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“No one shall expel us from the paradise that Cantor has created.” —David
Hilbert

“I wouldn’t dream of trying to expel anyone from this paradise. I would try to
do something quite different: I would try to show that it is not a paradise — so
that you leave of your own accord.” —Ludwig Wittgenstein

“Few mathematicians would leave Cantor’s paradise for the vision of a hell as
presented in your Categorial version, full of artificial baggage but lacking the
familiar lattice structure of sets.” ——Arnold Neumaier

[*** This is not my (Arnold Neumaier’s) view of set theory, but my attempt to make Toby I
Bartel’s categorical version intelligible to me by adapting the terminology. Traditionally, sets
form a lattice under containment, a very useful structural property destroyed by the present
approach. This shows that what was called “sets” by Toby Bartels has nothing to do with
the usual conception of sets. Indeed, what he calls subsets are the things in his theory closest
to the standard notion of a set. Therefore, in order to better match the traditional usage of
terms, I replaced all occurrences of “set” by “object” and of “function” by “morphism” (which
were synonymous pairs in the original), “improper set” by “set of elements”, “underlying set”
by “shadow”, all occurences of “subset of” by “set in”, and all other occurrences of “subset”
by “set”. I also put the defined words in bold face for easier reading, and redefined the theme
command to produce more reasonable output. I also commented on Sections 1-3, but then
gave up. Too much extra shadow stuff is introduced, needed to enforce the unnatural moral
code. **%

We work in a first-order dependently typed language. (One could also use an untyped
language with equality and a single ternary predicate with the intended meaning that the
composite of two terms equals the third, but that would make the axioms more complicated

*The original, dated 2007 February 6, was found at http://www.math.uchicago.edu/"mileti/
teaching/math278/settheory.pdf and is used without permission or consulation. Toby reserves no le-
gal copyright or patent rights to this work, which is intended only as an illustration of principle. [*** The

principle demonstrated seems to be how to mess up mathematics by imposing unnatural moral laws. Arnold
k%)



to write down and the axioms of elementary category theory nearly unrecognisable. Also, it
would necessarily allow equality of sets, which is evil, although that would be fairly harmless
for our purposes here.) We have: [*** I improved the formulation below ***]

terms of type S (for objects);

a constant term e (the point) of type S;

for each pair of terms X and Y of type S, terms of type Fxy (for morphisms from
X toY), and an equality predicate for terms of this type Fx y; and

for each triple of terms X, Y, and Z of type S, term f of type Fx y and term g of type
Fy.z, aterm go f (the composite of g after f) of type Fx 2.

When introducing a variable in these formal axioms, it is of type & by default and of type
Fxy if introduced with “: X — Y”. We use “: X” as an abbreviation of “:e — X7; a term of
type Fo x is an element of X. For additional redundancy, capital letters will be used always
and only [*** this is not true, see after Definition 25 ***] for variables of type S. Binary
operators, both logical and set-theoretic, will associate to the right; of course, set-theoretic
operators bind more tightly than logical operators.

Axiom of Associativity:
VW, VX, VY, VZ VWX VgX-—>Y VY —Z (hog)of=hogof
Axiom of Identities:
VX, 3 X > X VY VX =Y, f=foi) AVFY - X, f=iof
These first axioms do not use e; the language without e, together with just these axioms, is
the foundation of elementary category theory.

Axiom (Scheme) of Choice: For each formula ¢ with a variable of type F, x, a variable
of type F,y, and possibly additional variables X' whose types may depend on X and Y, we
have the axiom

VX, VY V¥, (Va:X, 3b:Y, gzﬁ(a,b,)Z)) = 3 X =Y, VaX, ¢a,foaX)
Axiom of Extensionality:
VX, VY,V X ->Y Vg X =Y, VaX, foa=goa) = f=yg
Axiom of the Point:
Vue Yvie u=uv
Axiom of Products:
VX, VY dC, dpC - X, 3¢C—-Y, Va: X, VbY, Ju:C,
a=poulNb=qouAVuv:C,a=pou = b=qou = u=v
Axiom of Power Objects:
VX, dP, dM, deM —- X, dssM —- P, VD, Vi:D— X,
JuwP, Va:X, (3b:D, a=iob) & FJe:M,a=eocANu=soc)A
VP, Va: X, (3b:D, a=iob) & Je:M,a=eochNv=s0c) = u=v
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Axiom of Infinity:
AN, 32N, I3s:N—> N, Va:N, ~(z=s0a) AVbh:N, soa=sob = a=0b

Axiom (Scheme) of Separation: For each formula ¢ with a variable of type F, x and
possibly additional variables X' whose types may depend on X, we have the axiom

VX, Vx,3S5 3i:S—- X, Va:S, Vb:S, ioca=iob = a=bAVa: X, ¢(a,X) & Ib:S, iocb=a

Axiom (Scheme) of Collection: For each formula ¢ with a variable of type F, x, a
variable of type S, and possibly additional variables ¥ whose types may depend on X, we
have the axiom

VX, VY, (Ya:X, 3B, ¢(a,B,Y)) = 3U, IpU — X, Ya: X, 3B, ¢(a, B,¥) A
di:B—U, Vy:B,Vz:B,ioy=ioz = y=z)AVy:U, a=poy & J2:B, y=ioz

1 Morphisms

We first establish some basic set theoretic facts carefully from the axioms.

Definition 1: An identity of an object X is a morphism i: X — X that satisfies the
property in the Axiom of Identities.

Proposition 2: For any object A, there exists a unique identity of A, denoted id4 (or simply
id if the context is clear).

