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Hausdorff dimension for some
hyperbolic attractors with overlaps and
without finite Markov partition

FrRANZ HOFBAUER, PETER RAITH AND KAROLY SIMON

Abstract. In this paper some families of skew product self maps F' on the
square are considered. The main example is a family forming a two dimen-
sional analogue of the tent map family. According to the assumptions made
in the paper these maps are almost injective. This means that the points of
the attractor having more than one inverse image form a set of measure zero
for all interesting measures. It may be that F' does not have a finite Markov
partition. The Hausdorff dimension of the attractor is computed.

1. Introduction

We investigate skew product maps F': @) — @ with Q := [a,b] x [0, 1],
defined by

(1) F(z,y) = (T(x),9(x,y)),

where T : [a,b] — |a,b] is piecewise monotonic and the map y — g(z,y) is
a contraction on [0,1] for all z € [a,b]. A map T : [a,b] — [a,b] is called
piecewise monotonic, if there exists a finite partition of [a, b] into intervals,
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such that on each of these intervals 7" is continuous and strictly monotonic.
The set

(2) A=) F"(Q)

is the attractor of F. In order to describe the “thickness” of this attractor
we like to determine the Hausdorff dimension dimg(A) of A. Our motivating
example is a two dimensional analogue of the tent map family (see Figure ).
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Ifo< A< ﬁ and ¢ : [0,1] — [%, 1— %} is linear with nonzero slope, then
for
F(l’,y) = (Ta(lﬁ),@(l’) + )\('3/ - %))

the dimension of the attractor of F is

(3) dimy (DOF"([O, 1] x [0, 1])) —1+ _lolig‘); .

The question of determining the Hausdorff dimension of invariant subsets
has been studied in several papers for different classes of dynamical system (a
good overview can be found in [9]). For example, in [I], [7] and [T0] versions
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of the Bowen-McCluskey-Manning formula relating the Hausdorff dimension
to a zero of a certain pressure function are proved. The situation considered
in these papers is different from our situation. However, also for different
classes of skew product maps F' some versions of the Bowen-McCluskey-
Manning formula have been obtained. We describe these results for skew
product maps below.

In [T3] T. Steinberger obtained a result on the Hausdorff dimension of the
attractor under the assumption that F' is injective. Such maps F' are used
as geometric models for the Lorenz attractor (see [3]). The result in [I3]
gives an implicit formula for dimg(A) using the topological pressure p(F, h)
of a function h :  — R. Under certain assumptions on 7" and g, but not
assuming that 7" admits a Markov partition, it is shown that dimy(A) =

1 + z, where z is the unique zero of t — p (F,tlog‘(%g‘). One obtains

[é)

an explicit formula, if 579 1s a constant, say A, which means g(x,y) =

¢(z) + A (y — 3) for some function ¢ : [a,b] — [%, 1— %] In this case we
have p (F,tlog}%g‘) = hiop(F) + tlog A, and as hiop(F') equals hiop (1) it

follows that dimg(A) =1+ }f%g\).

Noninjective skew product maps F' of the above kind were studied in [5]
by M. V. Jacobson from the point of the existence of absolutely continuous
invariant measure. Especially, he considered the case, where 7' is conjugate
to the map = +— 4x(1 — x). This implies that there is a ¢ € (a, b) such that
T is strictly monotone on the intervals [a,c| and [c¢,b], and both of these
intervals are mapped onto [a,b]. In particular, 7" has a Markov partition.
Set Q1 := [a, ] x [0,1] und Qs := [¢, b] x [0, 1]. Then F is injective on @; and
on (92, and the images F'((Q)1) and F(Q)2) are nearly horizontal strips from the
left to the right margin of the rectangle @ = [a,b] x [0, 1]. If these two strips
do not overlap, then F'is injective. Additionally, in [5] the map ¢ is chosen
as g(z,y) = ¢(x) + A (y— 1) with an increasing continuous function ¢.
This gives rise to overlaps of the horizontal strips F'(Q1) and F(()2) near
the right margin of ). For these maps F in [I2] conditions are given by
K. Simon (including the existence of a Markov partition for 7"), under which
the formula for dimy(A) described above still holds.

