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ABSTRACT. We study Sobolev-type metrics of fractional order on the group
of compactly supported diffeomorphisms Diff.(M), where M is a Riemannian
manifold of bounded geometry. We prove that the geodesic distance, induced
by the Riemannian metric, vanishes if the order s is between 0 < s < % For
M # R we show the vanishing of the geodesic distance also for s = % and for
dim(M) = 1 we show that the distance doesn’t vanish for % < s.

For M = R™ we discuss the geodesic equations for these metrics. It is
a known fact that for specific values of s one recovers well known PDEs of
hydrodynamics: Burgers’ equation for s = 0, the modified Constantin-Lax-

Majda equation for s = % or the Camassa-Holm equation for s = 1.

1. INTRODUCTION

In the seminal paper [1] Arnold showed that the incompressible Euler equations
can be seen as geodesic equations on the group of volume preserving diffeomor-
phisms with respect to the L?-metric. This interpretation was extended to other
PDEs used in hydrodynamics, some of which are: Burgers’ equation as the geo-
desic equation for Diff.(R) with the L?-metric, Camassa-Holm equation for Diff.(R)
with the H'-metric or KdV for the Virasoro-Bott group with the L?-metric in [20].
Recently it was shown by Wunsch [27] that the modified Constantin-Lax-Majda
equation (mCLM) is the geodesic equation on the homogeneous space Diff(S!)/S*
with respect to the homogeneous H'/2_metric.

The geometric interpretation was used by Ebin and Marsden in [5] to show the
well-posedness of the Euler equations. These techniques were expanded and applied
to other equations, see e.g. [3, 4, 9, 10].

The interpretation of a PDE as the geodesic equation on an infinite dimensional
manifold opens up a variety of geometrical questions, which may be asked about
the manifold. What is the curvature of this manifold? Do geodesics have conjugate
point? Do there exist totally geodesic submanifolds? The question we want to
concentrate upon in this paper, that of geodesic distance, has a very simple answer
in finite dimensions but shows a more nuanced behaviour in infinite dimensions. The
geodesic distance between two points is defined as the infimum of the pathlength
over all paths connecting the two points. In finite dimensions, because of the
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local invertibility of the exponential map, this distance is always positive and the
topology of the resulting metric space is the same as the manifold topology.

However, in infinite dimensions, this does not always hold: the induced ge-
odesic distance for weak Riemannian metrics on infinite dimensional manifolds
may vanish. This surprising fact was first noticed for the L?-metric on shape
space Imm(S*t, R?)/Diff(S') in [18, 3.10]. Here Imm(S*!,R?)/Diff(S') denotes
the orbifold of all immersions Imm(S*,R?) of S! into R? modulo reparametriza-
tions. In [17] it was shown that this result holds for the general shape space
Imm(M, N)/Diff (M) for any compact manifold M and Riemannian manifold N,
and also for the right invariant L?-metric (or equivalently Sobolev-type metric of
order zero) on each full diffeomorphism group with compact support Diff.(N). In
particular, since Burgers’ equation is related to the geodesic equation of the right
invariant L2-metric on Diff,(R!), it implies that solutions of Burgers’ equation are
critical points of the length functional, but they are not length-minimizing. A
similar result was shown for the KdV equation in [2].

On the other hand it was shown in [17] that for Sobolev-type metrics on the
diffeomorphism group of order one or higher the induced geodesic distance is posi-
tive. This naturally leads to the question whether one can determine the Sobolev
order where this change of behavior occurs. The main result of this paper gives a
complete answer in the case of M = S' and a partial answer for other manifolds.

Theorem (Geodesic distance). Let M be a Riemannian manifold of bounded ge-
ometry. We have:

(1) The geodesic distance for the fractional order Sobolev type metric H® on
Diff .(M) vanishes for
e 0<s< % and M any Riemannian manifold of bounded geometry.
° 5= % and M # R.
In these cases the induced Riemannian exponential mapping can not be a
diffeomorphism.
(2) For dim(M) =1 the induced geodesic distance is positive for 3 < s and for

general dim(M) > 2 the geodesic distance is positive for 1 < s.

Let us now briefly outline the structure of this work. In Section 2 we review the
basic definition of Sobolev-type metrics on diffeomorphism groups. For a Riemann-
ian manifold M of bounded geometry (see 2.4) we consider the Sobolev metric H*®
of order s on the Lie algebra of vector fields and the induced right invariant metric
on the diffecomorphism group Diff.(M). The main results regarding geodesic dis-
tance are contained in Section 3 and 4. In the final section 5 we derive the geodesic
equations for different versions of the Sobolev metric of order s on Diff .(R™) and
discuss their relation to various well-known PDE’s.

