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Conformal geometry of symmetric spaces and
generalized linear-fractional maps of Krein—Shmul’yan

Yu. A. Neretin

Abstract. The matrix balls By, 4 consisting of (p X g)-matrices of norm < 1 over C
are considered. These balls are one possible realization of the symmetric spaces
Bp,g = U(p,q)/ U(p) xU(q). Generalized linear-fractional maps are maps By, ¢ — By s
of the form Z — K + LZ(1 — NZ)~! (they are in general neither injective nor sur-
jective). Characterizations of generalized linear-fractional maps in the spirit of the
‘fundamental theorem of projective geometry’ are obtained: for a certain family of
submanifolds of Bp ¢ (‘quasilines’)it is shown that maps taking quasilines to quasi-
lines are generalized linear-fractional. In addition, for the standard field of cones on
Bp,q (described by the inequality rkdZ < 1) it is shown that maps taking cones to
cones are generalized linear-fractional.
Bibliography: 21 titles.

Introduction

Consider any one of the 10 series of classical Riemannian non-compact symmetric
spaces

GL(n,R)/O(n), GL(n,C)/U(n), GL(n,H)/Sp(n), U(p,q)/Ulp) x Ulg),
O(p,q)/ O(p) x O(q),  Sp(p,q)/ Sp(p) x Sp(q),
Sp(2n,R)/U(n), Sp(2n,C)/Sp(n), SO*(2n)/U(n), O(n,C)/O0(n,R).

It turns out that there exist natural maps between distinct spaces in one series,
the so-called generalized linear-fractional maps of Krein—-Shmul’yan. For the series
U(p, q)/ U(p) x U(g) such maps have been known in operator theory since the 1950s
at least (they have appeared in papers by Potapov, M. Krein, Yu. Ginzburg, and
Shmul’yan; see, for instance, [1]-[4]). For the series Sp(2n,R)/U(n) they have
been introduced in [2] and for other series in [5]. In the 1980s these maps found
their way into representation theory (see [5]—[7]). The aim of the present paper is
to demonstrate that generalized linear-fractional maps are very natural from the
geometric standpoint.

This research was carried out with the support of the Russian Foundation for Fundamental
Research (grant no. 98-01-00303) and the Russian Programme of Support for Leading Scientific
Schools (grant no. 96-01-96249).
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We now explain just what we mean. For example. consider the series of spaces

U(p,q)/ U(p) x U(q)-

They have a convenient realization as Cartan domains or matriz balls. Namely,
let B(,,q) be the set of complex p x g-matrices with norm < 1 (by the norm of a
matriz we mean the norm of the corresponding linear operator from the Euclidean
space CP into the Euclidean space C?). We consider the pseudo-unitary group

U(p, q), that is, the group of block matrices (é, g) of size (p 4+ q) x (p + q)

preserving the Hermitian form with matrix (é _01 ) The group U(p, q) acts in

Bp,q by linear-fractional maps of the form

Zw (A+ZC) (B + ZD), (0.1)

where (A B

c D) € U(p,q). The stabilizer of the point Z = 0 consists of the

A 0
0 D)’
where A € U(p), D € U(g). Thus, B, ; = U(p,q)/ U(p) x U(g).
Let Z1, Z> € Bp,q. We consider now the matrix

matrices

NZy, Zo) = (1 — Zy 20) Y2 (1 = Zi Zo) (1 — Z5 Z5)~Y/2.

Let A1 > A2 > - -+ be the singular values of this matrix (recall that singular values
of a matriz A are eigenvalues of the matrix |A| = vVA*A). It turns out that this
collection of numbers is a complete set of invariants of the pair Z;, Z> € By 4 under
the action of U(p, ¢). The quantities

@1 :=cosh (A1), a2 =cosh™*()\2),
are called the complexr (compound) distance or the stationary angles (see [8], [9] for
fuller detail). The standard distance in the symmetric space U(p, q)/ U(p) x U(q)

induced by the invariant Riemannian metric can be expressed through the complex

distance by the formula
1/2
P21, 2) = (Z 90]) :
We consider now the block ((r + q) X (s 4 p))-matrix
K L
o=(ir ¥)

(note the size) satisfying the conditions

(@) [[S] <1
(b) K] <1.
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It can be shown that the formula
15(Z) =K+ LZ(1-NZ)"'M (0.2)

defines in this case a map
7(S): Bp,q = Bys.

Note that if (p,q) = (r, s), then the matrices S corresponding to motions (0.1) of
the symmetric space B, , are unitary, that is, even in this case there exist more
maps (0.2) than there are motions (0.1). Maps of the form (0.2) are called gener-
alized linear-fractional maps of Krein—-Shmul’ yan.

The following result can be found in [8], [9] (in the form of a lemma in the proof
of boundedness for a class of integral operators).

Theorem 0.1. Let 75: By ; — B, s be a map of the form (0.2). Let o1 > @2 > - -
be the compound distance between points Z1,Z5 € By g and let iy = 2 > -+ be
the compound distance between their images. Then

©1 21/)17 @221/)27 @321/)37 (03)

(see the first inequality in [10]).

Of course, if follows from (0.3) that generalized linear-fractional maps decrease
the standard Riemann distance in B, ;. However, Theorem 0.1 states in fact that
generalized linear-fractional maps are contractions in an incomparably stronger —
and fairly unusual — sense.

The aim of the present paper is to characterize generalized linear-fractional maps
(in the spaces U(p, q)/ U(p) x U(g)) in terms of the geometry of symmetric spaces
(Theorems 2.2-2.4). First, we give their characterizations in the spirit of the ‘funda-
mental theorem of projective geometry’: an (in general, not injective) map taking
some family of submanifolds of one symmetric space to a similar family of sub-
manifolds of another is (under certain additional assumptions) generalized linear-
fractional.

We also give a characterization of generalized linear-fractional maps in the spirit
of so-called ‘conformal geometry’. Namely, we consider a standard field of cones
in the tangent spaces to a symmetric space (see [11]-[14]). We show that (under
certain additional provisos) maps taking cones into cones (not necessarily in a one-
to-one way) are generalized linear-fractional maps. As a consequence we derive
Theorem 2.6, a result converse to Theorem 0.1: a map B, ; — B, s satisfying (0.3)
is generalized linear-fractional.

All these results are stated in §2 and proved in § 3. In § 1 we present preliminary
information. In §4 we discuss other series of symmetric spaces.

I am indebted to G.I. Ol’'shanskii, who asked me about possible geometric
characterizations of generalized linear-fractional maps.

§1. Results similar to the ‘fundamental
theorem of projective geometry’

1.1. Grassmannian. Let Gr,, be the set of all p-dimensional subspaces of
Crte = CP @ C?2. By Mat,, we shall mean the space of (p x g)-matrices or,
equivalently, the space of linear operators CP — (9.
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Let A € Mat,, 4. Then graph(A), the graph of the operator A, is a p-dimensional
subspace of CP @ €7, that is, an element of Gr, 4. Thus, the map A — graph(A4) is
an embedding

Maty, o — Grpq.

It is easy to see that the image of Mat, , is an open dense subset of Grp, 4.
The group GL(p + ¢, C) acts in CP*9, therefore it acts also in Grp 4. Using the
variable Z € Mat,, , we can express the action of GL(p + ¢, C) as follows:

Zw (A+ZC) (B + ZD),

where (él, g) is an invertible ((p 4+ q) x (p + q))-matrix.

1.2. Line structures. Let T and S be subspaces of (P74 such that
dimT =p+1, dimS=p—1, and T DS.
We consider the set {7 g of H € Grp 4 such that
SCHCT.

Clearly, {7 5 is a one-dimensional complex manifold holomorphically equivalent to
the projective line CP'. We shall call the submanifolds U1 5 quasilines.
In the chart Mat, ; C Grp, ¢ quasilines are described by the formulae

A+1tB,

where A, B € Mat, 4, tk B =1, and t ranges in C.

We now consider a subspace S of CPT? of dimension p—1. Let Vg be the set of all
H € Grp 4 such that H D S. Clearly, Vs is a complex manifold biholomorphically
equivalent to the projective space CP?. We shall call the submanifolds Vg C Grp 4
quasiplanes of the first kind.

