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Introduction

e Algebraic curves and surfaces have been studied
extensively in algebraic geometry:.

e Algebraic curves and surfaces play an important
and ever increasing role in computer aided geomet-
ric design, computer vision, and computer aided
manufacturing. (But also in number theory, dif-
ferential equations, and other areas.)

e Consequently, theoretical results need to be
adapted to practical needs. We need efficient algo-
rithms for generating, representing, manipulating,
analyzing, rendering algebraic curves and surfaces.

Here we report on symbolic methods for the
parametrization of algebraic curves.



Algebraic curves

Let K be an algebraically closed field of character-
1stic 0.

By A?(K) we denote the affine plane over the
field K, i.e.

A*K) = { (a,b) | a,b € K}.
By P?(K) we denote the projective plane over the
field K, i.e.
P*K)={(a:b:¢)|(a,b,c) € K\ {(0,0,0)} }.

For a square-free non-zero polynomial f € K|z, y],
the subset C of A*(K) defined by

C=1{la,b) | fla,b) =0}

is an affine plane algebraic curve.

For a square-free non-zero form F' € K|z, y, 2], the
subset C of P?(K) defined by

C={(a:b:c)| Fla,b,c)=0}

is a projective plane algebraic curve.



Examples of algebraic curves:

Fig. 1.1: f(z,y) = y* — 2° — 2*
(rational cubic)

Fig. 1.2 f(z,y)=y* -2+
(elliptic curve)

Fig. 1.3: f(z,y) = 2% — 3z%y + y* — 2y3 + 2
(tacnode)

Fig. 1.4: f(:@ y) — (xz + 4?} + y2>2 _ 16(332 i y2)
(cardioid)
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Rational parametrization of curves

A rational parametrization of an algebraic
curve C is a pair or rational functions

P(t) = (x(t),y(t) € K(¢)
such that the Zariski closure of {P(t)|t € K} is C.

A curve having a rational parametrization is called
rational.

We say that P is a proper parametrization iff al-
most every point (in the sense of the Zariski topology)
on C is generated exactly once by P.

Every rational curve has in fact a proper
parametrization. (this is a consequence of Liiroth’s
Theorem)



Advantages of implicit representation:

e casy to check whether a point lies on the curve

e cvery algebraic curve has such a representation

Advantages of parametric representation:

e casy to generate points over certain coordinate

fields

e tracing of objects

e solution of diophantine equations



An application example:

in analyzing Painleve’s 6th equation (a non-linear
differential equation), one finds that solutions are
plane curves f(y,t) = 0, defining y(¢) implicitly.
Our parametrization method (and the CASA system,
which has an implementation of it) have been used to
parametrize candidate curves f(y,t), which makes it
possible to plug them into the original equation and
verify them.

This has been successfully carried out for curves of
degree 7 in y, related to Klein’s simple group of order
168. Currently we are working on a solution curve
of order 12 in y, the largest genus 0 icosahedral solu-
tion of Painleve’s 6th equation. (Icosahedral solutions
with 10 branches were found by Dubrovin-Mazzocco,

[nvent.Math. 141, 55-147 (2000).)



Criterion for rationality

the parabola
y=a
can be parametrized as

{(t,t") |t € K}

all affine points on the parabola are given by the
parametrization (t,?).



the tacnode curve defined by the polynomial
fla,y) = 22" = 3%y +y° — 2° + ¢

can be represented parametrically as

. 13 —6t24+9t—2
x(t) = NI 1663+4012—32¢+9°
y(t) _ t2_At4+4

24 —16t3+40t2—32¢t+9"

2.57

Figure 1: ' Tacnode curve
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However, not all plane algebraic curves can be ra-
tionally parametrized.

The rationally parametrizable curves are the curves
of genus 0:

senus(C) — %[(d —1)(d=2) =S mp(mp — 1)

where d = deg(C) and mp is the multiplicity of P on
C.