2. SOBOLEV METRICS H® WITH s € R

In this section we give definitions for Sobolev norms of fractional orders and state
the properties, which we will need later to prove the vanishing geodesic distance
results.

2.1. Sobolev metrics H° on R™. For s > 0 the Sobolev H*-norm of an R™-valued
function f on R™ is defined as

(1) £ ey = IFH A+ 1€ EF Il 2y »
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where F is the Fourier transform

FFE) = (2m) / ¢ f(2)da

n

and £ is the independent variable in the frequency domain. An equivalent norm is
given by

(2) ||f||2ﬁs(Rn) = 1172 @ny + NEPF Fll72(gny -

The fact that both norms are equivalent is based on the inequality
1 s £ s
S IG1) < (1+ D161 <c+ ) Igl)
J J J

holding for some constant C. For s > 1 this says that all £*-norms on R"*! are
equivalent. But the inequality is true also for 0 < s < 1, even though the expression
does not define a norm on R"*!. Using any of these norms we obtain the Sobolev
spaces with non-integral s

H*(R") = {f € L*(R") = || fll =gy < o0} -

These spaces are also known under the name Liouville spaces or Bessel potential
spaces. To make a connection with other families of function spaces, we note that
the spaces H*(R") coincide with

H*(R") = B3,(R") = F5,(R")
the Besov spaces B3, (R"™) and spaces of Triebel-Lizorkin type F3,(R™). Definitions
of these spaces and a nice introduction to the general theory of function spaces can
be found in [25, section 1].
We will now collect some results about this family of spaces, which we will need

in the coming sections. First a result, which states that point wise multiplication
with a sufficiently smooth function is well defined.

2.2. Theorem (See theorem 4.2.2 in [25]). Let s > 0 and g € C°(R™), a smooth
function with compact support. Then multiplication f — gf is a bounded map of
Hs(R™) into itself.

We are also allowed to compose with diffeomorphisms.

2.3. Theorem (See theorem 4.3.2 in [25]). Let s > 0 and ¢ € Diff .(R") be a
diffeomorphism which equals the identity off some compact set. Then composition
f = fo pis an isomorphic mapping of H*(R™) onto itself.

2.4. Sobolev metrics for Riemannian manifolds of bounded geometry.
Following [25, section 7.2.1] we will now introduce the spaces H*(M) on a manifold
M. If M is not compact we equip M with a Riemannian metric g of bounded
geometry which exists by [11]. This means that

(I) The injectivity radius of (M, g) is positive.

(Bs) Each iterated covariant derivative of the curvature

is uniformly g-bounded: |V'R||, < C; for i =0,1,2,....

The following is a compilation of special cases of results collected in [7, chapter 1],
who treats Sobolev spaces only for integral order.

Proposition ([12], [21], [6]). If (M,g) satisfies (I) and (Bs) then the following
holds:
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(1) (M,g) is complete.

(2) There exists e9 > 0 such that for each € € (0,e0) there is a countable cover
of M by geodesic balls B:(x) such that the cover of M by the balls Ba.(x,,)
is still uniformly locally finite.

(3) Moreover there exists a partition of unity 1 =3 pa on M such that po >
0, pa € CX(M), supp(pa) C Ba2e(ra), and |DEp,| < Cs where u are
normal (Riemann exponential) coordinates in Bos(zq).

(4) In each Bac(z4), in normal coordinates, we have |DSg;;| < Cs, |D2g¥| <
CY, and |DETT| < C}', where all constants are independent of o.

We can define the H®-norm of a function f on M:

o)
||fH%rs(M,g) = Z [(paf) o expg, ”?{S(R")

a=0

=Y IF A+ EP)EF((pat) o expy, )72y -
a=0

If M is compact the sum is finite. Changing the charts or the partition of unity leads
to equivalent norms by the proposition above, see [25, theorem 7.2.3]. For integer
s we get norms which are equivalent to the Sobolev norms treated in [7, chapter
2]. The norms depends on the choice of the Riemann metric g. This dependence is
worked out in detail in [7].

For vector fields we use the trivialization of the tangent bundle that is induced
by the coordinate charts and define the norm in each coordinate as above. This
leads to a (up to equivalence) well-defined H®-norm on the Lie algebra X.(M).