Let T' C TP be a subspace of dimension p+1 and let Wr be the set of H € Gr,, ,
such that H C T. Clearly, Wr is a complex manifold that is holomorphically
equivalent to the projective space CPP. We shall call the submanifolds Wy C Gr,, 4
quasiplanes of the second kind.

In the variables Z € Mat, , a quasiplane of the first kind can be expressed as
the set of matrices of the form

tiap  too tqal
Z(t1, . tg) =A+ | oo
tiap toay tyop
where t1,...,t; range over C, while the matrix A and the numbers ai,...,ap

are fixed. Accordingly, quasiplanes of the second kind can be parametrized in
accordance with the formula

5161 s182 ... 81054
Z(s1,..8p) =A+ | oo
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Lemma 1.1. (a) For S # S’ the quasiplanes Vs and Vg intersect in one point at
most. The same holds for the quasiplanes W and Wy

(b) For T 2 S the quasiplanes Wy and Vg are disjoint, and for T D S they
intersect in the quasiline {p g.

(c) For each quasiline ¢ there exist a unique quasiplane of the first kind and a
unique quasiplane of the second kind containing £.

Lemma 1.2. (a) Two arbitrary points in a quasiplane can be joined by a quasiline.
(b) Let M be a subset of Grpq such that for two arbitrary points in M there
erists a quasiline through them. Then M lies in some quasiplane.

All these assertions are obvious.

Remark. The Pliicker embedding
Gry g — CPCrra™?
takes quasilines into straight lines (see [15]).

1.3. Determinant submanifolds. We can define the so-called integral distance
n(Hy, Hy) in Gr, 4 by the formula

n(Hy, Hz) = codimension of H; N Hy in Hj.

It is easy to see that it satisfies in fact all the axioms of a metric. In terms of
matrices this distance can be expressed as follows:

n(Zl, ZQ) = I‘k(Zl — ZQ)

Remark. The quantity n(Hy, Hz) is the minimum length of a chain ¢;,...,¢, of
quasilines such that H; € {1, Hy € £, and ¢; intersects £;41.

et

H

Let o = 0,1,...,p. We define the determinant submanifold Do(H) of Grp 4 as
the set of R € Gry, 4 such that n(H, R) < a. In terms of matrices D, (A) is described
by the condition

tk(Z - A) < a.
1.4. Projective characterization of the group GL(p + ¢,C). We introduce
in CP*9 the operation of component-wise complex conjugation

(@1, .-y Zpyq) = (T, -+, Tprq)-

For arbitrary H € Grp 4 let H be the image of H under this conjugation. Further,
we consider in CPT9 the non-degenerate symmetric bilinear form

(z,y) = > wy; — Y w3y
Jj<p i>p

Let H' be the orthogonal complement of H € Gr,, , with respect to this form. In
the variables Z € Mat,, , this operation can be expressed by the formula Z — Z¢,
where Z' € Mat,, is the transpose of Z.



260 Yu. A. Neretin

Theorem 1.3 (Hua Loo Keng [16]). Let A: Gr, , — Grp 4, where min{p; ¢} > 1,
be a continuous bijection' preserving the integral distance. If p # q, then the map
A has one of the following forms:

MNH)=gH or XNH)=gH, where g€ GL(p+q,C), HeEGr,,. (1.1)
If p=q, then X\ can also have one of the following forms:
MNH)=gH* or \H)= gﬁl, where g€ GL(p+¢,C), H € Grp,y. (1.2)

An equivalent result was obtained by Chow in [15] (1949).

Theorem 1.4. Let \: Grp, , — Grp 4, where max{p;q} > 1, be a continuous bijec-
tion taking quasilines to quasilines. Then for p # q the map X\ has the form (1.1)
and for p = q it has the form (1.1) or (1.2).

The proof of these results and their various versions can be found in Dieudonné’s
book [17]; see also [18] and the papers in the ‘Geometry of matrices’ section in Hua
Loo Keng’s collection of papers [19]

1.5. Conformal structure. Let H € Grp 4 and let Ty be the tangent space to
Grp 4 at H. We denote by Coney the cone in Ty formed by the vectors tangent
to the determinant submanifold D;(H). We obtain in this way a field of cones on
Grp g

Operating in the space Mat, , we shall identify the tangent space at a point
A € Mat, , and Mat,, 4 itself. A vector dZ lies in Coney if

rkdZ < 1.

Theorem 1.5 (Goncharov [11], [12]). Assume that min{p;q} > 1 and let X\ be
a holomorphic diffeomorphism of an open subset O1 of Gr, 4 onto another open
subset Oy of Grp 4 taking the field of cones Conep into itself. Then A can be extended
to a map H v gH, where g € GL(p+ q,C) (if p = q, then maps H — gH* are
also possible).

Remark. A similar result is proved in [11] and [12] for all Hermitian symmetric
spaces. It has been extended to other Riemannian symmetric spaces in [14].

1.6. Comments. (a) Of course, results similar to Theorems 1.3-1.5 are mostly
of aesthetic value (which has merits on its own). Nevertheless, results similar to
Theorems 1.3-1.4 find fairly sensible applications in the structure theory of classical
groups over fields distinct from R, C, or H (see [17], Ch. 4).

(b) For p = 1 both integral distance and conformal structure are meaningless
(the integral distance is always equal to 1 and the cone Conep coincides with the
entire space). Hence Theorems 1.3 and 1.5 do not hold. Theorem 1.4 turns into the
so-called ‘fundamental theorem of projective geometry’ (or von Staudt’s theorem).

n fact, measurability is sufficient. We could also do without measurability, but in this case

the complex conjugation in the statement of the theorem must be replaced by some automorphism
of the field C (see [17]).
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Theorem. Assume that q > 1. Then a continuous one-to-one map of the g-dimen-
stonal projective space CP? into itself that takes lines into lines is induced by a linear
or an antilinear map of CPIT,

This result, in its turn, is void for g = 1.

(c) Theorem 1.5 is a consequence of Cartan’s theorem on primitive pseudogroups
of holomorphic diffeomorphisms (see [20]). Indeed, the local group & of diffeo-
morphisms preserving the field of cones contains the local group GL(p+¢, C). Hence
it cannot preserve any partitioning into subsets. On the other hand it is clearly
distinct from all primitive infinite-dimensional diffeomorphism pseudogroups (the
full diffeomorphism pseudogroup, the symplectic, the contact, the pseudogroup
preserving the volume up to a constant factor, and the pseudogroup preserving a
symplectic form up to a function coefficient). Hence the local group & is finite-
dimensional by Cartan’s theorem.

Next, we consider the stabilizer &, of a point z in &. It contains a parabolic
subgroup (GL(p, C) x GL(g,C)) x N C GL(p+ ¢, C), where N is an Abelian group
isomorphic to the additive group Mat, 4. The natural filtration in the group of jets
induces a filtration in &,. Its lowest level is an Abelian group commuting with N.
However, N acts transitively in Gr, ,\{x}, therefore each local diffecomorphism
commuting with IV belongs to N.

In the case of real diffeomorphisms the status of Cartan’s theorem is apparently
not completely clear, therefore it can hardly be regarded as a universal key to results
similar to Theorem 1.5.

§ 2. Statements of results
2.1. Generalized linear-fractional maps. A generalized linear-fractional map
Mat, ; — Mat, ,
is a map of the following form:

V(Z)=K+LZ1—-NZ)"'M, (2.1)

where (ﬁ JI\}> is a block matrix of size (r+q) X (s+p). Of course, the map (2.1)

is not defined on the whole of Mat,, ,, but rather on the dense open subset described
by the condition det(1 — NZ) # 0. This subset clearly contains the point 0.

Remark. It is useful to bear in mind the formula
Z(1-NZ)*=(1-2zZN)'z
Remark. Consider the map
Zw (A+2C)"Y(B+ ZD) (2.2)

from Mat, , into Mat, ;. Assume that it is well defined in a neighbourhood of 0
(which is equivalent to the invertibility of A). Then (2.2) can be written also in the
form (2.1); namely, it coincides with the map

Zw— AT'B+ AYE+2ZCA™ ' Z(D - CA'B).
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Conversely, if the matrix L in (2.1) is invertible (which means, by the way, that it is
a square matrix, that is, » = p), then the transformation (2.1) can also be written
in the form (2.2).