Proof: By the Axiom of Identities, some identity ¢ exists. Let j also be an identity of A;
then
1=10j =]

Definition 3: Let A and B be objects, and let f: A — B and g: B — A be morphisms.
Then ¢ is an inverse of f if fog=1idg and go f =idy,.

Proposition 4: If f: A — B has an inverse, then it is unique and denoted f~1.
Proof: Let g and h both be inverses of f. Then
g=goidg=gofoh=(gof)oh=idgoh =h.
|

Lemma 5: A morphism g: B — A is an inverse of f: A — B if and only if xt = go f ox for
every element x: A and y = f o g oy for every element y: B.
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Proof: If g is an inverse of f, then
r=idgpox=(goflox=gofox
and the condition for y is similar. For the converse,
idgjoxr=x=gofor=(gof)ox
for all z: A, so idy = g o f by Extensionality, and the condition for y is similar. |

This lemma is how we usually prove that morphisms are inverses.
Next we break bijectivity into injectivity and surjectivity.

Definition 6: Let A and B be objects, and let f:A — B. Then [ is injective (or an
injection) if for every element x: A and element y: A, we have x = y whenever fox = foy.

Definition 7: Let A and B be objects, and let f: A — B. Then f is surjective (or a
surjection) if for every element i: B there is an element j: A such that i = f o j.

Definition 8: Let A and B be objects, and let f: A — B. Then f is bijective (or a
bijection) if it has an inverse.

Definition 9: Let A and B be objects.

1. We write A < B to mean that there is an injection f: A — B.
2. We write A =~ B to mean that there is a bijection f: A — B.

Proposition 10: Let A, B, and C' be objects.

1. f A< B and B=<C, then A <C.
2. A~ A.

3. If A~ B, then B ~ A.

4. If A~ B and B ~ (', then A ~ C.

Proposition 11: A morphism f: A — B is bijective if and only if it is both injective and
surjective.

Proof: Suppose that f is bijective. Let x and y be elements of A such that foxz = fouy;
then

z=idgor=(f"of)ox=f"ofor=f"afoy=(f"of)oy=idioy=y,
so f is injective. Let x be an element of B; then
fOfflo:z::(fof’l)o:c:idBoa:::c,

so f is surjective.
Conversely, suppose that f is injective and surjective. Apply the Axiom of Choice to B,
A, and a statement that z = foy:

Va:B, dy: A, x=foy) = FgB—> A Va:B, x=fogoux

Since f is surjective, the hypothesis holds, and we have g. If x is an element of B, then of
course x = fogoux;if yis an element of A, then foy = fogo foy,soy=go foy since
f is injective. Therefore, g is an inverse of f. |
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The above construction of the inverse of f is an example of a general principle which we will
use from now on.

Theorem 12: Morphism Comprehension Schema. Let A and B be objects, and
let ¢(x,y,X) be a property [*** what is a property? Do you mean a formula? The same
undefineed term occurs elsewhere. ***| of elements of A, elements of B, and optionally other
variables. Suppose that, for each element x: A, there exists a unique element y: B such that
¢(z,y,X) holds. Then there exists a unique morphism f: A — B such that, for every z: A
and y: B, y = f ox if and only if ¢(x,y, ) holds.

Proof: Apply the Axiom of Choice to A, B, and ¢:
(Va: 4, Jy:B, ¢lz,9,%)) = If:A— B, Va: A, $(x, fox,X)

The hypothesis is satisfied, so we have f; we must check that it has the desired property and
is unique. If y = f oz, then certainly ¢(x,y, ) holds; if, conversely, ¢(z,y, x) holds, then
y = f ox by the condition of unicity. If g is a morphism satisfying the desired property of f
and x is an element of A, then ¢(z, g oz, X) holds, so f ox = gox; by Extensionality, f = g.

|

If we have an expression ¢)(x, ) for an element of B, then let ¢(x,y, X) state that y = ¢(x, ¥);
then we denote the morphism above by (i(z, X))z, in which z is a dummy variable. In
particular,

(¢(x7 )Z))x:A ocw = w(wa )Z)

for every element w: A; conversely,

(fox)pa=f

2 Cartesian Products and Ordered Pairs

We first show that the point e is given by a universal property before turning our attention
to products.

Definition 13: Let A be an object.

1. A is inhabited if there is an element of A.
2. A is a subsingleton if any two elements of A are equal.
3. A is a singleton if A is an inhabited subsingleton.

[*** Here would most naturally fit the later stuff about the empty object. ***]

Proposition 14: The point is a singleton.

Proof: It is inhabited by its identity id,, and the Axiom of the Point states precisely that
it is a subsingleton. |
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Proposition 15: Let A be a singleton, and let G be any object. Then there is a unique
morphism from G — A, denoted !¢ when A is the point.

Proof: Apply Morphism Comprehension to GG, A, and an always true statement; this applies
precisely because A is a singleton. [ |

This has an immediate converse, taking GG to be the point.

Proposition 16: If A and B are singletons, then there is a unique bijection from A to B.

Proof: Since B is a singleton, we have a morphism f: A — B; since A is a singleton, we
have a morphism ¢g: B — A. Since a morphism from A to A must be unique, g o f = idy;
similarly, f o g = idg. Therefore, f is a bijection. Since any morphism from A to B must be
unique, certainly this is true of bijections. ]

Because of this, we speak of “the” singleton, although a complete justification of that termi-
nology relies on a metatheorem that we will not prove here. [*** but may be at least state
it, so that one knows what was meant? ***]

Definition 17: Let A and B be objects. A Cartesian product of A and B is any object
C, called the shadow of the product, together with morphisms p:C' — A and ¢:C' — B,
called the projections of the product on A and B, such that, for every element x: A and y:
B, there exists a unique u: C' such that x = powu and y = q o u.