2.5. Sobolev metrics on Diff.(M). Given a norm on X.(M) we can use the
right-multiplication in the diffeomorphism group Diff (M) to extend this norm to
a right-invariant Riemannian metric on Diff.(M). In detail, given ¢ € Diff.(M)
and X,Y € T, Diff.(M) we define

G‘:',(X,Y) =(Xo <p_1,Yo <p_1>Hs(M) .

In chapter 3 and in chapter 4 we are interested in questions of vanishing and
non-vanishing of geodesic distance. These properties are invariant under changes
to equivalent inner products, since equivalent inner products on the Lie Algebra

1
C

imply that the geodesic distances will be equivalent metrics

<X,Y>1 S <X,Y>2 S C<X,Y>1

& dista(p,) < dista(i, 1) < Cdista (i, )

There the ambiguity in the definition of the H*-norm is of no concern to us.

In chapter 5 we will study the geodesic equations of the Sobolev metrics on
Diff .(R™). Equivalent norms may induce different geodesic equations. Therefore
we will denote the metric that is induced by the H*(R™)-norm (1) as G* and the
metric that is induced by the H (R™)-norm (2) as G .
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3. VANISHING GEODESIC DISTANCE

3.1. Theorem (Vanishing geodesic distance). The Sobolev metric of order s induces
vanishing geodesic distance on Diff.(M) if:

° O§s<% and any M,

e 5= % and M #R .
This means that any two diffeomorphisms in the same connected component of
Diff .(M) can be connected by a path of arbitrarily short G*-length.

Remark. Note that this result also implies vanishing of geodesic distance on to the
homogenous space Diff(S') /S equipped with a homogenous metric of order s < %
In particular the geodesic equation for the metric of order s = é on this space is

the modified Constantin-Laxz-Majda equation, see section 5.5.

We will prove this theorem by first constructing paths from the identity to some
diffeomorphisms with arbitrary short length and then using the simplicity of the
diffeomorphism group to show that any diffeomorphism can be connected to the
identity with paths of arbitrary short length.

The restriction to M # R in the case s = % is due to technical reasons. We believe
that the result holds also in this case, however it is more difficult to construct the
required vector fields in the non-compact case.

A

p(t, )

t
>

t — zcota t=yg ' (o(t, )

FIGURE 1. Sketch of the vector field u(t,z). The gray area repre-
sents the support of u and one integral curve of u(-,z) is shown.

3.2. Lemma. Let ¢ € Diff .(R) be a diffeomorphism satisfying o(x) > x. Then for

0<s< % the geodesic distance between ¢ and id with respect to the H?-metric
in Diff .(R) is zero, i.e., ¢ can be connected to the identity by a path of arbitrarily

short G*-length.

Proof. The idea of the proof is as follows. Given the diffeomorphism ¢ with ¢(x) >
x we will construct a family of paths of the form

u(t,x) = Ligee),5e)) * Ge()
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such that its flow (¢, z) satisfies p(0,2) = z and (T, z) = ¢(x). In a second step
we will show, that when ||f — g|| is sufficiently small, so is also the H*-length
of the path ¢(t,x). Here G.(z) = 1G1(%) is a smoothing kernel, where Gy is a
smooth bump function.

So let us construct the vector field u(¢,z). If we could disregard continuity, we
could choose an angle o > 7 and set

fi) =ttana
g N z) =2 — (1 —cota)p ().
The flow o(t,x) of the unsmoothed vector field u(t, z) = Lg(), f(1)(x) satisfies

p(t,z) =z +/0 u(s, ¢(s,r))ds .

In this case we can write down the explicit solution, which is given by

x, t < cot o
p(t,z) =qt+ (1 —cota)r, zcota <t<o(r)—(1—cota)z
o(z), t>p(x) — (1 —cota)x

and we see that it satisfies the boundary conditions. We also have the relation

f7H@) — g7 (@) = ~(1 — cota)(w — ¢ (x))

which implies that by choosing a sufficiently close to 7 we can make || f — g0 as

small as necessary. By replacing u with the smoothed vector field 1), ¢(¢)] * Ge ()
we change the endpoint of the flow. However, by changing g suitably we can regain
control of the endpoint. The necessary changes will be of order € and hence we
don’t loose control over the difference || f — ¢l|oo, Wwhich will be necessary later on.
Now we compute the norm of this vector field. Let u(t, z) have the form u(t, z) =
Lig),f 1)) * Ge(x), where f(t) and g(t) are smooth functions which coincide off a
bounded interval. To compute the H®-norm of u, we first need to compute its
Fourier transform

) 1 eitw |2=F®) 1 elf(t) _ gigg(t)