So, for instance, elliptic curves (of degree 3, no sin-
gularity) are not rational.
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Some facts:

Theorem Let x1(t), x2(t) € K(t) be rational func-

tions in reduced form, not both of them constant.
Then,

P(t) = (x1(t), xa(t))
parametrizes an irreducible plane curve C over K.
Moreover, if none of the two rational functions is
constant and f(x,y) is the defining polynomial of
C, there exists r € N such that

tes(H{ (t, %), Hy (t,y)) = (f(z,y))".

Theorem An irreducible affine curve C is rational
if and only if the field of rational functions on C,
i.e. K(C), is isomorphic to K(t).

Theorem An affine algebraic curve C is rational if
and only if it is birationally equivalent to A'(K).

Theorem An algebraic curve C is rational if and
only if genus(C) = 0.
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Parametrization by Lines

case of rational conics (i.e. irreducible conics):
Conic through the origin

f(z,y) = folz,y) + filz,y)

where deg(f;) = ¢ (homogeneous components)
Consider the linear system H of lines through the
origin

h(fl?,y,t) =Y — tx.

compute the intersection points of a generic element
of H(t) and C, i.e. solve for x,y:

(Vo

—f1(1,1) —t-fl(l,t))
fo(1,t) 7 fo(1, 1) '

the solutions are:

P =(0,0) and Q:(

Theorem The irreducible conic C defined by
f(xay) — f2(x7y> + fl(x7y) (deg(fz) — 2)7 has the

rational parametrization

. _fl(lat) —1- f1(17t>
Pl = ( fa(L,t) " fa(1,2) ) |
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Figure 2: Ellipse * + 22 + 2y* = 0 and pencil H(t)
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Algorithm

CONIC-PARAMETRIZATION.

Given the defining polynomial f(x,y) of an irre-
ducible conic C, the algorithm computes a rational
parametrization.

1. determine a point (a,b) € C (choose (a,b) =
(0, 0) if possible)
2.set g(x,y) = flx +a,y+0b)
3. let g9, 91 be the homogeneous components of
9(x,y)
4. Return
P(t) =

(—91(1at)+a92(1¢) —t°91(1at)+bg2(1at))
g2(1,) ’ 92(1,)
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Example Let C be the ellipse defined by
f(xay) — $2—|—2y2 — L.
We apply algorithm CONIC-PARAMETRIZATION.

It is clear that C does not pass through (0,0). Thus,
we take a point on C, for instance (1,0) (Step 1).

In Step 2 we set g(x,y) = f(x+1,y) = 2%+ 22 +2y°.
S0, a parametrization of C is

Pt = (—1+2t2 —2t )

14+2t2 7 142¢2
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case of deg(C) = d with a (d — 1)—fold point:
W.lo.g. let P =(0,0) be the (d — 1)—fold point on C
so the defining polynomial of C is

f(iU,y> — fd(xay) + fd—l(xa y)

(f; a form of degree i, resp.).

As above, we consider the linear system of lines H(t)
through (0 : 0: 1). Intersecting C with an element of
‘H we get the origin as an intersection point of mul-
tiplicity at least d — 1. Thus, by Bézout’s Theorem,
we must get exactly one more intersection point ()
depending rationally on the value of ¢.

So the coordinates of () are polynomials in ¢, in fact

[~ faa (L) —t- fai(1,2)
Q - ( fd(lat) 7 fd(lat) > |

This is the rational parametrization of C.
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Algorithm
PARAMETRIZATION-BY-LINES.

Given the defining polynomial f(z,y) of an irre-
ducible curve C of degree d > 1, having a (d — 1)—
fold point P in A%(K), the algorithm computes a
rational parametrization of C.