Note that a Cartesian product is not a single object in our language, but rather three objects:
an object and two morphisms. So when we write “for every Cartesian product” or “there
is a Cartesian product”, formally this involves three quantifiers. It is a common abuse of
terminology, however, to refer to the shadow as the Cartesian product itself and suppress
mention of the projections.

Proposition 18: Let A and B be objects. Then there exists a Cartesian product of A and
B.

Proof: Apply the Axiom of Products to A and B. |

It is convenient, in any particular context, to pick a Cartesian product if needed, once and
for all within that context. [*** But in Proposition 21, more than one is needed. Strange
moral, made necessary by having too many copies of everything around. ***] Then the
shadow will be denoted A x B, with the projections denoted 74 5: A X B — A and pa p:
A X B — B; we suppress the subscripts when the context makes them clear. An alternative
formulation of the axioms of object theory could make these basic terms of the language,
as with e. Conversely, ® could be removed from the language by making the Axiom of the
Point an existential statement and beginning every other axiom (except Associativity and
Identities) with it.
Cartesian products are also given by a universal property.
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Proposition 19: Let A, B, and G be objects. Then, for every Cartesian product A X B
of A and B, and [*** The original formulation said: “fix a Cartesian product of A and
B”. I thought this was automatically fixed once and for all, by your moral. Why then fix it
again? I improved the present formulation. But later I didn’t fix the formulation. ***] given
morphisms x: G — A and y: G — B, there is a unique morphism from G to A x B, denoted
(x,y), such that wo (x,y) =z and po (x,y) = y.

Proof: Apply Morphism Comprehension to GG, A x B, and a statement that the values in
A and B match:
Tou==To0itApou=1yot

(where i is an arbitrary element of G and u is the desired unique element of A x B). The
Axiom of Products, applied to x o7 and y o 7, gives us a unique u satisfying the condition
above, so we have a unique morphism (z,y): G — A x B such that, for every i: G, we have
mo(x,y)oi =xoiand po(x,y)oi = yoi. By Associativity and Extensionality, mo (x,y) = =
and po (z,y) = y, as desired. Now let e:G — A be any morphism such that moe = z
and poe =y. Given any element ¢: G, we have Toeoi = (roe)oi = x o and similarly
poeoi =1yoi, soeoi satisfies the requirement for v in the Axiom of Products. But the
same requirement is met by (z,y) o, so (x,y) oi = e oi; by Extensionality, (z,y) = e. W

Conversely, any A x B, 7, and p that satisfy this universal property comprise a product of A
and B, as is immediately seen by taking GG to be the point. In this case, we have the pairing
(z,y): A x B of elements z: A and y: B.

Corollary 20: Given z:G — A, y:G — B, c:G — A, and d: G — B and fixing a Cartesian
product of A and B, we have (z,y) = (¢,d) if and only if x = ¢ and y = d.

Proof: If (z,y) = (¢,d), then of course x = 7(z,y) = 7(c,d) = ¢ and y = d similarly. If
x = cand y = d, then (c,d) satisfies the defining property of (x,y), so they are equal by the
preceding result. ]

Proposition 21: Let A and B be objects, and fix a Cartesian product of A and B. If C,
with p: C — A and q: C — B, is also a Cartesian product of A and B, then there is a unique
bijection f:C — A x B such that p=mo f and g =po f.

Proof: We already have a unique morphism f, which is (p, ¢); we need only check that f is
a bijection. Given elements x and y of C such that fox = f oy,

porx=(rof)ox=mofor=mofoy=(mof)oy=poy

and similarly ¢ o x = ¢ o y; since C, with p and ¢, is a Cartesian product, we have x = y;
therefore, f is injective. Given an element x of A x B, we have (since C is a Cartesian
product) an element y: C' such that poy = mox and goy = pox. This is the defining
property of f oy, so x = f oy; therefore, f is surjective. |

Because of this, we also speak of “the” Cartesian product of A and B. [*** This introduces
an abuse of notation. Are we still allowed to consider two distinct Cartesian products, as in
Proposition 21, or is this against the moral? ***|
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3 Sets

If U is an object, then we may wish to consider a “set” in U, that is object which is only
“part” of U, whose elements correspond to some but not all of the elements of U. (Of course,
we will also accept the extreme cases of “none” and “all” in addition to “some but not all”.)
The simplest way to specify such a thing is by a morphism i: A — U; the elements of U that
we want are those that ¢ assigns to some element of A. It is possible to define a set to be
such a morphism (or an injective such morphism so that the corresponding element of A is
unique); however, there are two ways in which this is inconvenient: we wish to compare sets
(considering them equal if the same elements of U belong to them), but we have no direct
way to compare morphisms with different sources; and we wish to gather all sets in U into a
single “object of all sets” in U, but objects and most morphisms are not elements of objects
in our formalism. It is possible to get around the former inconvenience (by simply defining
what we mean for two sets to be “equal”), but we need the Axiom of Power Objects to avoid
the latter inconvenience; and having done so, it is simplest to define a set in U to be an
element of the object of all sets in U. [*** namely the power object ***]

Definition 22: Let U be an object. A power object of U is an object P (the shadow
of the power object), together with a [*** dummy *** object M and a [*** dummy ***]|
morphism e: M — U x P, such that, given any object A and morphism i: A — U, there is a
unique element b of P such that, for all x: U, there exists an element of A mapped to x by 1
if and only if there exists an element of M mapped to (x,b) by e.