1 ,
F1 = — e dg = _
lo(t),£ ()] (€) NoT /g o W - "

i€ f(t)gg(f) _ e_,LE f(t)ZQ(t)

1 1 Ef(f)ﬂv(f) e
\/27rf /3
2 1 i HOEG] ft)—g(t
\/27r§ 2
f(t)—g(?)
2

Setting a = we can now compute the norm

IeFulfe = 16 L. 7l
2
:/ ‘§|2 57 sin *(a€)(FG1(g€))?dE

< Z 2 sin (aﬁ)
< 217Gl | Tgmae
2 9 | _os8in% (&)
< Z s d€ .
< 217Gl / ol e
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We get |lul|?. by setting s = 0 in the above calculation. We see that for s < % the
H*s-norm of u(t,.) is bounded by

lu(t, )|Fe < C1lf(t) — g(t)] + Ca| f(t) — g(t)|* 72 .

Now, putting everything together

T 2 T
Len(¢)2=</0 ||u<t,.)Hsdt> <T / lu(t, )2t

< T2 (Ci||f = glloo + Callf — gll52*) .

Since the geodesic length is defined as the infimum over all paths and since we have
shown in the first part of the proof that by choosing the angle o and the smoothing
factor £, we can control the norm ||f — g||o, the proof is complete. a

In the case s = % we will work on the circle S!. Using a construction similar to
that in Lemma 3.2 we will construct arbitrary short paths from the identity to the
shift p(z) = 2+ 1. The following lemma supplies us with functions that have small
H'2_norm and large L>-norm at the same time. We cannot use step functions as

in the above proof, because they are not in H/2(S%).

3.3. Lemma. Let ¢(x) be a non-negative, compactly supported C°-function on R
and (bj);?‘;o a non-increasing sequence of non-negative numbers, with Eb? < 0.
Then the HY?-norm of the function f(x) =3 by (2/x) is bounded by

1F11%0. <CD 02

Jj=0

Proof. This result is shown in step 4 of the proof of theorem 13.2 in [26]. |

The main difference between Lemma 3.2 and the following Lemma is that on S*
we don’t have to worry about the diffeomorphisms having compact support. On R
the diffeomorphism ¢(x) = x 4+ 1 is not element of Diff.(R) and we would have to
replace it by ¢(z) = x + ¢(z), where ¢(z) is some function with compact support.
This makes working on the circle much easier.

3.4. Lemma. Let ¢ € Diff(SY) be the shift by o, i.e. p(x) = x + 0. Then the
geodesic distance between ¢ and id with respect to the HY?-metric in Diff(S) is
zero.

Proof. We will prove the lemma by constructing a sequence of vector fields with
arbitrary small H'/2-norms, whose flows at time t = Tu,q will be p(Tena, ) = z+0.
First we apply Lemma 3.3 with b; = % for j =0,...,N —1 and 0 otherwise. By
doing so we obtain || f]|%,,,2 < C4, while || f|lsc = 1. For the basic function ()

we choose 9(x) = T . Note that supp(®) C [—1,1] and that v is concave in
a neighborhood around 0. Since each f is a finite sum of ¢(2/x), these properties
hold also for f.

We define the vector field

u(t,z) =Af(t—x) with 0<A<1
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for t € [0,Tena], where Teng will be specified later. The energy of this path is
bounded by

Tena 9 1
B = [ ult ) B dt < Clnay
0

and hence can be made as small as necessary. It remains to show that the flow of
this vector field at time ¢ = Tyyq is indeed @(Tena, ) = x + 0.

We do this in several steps. First we consider this vector field defined on all of R
with time going from —oo to co. The initial condition for the flow is p(—o0, ) = z.
Since u(t, z) has compact support in z, this doesn’t cause any analytical problems.
As long as A < 1 each integral curve of u will leave the support of u after finite
time. Therefore we can consider (oo, x) to be the endpoint of the flow. Next
we will establish that ¢(co,z) = x + S is a uniform shift, that is independent of
x. Then we show that by appropriately choosing A we can control the amount of
shifting, in particular we can always obtain S = o. Then we find bounds for the
time each integral curve spends in the support of u. By showing that this time is
only dependent on S, but not on the specific form of f or ¢, we will know that T,nq
doesn’t grow larger as we let N — co. In the last step we go back to the circle,
define Tepg, start the flow at time ¢ = 0 and show that the resulting flow is a shift
by 1 at time T,nq. This will conclude the proof.