In this paper we combine both. Neither we assume that 7" admits a
Markov partition nor that F' is injective. We are able to do this for piecewise
monotonic maps 7" with two monotonic pieces and suitable linear contractions
y — g(z,y). To be more specific, for ¢ € (a,b) let D.(]a,b]) be the set of
all functions f : [a,b] — R, which are continuous on [a, ¢] and on (¢, b] and
have a continuous derivative f’ on (a,c) U (¢, b) satisfying inf|f’| > 0 and
sup | f/| < oo. In particular, each f € D.([a,b]) is strictly monotonic on the
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two intervals [a,c| and (c,b], since its derivative cannot change its sign on
these intervals. (One could also choose continuity from the right instead of
continuity from the left in ¢.) A map T' € D,([a, b]) is called expanding, if the
one-sided limits lim, .+ 7"(z), lim, .- T"(z), lim, .+ T'(x), lim,_,- 7" (x)
exist, and if inf|7’] > 1 (note that this coincides with the definition of
expanding which will be given in Section B for general piecewise monotonic
maps).

Now we can state the main theorem of this paper, which gives the formula
for the Hausdorff dimension of the attractor.

Theorem 2. Suppose that T : [a,b] — [a,b] is topologically transitive,

in D.([a, b)), and expanding. Assume that ) < A < min {2, inf W} and that
¢ la,b] — [5,1— 3] is also in D.([a,b]) and satisfies SIEI;“:; “ < mf‘T| —1. Set

Q = [a,b]x[0,1] and define F : Q — Q by F(z,y) = (T(x), p(z ) ( —-32)).
If the product T" - ¢’ has different signs on the two intervals (a,c) and (c,b),
then the attractor A :=(_, F"(Q) has Hausdorff dimension

hmp (T)
—log \

Next we show how Theorem [ follows from Theorem [

Proof of Theorem [. Set b := T, (1) = 2 and a :=T2(3) = a — %2 Then
Ty : [a,b] — [a,b] is in De([a,b]) with ¢ := 5. Moreover, T, is topologically
transitive, as a > /2. Since a > V2,0 < A < # and ¢ : [a,b] — [%,1 — %}
is linear with nonzero slope, the assumptions of Theorem B are fulfilled for
F(z,y) = (Tu(z), p(z) + A(y — 1)). We have heop(T,) = log av, and therefore
we get

. log o

(4) dimg(A) =14+ —— “Tog
where A is the attractor defined in (2).

Observe that in this case (), F"([0, 1] x [0, 1]) differs from A by an at
most countable union of segments of the form {(z, f(z)) : & € I}, where I is
an interval, and f : I — [0, 1] is affine. As the Hausdorff dimension of each of
these segments equals 1 we get by (@) that dimgy ((,—, F™([0,1] x [0,1])) =

dimg(A) = 1+ 2555 O

Parts of the proof of Theorem P are given in a more general situation,
since this causes no additional difficulties. In particular, some results are
stated and proved for general piecewise monotonic maps.
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In Section @l a nonoverlapping version G of F'is constructed just by chang-
ing ¢ in a suitable way. Using the result of [I3] for G and the fact that F' is
a factor of G' by a Lipschitz continuous map, we get dimg(A) < 1+ ff%g/\).

The difficulty for proving the inequality in the opposite direction comes
from two sources. The first one is that we do not have a Markov partition
for T'. On the other hand, F' may not be injective, which may cause a drop
of the dimension of the attractor of F' in comparison with the dimension of
the attractor of G.

We overcome the problem that there may be no finite Markov partition
for T" by an approximation of 7' by Markov maps defined on Cantor sets.
This construction relies on the results in [4] and [I0], and is similar to the
horseshoes in [§] (see also Section 15 of [6]). In Section B for each ¢ > 0
we construct a closed invariant subset D of [a,b], on which T has a finite
Markov partition and is topologically transitive, such that dimy(D) > 1 —¢
and hygop (T}D) > hiop(T") — €. Then we work with T‘D instead of T.

