Aq
G (M ) :=

M

2k+ p= q

(Sk g¤ ­ ­ p(M ))G

(dg®)(X ) := d(®(X )) ¡ i ³ X ®(X )

satis¯es dg ±dg = 0 and the following result holds.

Theorem. Let G be a compact connectedLie group and let M be a smooth G-
manifold. Then

H p(EG £ G M ; R) = H p(A¤
G (M ); dg):

This result is stated in [1] together with somearguments, and it is attributed to
[6], [7] in chapter 7 of [2]. I was unable to ¯nd a satisfactory published proof.
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11.4.. Let M be a smooth G-manifold. Then the obvious embedding j (! ) = 1­ !
givesa mapping of graded di®erential algebras

j : ­ p
hor (M )G ! (S0g¤ ­ ­ p(M ))G !

M

k

(Sk g¤ ­ ­ p¡ 2k (M ))G = Ap
G (M ):

On the other hand evaluation at 0 2 g de¯nes a homomorphism of graded di®eren-
tial algebrasev0 : A¤

G (M ) ! ­ ¤(M )G , and ev0 ±j is the embedding ­ ¤
hor (M )G !

­ ¤(M )G . Thus we get canonical homomorphismsin cohomology

H p(­ ¤
hor (M )G ) J ¤

¡ ¡ ¡ ¡ ! H p(A¤
G (M ); dg) ¡ ¡ ¡ ¡ ! H p(­ ¤(M )G ; d)

°
°
°

°
°
°

°
°
°

H p
G¡ basic (M ) ¡ ¡ ¡ ¡ ! H p

G (M ) ¡ ¡ ¡ ¡ ! H p(M )G :

If G is compact and connectedwe have H p(M )G = H p(M ), by integration and
homotopy invariance.
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