The flow (¢, x) of u(t, z) is given by the equation

Opp(t, ) = u(t, p(t,z))

with the initial condition p(—o0,z) = z. Define the function a,(t) =t — (¢, ).
Because diaz(t) = 1 — Af(ax(t)) > 0 the function a,(.) is a diffeomorphism in
t for each fixed x. Since supp(f) C [—1,1], we have dyp(t,x) # 0 only for ¢ €
[a;1(=1),a;1(1)]. Let us define Typigs = a; (1) —a; ' (—1) to be the time necessary
for the flow to pass through the vector field u.

Claim A. Ty is independent of x.
This follows from the following symmetries of the flow (¢, z) and the map a,(¢).

We have
p(t,z) =p(t—(r—y)y) +z -y
and
ag(t) = ay(t — (z —y)) .
To prove the first identity assume x > y and note that at time ¢ty = y — 1 we have
ply—Lar)=c=z+oy—1-(r-y)y) -y

since at time y — 1 — (z — y) the flow p(¢,y) still equals y. Now differentiate to
see that both functions satisfy the same ODE. The second identity is an immediate
consequence of the first one. To prove the claim that Ty is independent of x, we
will show that

Opa;t(t)=1.

Start with a,(a;!(t)) = t, use the symmetry relation ag(a;'(t) — ) = t and
differentiate with respect to z to obtain

deao(az ' (t) — 2)(Dpaz ' () = 1) =0,

which concludes the proof of the claim.
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For each z, the flow of the vector field performs a shift [a;*(—1),a;!(1)] given
by

B azt(1) - B L)
(00, T) x+/a§1(1) Af(t @(t,x))dt—x+[1 oA dt .
Define
_ [ M
=[P

to be the amount of shifting that is taking place as a function of A\. We claim that
we can always choose A close enough to 1, to obtain any shift necessary.

Claim B. I:[0,1) — Rx¢ is a diffeomorphism
Obviously, dxI(A) > 0 and I(0) = 0. It remains to show that limy_,; I(A) = oo .
Each f that we choose in our construction is concave in some small neighborhood
around 0. So choose a > 0, such that for ¢ € [0, a] we have f(t) > 3 and f(t) > 1—ct
for some constant c¢. Then we can estimate the integral by

“Af() A [ 1
H”ZATTVE“ZEAiTTIE“

t=a
t=0

A ea
—1 1 .
2 Og( +1—)\)

From this we can see that I(\) grows towards infinity.

Y

A
5 log(1 — X+ Act)

Y

21

: : > t
to to+2m —2 Tena

FIGURE 2. Sketch of the vector field u(t,z). The gray area repre-
sents the support of v and the blue curves are integral curves of

u(-, x).

Claim C. We have control over the time necessary to induce a shift I(\), via
Tenitt = 2+ I(N) .
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We had above Typigy = a; 1 (1) — a;t(—1) and also da; t(t) = #f(t) - Hence

ot _ [ M)
Tshlft—/l1_)\f(t)dt—/11+1_)\f(t)dt—2+1()\).

This concludes the proof of the claim.

Now we choose A such that I(\) = o and we define the flow (¢, z) on the circle
with period 27 for time from 0 to Tonq = Tanige + 20 — 2.

Claim D. The endpoint of the resulting flow is a constant shift

@(Tend,x) =+ 0.

We have to consider two cases. First take a point x, such that « ¢ supp(f) .
W.lo.g. we assume that supp(f) is the interval [0, 2] starting at 0, which implies
that in this case x > 2 . Then x meets the vector field at time ¢ty = x — 2 and leaves
it again at time t; = © — 2 + Ty after being shifted by one. It would meet the
vector field again at time to = x — 2 4+ Tyhige + 20 — 2, but because ¢ — 2 > 0 we
have t3 > Teng and hence the point doesn’t meet the vector field again.

Now take a point 0 < z < 2. This point starts in the vector field, leaves it at
some time tg < Tyhige and meets the vector field again at time ¢y + 27 — 2 . It then
stays in the vector field until the Teng since Teng < to + 2m — 2 4 Typig - Altogether
the point has spent time tg + Teng — (to + 27 — 2) = Typige in the vector field, so it
has also been shifted by o. This concludes the proof. O

Proof of theorem 3.1. Let us denote by Diff(M)L=0 the set of all diffeomorphisms
 that can be reached from the identity by curves of arbitrarily short length, i.e.,
for each € > 0 there exists a curve from the identity to ¢ with length smaller than
e. In the following we will show that Diffo(M)*=? is a non-trivial normal subgroup
of Diffo(M). By the simplicity of Diffo(M) (see [8, 24, 13, 14]) it then coincides
with Diffq(M), which concludes the proof.
Claim A. Diffo(M)=" is a normal subgroup of Diffo(M).