[*** Tt seems that a power object is not a typed object but a composite thing that cannot
be expressed as an object in your formal language. ***

In other words, just as i: A — U specifies a part of U as described earlier, so e: M — U x P
specifies a part of U x P; an element b of P also specifies a part of U, consisting of those z:
U such that (z,b) belongs to the part of U x P specified by e, and we want a unique such
element of P to correspond to any part of U given by any i: A — U. That is the idea behind
this definition.

Proposition 23: Let U be an object. Then there exists a power object of U.

Proof: Apply the Axiom of Power Objects to U. The e in the definition above is constructed
by pairing from the e and s in the axiom. |

The same formal remarks apply to power objects as apply to Cartesian products. In partic-
ular, we find it convenient to pick a power object of U, denote its shadow by P(U), and refer

to that object itself as the power object by abuse of terminology. [*** This definition of I

an abused power object is far removed from intuition, but required by the unnatural moral.
The naturality of ordinary set theory is completely gone! ***]

Definition 24: Let U be an object and fix a power object P(U) of U. A set in U is an
element of P(U). [*** We may call U the context of S. ***]
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[*** Tt seems that the concept of a set in U is already ambiguous, depending on the choice
of a power object. Very unnatural, and difficult for an automatic reader! In particular, sets
corresponding to different power objects of the same object U may have the same elements,
against your moral! **¥|

There is usually no need to refer to M and e, [*** which proves that your moral generates
lots of artificial baggage ***| except through the following concept:

Definition 25: Let U be an object and fix a power object P(U). If x is an element of U
and A is a set in U, then x belongs to A, denoted x € A, if there exists an element of M
that is assigned (x, A) by e (where M and e are as in the definition of power object above).

[*** Suppose I want to create the set A x B inside of U x V. It requires a lot of extra
baggage to do that in your morally pure environment. I guess, few ordinary mathematicians
will like your moral code. ***]

Here we have introduced a font shift; while before now we have used lowercase letters for
elements and other morphisms but uppercase letters only for objects, now [*** against the
earlier injunction! ***] we are using an uppercase letter for an element of a power object.
In general, we will use uppercase letters for morphisms to power objects (including elements
of them), and even fancier fonts for elements of power objects of power objects and the
like. This notation reminds us that a set corresponds to an entire object (equipped with a
morphism to U), as follows:

Definition 26: Let U be an object, and let A be a set in U. Then a presentation of A
consists of an object S (called the shadow) and an injective morphism i: S — U (called the
inclusion) such that, for every x:U, x € A if and only if there exists an element of S that
is assigned x by 1.

[*** Thus, a set has a shadow, and belongs to its context. ***]

Proposition 27: Let U be an object, and let A be a set in U. Then there exists a presen-
tation of A.

Proof: Apply the Axiom of Separation to U and a statement that x belongs to A:
38, 3i:S—U, (Va:S, Vb:S,ioca=iob = a=b)AVaX, z€A & Ib:S, iob=a
This is precisely the result that we want. |

We normally pick a presentation for each set once and for all. [*** This seems to require
the axiom of global choice! ***] The shadow of the presentation of A may be denoted |A|,
but it is more common to abuse notation by denoting it A again. [*** But then x € A iff
x: Aiff v |A] iff © € ||A], although the first and the last statement in this chain are not
equivalent. Thus you generate harmful ambiguity! ***] Since the actual A is a morphism
(an element of P(U)) while |A| is an object, there should be no confusion. We will denote

the inclusion as t4:|A| — U, or simply t4: A — U if we abuse notation.

Proposition 28: Let U be an object and A a set in U; fix a presentation of A. For each
element x of U, if x € A, then there exists a unique element ¢ of |A| such that x = 14 o c.
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Proof: By definition of presentation, there exists such a c. It is unique because ¢4 is an
injection. |

We may denote this unique element of |A| by z*, but it is more common to refer to it as
x again. Together, the above abuses of notation allow us to avoid referring explicitly to
presentations of sets, instead thinking of a set in U as an object whose elements simply “are”
some of the elements of U. (Actually, since the typing declaration “: A — U” has no literal
meaning when A is not literally an object, this is not really an abuse of notation at all if
we simply define it to refer to |A| instead. Similarly, any reference to z: U as if it were an
element of |A| has no literal meaning, so we may define it to refer to x4 when that exists.
The same goes for the other alleged abuses of notation introduced below.)

Theorem 29: Set Comprehension Schema. Let U be an object and let ¢(x,X) be a
property of elements of U and optionally other variables. Then there exists a unique set A
of U such that, for every element y of U, y € A if and only if ¢(y, X) holds.

Proof: Apply the Axiom of Separation to U and ¢:
35, 3i:S—-U Va:S,Vb:S,ica=iob = a=bAVaX, ¢(x,X) & 3b:S,iob=a
Then apply the defining property of P(U) to S and i to get the desired result. |

We denote this set A by {z:U | ¢(z, X)}, in which = is a dummy variable. That is,

ye{aU|o(x,X)} < oy, X);
conversely,

{v:U |z e A} = A.

Definition 30: Let U be an object. The set of elements of U is {z:U | T}, where T is a
universally true statement.

It is common to abuse notation by referring to the set of elements in U as U again. To
keep our abuses from conflicting, we choose a presentation whose shadow really is U: [***
Everything seems to be choice- and presentation-dependent. Are you sure that one can
always make these choices consistently without running into conflicts? It seems to me that
you get now the same conflict as pointed out earlier. ***]

Proposition 31: The identity id: U — U is a presentation of the set of elements in U.
Proof: For every 2:U, idox = z. |

Definition 32: Let U be an object, and let A and B be sets in U. Then A is contained in
B, denoted A C B, if every element of U [*** “of U” is superfluous ***] that belongs to A
also belongs to B.

