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1TheCOPRINproject

•INRIA:NationalResearchInstituteinComputerScienceandControlTheory

•COPRIN:ateamof6researchers+7PhD/Postdoc/Engineers,createdin2002

Purpose:solvingproblemswithintervalanalysis,constraintsprogramming,numerical

analysisandsymboliccomputationforapplicationdomainssuchas:

•mechanismtheory

•molecularchemistry

•networkanalysis

•computervision

•quantummechanics

•controltheory

•...

usingourlibrariesAlias,IcosAlias
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2Mathematicalviewpointonroboticsproblems

Mostroboticsproblemscanbebasicallyreducedto:

•systemssolvingproblems(involvingnon-linearequationsorinequalities,differential

orintegralequations)

•constrainedoptimizationproblems(minimum,maximum,minmax)

•linearalgebraproblems

BUT

•mostofthemhavespecificitiesthatmustbeaddressedforefficiencyandcompleteness

•functionsinvolvedintheseproblemsarecomplex⇒symboliccomputation

•resultsmustbecertified(e.g.forsafetyreasonsinmedicalrobotics)

•verylargeproblems⇒distributedimplementation
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3Whatisarobotmanipulator?

Manipulator:amechanicalsystemwhosepurposeistomoveaparticularbody(the”hand”)

toaspecificposebycontrollingtherelativemotionofinternalbodiesthrough”actuators”

•X:parametersdescribingtheposeofthehand(generalizedcoordinates)

•Θ:parametersdescribingthemotionoftheactuators(jointvariables)

actuatedjoints

links

end-effector

θ1 θ2

θ3

θ4

Base

x

y

z

X={x,y,z,θz}

Θ={θ1,θ2,θ3,θ4}

4degrees-of-freedomSCARArobot
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4Kinematics

Neededforcontrollingtherobot

•therobotsensorsgivejointvariablemeasurementsΘm

•forcontrolwemusthave

◦inversekinematics:X→Θ=G(X)

◦directkinematics:Θm→X=F(Θm)

Example:parallelrobot

A1
A2

A3

A4

A5

A6

B1

B2

B3
B4

B5

B6

C

O

x

y

z

yr

zr

xr

Ujoint

Sjoint

X=OC,R(xr,yr,zr→x,y,z)

Θ=leglengths

WehaveanexplicitinversekinematicsΘ=G(X)
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Directkinematics

Problem:beinggivenΘmfindtheactualposeoftheplatform

actualpose:poseoftheplatformwhenthemeasurementwasperformed

Method:solvetheinversekinematicequationsG(X)=Θm

Background:

•thissystemhasmultiplerealsolutions(hereupto40)

•inversekinematicsleadstoasystemof6to12equations,accordingtothechoiceofthe

parametersthatareusedtodefinetheposeoftheplatform

•unknownsarebounded:||OC||≤||OA||+Θ+||CB||

•additionalconstraintsmayhavetobeconsidered(limitedmotionofthepassivejoints)
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Therearetwodifferenttypesofdirectkinematicsproblem:

1.off-line:findthecurrentposewithoutanya-prioriinformationonit

Computationtimeisnotcritical,withinlimits

2.real-time:determineasquicklyaspossibletheactualposethatshouldnotbe”toofar”

fromapreviouslycomputedpose.

•Computationtimeshouldbelessthantherobotcontrollersamplingtime(2to5ms)

•Solutionsmustbecertifiedandsingularormultiplesolutionsmustbedetected
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4.1Off-linedirectkinematics

•Noa-prioriinformationontheactualposeoftheplatform

•Calculationofallsolutions

Possiblemethods

Algebraic

formulation























•elimination:numericallyunsafe

•homotopy:(≥30minutes)

•Groebnerbasis:certified,

fastestmethod:FgB,between1sand30s

formulation

independent





•intervalanalysis
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intervalanalysissecondfastestmethod:basedondistanceequations

(xi−xj)
2
+(yi−yj)

2
+(zi−zj)

2
=d

2
ij←knowndistance

Algorithm

•2Band3Bconstraintpropagation

•specificNeumaierandKantorovitchexclusiontest

◦determineaballwithauniquesolution,withamethodtocomputethissolution

◦detectmultiplesolutions

•computationtime:10-60s

butintervalanalysisistheonlymethodwhosecomputationtimemaybereducedif

•additionalconstraintsaretakenintoaccount

•thereareconstraintsonthesearchspace

Butwehavestilltofindanalgorithmthatwilldeterminetheactualpose
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4.2”Realtime”directkinematics