In Section Bl we deal with the noninjectivity of F. The socalled transver-
sality condition is introduced. Under this condition, it can be shown that
the overlapping parts of F(Q) are in some sense small enough. We show in
Proposition Pl that this transversality condition holds under the assumptions
of Theorem B This is the only part of the proof of Theorem B, where we
need, that the piecewise monotonic map 7' is in D.([a, b]).

A measure p on @ is constructed in Section B in such a way that it
attributes the in some sense “correct measure” to cylinder sets. Then, in
Section @, the fibres [, := {p} %[0, 1] over a point p € [a, b] are considered. Let
E be the set of all p € D such that the fibre over p does not contain points in
overlapping parts of A. By the results implied by the transversality condition
one gets that £ x [0,1] is a set of full y-measure, and that dimg(D \ E) < 1.
For all p € D a measure v, on [, is derived from g, which is then used to
estimate the Hausdorff dimension of AN{,. Using the pointwise dimension of

(1,

—orx for all p € E. This implies

the measure v, one gets dimy(AN{,) >

. . htop (T ‘ D) Riop (T)—e . .
dimg(A) > dimyg (D) + ——~%4 > 1 — e+ 22— and letting € — 0 gives

—log A —logX ?
. htop (T
dimp(A) > 1+ _t%(g,\)-

2. Approximation of the one-dimensional map by Markov maps
We introduce a “big” Cantor-set Dy, C [a,b] having a Markov partition,

on which T is topologically transitive. Later in this paper we will consider
the restriction of A to Dy x [0,1], which will be called Aj. This will be a
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Cantor set in (). It will be proved that as k tends to infinity the dimension of
Ay tends to 1+ h_“%g\). To this end we have to construct D, with appropiate
properties.

Let T : [a,b] — [a, b] be a piecewise monotonic map, this means that there
exist ¢y :=a < ¢; < ca < -+ < G, = b, such that T‘(cj,l,cj) is continuous
and strictly monotonic for every j € {1,2,...,mp} (note that 7" may have
a discontinuity at ¢;). For j € {1,2,...,mg} define V; := (¢;_1,¢;), and set
V i={Vi,..., Vi, }- We call ¢y, cq,..., ¢, the critical points of T, and set
C:= {Co, Cly... ,Cmo}.

A piecewise monotonic map 7' is called expanding, if T is continuously
differentiable on (a,b) \ C, if the one-sided limits lim,  +7"(z) for j €
{0,1,...,my — 1} and lim_ - 7"(x) for j € {1,2,...,m]0} exist, and if
inf |T"] > 1. For a map T" € D.([a,b]) this definition coincides with the
definition given in the introduction.

Denote the partition of [a, b] into the intervals of monotonicity of 77!
by V,. This means V,, = \/_, T7(V). The elements of V,_; are called n-
cylinders. For x € (Jyy, V we write V,(z) for the n-cylinder containing =.
There are finitely many « € [a, b], which are not contained in an n-cylinder.
This implies that the set Co of all x € [a,b] which are not contained in
an n-cylinder for some n is at most countable. Obviously we have C,, =

U, T77C.
’ The interior of a set A is denoted by int A, and the closure of A is denoted
by A.
For &k > 1 set
(5) Nk::U{V:VEVk_l,EIiE{O,...,mO},CiEV}.

Note that the assumption ¢; € V above means that ¢; is an endpoint of V.
The set Nj is by definition the union of the closures of all k-cylinders having
a critical point as an endpoint.

Proposition 1. Let T : [a,b] — [a,b] be a piecewise monotonic map, which
1s expanding and topologically transitive. Then for every ¢ > 0 there exists
a k > 2 such that there exists a perfect set Dy C [a,b] having the following
properties:

(a) We have T'(Dy) = Dy,.

(b) The map T}Dk is topologically transitive on Dj,.

(c) We have hiqp (T}DJ > hiop(T') — €.
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(d) The property dimy(Dy) > 1 — € holds.

(e) For every g € (0, ﬁlﬂ) there is a d > 0 such that for every x € Dy,
and for every n > 1 we have

(6) V(@) = d- 3"

(f) We can find a set Nj, C |a,b] which is the union of closures of k-cylinders
such that Ny C Ny, and
(7) Dy ={z € [a,b] : T"(x) ¢ int N}, ¥n >0} .