Given a diffeomorphism ¢ € Diffo(M), we can choose a partition of unity 7; such
that normal coordinates centered at z; € M are defined on supp(7;) and such
that normal coordinates centered at 1 (z;) are defined on ¢ (supp(7;)). Then we
can define ¢; = exp;(lxj) ot o exp, . For ¢y € Diffo(M)*=° we choose a curve

t = (t,-) from the identity to o7 with length less than e. Let u = ;0 p~1. Then
1
Len(v ™" o o 0) < Co(r) [ 0% o prod)o (0710 o ) msqurit
0

1
— Cy(r) / 1T 0 wo gt
0

(oo}

1
o) / S flexps, (7. T0 " 0 wo ). g dt

J=0

o0

1
=) [\ T w70 07 a0) 0

=0

1 oo
<Car) [ S exwi (70 07 0) By oyt

=0
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1
= 02(1/%7)/ 1w/l s (a1, 70p-1)dt < C3(3p, 7) Len(yp) .
0

Here we used that all partitions of unity 7 induce equivalent norms H*(M,7) and
that for h € C°°(M) and v € Diff (M) point wise multiplication f + h.f and
composition f +— f o 1 are bounded linear operators on H*(M), as noted in theo-
rems 2.2 and 2.3.

Claim B. Diffo(M)*=0 is a nontrivial subgroup of Diffo(M) .

For a one-dimensional manifold M the non-triviality of Diffq(M) is shown in lem-
mma 3.2 and lemma 3.4. It remains to prove the case dim(M) > 1.

The idea is to use polar coordinates and a partition of unity to embed diffeomor-
phisms of S* as diffeomorphisms of M. We choose a partition of unity (7;) such that
7o = 1 on some open subset U C M, where normal coordinates centered at xo € U
are defined. According to lemma 3.4, for 0 < s < %, there exists a family of dif-
feotopies g1 (o, t, ) with arbitrarily small H*-length which satisfies pg1(0,t,2) =
vs1(0,0,2) = x and pgi(0,1,2) = x + 0. Let ugi(o,t,x) = (pg1)t © <p§11 be the
right-invariant velocity vector of the path. From the proof of lemma 3.4 we see that
psi(o,t,x) and ugi (o, t, x) are also smooth in o. Using a bump function b € C*°(R)
we define a vector field % on Rt x S x R"~2 via

u(t,r,0,x1,...,xn—2) = (0,us1(b(r).b(z1) ... b(xn_2),t,0),0,...,0) .
The flow at time ¢ = 1 of this vector field is the diffeomoprhism
o(r,0,21,...,xp—2) = (r,05 (b(r).b(z1) ... 0(xpn—2),0),21,...,Tpn_2)

and it depends only on the endpoint g1 (o, z) and not on the path in between.
Using a transformation to polar coordinates

[ Rt xSt — R2\{0}
® { (r,0) — (rcos(@),rsin(ﬂ))

we can define a vector field in R™ coordinates
ugn (8,21, ..., 2p) = At, 7 (21, 22), T3, . . ., Ty) -

If b is chosen with sufficiently small support, then the vector field ug» has support
in exp, (U) and we can define the vector field ups := (exp,, )«ur» on M. This
vector field generates a path (¢, -) € Diffo(M) with arbitrarily small H*-length:

1 1
Len(par) < Ci (r) / lant e atmy At = C1 () / l exp?, (ro-unt)l ey dt
0 0

1

— (7 /0 .
1

= Ci) [ 10+ 165 Fuse

Hs (Rn) dt

L2(R™) dt
1 S
< Cy(r, ®) / 1L+ JE12) Fll o as st i dt
0
1
— Cy(r, @) / 11+ 1€[2)3 Fugs (t,6) Fb(Ea) . .. Fb(en)ll = dt
0

1
< Cy(r, ®,b) / st -5ty = Ca(r, ®,b). Len(pss) - 0
0



12 MARTIN BAUER, MARTINS BRUVERIS, PHILIPP HARMS, PETER W. MICHOR

4. PoOSITIVE GEODESIC DISTANCE

4.1. Theorem (Positive geodesic distance). For dim(M) = 1 the Sobolev-norm of
order s induces positive geodesic distance on Diff (M) if s > 1. For dim(M) > 2
it induces positive geodesic distance if s > 1.