Usualapproach:Newtonmethod

BUTNewtonisnotsafeandmayleadstothewrongsolutionwithacriticalcontroleffect

Saferapproach:Newton+intervalanalysis

Xl:lastknownposition+knownmaximalvelocityoftherobot

⇓

X∈B=[Xl−ε,Xl+ε]

1.runNewtonwiththecenterofthecurrentboxasguess

2.ifNewtondoesnotconvergeorconvergeoutsideB,bissectandreiterate

3.ifNewtonconvergetowardXn∈BuseKantorovitch,Neumaierto

•certifythesolutionXnandfindBkthatincludesonlyXn

4.ifB⊂Bk→certifiedsolutionotherwisebissectandreiterate

5.ifmorethanonesolutionorsingularjacobian→STOP!
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⇒CertifiedNewtonscheme

Properties:

•certifiedNewtoncandealwithadditionalconstraints(limitsonjointmotion)

•computationtimeNewton:from1.8to5µswhenconvergent

•computationtimeintervalscheme:300to400µs,wellwithincontrollersamplingtime

•distributedcalculation
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5Inversekinematicjacobianmatrix

Θ=G(X)

⇓

•velocityrelation:Θ̇=J
−1

(X)Ẋ

•accuracyrelation:∆Θ=J
−1

(X)∆X

•staticrelation:F=J
−T

(X)τ

J
−1

:inversekinematicjacobian

((
AiBi

||AiBi||

CBi×AiBi

||AiBi||
))

→Plückervectorofthelinesassociatedtothelegs

A1
A2

A3

A4

A5

A6

B1

B2

B3
B4

B5

B6

C

O

x

y

z

yr

zr

xr

Ujoint

Sjoint
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Exampleofproblems:accuracyanalysis

∆Θm=J
−1

(X)∆X

forbounded∆Θm(|∆Θ
i
m|≤1)showsthat∆Xi≤εiforanyXinagivenworkspace

classicalproblemofcomputinganouterapproximationofthesolutionsofa

linearintervalsystemAy=bwithA=J
−1

(X),y=∆X,b=∆Θ

BUT

typicalofanapplicationproblem:Aij=fij(X)withXanintervalvector

classicalintervalmethodsdonottakeintoaccountthedependencybetweenthefij

⇓

largeoverestimationofthesolutiondomains

⇒takingintoaccountthederivativesofthefijwithrespecttoXintheGaussianelimination

schemeleadstoanalgorithmwhichis10to100fasterthantheclassicalmethods
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Exampleofproblems:Singularitydetection

F=J
−T

(X)τ

⇓

τi=
|...|

|J−T|

⇒ifJ
−T

singular,thenτi→∞⇒robotbreakdown

Problems:

showsthat|J
−1

(X)|6=0foranyXinagivenworkspace(nosingularity)

J
−1

=((
AiBi

||AiBi||

CBi×AiBi

||AiBi||
))

⇒singularitydependsalsoonthelocationofA,Bwhichareuncertain
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Algorithm

•findaposeintheworkspaceandcomputenumericallythesignof|J
−1
|(say>0)

•bisectionalgorithmtodetermineifaposewith|J
−1
|<0existsintheworkspace

◦ifyessingularityexists:SINGULARITY,EXIT

◦otherwisenosingularityintheworkspace

Checkingtheregularityofanintervalmatrix

A=






xx

y2y






withx,yin[1,2].ClearlyAdoesnotincludesingularmatrixas|A|=xy

wecancomputeanintervalevaluationofthedeterminant(directexpansionbyroworcolumn,

Gaussianelimination)

AI=






[1,2][1,2]

[1,2][2,4]




⇒|AI|∈[−2,7]⇒nodirectconclusion



�� �

�

�

�
IntervalanalysisandroboticsJ-P.Merlet,page17/30

Improvement1:extremalmatrices

Extremalmatrices:allscalarmatriceswithaselementseitherthelowerorupperbound

ofthecorrespondingelementsinintervalmatrix

AI=






[1,2][1,2]

[1,2][2,4]




⇒A

1
e=






11

12




,A

2
e=






12

12




,A

3
e=






12

22




,...