Moreover, for every k-cylinder V satisfying V 0 Dy # 0 there are k-
cylinders Wy, ..., W, such that

(8) T(VNDy) =T(V)N Dy = JW; N Dy).

j=1
In the rest of this section we prove this proposition via a number of

lemmas.

Lemma 1. Let T be a piecewise monotonic map, and let k > 1. For ev-
ery n > k with n > 2 we have for x € [a,b] \ Cs that

9) V(@) NNy =0 implies that T (Vi (2)) = Vot (T(2))
>

Proof. Given © ¢ Cy, © ¢ Ny and n k, n > 2. Then there exist

Vigs -+, Vi, , € V such that
n—1 "
(10) Va(z) = () TV, = Vi, NTH(V)
=0
where V := ("2 T'V;,,,. Then
(11) T(Vo(x)) =TV, NV .

Since V is an (n — 1)-cylinder containing Tz it is enough to prove that
(12) VCTvV, .

To verify this, we argue with contradiction. Assume that 1% ¢ TV;,. By ()
TV, N % # (. Since TV;, and V are intervals, V must contain an endpoint
of TV;,. Therefore T-'V must contain an endpoint ¢ of Viy, which is (by
definition) a critical point. Then by ([I) ¢ must be an endpoint of V,,(z). As
Vo(z) C Vi(x) C V,,, the critical point ¢ must be an endpoint of Vi (x). This
is a contradiction to x ¢ Nj. O
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Now we define
(13) Cr:={x €la,b] : T"(x) ¢ int Ny, Vn > 0}.

Note that T'(Cy) C Cy. Moreover, observe that x € Cy implies = ¢ Cy,, and
therefore V,,(x) is defined for all z € C} and all n > 1. The set C} could
be empty. However, the proof of Proposition [ will show that under the
assumptions of Proposition [ Cy # 0 for all sufficiently large k.

Lemma 2. Let T be a piecewise monotonic map, let k > 2, and assume
that Cy, # (). Then the set of the k-cylinders intersecting Cy, forms a Markov
partition for Cy. This means that for every k-cylinder V. with V.0 C), #
there are k-cylinders Wy, ..., W, such that

!
T(VNCy) =T(V)NCp = JW;NCy) .
j=1

Proof. Let V be a k-cylinder with VN C), # (). Then there is an x € C}, with
V =Vi(z). As z € Cy, (@) and (@) give that Vi(z) N Ny = 0. By Lemmalll
TV = TVi(x) = Vip_1(Tz), hence TV is a (k — 1)-cylinder. Since every
(k—1)-cylinder is a union of k-cylinders, there are k-cylinders Wy, ..., W, with
TV = Ué’:l W;. Now ([3)) implies T(VNCy) =T(V)NCy, = U§:1(Wj NCk),
since VN N, = 0. O

Lemma 3. Suppose that T is a piecewise monotonic map which is differen-
tiable on [a,b] \ C, and |T’| is bounded. Let k > 1, and assume that Cy # ().
Then for every 3 € (O, op 7] ) there is a d > 0 such that for every x € Cj

and for every n > 1 we have |V, (z)| > d - ™.

Proof. Set dy := mm{‘vl(x e {0, 1,...,k}} Let © € Cy. If n > k then

@) and (@) imply V,,—;(T72) " N, = 0 for j € {0,1,...,n — k}. Therefore
Lemma [ gives T7(V,,(z)) = V,,_ (T]l’) for j € {0,1,...,n—k}, in particular
T *V,(x)) = Vi(T"*x). Set d := inf{|V|:V € Vk}. The mean value
theorem implies that

1

Va(2)| = [Vi(T"*(2)))|

SUPyefa [(T7F) (y)]

Lt = (dphpe

> d——
— (sup[T"))n R

Choosing d := min {Jﬂ_k, d4} completes the proof of the lemma. O



DIMENSION FOR SOME HYPERBOLIC ATTRACTORS 9

Proof of Proposition[ll. If V' is an n-cylinder, then the mean value theorem
gives 1 > |T™V| > (inf |(T™)'|)|V| > (inf |T"|)"| V|, hence