Proof. By the definition of the Sobolev metric it suffices to show the result for

Diff .(R™).
For the case n = 1 let <p0,<p1 € Diff .(R) with @g(x) # p1(x) for some x € R.
For any path (¢, ), with ¢(0,-) = ¢ and ¢(1,-) = <p1 we have

0 £ r(2) - ool |—V"%txﬁ] Lt wmm4

1
gAhmww@»wSAHMum@ﬁsAHMnmmkmw
1
< [ Mttt
0

In the last step, we used the Sobolev embedding theorem, see [25] for example. The
case dim(M) > 2 follows from [17, Theorem 5.7]. O

5. THE GEODESIC EQUATION oN Diff.(R™)

In the upcoming parts we want to calculate the geodesic equation for the two
equivalent Sobolev norms on Diff.(R™).

5.1. The general setting. According to [1], see [16, section 3] for a presentation
directly applicable here, we have: For any right invariant metric G on a regular
infinite dimensional Lie group, the geodesic equation reads as

uy = —ad(u) Tu
Here ad(u) " denotes the adjoint of the adjoint representation ad, which is given by
(ad(v) Tu,w)g := (u,ad, w)g . Note that for Diff.(R") we have ad, w = —[v, w]

for v,w € X.(R™) . The sectional curvature (for orthonormal u,v) at the identity
is then given by the formula

(B(u, v)v,u)e = EHB(U)U = B)u —ad(u)lg + ([B(w), B(v)]u, v)c

where B(u)v := ad(u) v + ad(u)v . This last expression is from [15, section 2.6].
The Jacobi equation for a right trivialized Jacobi field y along a geodesic with right
trivialized velocity field w (which satisfies the geodesic equation) is derived in [19,
3.4 and 3.5] as:

yre = [ad(y) " +ad(y),ad(u) Ju— ad(u) "y, — ad(ye) "u+ ad(w)y,

This will allow us to write down the curvature and the Jacobi equations for all
metrics that we will treat below. Since this leads to complicated formulas we will
not spell this out.

5.2. Theorem. Let A : X.(R™) — X (R™) be an elliptic, scalar (pseudo)-differential
operator that is positive and self-adjoint with respect to the L?-metric. Then A
induces a metric on Diff .(R™) in the following way:

Gé(X, Y):=(A(Xo¢"),Yo 9071>L2(R") .
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The geodesic equation with respect to the G*-metric is then given by

Aul = — i (Au' (Opu’) + (A(9u").ut + AuF.(0;u1)) .

i=1
Equivalently it can be written in terms of the momentum m = Au:
mP = — Z (mi(Opu’) + ((O;mF) .’ + mF.(9uh)),  uF =A"Im".
i=1

Proof. For u,v,w € X.(R™) we calculate

(u, —[v, w]) grs (mn) = /n<A5u,—[v,w]>Rn dz

= / Z AguF Z (90" w' — ' (9w")) da
" k=1 i=1
/ Z Z AP (&-vk)wi + 81-(Asuk.vi)8iwk dz
R

k=11i=1
/ ZZAU (Orv") warZZ ).t + A (00"))w” da
i=1 k=1 k=1 i=1
= / ZkaS (ad(v)Tu)k dz = (ad(v) "u, W) s (Rn) -
R™ =1
u—ZA (Asu’ (Opu’) + (As(OuF).u’ + Agu® (9;uh))) O

5.3. Theorem (Geodesic equation for the Sobolev metric G®). The operator
Ayt HFP(R™Y) — HER™),  u(z) = (F1 1+ [€%)° Fu) ()

induces the Sobolev metric G* of order s on Diff .(R™). The geodesic equation for
this metric reads as:

n

my =~ Z (M’ (Opu’) + ((Bim").u’ +m* (")),
=1
n ol—s| |s—%
k (2W)§%Ks,%(
@m) 3] [ Ja_a(r]- D<1+r2)b drxmk, s< sl

k s>n—1

) % mk,

Here J,, /o1 denotes the Bessel function of the first kind, which is given by

1 s . [e'e) )
Jo(r) == / cos(at — rsint) dt — sin(a) / e~ rsinh(t)—at gy
0 0

s s

and Ks—z denotes the modified Bessel function of second kind, which is given by
S T
VT o (t2+4r2)vt2

Proof. The operator Agu = F~1(1+[€£]?)* Fu is an elliptic, scalar (pseudo)-differen-
tial operator that is positive and self-adjoint with respect to the LZ-metric. In
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particular it is a linear isomorphism from H**2%(R") — H¥(R"). By theorem 5.2
it remains to calculate the operator A;!. This can be done as follows:

ATtm(z) = FHL+ [E?) 7 Fm(z) = 2m) 2 F (L + [€%)7°) xm() -
Let f be a radial symmetric function on R”, i.e., f(£) = f(|¢|). Then we have

) =kl E [yl St

For the function f(£) = (1 + [£]?)~* this yields:
-1 2 1-2 re
FH1ER)7) = lal ¥ [ Ty atrlel) g dr

See for example the books [22, 23] for more details about Fourier transformation of
radial symmetric functions. For s > "—_1 the last integral converges and we have

21 S|x‘877
I(s)

An immediate consequence of the above analysis is the geodesic equation for the
equivalent Sobolev-metric G .