Proposition 33: Let A be a set in an object U. Then A is contained in the set of elements
in U; that is, A C U.

Page 10



Proof: If x: U such that x € A, then of course € U since that is always true. ]

Proposition 34: (extensionality for sets) Let A and B be sets in an object U. Then
A= B ifandonly if AC B and B C A.

Proof: If A = B, then of course x € A if and only if x € B. Conversely, suppose that
A C B C A. Since xz € A if and only if z € B, we have

A={2:U |z € A} ={x:U |x € B} = B.

[*** T moved a remark from here into the above proposition ***]

Definition 35: Let U be an object. The empty set in the context U, denoted @y, is
{z:U| L},
where 1 is a universally false statement.

[*** Actually, the empty set depends both on the choice of U and of its power object, but the
notation does not reflect this. Unlike Bourbaki, you need abuses of language and notation
from the beginning! ***] The empty set may also be denoted @& when the context is clear.

Proposition 36: The shadow of the empty set in any context U has no elements.
Proof: If it has an element x, then we have 1 o x € Iy, which is false. [ |

We can pick some object, such as the point, and let “the” empty object, denoted @ (with
no subscript), be the shadow of its empty set. [***

elsewhere your moral insists on having everything ambiguous? ***]

Definition 37: Let U be an object, and let a be an element of U. Then the singleton set

{a} is
{z:U | v = a}.

If a and b are elements of U, the unordered pair {a, b} is
{z:U |z =aVz=>b}.

And so on.[*** The phrase “and so on” is formally undefined. You haven’t natural numbers
yet! #+4]

Proposition 38: Let a be an element of an object U. Then {a,a} = {a}.

Proof: Given an element x of U, = € {a,a} if and only if x = a or z = a, which happens
if and only if * = a, which happens if and only if x € {a}. By extensionality of sets,

{a,a} = {a}. |

Proposition 39: Let a and b be elements of an object U. Then {a,b} = {b,a}.
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Proof: Given an element x of U, x € {a,b} if and only if z = a or x = b, which happens
if and only if x = b or & = a, which happens if and only if x € {b,a}. By extensionality of
sets, {a,b} = {b,a}. |

Definition 40: Let U be an object, and let A be a set in U. The complement of A,
denoted — A, is
{z:U | ~z € A}.

Definition 41: The relative complement of A in B, denoted B — A, is —AN B.

Recall that a set in U is an element of P(U). We can also consider sets in P(U).

Definition 42: Let U be an object. A collection of sets of U is an element ofP(P(U)).

Definition 43: Let U be an object, and let S be a collection of sets in U. The intersection
of §, denoted (S, is
{z:U|VAPU), AcS = ze A}

Dually, the union of S, denoted | J S, is
{z:U|3APU), Ac SNz e A}

Proposition 44: 1. P(U) = 9y.
2.JUPWU)=U.
3. m Dpwy = U.
4. U@p(U) = Jy.

Definition 45: Let f be a morphism from A to B. The range of f is a set in B:
ran f ={y:B|Jx: A, y= foux}.

While we are discussing power objects, let us use them to perform another important con-
struction on objects: the disjoint union.

Definition 46: Let A and B be objects. A disjoint union of A and B is any object C,
called the shadow of the disjoint union, together with injective morphisms i: A — C and j:
B — C, called the natural inclusions of A and B into the disjoint union, such that, for
every element z: C, either there exists an element x: A such that z =i o x or there exists an
element y: B such that z = j o x, but not both.

Like a Cartesian product (and similar to a power object), a disjoint union is not a single
object but an object and two morphisms. Unlike Cartesian products and power objects, we
have not included an axiom stating the existence of disjoint unions. This is because we can
already prove it.

Proposition 47: Let A and B be objects. Then there exists a disjoint union of A and B.
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Proof: Consider the Cartesian product of the power objects, and consider its set
{z2P(A) x P(B) | 3z A, z=({z},25))VIy:B, 2= (94, {y})}.

Let C' be the shadow of a presentation of this set. We define i:A — C and j: B — C
respectively as (({z}, @5)9)s:a and (D4, {y})9)y:. If {2},9)5 = ({y},D)p, then {z} =
{y} and then = =y, so i is injective (and similarly for j). Given z:C, either z = ({z}, @p)
or z = (D4,{y}), so all that remains is to prove that z cannot be both at once. But if it is,
then {x} = @4, so x € @4, which is false. [

There are other ways to prove that a disjoint union of A and B exists; however we do it,
we pick one and denote its shadow A W B. The natural inclusions may be denoted vy p:
A— AW Band kyp: B — AW B.

Proposition 48: Let A and B be objects, and consider the ranges of 14 g and k4 g, which
are sets in AW B.

I. rantNrank = .
2. rantUrank = AW B.

[*** N and U are undefined ***]

Proof: 1. Let z be an element of AW B. If z € ran: Nrank, then z = ¢ o x for some z:
A and z = ¢ oy for some y: B, but this is impossible. Thus, ran: Nrank = .
2. Let z be an element of AW B. Then either z = 1oz for some x: A or z = Koy for some
y: B; either way, z € rant: Uran k. Thus, rant Urank = AW B.
|

kKK

This explains the origins of the term “disjoint union”. | a long, artificial road to what

takes a few lines in standard set theory! ***]

4 Relations

Definition 49: Let A and B be objects, and fix a Cartesian product A x B. A binary
relation, or simply relation, between A and B is a set in A x B. A relation on A is a
relation between A and itself, that is a set in A x A. Given a relation R between A and B,
if x: A and y: B are such that (z,y) € R, then we write x ~g y or simply x R y.