1. Determine the (d — 1)-fold point P = (a,b) of
C.

2. compute g(z,y) = f(r +a,y + b)
3. let g4, g4—1 be the homogeneous components of
9(z,y)
4. Return
P(t) =

< —9d—1 (1>t)+agd(1 ’t) —t-94—1 (l’t)+b9d(17t) )
94(1,t) ’ 94(1,t) '
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Example Let C be the affine quartic curve defined
by

flz,y) = 1+xz—152% —299y* + 309> — 25 2y
+2dy + 35xy + ot — 6yt + 6 2%y

—

Figure 3: Quartic C

C has an affine triple point P = (1,1). We
apply algorithm PARAMETRIZATION-BY-LINES to
parametrize C.
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In Step 2 we compute the polynomial

g(z,y) = bx’ + 69> — 2By’ + 2’y + 2t — 69
1+9 2%y

determining the homogeneous forms of g(z, y), we get
the rational parametrization of C

P(t) =
44613 —25t2+8t+ 6t
—14+6tt—t ’
At + 12t — 2583 +9¢2 — 1)

—14+6tt—t
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Parametrization by Adjoint Curves

Definition A curve C' is an adjoint curve of the
irreducible curve C iff for every singular point P (or
in fact, just any point) of C of multiplicity r, P is
a point of multiplicity at least r — 1 on C’. (This
should include also all points “at infinity” and also all
“neighboring singularities” ). g

The algebraic conditions required in the definition
of adjoint curves are linear. Therefore if one fixes the
degree, the set of all adjoint curves of C is a linear
system of curves. In fact, if C has only ordinary sin-
gularities, then the set of adjoint curves of degree k of

C, denoted by
Ai(C),

is the linear system of curves of degree k generated by
the effective divisor

Z (multp(C) — 1) P.

PeSing(C)
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Notation: let D be an effective divisor on C, i.e. a
formal sum of points on C with finitely many non-

zero positive integral coefficients

D = i m,P,.
i=1

Then by H(k, D) we denote the linear system of
curves of degree k having the points FP; as points of
multiplicity at least m;.

Theorem Let deg(C) > d — 2 and let S be a set
of d — 3 regular points on C. Then

Ai2(C) N H(d -2, Z P)
PeS

parametrizes C. (1.e., if we intersect this system with
C, then only one intersection point is “free”. and its
coordinates give the rational parametrization.)
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Algorithm
PARAMETRIZATION-BY-ADJOINTS.
Given the defining polynomial f(x,y) of a rational
irreducible curve C of degree d, the algorithm com-
putes a rational parametrization of C.

1.If d < 3 or Sing(C) contains only one
point of multiplicity d — 1 apply algorithm
PARAMETRIZATION—BY—LINES.

2. compute the defining polynomial of A, 5(C).
3. Choose a set S of d — 3 regular points on C.
4. Compute the defining polynomial H of

H=A;2(C)NH(d -2, Z P).

PeS

5. Return the solution in K (¢)* of the system
{ppy(res,(F, H)) =0, pp(res,(F, H)) = 0}.
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In our presentation we have only considered the case
of adjoints of degree d — 2. But, whereas d — 2 is
the lowest degree for which this process works, we
could choose any higher degree. For adjoints of degree
higher than or at least d, we have to make sure that
the system of adjoints does not contain the curve C,
but this can be achieved by requiring a point outside
of C to be a base point of the system of adjoints.
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Example: We consider the cardioid curve C defined
by

filz,y) = (&° + 4y +y°) — 16(z° + y*) = 0.
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We apply the algorithm PARAMETRIZATION-
BY-ADJOINTS.

C has 3 double points in the projective plane,
namely

(0:0:1) and (1:47:0).
So genus(C) = 0, which means that C is rational and
must have a parametrization over C (the picture ac-

tually suggests that it is a real curve, and therefore
must have a parametrization over R).

System H of conics passing through all three of
these double points:

h(z,y,z,s,t) =a° + sxz +y* + tyz.