Ky s

FHa+em™) = ). O

5.4. Theorem (Geodesic equation for the Sobolev metric G°). The operator
A, HYRY 5 HERY),  u(z) o (FL(1+ |E2)Fu) ()

induces the Sobolev metric G of order s on Diff .(R™). The geodesic equation for
this metric reads as:

n

my = *Z(mi(akuiwr((5imk)~ui+mk~(3iui))) ,

i=1

k aonen [T rs k
= (2m)% |- |}z Jn_1(r] ) ———d .
u ( 7T) | | /0 2 1(7“| |)(1_~_r2s) rxm

5.5. The Geodesic Equation in dimension one. For the G -metric on Diff, (R)
or Diff(S') the above expression for the geodesic equation simplifies to
FRY r3
me = —2u,m —umy, u= (2m)? /0 J_o(r] |)m drxm .
For s = k € N we can rewrite this equation as:
my = —2u,m —umg, m=u-+ Qﬁku

where m(¢, ) is the momentum corresponding to the velocity u(¢,z). In the case
s = 0 this becomes the inviscid Burger equation

Up = —3UgU
for s = 1 it is the Camassa Holm equation
Ut — Uggt + 3uu:c = 2U'ru"cx + Uy -

and for s > 1 they are related to the higher order Camassa Holm equations, see [4].
To study the Sobolev metric és, for s = k—l—% we introduce the Hilbert transform,
which is given by
FOH)(€) = —isgn() FF(€) -
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1

. . . . =k .
Using this we can write the metric G "2 in the form

1
G'e (u,v) = /(u + HO*Hy)vdr = /(u + 02N (Hu) v da .
R R

The geodesic equation is then given by
my = —2UgymM — UMy, m=1u-+ /Haik“u .

If we pass to the homogenous space Diff(S')/S! and consider the homogenous
Sobolev metric of order one half the geodesic equation reduces to

my = —2u,m —umg, m= Hu, ,

which is the modified Constantin-Lax-Majda equation, see [27]. If we consider the
homogenous Sobolev metric of order one the resulting geodesic equation

Uggpt = —2Uglpy — Ullgry

is the Hunter-Saxton equation.

6. CONCLUSIONS.

In this paper we have provided a partial answer to the problem of vanishing
geodesic distance for Sobolev-type metrics on diffeomorphism groups. Two cases
remain open.

Conjecture. For dim(M) > 2 and 3 < s < 1 the geodesic distance doesn’t
vanish.

For s > 1 the non-vanishing of the geodesic distance has been shown in [17,
Theorem 5.7]. In contrast to dim(M) = 1 the higher-dimensional behavior cannot

be tied too much to the critical Sobolev-index s = dimT(M), since for dim(M) = 3
the critical index equals s = % while [17, Theorem 5.7] proves that already for s = 1
the geodesic distance doesn’t vanish.

Conjecture. For M =R and s = % the geodesic distance vanishes.

We believe that a similar construction as in Lemma 3.4 can be used to construct
paths of arbitrary short length. However, since the diffeomorphisms need to have
compact support, we need to adapt the construction to reach a diffeomorphism of
the form ¢(z) = = + ¢(z) as in Lemma 3.2. The difficulty lies in constructing a
vector field, whose flow at time ¢ = 1 we can control.

Another interesting question is, wether this result carries on to the Virasoro-Bott
group. In [2] it was shown that the right invariant L?-metric on the Virasoro-Bott
group has vanishing geodesic distance. We believe that the results of this paper
can be extended to Sobolev metrics of fractional order on the Virasoro-Bott group
similarly as in [2]. When working on the Virasoro-Bott group one has to control the
central cocycle along the curve, which is expressed in terms of the diffeomorphism
and its derivatives. All the constructions in this paper take place on the vector
fields. In order to pass to the Virasoro-Bott group one would need to control the
behavior of the flow via the vector field.
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