Remark. Consider now the map
Z— (PZ+Q)RZ+T)* (2.3)

from Mat, , into Mat, ;. Assume that it is well defined in a neighbourhood of 0
(which is equivalent to the invertibility of T'). Then (2.3) can be written also in the
form (2.1); namely, as the map

Z= QT '+ (P-QT 'R Z(E+T *RZ)'T .

Conversely, if the matrix M in (2.1) is invertible (in particular, s = ¢), then (2.1)
can also be written in the form (2.3).

2.2. Linear relations. Wenow explain the meaning of generalized linear-fractional
maps in the language of Grassmannians (see [9] for further detail). We consider an
(r 4+ g)-dimensional subspace S (a ‘linear relation’) of the space

CPta o Crts.
For each H € Gry, , we can define the subspace SH C C"* of all vectors w € C"t*

for which there exists v € H such that (v,w) € S. A calculation of dimensions
demonstrates that if H € Grp 4 is in general position, then SH belongs to Gr, ;.

Proposition 2.1. The map (2.1) is defined by some (r + q)-dimensional linear
relation S C CPT9 @ Crts.

Proof. The linear relation S is the graph of the operator

K L .
(M N).U@Cq—>© @ CP

(note the order of the variables!); see [9] for greater detail.

2.3. Statements of local theorems. We say that a holomorphic map ¥ of a
connected open subset O of Mat, 4 into Mat, , is non-degenerate if

(1) the dimension of the range of W is larger than 1;
(2) the range of ¥ does not entirely lie in a quasiplane.

We say that a holomorphic map of O C Mat, 4 into Mat, s is conformal if for
each point A € O the image of the cone Cone4 under the action of the differential
of the map ¥ lies in the cone Coney ).

eorem 2.2. Le e a connected open subset of Mat, , containing 0. Le
Th 2.2. Let O b ted bset of Matp 4 taining 0. Let
¥: O — Mat, s be a non-degenerate holomorphic map satisfying at least one of the
following conditions:
(A) T is conformal;
or each quasiline £ C Mat e se N tes entirely in a quasiline;
B h quasiline £ C Maty, ; the set W({NO) L tirely ¢ quasiline;
or each quasiplane Y C Mat e se NQO) lies entirely in a quasiplane;
C h quasiplane Y C Maty, 4 the set ¥(YNO) Iz tirely in a quasiplane;
(D) for arbitrary Zy,Z5 € O,
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Then U has the following form:
V(Z)=K+LZ1-NZ)"'M (2.5)

or

U(Z)=P+QZ'(1—-RZ")'T. (2.6)

Remark. Clearly, each of conditions (B)—(D) yields (A). Hence we shall deduce the
conclusion of the theorem from (A).

Remark. The condition that the holomorphic map is non-degenerate has roughly
the same significance as the condition ¢ > 1 in von Staudt’s theorem or the condi-
tions min{p; ¢} > 1, max{p;q} > 1 in Hua Loo Keng’s, Chow’s, and Goncharov’s
results.

(1) If the range of a map lies entirely in some quasiplane, then conditions
(A), (C), and (D) hold automatically.

(2) Consider an affine (that is, linear inhomogeneous) map from Mat,, , into a
quasiplane in Mat, ;. Then all conditions (A)—(D) must hold.

(3) Conditions (A)—-(D) hold for each map of Mat,, , into a quasiline.

(4) Let L be a holomorphic curve tangent at each point @ to the cone Coneq.
Let ¥(O) C L. Then condition (A) is clearly satisfied.

The elimination of all these ‘stupid’ cases is an essential (and unpleasant) part
of the proof of the theorem.

We now present another formulation of the same result.

Theorem 2.3. Let O C Mat, , be an open connected subset containing 0. Let ¥
be a non-degenerate holomorphic map O — Mat, s such that its differential dV has
the following form at each point Z € O:

d¥ = A(Z)-dZ - B(Z).
Then U is a generalized linear-fractional map.

Remark. In this connection one could put a question the reasonableness of which is
not entirely clear to this author. Let ¥: Mat, , — Mat, ; be a holomorphic map.
Then its differential can be written as follows:

d\I/:i:Aj(Z)-dZ-Bj(Z),

where A;(Z), Bj(Z) are some matrices. For maps in general position the least
number of terms « is equal to min{p; g;r; s}. The question is as follows: is there
any sensible way to classify maps with fixed small o (o < min{p; ¢;7; s})?

2.4. Coordinate-free version of the theorem.

Theorem 2.4. Let O be a connected open subset of Grp 4 and let ¥: O = G, be
a non-degenerate holomorphic map satisfying one of conditions (A)—(D) in Theo-
rem 2.2. Then either the map H — VU(H) is induced by some (r + q)-dimensional
linear relation in CPY4 @ C'** or the map H — U(H™) is induced by some
(r + p)-dimensional linear relation in CPT4 @ Crs.
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2.5. Metric version of the theorem. We return to the notation used in the
introduction.

Theorem 2.5 (Shmul’yan [4]). Let
V(Z)=K+LZ(1-NZ)"'M

be a generalized linear-fractional map from the matriz ball B, 4 into B, ;. Then for

some A € R the matrix
K AL
Sy = (A‘lM N ) (2.7)

satisfies the condition ||Sy]| <1, K < 1.

Note that generalized linear-fractional maps 75, corresponding to distinct A are
the same.

We point out also that the composite of two generalized linear-fractional maps,
®:B,, = B,sand U: B, ; — B, ,, is also a generalized linear-fractional map (this
is not that obvious).

As in the introduction, let

01(Z1,22) > p2(Z1,Z2) > - -

be the compound distance between points Z; and Zs.

Theorem 2.6. Let R be a non-degenerate holomorphic map By g — B, s. Assume
that

©; (R(Z1), R(Z2)) < #;(Z1, Z2) (2.8)
forall Zy,Zy € By 4 and each j. Then R s generalized linear-fractional.

Proof. The following result is easy to verify.

The integral distance n(Zy,Z2) is equal to the number of elements in the
collection p1(Z1,21), p2(Z1, Z2), ... that are distinet from zero.

Hence (2.8) yields (2.4).

§ 3. Proof of Theorem 2.2

The main ingredients in the proof of the theorem are Lemma 3.3 (this is a well-
known result (see [11], [12]) and we present its proof merely for completeness) and
the lemmas in subsections 3.5-3.6 on the geometry of the sphere in the integral
metric. The rest is very simple, but the author feels obliged to give the details of
the proof because of its many slippery places.

Throughout this section O is a connected open subset of Mat, , containing 0.
We shall assume that the intersection of O with each quasiline is connected. This
can be obtained, for instance, by shrinking this set and taking for O a sufficiently
small e-neighbourhood of zero (with respect to an arbitrary norm).

The phrase ‘in general position’ means ‘in some open (in the sense of the stan-
dard topology) dense set’ (which will be fixed throughout).
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3.1. Locally projective maps. Let U C CP" be a connected open subset and
let ¢ : U — CP* be a holomorphic map. We say that v is locally projective if

(a) for each line £ € CP™ the t-image of the set £NU lies in some line m ¢ CP*;
(b) the set ¥(U) does not entirely lie in a single line.

Let A: C**! — C*+1 be a linear operator and let P ker A € CP* be the projec-
tivization of its kernel. Then A induces in a natural way a locally projective map
CP" \ Pker A — CP*.

Lemma 3.1. FEach locally projective map s induced by a linear operator.
Proof. (1) We can assume without loss of generality that the range of ¢ does not
lie in a proper subspace of CP*.

(2) Clearly, the image of each s-dimensional subspace of CP" lies in some
s-dimensional subspace (see the figure: the structure on the left-hand side is trans-
formed into the structure on the right-hand side).

AN

(3) We now cousider (k + 1) points Py, Py, ..., P in the range of ¢ not lying in
the same (k — 1)-dimensional subspace of CP*. Choosing appropriate coordinates
we can assume without loss of generality that

In particular, & < n.

Ph=(1:0:0:...), bP=(0:1:0:---:0), ..., P.=(0:---:0:1).