H is a system of dimension 2.
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Now we need d — 3 = 1 regular points on C. From
the picture of the cardioid it is obvious that P = (0, 8)
is a regular point, and it has coordinates in Q, i.e. we
will get a parametrization with coefficients in Q.

We restrict H to the curves through P:
h (x,y, z,t) = 2* + twz + y* + Syz,
reducing the dimension of the system of adjoints by
1, i.e. to a system of dimension 1.

Intersecting the cardioid curve with this system
of adjoints of dimension 1 we get the following
parametrization P(t) of C:

—1024¢3 —2048t* + 128¢2
r(t) = 505 —  Yt) = o -
25614 + 3212 + 1 25614 + 3212 + 1
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Parametrization over R

Real Curves

Definition: The curve C is a called a real curve, if
and only if C has infinitely many points in A%(R).

Lemma: ([RS97al) If the curve C is real, then it
can be defined by a real polynomial.

Lemma: ([Wi96)) Let C be a real curve. C is irre-
ducible over R if and only if it is irreducible over

C.

[SWO1]: every parametrizable plane curve over an
algebraically closed field IC of characteristic zero can
be parametrized over any subfield of K that contains
the coefficients of the irreducible polynomial defining
the curve, and the coordinates of one simple point of
the curve.

Thus: every real parametrizable plane curve can be
parametrized over the reals (this result is also known
as the algebraic version of the real Liiroth’s theorem),
and a parametrizable plane curve is real if and only if
1t has at least one real simple point.
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Example: the cardioid curve C; defined by
filz,y) = (* + 4y + *)* — 16(z" + y*) = 0

(same curve as above) is a real curve.
In fact C; is a parametrizable real curve, and a
parametrization over the reals is

—1024¢3 —2048t* + 128¢2
r(t) = - — Yt = ooy -
25614 + 32t2 + 1 25614 + 32t2 + 1

On the other hand, the curve Cy defined by
folz,y) = 2y° + 2° + 22%y* = 0

is NOT a real curve.

The only point of Cy in the affine plane over the
reals is the double point (0,0). The complex curve C,
is parametrizable, and a parametrization is

—t? — 2t + 1 it 20t —

£) = /
=1 YW="5m
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A Real Parametrization Algorithm
C defined by f(z,y) € Rlz, y]

The corresponding projective curve, also denoted
by C, is defined by the homogeneous polynomial
F(x,y,z) € Rlz,vy, 2], where F' is the homogeniza-
tion of f.

The property of parametrizability is independent of
whether we view C in the affine or the projective plane,
and parametrizations can be easily converted [SW91].

In order to parametrize the rational plane curve C
over R, we need to find ONE simple point on C with
real coordinates. We do this by transforming C bira-
tionally to a low degree (1 or 2) curve, for which we
can find such points (and transform them back to C).
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The following theorem is a refinement of a theorem
by Hilbert and Hurwitz.

Theorem 1: (Sendra/W. 1997, adapted to R)

Let C be a projective rational plane curve of degree
d defined by a polynomial over R, H,_o the linear
system of adjoint curves to C of degree d — 2 and
H5_, a linear subsystem of Hy 5 of dimension s
with all its base points on C. Then we have the
following:

(i) If &y, @y, B3 € H?_, are such that the common
intersections of the three curves ®; and C are
the set of base points of H; ,, and such that

T =Ay1:y2:y3 =10 Do : D3}

is a birational transformation, then the bira-
tionally equivalent curve to C, obtained by T,
is irreducible of degree s.

(ii) Those values of the parameters for which the
rational transformation T is not birational sat-
isty some algebraic conditions.
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Theorem 2: (Sendra/W. 97)

Let C be a rational plane curve of degree d defined
by a polynomial over R, and H,_o the linear sys-
tem of adjoint curves to C of degree d — 2. Then
every rational linear subsystem of H,_o of dimen-
sion s with all its base points on C provides curves
that generate families of s conjugate simple points
over R by intersection with C.