We typically construct relations using a modified form of Set Comprehension:

Theorem 50: Relation Comprehension Schema. Let A and B be objects and let
¢(x,y,X) be a property of elements of A, elements of B, and optionally other variables.
Then there exists a unique relation R between A and B such that, for every element x of A
and y of B, x Ry if and only if ¢(x,y, X) holds.

Proof: Let R be
{z:AX B|¢(mroz,pozX)}

The rest reduces to Set Comprehension. |
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We denote this relation R by {(x,y): A x B | ¢(x,y,X)}, in which x and y are dummy vari-
ables. That is,

(u,0) € {(z,y): Ax B | oz, y,X)} < ¢(u,v,X);

conversely,

{(z,y):Ax B|z Ry} =R.

As relations are a special case of sets, all of the operations (intersection, union, etc) that
apply to sets also apply to relations. However, we also have some additional notions.

Definition 51: Let R be a relation between A and B.

1. The domain of R is a set in A:

domR={x:A|3Jy:B, v Ry}.
2. The range of R is a set in B:

ranR={y:B|3z: A = Ry}

Here are some important special kinds of relations:
Definition 52: Let A and B be objects, and let R be a relation between A and B.

1. R is morphismal if, for all elements x: A and y,z: B, y =z ifx Ry and x R z.
2. R is entire if, for every element x: A, there is an element y: B such that x R y.

Morphismal entire relations correspond precisely to morphisms:

Definition 53: Let A and B be objects, and let f: A — B be a morphism. Then the graph
of f, denoted I'y, is

{(z,y): Ax Bly=foux}.

Theorem 54: 1. The graph of every morphism is a morphismal entire relation.
2. Every morphismal entire relation is the graph of a unique morphism.

Proof: 1. Let f:A — B be a morphism. If z I'y y and = I'y 2, then y = f oz and
2= fox,soy==z Given any 2: A, x I'y f ox because foxr = foux.
2. Let R:P(A x B) be a morphismal entire relation. Given z: A, there is a unique y: B
such that x R y; by Morphism Comprehension, there is a unique morphism f: A — B
such that y = fox iff x R y. In other words, there is a unique morphism f: A — B
such that I'y = R.
|

Proposition 55: Let f be a morphism from A to B. Then the range of f equals the range
of the graph of f.

Proof: Let y be an element of B. If y € ran f, then y = f o x for some x: A, so z I'y y;
thus, y € ranI'y. Conversely, if y € ranI'y, then x I'y y for some x: A, so y = f o z; thus,
y € ran f. ]
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Proposition 56: Let A and B be objects, and let R be an entire relation between A and
B. Then there exists a morphism f: A — B such that I'y C R.

Proof: Apply the Axiom of Choice to A, B, and a statement that = R y:
(Vax:A, 3y:B,xRy) = I fA—- B, Vr:A xRy

The hypothesis is satisfied because R is entire, so we have f. If  I'y y, then y = f oz and
so x R y; thus, I'y C R. |

Note that the morphism provided by this proposition is not unique. This proof is our only
application of the Axiom of Choice other than through Morphism Comprehension. It is
possible to modify the Axiom of Choice to the Axiom of Unique Choice, in which the b
that appears in the hypothesis is required to be unique. Then Morphism Comprehension
can still be proved, but the previous proposition cannot; however, adopting this proposition
as an additional axiom allows one to prove the more general Axiom of Choice. (Thus, this
proposition may also be called the “axiom of choice”.)

Definition 57: Let R be a relation on an object A.

R is reflexive if for all z: A, we have v R x.

R is symmetric if for all x,y: A, if xt Ry then y R x.

R is asymmetric if for all x,y: A, if Ry then it is not the case that y R x.
R is antisymmetric if for all x,y: A, if v Ry and y R x, then x = y.

R is transitive if for all x,y,2: A, ifx Ry andy R z, then x R z.

R is connected if for all x,y: A, either x Ry, x =y, ory R x.

S Ok =

Definition 58: Let A be an object.

1. A partial ordering on A is a relation on A that is transitive and asymmetric.

2. A linear ordering on A is a partial ordering on A that is connected.

3. A well-ordering on A is a linear ordering on A such that for every inhabited set S of
A, there exists m: S such that for all x: S, either m = x orm R x.

Incidentally, some parts of the last two definitions are not really what we want if we use
intuitionistic logic, but we won’t worry about that here.

5 The Natural Numbers and Induction

We have not yet used the Axiom of Infinity.

Definition 59: A Dedekind system consists of an object I, an injective morphism s:
I — I, and an element z: I such that z ¢ rans.

Proposition 60: There exists a Dedekind system.

Proof: This is precisely what the Axiom of Infinity states. |
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Definition 61: Let I (with z: I and s: I — I) be a Dedekind system, and let A be a set in
I. We say that A is inductive if z € A and, whenever x € A, sox € A.

Proposition 62: In any Dedekind system, the set of elements is inductive.

That is obvious; the real point is the converse:

Definition 63: A Peano system is a Dedekind system whose only inductive set is the set
of elements.

Theorem 64: There exists a Peano system.