(4) We choose points Qo, @1, ..., Qx such that ¥(Q;) = P;. By (2) they do
not lie in one (k — 1)-dimensional subspace. Choosing suitable coordinates we can
assume that

Qo=(1:0:--:0),Q1=0:1:0:---:0), ..., Qr=(0:---:0:1:0:---:0).
k n—k

(5) For each element
(xo:axp i+ ixp:0:---:0) €U

we have

Y(wog:xy - w0 :0)= (o211 Tp).

See the figure on the next page: the structure on the left-hand side is transformed
into the one on the right-hand side. Once we know the images of Qg, @1, Q2, @3,
we know also the images of the points Ri, R, R3,.... However, the sequence
R1, Ro, ... converges to Qp, and we can use uniqueness results for holomorphic
functions.
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@1 Q2 P P
Qs Py

Qo Py

(6) Written in coordinate-free form, (5) means that the map ¢ is projective
in the usual sense of this term on k-dimensional subspaces of CP"™ in general
position.

(7) Let m be a line in CP* intersecting the range of 1. Then its inverse image
¥~1(m) C CP" is an open subset of some subspace of CP". For let a,b € »~1(m)
be points in general position and let ¢ be the line through these points. Then
(a) # ¥ (b). Hence ¥(¢) C m and therefore £ NU C ¥~1(m). We leave out the
final trivial steps.

(8) Consider a point z € (U). We claim that its inverse image 1 ~!(z) is an
open subset of some subspace of CP". We consider two straight lines m; and ms
intersecting at x. Then

Y7 @) =97 (ma) Ny (ma),

and the result is now obvious.

(9) We shall now treat CP* as the subspace of CP™ consisting of the points with
coordinates

(xo:wy:- - :xp:0:---:0).

(10) We consider now a line m in CP* in general position. Its inverse image
1h~1(m) is an open subset of some (n — k + 1)-dimensional subspace M C CP".
We consider two points on m, p and ¢ in general position. Their inverse images
are open subsets of some (n — k)-dimensional subspaces P,Q C M C CP". Hence
PNQisan (n—k — 1)-dimensional subspace of M.

Let ¢ be the operation of projection of CP™ onto CP* from P N Q. Clearly, ¢
coincides with 1 on the sets CP*NU, PNU, and Q NU. We claim that =1
everywhere in U. We consider a k-dimensional subspace of S in general position
that has a (k — 1)-dimensional intersection with CP* MU and also intersects P NU
and @ NU. As we saw in (6), ¢ is a projective map in S. On the other hand it
coincides with ¢ on PN.S, QN S, and on the (k —1)-dimensional subspace SN CP*.
Hence ¢ = 1 everywhere in S.
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PNQ

k
P TPk N S

The required result is now obvious.
We shall use also the following technical lemma.

Lemma 3.2. Let {1,...,4, C CP" be a collection of straight lines that intersect
at some point u and do not all lie in the same (n — 1)-dimensional subspace and
let mq,...,mn C CP¥ be an arbitrary collection of straight lines intersecting at a
point v. Let @;: £; — m; be a collection of projective maps such that y;(u) = v for
each j. Then there exists a unique locally projective map ¥: CP" — Ccp* equal to
p; on the line {; for each j.

Proof. The point u corresponds to some line u C Cnrt1l) and the lines ¢1,...,4,
correspond to planes {1,..., £, C Cnt! passing through . Further, we have linear
maps {; — CP* coinciding on @. The required result is now trivial.

3.2. Integral manifolds of the field Cone. Let R be a complex submanifold
of Grp 4. We call R an integral manifold of the field of cones Cone if for each Z € R
the tangent space Tz(R) to R at Z lies in Coneg.

Lemma 3.3. Each manifold R of dimension > 2 that is an integral manifold of
the field Cone lies in some quasiplane.

Proof. The cone Coneyz contains two families of linear subspaces, V, and Wy,
defined as follows. The subspaces V, consist of the matrices of the form

dZ =a-z,

where a is a fixed matrix column and x ranges over the set of matrix rows. The
subspaces W, consist of the matrices of the form

dZ =y -b,

where b is a fixed matrix row and y ranges over the set of matrix columns. Of
course, these spaces are the tangent spaces of certain quasiplanes through Z.
Each linear subspace of Coney lies in some space V, or W,,. Clearly, the tangent
space Tz(R) of the integral manifold R at an arbitrary point Z lies in one of the
maximal linear subspaces V, or W;. Arguments based on holomorphy show that
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either for all Z € R the space Tz(R) lies in the subspaces V, or for all Z € R it lies
in the subspaces Ws.
For definiteness, let Tz (R) C Wy. It suffices to consider the case dim R = 2. Let

R = R(t, s) be a parametrization of R in a neighbourhood of a non-singular point.

OR

Then the matrices e and s lie in a common subspace Wy, (with b dependent
s

on t and s). Hence the entries r;; of the matrix R satisfy equations of the following

form: 5
=i = ai(t, s)b;(t, s),

ot
0
5571 = cilt, $)b;(t, 5).
. . OR OR . .
We emphasize that the matrices — and — must be linearly independent, that
is, the vectors (a1, ...,ap) and (c1,...,cp) cannot be collinear.
We claim that the quantity
b1 (t, S)
ba (t7 5)
02 02
is independent of ¢ and s. To this end we write down the relation —— = in
Otds  0sot
our case: 5 5
%(ai(t, s)b; (¢, s)) =5 (ci(t, s)b; (¢, s)),
or equivalently,
O 0e\, o b
os ot )7 ot T “os
Dividing both sides by b; we obtain
Oa;  Oc; 0 0
851 - 8_‘; = Cia(ln bJ) - ai%(ln bJ) (31)

Subtracting (3.1) with j = 2 from the same equation with j = 1 we obtain

8 b2 8 b2
— ([In=2) — i— In-=) =
Clat<nb1> a88<nb1> 0

for all i. However, the vectors (a1, az,...) and (c1, ca, . ..) are not collinear, so that

o[ b\ _ 0( b\
a(lﬁa) = 85 (hlbl) —0,

that is, ba/b; = const. In a similar way, for all k& and ! we have by /b, = const.

OR . .
Hence the matrices — and — lie in some subspace 'W; with b independent of ¢
s
and s. The required result is now obvious.

3.3. Elimination of degenerate cases. Let O be an open connected subset of
Mat,, 4.
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Lemma 3.4. Let U be a non-degenerate conformal map from O into Mat, ;. Then

(a) the image of each quasiplane lies in some quasiplane;

(b) the image of each quasiline lies in some quasiline;

(c) either the image of each quasiplane of the 1st kind lies in a quasiplane of
the 1st kind and the image of each quasiplane of the 2nd kind lies in a
quasiplane of the 2nd kind or, on the contrary, the image of each quasiplane
of the 1st kind lies in a quasiplane of the 2nd kind and the image of each
quasiplane of the 2nd kind lies in a quasiplane of the 1st kind;

(d) the image of a quasiplane in general position has dimension > 2.

Proof. (1) Quasiplanes are integral manifolds of the field of cones. Hence the image
of a quasiplane is also an integral manifold of the field of cones. That is, the image
of a quasiplane lies either in a quasiplane or in a (complex) curve.

The rest of the proof is obvious but becomes quite lengthy when written down.

(2) We consider a point X € O such that the differential dx of ¥ does not
identically vanish. The cone Conex spans the entire tangent space Tx. Hence the
value of the linear operator dx on the general vector in Conex is not zero and
therefore the map ¥ takes a quasiline in general position through X into a curve
(rather than a point).

(3) Assume that all quasiplanes of the 1st and the 2nd kind are mapped into
curves and consider a quasiline ¢ such that its U-image is not a point. Then close
quasilines are not taken into points either. We consider now a quasiplane of the 1st
kind V' and a quasiplane of the 2nd kind W such that VW = £. Then the images
of V, W, and ¢ are curves, and therefore the sets U(V'), (W), and ¥(¢) lie on the
same curve.

Next, we consider a quasiplane V' of the 1st kind intersecting W in a quasiline £/
close to £. Then ¥(¢') is a curve that, on the one hand, coincides (locally) with
U(¢) ~ U(W) and, on the other, must coincide with ¥(V"). Hence ¥ (V") coincides
with ¥(¢).