Theorem 3: (Sendra/W. 97) Let C be a rational
plane curve of degree d, defined by a polynomial

f(z,y) € Rlz,yl.

(i) C has families of d — 2,2d — 2, and 3d — 2 con-
jugate simple points over R.

(ii) C has families of 2 conjugate simple points over
R.

(iii) If d is odd, then C has a simple point over R.

(iv) If d is even, then C has simple points over an
algebraic extension of R of degree 2.
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Algorithm REAL-PARAM( f)

Input: F(x1,x2,x3) € R|x1, 29, x3) is an irreducible ho-
mogeneous polynomial of degree d, that defines a
rational plane curve C.

Output: a real parametrization of C, or
“no-real-parametrization” if no real
parametrization exists.

(1) Compute the linear system H of adjoint curves to
C of degree (d — 2).

(2) If d is odd, apply Theorem 3 (iii) to find (d — 3)
simple points of F' over R.

(3) If d is even, apply Theorem 3 (ii) to find (d —3)/2
families of 2 simple points of F' over R.

(4) Determine the linear rational subsystem H ob-
tained by forcing the points computed in steps (2)
and (3) to be simple base points on H.

(5) Take &1, Py, P3 € H such that the common inter-
sections of the thrNee curves @; and F' are the set
of base points of H, and such that

Tz{y1:y2:y3:<§1:5>2:i>3}
is a birational transformation (Theorem 1).
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(6) Determine the transformed curve D to C obtained
by 7. Note that applying Theorem 1 one has that
D is either a conic or a line depending on whether
d is even or odd, respectively. D can be easily
determined by sending a few points from C to D
and then interpolating.

(7) If d is odd, parametrize the line D over R. Ap-
ply the inverse transformation 7! to find a
parametrization of C over R. (Or, alternatively,
determine as many points on D over R as nec-
essary, transfer them back to C by 7!, and use
them for computing a parametrization of C over

R.)

(8) If d is even, decide whether the conic D can be
parametrized over R. If so, parametrize D over
R. Apply the inverse transformation 7! to find
a real parametrization of C over R. (Or, alterna-
tively, determine as many points on D over R as
necessary, transfer them back to C by 7!, and
use them for computing a parametrization of C

over R.)

If not, report “no-real-parametrization”.
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Example:
We consider the cardioid curve C defined by
flz,y) = (2° + 4y + y°)* — 16(2° + y*) = 0.

We already know that C is parametrizable, in fact we
have already computed a parametrization over R. But
now we want to use C for demonstrating the general
algorithm.
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Application of REAL-PARAM:

C has 3 double points in the projective plane,
namely

(0:0:1) and (1:4i:0).

System H of conics (curve of degree 2) passing
through all three of these double points:

h(z,y,z,8,t) = x° + sxz +y* + tyz.
H is a system of dimension 2.

Birational transformation

T:((I)liq)giq)g)
= (h(z,y,2,0,1) : h(x,y,2,1,0) : h(z,y, 2,1,1)),
1.e.
b, = x2+y2+yz,
Oy = 22+ 22+ 17
O3 = 2?4+ 22+ y? +yz.
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We determine the birationally equivalent conic D
to C by sending the 6 points in the families

Fr= {(t:—t+2:1) | 4* — 32t + 80¢* — 128¢ + 80},
Fo=A{(t:1-2t:1)| > —4t+1}

onto D by T . This gives us the conic defined by
152% + Ty* + 6y — 38z — 14y + 23.

D has the real (in fact, rational) point (1,8/7),
which (by 7 1) corresponds to the point P = (0, —8)
on C.

Now we restrict H. to the curves through P:

h (x,y, z,t) = 2° +trz +y° + Syz.
We get the following real parametrization P(t) of C:

—1024¢3 —2048t* + 128¢2
r(t) = 5o Yt =g -
25614 + 32t2 + 1 2564 + 322 + 1
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