Proof: Let I be any Dedekind system. Let J be the collection of inductive sets in I (given
by the Axiom of Separation). Let N be the intersection (| J; we will give N (or rather |N|,
to be pedantic) the structure of a Peano system. Since z € A for every A € J, we have
z € N. Given x € N, x € A for every A € J, so sox € A for every such A, proving that
sox € N. Therefore, z (pedantically, ) and (s o x),en (pedantically, ((s oLy O x)N)x;‘M)
make N into a Dedekind system.
Now suppose that A is an inductive set in IN; let B be the set {x: IlreNAzN € A}
of I. We claim that B is an inductive set in I: we have z € B because z € N and 2V € A;
if z € B, then 2%V € A and then (sox)" € A, so sox € B. Therefore, B € J,s0 N C B.
Given z: N, we have cyox € B, so x € A; therefore, A is the set of elements in N, as desired.
|

Definition 65: We now pick a Peano system; we denote its shadow N. A natural number
is an element of N. The natural number zero, denoted On or simply 0, is the element of N
given by its chosen structure as a Dedekind system; similarly, the successor morphism,
denoted SN or simply S, is the chosen morphism N — N. If z is a natural number, then the
successor of x is S o x; we also define 1 as S 00, 2 as S o 1, etc.

If we apply the definition of a Peano system with this notation, we have:

Proposition 66: 1. If Sox = Soy, then x = y.
2. Zero is not the successor of any natural number.
3. Suppose that A is a set in N, 0 € A, and for all z: NN, if xt € A then Sox € A. We
then have A = N.

We think that N (with zero and the successor operation) captures our intuitive idea of the
system of natural numbers, and it is now our goal to show how to prove the basic statements
about the natural numbers which are often accepted axiomatically. We first define a relation
< (along with a few related relations) on N.

Definition 67: Let A be a set in N. We say that A is an upper set of N if, whenever
x € A, then Sox € A.

Definition 68: Let ¢ and j be natural numbers. We define four relations on N through
Relation Comprehension as follows:
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1. We say that i is less than j, denoted @ <y j or simply ¢ < j, if there is an upper set
in N to which j belongs but i does not.

2. We say that i is at most j, denoted i <N j or simply ¢ < 7, if j belongs to every upper
set in N to which i belongs, that is if j < ¢ fails.

3. We say that ¢ is greater than j, denoted ¢ >N j or simply ¢ > j, if there is an upper
set in N to which ¢ belongs but j does not, that is if j < ¢ holds.

4. We say that i is at least j, denoted v >N j or simply i > j, if © belongs to every upper
set in N to which j belongs, that is if 1 < j fails.

Lemma 69: 1. There is no k: N with k < 0; that is, 0 < k for every k: N.
2. There is no k: N with S o k < 0; that is, 0 < S o k for every k: N.
3. We always have 1 < j if and only if Soi < Soj.

Proof: 1. Let A be an upper set in N. If 0 € A, then A is an inductive set in N, so A is
the set of elements, so k € A.

2. Let A be the set in N consisting of all successors; that is, A = {j: N | 3&:N, j = Soi}.
Given k: N, we have S ok € A regardless of whether k € A, so A is certainly an upper
set. Since 0 = S o1 is never true, we have A as an upper set to which any S o k belongs
but 0 does not.

3. Let A be an upper set in N to which j belongs but ¢ does not. Let B be

{E:N|3JIN, le ANk=Sol}.

Then B is an upper set to which S o j belongs but S o4 does not. (We must use that
S is injective here.) Conversely, let B be an upper set in N to which S o j belongs but
Soidoesnot. Let Abe {k:IN | Sok e B}. Then A is an upper set to which j belongs
but 7 does not.

|

Our primary objective is to show that < is a well-ordering on IN. Due to the nature of the
definition of N, it seems that only way to prove nontrivial results about N is “by induction”.
We state the Step Induction Principle in two forms. The first is much cleaner and seemingly
more powerful (because it immediately implies the second and we can quantify over objects
but not over formulas), but the second is how one often thinks about induction is used
in practice (using “properties” of natural numbers) and will be the only form that we can
generalize to the collection of all ordinals.

Theorem 70: Step Induction Schema.

1. Suppose that A is a set in N, 0 € A, and for all x: N, if v € A then Sox € A. We
then have A = N.

2. For any formula ¢(z, X) with an element x of N and optionally other free variables, we
have

VX, ¢(0,X) = (‘v’x:N, oz, X) = gb(Sox,)Z)) = Vo:N, ¢(x,)).

[¥** The formula needs an extra pair of parentheses ***]
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Proof: 1. We have already seen this.

2. Fix the ¥, and suppose ¢(0,%) and V z:N, o(z,y) = o¢(Sox,x). Let A be
{:N | ¢(z,x)}. Notice that 0 € A and for all z:N, if z € A then Sox € A by
assumption. It follows from part 1 that A = N. Therefore, we have V 2: N, ¢(z, ).

[

With the Step Induction Principle in hand, we can begin to prove the basic facts about the
natural numbers. Our goal is to prove that < is a well-ordering on N, but it will take some
time to get there. We first give a very simple inductive proof. For this proof only, we will
give careful arguments using both versions of Step Induction to show how a usual induction
proof can be formalized in either way.

Lemma 71: There is no k: N with k < k; that is, k < k for every k: N.

Proof: This is obvious from the definition, but we will give two proofs corresponding to the
above two versions of the Induction Principle.

1. Let X be {k:N | k <k}, and notice that 0 € X since 0 < k is always true. Suppose
now that k € X, so k < k fails. If Sok < Sok, then k < k, which is false, so Sok € X.
Thus, by Step Induction, we have X = N. Therefore, for all £&: N, we have k < k.

2. Let ¢(k) be the statement that k < k. We clearly have ¢(0) because 0 < 0. Suppose
now for k: N that k < k fails. If Sok < S ok, then k < k, which is false. It follows
that ¢(S o k) holds. Therefore, by Step Induction, we have k < k for all k: N.

Our remaining inductive proofs will be given in a more natural relaxed style.

Proposition 72: <y is transitive.