Repeating these arguments we see that all quasilines close to ¢ are mapped
into ¥(¢). Hence the rank of the differential at each point in ¢ or in a quasiline
close to £ (that is, at all points in a neighbourhood of ¢) is equal to 1. Thus, ¥
maps the entire set O into a single curve, which contradicts the non-degeneracy
of ¥. This proves (d).

(4) Assume that the map ¥ takes some quasiplane of the 1st kind V into a
manifold of dimension > 2, while the image of each quasiplane of the 2nd kind lies
on a curve. We claim that the entire range of ¥ lies in one quasiplane in this case.

Let S be a quasiplane containing (V). We consider a point A € V such that
the restriction of the differential d4 to V' has rank > 2. Let ¢ C V be a quasiline
through A such that d4 does not annihilate the direction vector of the quasiline £.
Let W be a quasiplane of the 2nd kind such that £ = VNW. Then the curve ¥(W)
coincides with ¥(¢), so that U(W) lies in the quasiplane S.

Further, we consider in W a quasiplane ¢’ close to £. We consider a quasiplane
of the 1st kind V' such that ¢/ = V' N'W. Then £ is mapped into a curve, which
must be ¥(¢). Thus, the quasiplanes containing ¥(V') and ¥(V’) must contain a
common curve (namely, ¥(¢)), therefore they must be the same (see Lemma 1.1).
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Thus, for each quasiplane V' of the 1st kind and in general position that passes
through A we have the inclusion (V') C S. By continuity the same must hold
for each quasiplane through A. Hence the entire determinant submanifold Dy (A)
is mapped into the quasiplane S.

Next, we consider a point A’ € Dy(A) close to A. The same arguments show
that U(D;(A’)) C S. Hence we immediately obtain that ¥(D2(A)) C S, and so
forth.

(5) We have thus proved (a).

(6) Assume that all quasiplanes (of the lst and 2nd kinds) are mapped, for
instance, into quasiplanes of the 1st kind. We consider now a quasiline ¢ in general
position; let ¢ be the intersection of quasiplanes V' and W. Then the sets ¥ (V)
and U(W) intersect in the curve ¥(¢), therefore (see Lemma 1.1) the quasiplanes
of the 1st kind containing ¥(V') and W(W) are the same. It is now easy to deduce
that the entire range of ¥ lies in one hyperplane.

(7) Thus, we have established (c). This immediately gives us assertion (b). For
let £ be a quasiline in general position and let V and W be quasiplanes containing
it (that is, £ = VN W). Let S and @ be quasiplanes containing ¥(V) and ¥(W).
Then the set ¥(¢) lies in ¥(V) N ¥(W) C SN Q. Hence the intersection S N Q
is non-empty and therefore it is a quasiline (see Lemma 1.1). This proves (b) for
quasilines in general position, and by continuity (b) holds for all quasilines.

Corollary 3.5. FEach non-degenerate conformal map is locally projective on quasi-
planes in general position.

Proof. In fact, such a map takes quasilines to quasilines.

Corollary 3.6. Let ¢ C Mat,, ; be a quasiline such that the set U({) contains more
than one point. Then, as a map between the projective lines £ and U({), ¥ is
projective.

Proof. In fact, the maps of quasiplanes in general position are locally projective,
therefore they are projective on quasilines.

Corollary 3.7. For each point A the image of the determinant submanifolds D1(A)
lies in the determinant manifold D1(U(A)).

We say that a non-degenerate conformal map ‘respects’ the kind of hyperplanes
if the image of each quasiplane of the 1st kind lies in a quasiplane of the 1st kind
and the image of each quasiplane of the 2nd kind lies in a quasiplane of the 2nd
kind.

Assume that a map ¥: O — Mat, ; does not respect the kind of hyperplanes.
Then the map

Z— W(Z)

from O into Mat, , respects the kind of hyperplanes. For that reason we can content
ourselves with maps respecting the kind of hyperplanes.

3.4. Maps of determinant submanifolds D;(A). Let ¥ be a non-degenerate
conformal map respecting the kind of hyperplanes. We say that the differential d 4
of W is non-degenerate at a point A if the operator d4 has rank > 1 on some quasi-
plane of the 1st kind and on some quasiplane of the 2nd kind passing through A.
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Lemma 3.8. Let ¥ be a non-degenerate conformal map respecting the kind of
quasiplanes. Assume that the differential of U is non-degenerate at 0. Then ¥
coincides on D1(0) with some generalized linear-fractional map.

Proof. (1) Without loss of generality we can set ¥(0) = 0. We denote the cone
D;(0) C Mat,, , by D; and the cone D;(0) C Mat,., by D;.

(2) We fix a quasiplane of the 1st kind V° in Mat, , passing through 0 and a
quasiplane of the 2nd kind W*° passing through 0. Let PV° be the set of quasilines
passing through 0 and lying in V°. We define in a similar way PW?°. Clearly, PV°
as a complex manifold is isomorphic to CP¢~* and PW? is isomorphic to CPP~L.

We observe now that quasiplanes of the 2nd kind passing through 0 are in one-
to-one correspondence with points in PV° ~ CP?"!. Namely, with each quasiplane
of the 2nd kind W we associate the intersection W N V°. It is a quasiline, that
is, a point in PV° ~ CP?!, In a similar way, quasiplanes of the 1st kind passing
through 0 are in one-to-one correspondence with points in PW° ~ CPP~1,

(3) The manifold D; is a cone with base

CpP~1 x cpat,

For consider a generator of this cone, that is, a quasiline through 0. It can be
represented in a unique way as the intersection of a quasiplane of the 1st kind and
a quasiplane of the 2nd kind (see Lemma 1.1). As we saw in (2), quasiplanes of
the 1st kind are indexed by points in CP? ~! and quasiplanes of the 2nd kind are
indexed by planes in CP?71, N

(4) A map between cones ¥: D; — D; induces a map between their bases:

A: CPP7L o cP9t — Pt x oS

which is defined in an open dense subset of CPP~! x CP?"!. Moreover, it follows
from (3) that A is a product of maps

A: CPP7L 5 CP™ 1 and A\y: CP971 — Cps— 1,

However, ¥ is locally projective on the quasiplanes V° and W°. Hence the
maps A; and A2 are induced by certain linear maps

A:CP - C" and B:C? —(C°.

(5) The next question is as follows: to what extent is a map between cones
D, — ]31 defined by the map between their bases?

(6) We claim that the differential of ¥ at zero is defined by the maps A; and Ao
to within a coeflicient.

We consider a quasiplane Y in general position passing through 0. Let y be an
arbitrary tangent vector to Y at 0. We know the value of the differential on y to
within a coefficient (for we know the image of the corresponding quasiline). Since
the rank of the differential at 0 is larger than 1, the operator d is defined on Y up
to multiplication by a constant.
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We now fix some possible value of the differential on the quasiplane Y. Let X
be a quasiplane of another kind through 0. The differential on it is also defined up
to multiplication by a constant. However, we have already fixed the value of the
differential on the direction vector of £ = X NY (for we have fixed it on Y'). Thus,
the operator d is uniquely defined on X, and such quasiplanes X sweep out the
entire cone Coney. Hence the differential d is fixed on the cone Coneg to within a
coefficient. Since this cone spans the entire tangent space, this gives us the required
result.

(7) Thus, the differential of ¥ has the following form at the origin:

dZ — A-dZ- B, (3.2)

where A and B are (r x p)- and (¢ X s)-matrices, respectively.

Let E;; be the matrix having 1 at the intersection of the ith row and the jth
column and having zeros at other places. We can assume that the differential does
not annihilate any of the matrix units £;;. For otherwise we could make a change of
variables of the form Z — SZT', where S and T' are non-singular square matrices.

(8) We claim that the map ¥: D; — Dj is uniquely defined by its restrictions
to the quasilines t - F;;, where t € C.

We consider a quasiplane of the 2nd kind V,, consisting of all matrices of the
form ), tiaFio. By Lemma 3.2 the restriction of ¥ to the quasiplane V,, is well
defined.