2
n

2

extremalmatrices

Theorem:ifdeterminantofallextremalmatriceshavesamesign⇒

nosingularmatricesinAI

ImprovementbyRex,Rohn(1998):notallextremalmatricesshouldbeconsidered,only2
2n−1

butthesetofmatricestotestincludes

A1=






11

14




A2=






12

22




A3=






12

12




,...

A1,A2haveadeterminantofoppositesign,A3issingular⇒nodirectconclusion
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Improvement2:pre-conditioning

Numericalpre-conditioning:|AK|=|A||K|

UseK=A
−1

(Mid(X))aspre-conditioningmatrixtogetAK”close”toidentity

K=






4/3−2/3

−2/32/3




AK=






[0,2][−2/3,2/3]

[−4/3,0][2/3,2]






|K|=4/9

|AK|=[−8/9,44/9]⇒improvementontheevaluationwidthbutnodirectconclusion
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Symbolic/numericpre-conditioning:

off-line

•keepKsymbolic

•computeAKsymbolically

•re-arrangetheelementsofAKtodecreasethedependencyproblem

on-line

•plugthenumericalvaluesoftheelementofKinthesymbolicAK

(off−line)AK=






xk11+xk21xk12+xk22

yk11+2yk21yk12+2yk22




⇒AK=






x(k11+k21)x(k12+k22)

y(k11+2k21)y(k12+2k22)






(on−line)K=






4/3−2/3

−2/32/3




⇒AK=






2/3[1,2]0

02/3[1,2]






|AK|=[4/9,16/9]⇒nosingularmatrix
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Improvement3:betterextremalmatrices(Donelan,Merlet,2005)

•assumethatsomeelementsofsomerowsarelinearlydependentofsomesubsetof

parameters{xi,...,xj}

•constructallmatricesHwhoserowsareindependentlyobtainedbysettingxi,...,xjto

theirextremalvalues

Theorem:ifallthedeterminantsofthematricesinHhavesamesign⇒

nosingularmatricesinA

A=






xx

y2y






←linearinx

←lineariny
A1=






11

12




A2=






11

24




A3=






22

12




A4=






22

24






alldeterminantshavethesamesign⇒nosingularmatrix
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NowwehavealargepanelofmethodstochecktheregularityofJ
−T

•checkoveraworkspaceforX

•allowuncertaintiesonthecoordinatesofA,B

◦iftheirrangewidthissmallkeeptheminthematrixelement

◦otherwiseaddthesecoordinatesasnewunknowns

Example:robotwithbaseradius13,platformradius8,workspacex,y∈[−5,5],z∈[45,50]

NouncertaintyonA,B

Orientationψ,θ,φRegularRegular+RohnJ
−1

KJ
−1

K+RohnKJ
−1

[-1,1]106.740.371.090.390.01

[-2,2]338.90.44.30.420.01

[-5,5]9076.22.634.792.80.01
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WithuncertaintiesonA,B

•(D):asitinthematrixelements

•(V):addedasnewvariables

•withKJ
−1

pre-conditioning

Uncertaintyxc,yc∈[−5,5]xc,yc∈[−5,5]xc,yc∈[−15,15]

onzc∈[45,50]zc∈[45,50]zc∈[45,50]

A,Bψ,θ,φ∈[−5
◦
,5
◦
]ψ,θ,φ∈[−15

◦
,15
◦
]ψ,θ,φ∈[−15

◦
,15
◦
]

(D)ε=±0.050.010.235.5(7.32withRohn)

(V)ε=±0.050.010.6314.07(4.54withRohn)

(D)ε=±0.10.014.471540.74(514.5withRohn)

(V)ε=±0.10.022.552614.55(402.2withRohn)

Intervalanalysisistheonlyknownmethodallowingacertifiedsingularity

verificationevenwithuncertaintiesontherobotmodeling
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Examplesofproblems:Motionverification

Data:

•atrajectoryfortherobotdefinedbyarbitraryanalyticaltime-functionXi=fi(t),t∈[0,1]

•possibleboundederrorsonA,B

•possibleboundedcontrolerrorsX
r
i=fi(t)+εi

Objective:checkthattherealtrajectoryfollowedbytherobotisvalid

•thetrajectoryliewithintheworkspaceoftherobot:Θmin≤Θ(t)≤Θmax∀t∈[0,1]