Proof: We prove the result by induction on the third variable. First fix ¢, 7: N and suppose
that ¢+ < j and j < 0. We know that j < 0 is impossible, so there is nothing to prove here.
Next fix k: N and suppose that for all 7, 7: N, if ¢ < j and j < k, then ¢ < k; we must prove
that, for all 4, j: N, if i < jand j < Sok, then i < Sok.

We prove this last result by induction on j. First fix ¢:IN and suppose that ¢ < 0 and
0 < Sok. We know that ¢ < 0 is impossible, so there is nothing to prove here. Next fix j:
N and suppose that for all i: N, if 1 < j and 7 < S ok, then i < S o k; we must prove that,
forall i: N, ifi < Sojand Soj <k, thent < Sok.

We prove this last result by induction on i. First suppose that 0 < Soj and Soj < Sok;
we must prove that 0 < S o k, which we already know. Next fix :IN and suppose that, if
it < Sojand Soj < Sok, then i < Sok; we must prove that, if Soi < Soj and Soj < Sok,
then Soi < Soj.

We prove this last result using the lemma that So¢ < Soj if and only if ¢ < 5. Suppose
that Sot < Sojand Soj < Sok. Theni < jand j < k, so i < k by the first induction
hypothesis. Therefore, Soi < S ok, and we are done. |

Proposition 73: <y is asymmetric.
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Proof: Suppose that i < j and j < i for some ¢, 7: N. By transitivity, it follows that ¢ < 1,
contradicting the previous lemma. ]

Proposition 74: <y is connected.

Proof: We prove the result by induction on the second variable. Even in the base case, we
will also use induction on the first variable. This induction’s base case is immediate; 0 = 0.
Next fix ¢: N and suppose that ¢ < 0 or i = 0 or 0 < 7; we must prove that Soi < 0 or
Soi=0o0r0< Sozr In fact, we already know that 0 < S o 1.

Next fix 7: N and suppose that for all 2: N we have ¢ < j or i = j or j < i; we must prove
that for all i: N we have 1 < Sojori= Sojor Soj <i. Again we use induction on i. For
the base case, we know that 0 < S o j. Next fix 7: N and suppose that ¢ < Sojori=Soj
or S oj < i; we must prove that Soi < Sojor Soi=Sojor Soj< Soi Again using
the lemma that S respects < (and is injective), this is equivalent to that ¢ < j or i = j or
J < 1, which we know by the outer inductive hypothesis. |

Lemma 75: Let i,j:N. If i < S o j, then either i < j or i = j. (The converse also holds,
but we will not need it.)

Proof: The structure is the same as the last proof; we show only the highlights.

1. (both zero): We have 0 = 0.

2. (zero and a successor): We have 0 < S o j.

3. (a successor and zero): If Soi < S o0, then i < 0, which is impossible.

4. (both successors): If Soi < SoSoj, theni < Soyj,s0oi < jori=jby the induction
hypothesis, so Soi < Sojor Soi=S5oj.

In order to finish off the proof that < is a well-ordering on N, we need a new version of
induction. You may have heard it referred to as “Strong Induction”.

Theorem 76: Induction Principle on N Schema.

1. Suppose that A is a set in N and for all x: N, if k € A for all k < x, then x € A. We
then have N = A.
2. For any formula ¢(z, X) with an element x of N and optionally other free variables,

VX, (Vx:N, (V EN, k<xz = gzﬁ(k:,)Z)) = gzﬁ(x,)Z)) = Va:N, ¢(z, X)

Proof: 1. Let Bbe {&:N |V k:N, k <z = k€ A}; our hypothesis states that B C A.
Notice that 0 € B because there is no k: N with k£ < 0. Suppose that x € B; we show
that Sox € B. Suppose that k < S o z; we show that k£ € A. By the previous lemma,
either Kk < x or k =xz. If k < x, then k € A because x € B and k < z; if £k = z, then
k € A because x € B and B C A. Therefore, S ox € B. By Step Induction, it follows
that N = B. Since B C A, it follows that N = A.
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2. This follows from part 1 using Separation. Fix the Y, and suppose that
VN, (VEN, k<2 = ¢k, X)) = o(z,Y)

Let A be {z:N | ¢(z, X)}. Given z: N, suppose that k € A for all £ < . We then have
VEN, k<z = ¢k, X), hence ¢(z, X) by assumption, so = € A. It follows from part
1 that N = X. Therefore, we have V z: N, ¢(z, X).

|

It is possible to give a proof of part 2 which makes use of part 2 of the Step Induction Principle,
thus avoiding the detour through objects and using only formulas. This proof simply mimics
how we obtained part 1 above, but uses formulas everywhere instead of working with objects.
Although it is not nearly as clean, when we treat ordinals, there will times when we need to
argue at the level of formulas.

Theorem 77: <y is a well-ordering.

Proof: We have already proved that <y is a linear ordering. Suppose then that Z is a set
in N and there is no m € Z such that for all x € Z, either m = x or m < . We show that
Z = @. Notice that for every m € Z, there exists x € Z with x < m by connectedness.

Let Y be —Z. We show that Y = N using the Induction Principle. Suppose then that
m:N is such that z € Y, ie. o ¢ Z, for all x < m. If m ¢ Y, we would then have that
m € Z, so by the last sentence of the previous paragraph, there exists x € Z with < m, a
contradiction. Therefore, m € Y. Hence, by the Induction Principle, we have that Y = N
and so Z = @.

Therefore, given Z: PN with Z # @, there exists m € Z such that for all z € Z, either
m = x or m < x. It follows that <y is a well-ordering. ]

6 Recursion

Already everything works the same way.
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