We consider now a quasiplane W of the 1st kind; let £, = W N V,,. Clearly, for
quasiplanes W in general position the value of d on the direction vector of ¢, does
not vanish, therefore the map ¥ is well defined on each quasiplane W of the 1st
kind by Lemma 3.2. However, such quasiplanes sweep out D1(0).

(9) Assume now that the differential (3.2) is fixed. Let ¢;; be the quasiline
consisting of the points t - F;;. Let m;; be the image of this quasiline under the
map V¥, and let 1);; be the restriction of ¥ to £;;. Note that, given the differential,
we also know the quasilines m;; and the first derivatives

1) = Lo
OES IO

On the other hand, a projective map ;;: ¢;; — m;; is uniquely determined by
the quantities

¥i5(0) =0, ¥;;(0), ¥7;(0).
It remains to show that each collection of second derivatives can in fact be
obtained from some generalized linear-fractional map

®(Z)=AZ(1-NZ)"'B.
Setting Z =t - E;; we obtain
(I)(t . Eij) = (t - leitQ)AEijB,

where the nqg are the entries of the matrix N. We have AE;;B # 0 (this means
that the differential does not vanish at E;;), therefore choosing a suitable matrix
N we can obtain an arbitrary collection of second derivatives.
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3.5. Intersection of determinant manifolds. Let A € Mat, ; be a matrix of
rank & > 1. We are interested in the intersection of the determinant manifolds

Dp—1(0)={Z:7kZ=k—-1}
and
Di(A)={Z :1k(Z - A) = 1}.

We now explain how one can describe all points in their intersection.
Thus, let A be an operator CP» — C? of rank k. Let f be a non-trivial linear
functional vanishing at the kernel ker A of A. We choose v € CP such that

o) =1.
Further, we define an operator Y of rank 1 from CP into C? by the formula
Yz = f(z) Av.

Then the operator
B=A-Y

lies in the required intersection, and one can obtain in this way all points in this
intersection. It is easy to see that

dim(Dg_1(0) N Dy (0)) = 2k — 1.
Lemma 3.9. Let tk A =tk A’ = k and assume that A # A’. Then the sets
Dk_l(O) n D1 (A) and Dk_l(O) n D1 (A/)

are distinct.

Proof. We must describe the recovery of the operator A from = = Dj,_1(0)ND;(A).
(1) It is easy to see that
ker A = ﬂ ker B.
BeE

Hence we can assume without loss of generality that ker A = 0.

(2) We fix a subspace H of CP of codimension 1. For each operator B € = we
consider its restriction Resy(B) to H. We are interested in the level sets (that is,
inverse images of points) of the map

B +— Resy(B)

from Z into the space of operators H — 9.
(3) Let ¢ be a linear functional in C? annihilating H. Then for all vectors v such
that ¢(v) =1 the operators of the form

Bz = Az — p(x) Av (3.3)
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coincide on H. These operators are indexed by a linear functional ¢ (defined to
within a coefficient) and a vector v. Thus, the operators of the form (3.3) make up
a k-dimensional family. For all operators B obtained in this way the corresponding
operators Resy (B) are the same and are equal to Resg(A).

(4) We consider now the two operators,

Bz = Az — f(z) Av
and
Cz = Az — g(z) Aw,

that are not of the form described in (3) (that is, neither f nor g annihilates H).
The equality Resy(B) = Resy(C) is possible only in the case when

f(z) Av = g(z) Aw for all x € H.

Hence the vectors Av and Aw are proportional. The matrix A is non-degenerate,
therefore v and w are proportional. Multiplying g by a coefficient we can assume
that v = w.

Now, the functionals f and g satisfy the conditions

f(z) =g(x) forallz € H,
fv) =g) =1.

If v ¢ H, then f = g on the whole of CP, that is, B = C, and the level set is a
singleton.

Let v € H and let ¢ be a linear functional annihilating H. Then there exists
A € C such that

f(x) = g(z) + Ap(z),

that is, the level set is one-dimensional.

(5) Thus, the map Resy(-) has a unique level set of dimension k (recall that
k > 2). Hence we know (see (3)) the restriction of A to an (arbitrary) subspace
H C P of codimension 1. The proof is complete.

3.6. Induction on the index of a determinant submanifold. Let ¥ be a
non-degenerate conformal map respecting the kind of quasiplanes. Assume that
the differential of ¥ is non-degenerate at zero (see §3.4), and let ¥(0) = 0. We
have already seen that ¥ coincides on the determinant submanifold D;(0) with
some generalized linear-fractional map ®. Now, using Lemmas 3.10 and 3.11 we
shall successively show that ® = ¥ on D5(0), D5(0),....

Let us first of all introduce possibly simpler coordinates. Consider a generalized
linear-fractional map

Y =®(2)=AZ(1-NZ)'B.
We introduce the variable

Z:=2(1-Nz)™, (3.4)
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and reduce our map to the form
Y =&(Z) = AZB.
Further, we can change coordinates in Mat, ; and Mat, s by the formulae
Z v+ 81728, Y —T\YTs, (3.5)

where Sy, Sz, T1, and 15 are invertible square matrices.
Thus, we can assume without loss of generality that ® has the following form:

®(Z) = PZQ, (3.6)

(50 e (3w

and E,, Eg are the identity matrices of sizes oo x o and 3 x 3, respectively.

where

Lemma 3.10. Let ¥ be a non-degenerate conformal map with non-degenerate dif-
ferential at zero. Assume that U cowncides with a generalized linear-fractional map
® on Di_1(0). Let o and ( be as above and assume that 2 < k < min{a; 8}. Then
® =T on Dg(0).

Proof. (1) Let A € Dg(0) be a matrix in general position. Then rk ¥(A) = k and
rk ®(A) = k (the second relation is obvious, and the first follows from the explicit
formula for the differential).

(2) Let us introduce our notation:

(1]

= Dk_l(O) N Dl(A) C Matpm
Iy = Dk_l(O) n Dl(\IJ(A)) C Matns,
Il = Dk_l(O) n Dl((I)(A)) C Matm .

The dimension of all these sets is 2k — 1. Since both ¥ and ® decrease the integer
distance, the set
)

(1]

B(E) = (

lies in both ITy and Ilg.

(3) We claim that if A is a matrix in general position, then the dimension of the
set ®(Z) = U(E) is 2k — 1. It suffices to show that this holds for one matrix A.
However, each matrix of the form

* 0
()
where the upper left corner is of size a x (3, has these properties.
(4) Thus, the (2k—1)-dimensional sets IIy and IIg contain a (2k —1)-dimensional

subset U(Z) = ®(=2). In view of the analyticity, the sets IIy and Ilg are the same.
By Lemma 3.9 we obtain the equality ¥(A) = ®(A).
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Lemma 3.11. Let a and § be as above and assume that k > min{a; 8} > 2.
Let ¥ be a non-degenerate conformal map with non-degenerate differential at zero.
Assume that U coincides with a generalized linear-fractional map ® on Dy_1(0).
Then ® = ¥ non Dy(0).

Proof. For definiteness, assume that o < .
(1) We express an element Z € Mat,, , as a block matrix

Zn1 Zaz
Z =
<Z21 Z22>
of size (a + (p — a)) x (B4 (¢ — B)). Then
- Z11 0
war- (% )
Moreover, if rtk Z < k, then ¥(Z) = ®(Z).

(2) Let
A- (ii j) € Mat, .

Let tk A = k and assume that the first k& rows in the matrix A are linearly inde-
pendent (which is true for matrices A € Dy(0) in general position). We claim
that W(A) = ®(A). Once this is established, continuity arguments show that
U(A) = ®(A) for all A € Dg(0).

(3) Let © be the subset

© = Du_1(0) N Dy(Ey)

of the space of (« x a)-matrices.
We fix S € © and consider the matrix

U— S 0 A11 A12
N T Ep—a A21 A22 ’

where the first factor is a block ((a + (p — a)) x (a + (p — «)))-matrix. Clearly,
rtkU < k. We claim that we can choose the matrix T" such that tkU =k — 1 and

AR

(4) We denote the rows of A by ai,...,a,. We can choose a basis in C* such
that S takes the following form:

0

Assume that h > k. We expand the row ay in terms of aq, ..., ax:

k
ap = E l/hjaj.
j=1
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Next, we set the entries £(;,_q)1 of T equal to —vp1 and we set all other entries
equal to 0. The construction of T is complete.