•trajectoryissingularity-free

•possiblyhastoverifyotherconstraints:G(X(t))≤0

formostusualtrajectorytheverificationisalmostreal-time
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Examplesofproblems:Workspaceanalysis

Workspace:setofallposesthatcanbereachedbythehandbeinggivenconstraintson

themechanism

Constraintsexamples:

ρmin≤G(X(t))≤ρmax
AB.n

||AB||
≥cosα

Wearedealingwithandimensionalvarietyandintervalanalysisisabletoprovidean

approximationofthevariety

-7-4-1258111416

-11

-8

-5

-2

1

4

7

10

-7-4-1258111416

-11

-8

-5

-2

1

4

7

10

x

y

x

Examples:

cross-sectioninthex−yplane

ofallposesforwhich

allorientationanglesin[−5
◦
,5
◦
]

areallowed
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Workspaceanalysiswithadditionalconstraints

Workspace={X}satisfyingkinematicconstraints+performanceconstraints

Examples:ifλiaretheeigenvaluesofJ
−1
J
−T

then

Workspace={X}satisfyingkinematicconstraints+ai≤λi(X)≤bi

Foraboxintheworkspace:

•J
−1
J
−T

isanintervalmatrix

•characteristicpolynomialPofJ
−1
J
−T

hasintervalcoefficientsUi(X)

Bounds[α,α]ontheeigenvaluesofJ
−1
J
−T

:

•directlyfromJ
−1
J
−T

:Gerschgorincircles,Cassiniovals

•fromtheUi(X):algebraicgeometrytheorems











adaptedfor

intervalcoefficients

Note:alsousefulincontroltheory
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Example:theOrthogliderobot,3doftranslationrobot

Qualityindex:1/4≤eigenvaluesofJ
−1
J
−T
≤4
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Examplesofproblems:Optimaldesign

Objectives:findthedesignparametersofarobotsuchthatitsatisfiesalistofrequirements

Usualapproach:minimizationofaweightedcostfunction:

∑

iwiIi
︷︸︸︷

weight
︷︸︸︷

performanceindex∈[0,1]

Drawbacks:

•difficultytofigureoutthecostfunction

•resultverysensitivetotheweights

•providesonlyonedesignsolution:butthedesignerisusuallynotawareofall

designconstraints

•realrobotwilldifferfromthetheoreticalsolution(manufacturingtolerances)

Intervalanalysis

determinationofanapproximationofallparametersvaluessothattherobotsatisfies

onerequirement
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Example:GoughplatformwithdesignparametersP:R1,r1,α,β,ρmin,S

Objectives:findthedesignparameters

suchthatasetofgivenposes{X1,...,Xn}are

includedintheworkspaceoftherobot

ρmin≤G(Xi)≤ρmin+S
AB.n
||AB||≥cosα

O

x

z

C

zr

yr

xr

y

α

A1

R1

β

B1

r1

A2

B2

A3

B3

A4

B4

A5

B5

A6

B6

120
◦

120
◦

120
◦

β

20

25

30

35
R1

2
4

6
8
10

12
14

16
18

20

r1

27

28

29

30

31

ROD

20 21 22 23 24R1

00.050.10.150.20.25 alpha

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

beta
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•onlyanapproximationisobtained,boxwithwidthlowerthantwicethemanufacturing

tolerancesareneglected⇒robustdesignsolutions

•computingtheintersectionoftheregionobtainedforallrequirementallowsto

determinealldesignsolutions

deploymentmovie

wirerobot
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6Conclusion:whatIlearn

•practicalapplicationsspecificities⇒softwareflexibility

•theoremsfromotherfieldsmustbeadaptedforintervals:linearalgebra,geometry

•practicalintervalanalysisapplicationsareembeddedinacomplexprocess

⇓

fewuserswillaccepttolearnnewlanguagesforusingintervalanalysis

⇒bettertoofferprogramminginterfacethroughgeneral-purposescientificlanguages

(Matlab,Scilab,Maple,Mathematica)

•symboliccomputationmustbeusedtoimprovetheefficiencyofthesolving

•intervalanalysisshouldnotbepresentedasablackboxbecauseitsefficiencyistoovariable

•tutorialforasmanyproblemsaspossibleshouldbemadeavailable,intervalmovie

•parallelimplementationshouldbegeneralized

Tryouron-lineintervalsolvers:http://www.inria.fr/coprin


