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Let p be the following equivalence relation on R?: z ~, y :& |z| = |y|.
Show that R?/p cannot be endowed with a quotient manifold structure
of R2. Nevertheless, if one replaces R? by R? \ {0}, then such a structure
exists.

The vector field X := e*2 8%1 + a% defines a one-dimensional distribution
Q on R% Find a chart around (0,0) that is flat for €.

Let X7, ..., X} be smooth vector fields on a manifold M such that [X;, X;]
= 0 for all 7, j. Then the distribution 2 spanned by Xi,..., X} is inte-
grable by the Frobenius theorem. Show that for any p € M and € > 0
sufficiently small the set

M = {FI}* o...oFlth"(p) | (£, ..., t%) € (—¢,e)"}

can be equipped with a manifold structure that makes it an integral mani-
fold of €2 containing p. (Hint: Examine the proof of the Frobenius theorem.)

(i) Show that X, Y span an involutive distribution © on M.
(ii) Determine the integral manifolds of .

Let ¢ : I — M be a maximal integral curve of a vector field X € X(M)
and suppose that ¢/(t) # 0 for all t € I. Equip C := ¢(I) with its natural
manifold structure as described in 17.18. Show that C is diffeomorphic
either to R or to S*.