(5) Thus, tkU = k — 1, therefore ¥(U) = ®(U). Hence

U(U) = (Sﬁ” 8) : (3.8)

As S ranges over © the set of matrices of the form (3.8) ranges over

Dy_1(0) N Dy (Aél 8) (3.9)

On the other hand rk (A — U) = 1, therefore rk (¥(A4) — ¥(U)) < 1, that is, ¥(U)
belongs to Dy_1(0) N D1(¥(A)). Hence Dy_1(0) N D1(P(A)) coincides with (3.9).

By Lemma 3.9,
- All 0

as required.

3.7. Non-degeneracy of the differential. We have shown that, by means of
linear-fractional changes of variables (3.4), (3.5), a conformal map can be brought
into the form (3.6), (3.7). However, the map (3.6), (3.7) is generalized linear-
fractional, therefore, by Proposition 2.1, it is defined by an (r + ¢)-dimensional
linear relation in CP*4 ¢ C™*#. Linear-fractional changes of variables in Mat, , and
Mat, s correspond to the transformations of the Grassmannians Gr,, and Gr, s
induced by linear transformations of CP*9 and C"*5.

Thus, each conformal map is induced by a linear relation, that is, we have estab-
lished Theorem 2.4. As regards Theorem 2.2, we have proved it only under the
assumption that the differential at zero of the map ¥ is non-degenerate. We now
show that this restriction is not important.

Lemma 3.12. Let P be a linear relation in CPT9 @ T of dimension r + q, let
ker P be the subspace P NP4 and let dom P be the projection of P onto CPTY.
Further, let M be the set of all H € Grp 4 such that

ker PNH =0 and domP + H = (P19, (3.10)

Then the map H — PH 1s holomorphic in M and has non-removable singularities
at all points in Grp 4 \M.

The proof is trivial, and we leave it out.

It is easy to verify that the differential of the map H — PH is either degenerate
at all points in M or is non-degenerate at all points in this set.
This observation completes the proof of Theorem 2.2.
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§4. Other symmetric spaces

4.1. Matrix spaces. By a matriz space we mean a space in one of the following
10 series:

— the spaces of (p x ¢)-matrices over a division ring K = R, C T

— the spaces of real symmetric (skew-symmetric) matrices of size n x n;

— the spaces of complex symmetric (skew-symmetric, Hermitian) matrices of
size n X n;

— the spaces of quaternion Hermitian (anti-Hermitian) (n X n)-matrices.

The list of all these spaces is presented in the table opposite. We indicate the
division ring K = R, C,H in the second column and, in the fourth, the additional
condition imposed on the matrices.

4.2. Grassmannians. Consider one of the above-listed matrix spaces Mat®. We
shall regard elements Z € Mat® as the matrices of the linear operators v — v Z from
the linear space VT into the linear space V'~ (using the notation of the previous
subsection, VT =KP and V_ =K9, or VT = K" and V_ = K").

We consider graph(Z), the graph of the operator Z. In cases 1, 5, and 8 (see the
first column of the table) this can be an arbitrary p-dimensional linear subspace of
V@V~ disjoint from V. In cases 2-4, 6-7, 9-10 graph(Z) is a maximal isotropic
subspace with respect to the form A = A((v*,v™); (wt,w_)) (which can be sym-
metric, skew-symmetric, Hermitian, or anti-Hermitian) indicated in column 5.

Let Gr° be the Grassmannian of all subspaces that are maximal isotropic with
respect to the form A indicated in column 5 (in cases 1, 5, and 8, when there is no
form indicated, we merely take the Grassmannian of all p-dimensional subspaces).
The range of the embedding graph: Mat® — Gr° is dense in Gr° except for cases
3 and 7. In these cases the Grassmannian has two connected components and the
range of this embedding is dense in one of them.

We consider now the group G* indicated in column 6. It consists of all linear
operators in V@V~ preserving A. This group acts in Gr° in an obvious way. We
shall write elements g € G* as block matrices

g:(é g):V+@V_+V+@VT

In cases 2-4, 6-7, 9-10 the matrix g preserves the form A, which imposes on it a
condition of the following form:

A B 0 E\(A B\° (0 E
Cc D +E 0 C D) \+E 0)°
where o signifies transposition or conjugation.

Using the variable Z € Mat® in Gr° we can express the action of Gr° on the
Grassmannian as follows:

Zw (A+2ZC) (B + ZD).
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=W N—=N—=3| @ds |(w)dgx (u)ds| (Q‘ug)ds | (uw)dg |[([m'a+ ‘mfa)'X| ,z—=27 |uxu|H|0T
.S=5 (u)ds (uz)n MHw)1D | (p),08 |[({m'a—‘m /)| ,z=2z |uxulg|e

— (b)dg x (d)dg| (P +d)dg (b'd)dg | (@D +d)1D — — bxd|m|g

=W N—=N—=3 ()0 (o x ®o | Qw0 (wwo |(fm o+ *m )| ,z-=2z |uxuly|L
S =5 (w)o (u)n MW | @ue)ds [(fmla— ‘o)X  z=z |uxul|y|9

— (b)o x (Ao | (P+d)O (bd)o |P+a) 1D — — bxdy| ¢

S=5 (w)n wax@a | @wid | (@un |((ole-‘ol)'X| z=7z |[uxu|D|F

=W N—=N‘—=3 (w)n (ug)o | 'uz),08| Qw0 |(jm’la+‘m )| z-=z |uxu|dp|g
S=5 (w)n (w)dg M ‘we)ds | Que)ds |([m‘a— ‘o ta)'X| z=z |uxu|Q|g

— Mnx@n | (G+dn (ba)n |(QP+d)1D — — bxdi|T

p o | v | o v |t b
01 6 8 L 9 G i ¢ |g|1
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4.3. Symmetric spaces. We consider the following three subgroups of G*.
(a) The non-compact subgroup Gy of operators in V™ @& V'~ preserving the
indefinite Hermitian form

M((vt,v7); (whw™)) = ZvjE - Z’U;E

(see column 7). In other words, Gy is a subgroup of G* described by the additional

condition .
A B E 0 A B\ (E 0
C D 0 —-F ¢c D) \0 —-E)°

(b) The compact subgroup G. of operators in V' @&V~ preserving the positive-
definite Hermitian form

E((v"’,v_); (w+,w_)) = ZUJE—F Z’U;E

(see column 8). In other words, Gy, is the subgroup of G* described by the addi-

tional condition
A B\(E 0\(A B\ _[(E 0
C D 0 F C D “\N0 E)/°

(c¢) The compact subgroup K of matrices of the following form:

(6 5):

where A is an unitary operator in V* (that is, AA* = E), and D is unitary in V.
It is easy to see that
K = Gue NGe.

In all 10 cases the Grassmannian G° is a G.-homogeneous space, and the group K
is always the stabilizer of the subspace V+ € Gr°. Thus,

Gr’ =G /K.

It is easy to see that the 10 series of the spaces G./x cover all 10 series of compact
symmetric spaces (up to centres and coverings; for instance, the space U(n)/ O(n)
gets into our table, but SU(n)/SO(n) does not).

Further, we consider the subset B° of Gr° consisting of the subspaces such that
the restriction to them of the Hermitian form M is positive-definite. Then (see [9])
the set B° is a Gpc.-homogeneous space and the stabilizer of the point Z = 0 is
equal to K. Thus,

B° = Guo/K.

It is easy to see that, among the 10 series of the spaces Gyn./K we can find the
entire 10 series of non-compact Riemannian symmetric spaces (up to centres: for
instance, the space GL(n,IR)/ O(n) gets into our table, whereas SL(n,R)/SO(n) is
not there).

Further, it is easy to verify (see [9]) that each P € B° is the graph of an operator
Z:V*t — V—, where ||Z|| < 1. Conversely, the condition ||Z|| < 1 yields the
inclusion graph(Z) € B°. For that reason we shall make no difference between the
domain B° € Gr° and the matrix ball ||Z]] < 1 in Mat®.
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4.4. Generalized linear-fractional maps. These are defined for two Grass-
mannians from the same series and (in the coordinate form) are described by the
formula

Z—K+LZ(1-NZ)"'M, (4.1)

K

where the matrix S = ( M N

) satisfies the condition indicated in the last column

of our table.
If |S|| € 1and ||K| < 1, then the map (4.1) takes the matrix ball into the
matrix ball.

Remark. For the Hermitian symmetric spaces
B°=U(p,q)/ U(p) x U(q),  Sp(2n,R)/U(p),  SO*(2n)/U(n)

the semigroup of generalized linear-fractional maps of the unit ball into itself con-
tains the Ol’shanskii semigroup (see [21]).

Theorem 4.1. Theorem 0.1 on the decrease of the compound distance holds for
all 10 series of matriz balls (= Riemannian non-compact symmetric spaces).

Proof. The proof in [9] is suitable for all 10 series of symmetric spaces.

4.5. Linear structures. (a) One can define quasilines for all 10 types of Grass-
mannian Gr°.

For the full Grassmannians over R or H (cases 5 and 8) they are defined in
precisely the same way as for the full Grassmannian over C (case 1).

In cases 2, 4, 6, 9, and 10 we must consider an isotropic subspace S of dimension
n — 1 and its orthogonal complement S+. We define the quasiline £g as the set of
all subspaces H € Gr° such that S ¢ H ¢ S+.

Finally, the definition in cases 3 and 7 (orthogonal Grassmannians) is similar,
but one must consider an isotropic subspace S of dimension n — 2.

In all cases quasilines are submanifolds homeomorphic to the projective line PIK!.

(b) The integral distance n(Hy, Hs) is defined as the codimension of H; N Ho
in Hy and Hs.

(c) The determinant submanifold Dy (A) consists of the points in H such that
n(H, A) < k.

4.6. Conformal structures. We set a to be equal to 2 for the orthogonal Grass-
mannians in cases 3 and 7 and to 1 in the other cases. In the tangent space at
an arbitrary point H € Gr° we consider the cone Conepy consisting of the vectors
tangent to the determinant submanifold D, (H).
In the coordinate notation the cone Conez in the tangent space at Z € Mat® is
described by the condition
rtkdZ < o

4.7. Conformal maps. Analogues of Theorems 1.3-1.5 hold for all 10 series of
Grassmannians (and are already known; see [11], [12], [14], [18], [19]).

It seems plausible that analogues of Theorems 2.3-2.6 also hold for all series.
However, this author does not know of any proof of this assertion.
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Our proof in §3 runs into small or big trouble on any attempt to use it for
other series. A smooth version of Theorem 2.2 for the full Grassmannian Grp 4
over € (recall that we considered holomorphic maps in the original version of that
theorem) requires only slightly more complex arguments in the case of R or H.
The Lagrangian Grassmannian over C calls for additional ideas (which makes the
already lengthy proof longer still). The author knows no proofs for other series.

4.8. Exceptional groups. The question of possible analogues for exceptional
groups of the phenomena discussed in this paper is not an unreasonable one. Still,
it must be pointed out that we discussed above only the classical groups GL(n, C),
GL(n,H), GL(n,R), and U(p, q), not the semisimple classical groups SL(n,C),
SL(n,H), SL(n,R), and SU(p, q), and this faint distinction was significant for us.
It is not even clear how one could pose the problem in the case of semisimple
exceptional groups, and this author does not know the answer.
However, for the Hermitian symmetric spaces

G/K = EIII /SO(10) x U(1) and EVII/Eg x U(1)

there are the Ol’shanskii semigroups [21] acting by injective maps G/K — G/K.
Further, one can consider the closure of an Ol’shanskii semigroup in the set of
all holomorphic maps from G/K into itself. Elements of this closure are natural
candidates for analogues of generalized linear-fractional maps.

The situation with symmetric spaces of the type

G/K = 0(n,2)/ O(n) x O(2)

(Cartan domains of type IV or future tubes) is not very transparent. In this case
there are two distinct semigroups acting in G/K: one is the same as for all spaces
O(p,q)/ O(p) x O(q), and the other is the O’shanskii semigroup. The question of
the closure of the latter in the space of holomorphic maps is unclear.

Bibliography

[1] V.P. Potapov, “The multiplicative structure of the J-contractive matrix function”, Trudy
Moskov. Mat. Obshch. 4 (1955), 125-236; English transl. in Amer. Math. Soc. Transl. (2)
15 (1960).

[2] M. G. Krein and Yu.L. Smul’jan [Shmul’yan], “On linear-fractional transformations with
operator coefficients”, Mat. Issled. 2:3 (1967), 64-96; English transl. in Amer. Math. Soc.
Transl. 103 (1974).

[3] Yu.L. Shmul’yan, “The theory of linear relations and spaces with an indefinite metric”,
Funktsional. Analiz ¢ Prilozhen. 10:1 (1976), 67—72; English transl. in Functional Anal.
Appl. 10 (1976).

[4] Yu.L. Shmul’yan, “Generalized fractional-linear transformations of operator balls”, Sibirsk.
Mat. Zh. 19 (1978), 418-425; English transl. in Siberian Math. J. 19 (1978).

[5] Yu.A. Neretin, “Extension of representation of the classical groups to representations of
categories”, Algebra ¢ Analiz 3:1 (1991), 176—202; English transl. in St.-Petersburg Math. J.
3 (1991).

[6] G.I. O’shanskii, “Semigroup of operators with Gaussian kernels”, Preprint, 1984.

[7] R. Howe, “The oscillator semigroup”, Proc. Sympos. Pure Math., vol. 48, 1988, pp. 61-131.

[8] Yu.A. Neretin, “Integral operators with Gaussian kernels and symmetries of canonical
commutation relations”, Amer. Math. Soc. Transl. 175 (1996), 97-135.



(9]
(10]

11]

(12]

(13]

(14]
[15]
[16]

[17]
(18]

(19]
20]

21]

Conformal geometry of symmetric spaces 283

Yu. A. Neretin, Categories of symmetries and infinite dimensional groups, Clarendon Press,
Oxford 1996.

V. A. Khatskevich, “Generalized Poincaré metric on the operator ball”, Funktsional. Analiz
i Prilozhen. 17:4 (1983), 92-93; English transl. in Functional Anal. Appl. 17 (1983).

A.B. Goncharov, “Infinitesimal structures related to Hermitian symmetric spaces”,
Funktsional. Analiz ¢ Prilozhen. 15:3 (1981), 83—84; English transl. in Functional Anal.
Appl. 15 (1981).

A. B. Goncharov, “Generalized conformal structures on manifolds”, Selecta Math. Soviet. 6
(1987), 306-340.

S. G. Gindikin, “Generalized conformal structures on classical Lie groups and related
problems of theory of representations”, C. R. Acad. Sci. Paris. Sér. I Math. 315 (1992),
675-679.

W. Bertram, “Un théoréme de Liouville pour les algebres de Jordan”, Bull. Soc. Math.
France 124 (1996), 299-327.

W.L. Chow, “On the geometry of algebraic homogeneous spaces”, Ann. of Math. 50 (1949),
32-67.

Hua Loo Keng, “Geometry of matrices. I. Generalizations of von Staudt’s theorem”, Trans.
Amer. Math. Soc. 57 (1945), 441-481.

J. Dieudonné, La géométrie des groupes classiques, Springer-Verlag, Berlin 1971.

M. Takeuchi, “Basic transformations of symmetric R-spaces”, Osaka J. Math. 25 (1988),
259-297.

Hua Loo Keng, Selected papers, Springer-Verlag, New York 1983.

E. Cartan, “Les groupes de transformations continues, infinies, simples”, Ann. Seci. Ecole
Norm. Sup. 26 (1909), 93-166.

G.I. Ol’'shanskii, “Invariant cones in Lie algebras, Lie semigroups, and the holomorphic
discrete series”, Funktsional. Analiz 1 Prilozhen. 15:4 (1981), 92-93; English transl. in
Functional Anal. Appl. 15 (1981).

Moscow Institute of Electronics and Mathematics

Received 12/MAY/98
Translated by N. KRUZHILIN

Typeset by ApS-TEX