1
(14) V] < W .
As inf |T"| > 1, ([d)) implies that there is a kg, such that for every k > ky the
set Ny is a union of (mg—+1) pairwise disjoint intervals. Moreover, using again
inf |T"| > 1 and ([I4), for any n > 0 there is an [,, > k¢ such that for any k > [,,,
and for any critical point ¢ the endpoints of the maximal subinterval of Nj
containing ¢ differ at most by 7 from c¢. Hence for any § > 0 there is a ks > ko
such that for any k > ks, T‘[a’b}\ N, and 7" have the same number of intervals

of monotonicity, the graphs of T}[a B\, and T are d-close in the Hausdorff
metric, and also the graphs of their derivatives are d-close in the Hausdorff

metric. This means that, as k tends to infinity, T}[ converges to T’ in
the R'-topology described in [TT].

Let ¢ € (0,1). As inf|7’| > 1 we obtain hyp(T") > 0. Since T is topo-
logically transitive and hiop(7) > 0 we obtain by Theorem 3 in [IT] that
there exists a k > 2 and a topologically transitive subset L C C} such that
htop (T‘ Lk) > hiop(T") —e and dimy(Ly) > 1—¢. The partition of k-cylinders
intersecting C} forms a Markov partition on C by Lemma@] Define J as the
set of all k-cylinders V' with V' N L # (). The Markov matrix corresponding
to J is irreducible, since Lj is topologically transitive. Define Dy as the set
of all x satisfying T"z € |J,,c, V for all n. As Ly C Dy, C Cj, by the defini-

tions of J and Dy we obtain that hp, (T‘Dk) > hiop (T‘Lk> > hiop(T) — €

and dimy(Dy) > dimg(Lg) > 1 — . This shows (c) and (d).
Using that the Markov matrix corresponding to J is irreducible it follows
from the proof of Theorem 4 in [ that T ‘ Dy is topologically transitive.

avb]\Nk:

Hence (b) holds. Moreover, this also implies T'(Dy) = Dy, showing (a). From
the definition of Dy we get that T'(V N Dy) = TV N Dy, for every k-cylinder V/
with V N Dy, # 0. Hence Lemma Bl implies (f), as the first part of (f) follows
immediately from the definition of Dy. By Lemma B we obtain (e). O

3. Transversality condition

In this section we begin the investigation of the two-dimensional trans-
formation F' : Q — @, where @) := [a,b] x [0,1]. To this end we need some
notation. We denote the projection of (z,y) € @ to x € R by m;. That
is, m(z,y) = x. Similarly mo(z,y) := y. Using the partition V of [a,b] of



10 FRANZ HOFBAUER, PETER RAITH AND KAROLY SIMON

intervals of monotonicity of 7" introduced in the previous section, we define
Z = 7 1(V), which is a partition of Q into rectangles. For n > 1 we set
Z, = \/?:0 F7Z =m] 'V, and call the sets in Z, the vertical n-cylinders.
Furthermore, for n > 1 we set Z!' := F"Z,_; and call the sets in Z!" the
horizontal n-cylinders. See Figure B for an illustration of Z; and ZJ. Fi-
nally define Z% := {5 I # 0 : Il € ZI'}. The elements of ZZ, are curves
on which m; is one-to-one. We call them unstable curves of A. Clearly
A=U{I:1e1t}.

To handle the overlapping between the horizontal cylinders we need the
so-called transversality condition. In order to state it we need a symbolic
representation of the horizontal cylinders.

T 1
AAVEIG !
] %/ i:
)

e oy

Figure 2: A,B,C,D € Z, and F?(A), F?(B), F*(C), F*(D) € Z¥ .

Define
(15)

H = {( .. >'é—27i—17'é0) : ‘/;'7,1 mT_1%7(7L n--- mT—n‘/;O 7£ @ Vn 2 O} .

—1)

N—=
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For every i = (...,i_9,i_1,1i9) € H we write

oo

(16) p() = F**'z._,,

where Z; := V; x [0,1] for [ € {1,...,mp}. Then p : H — ZZL is surjective.
Set

(A7) Sp(a) = (T (@) + Ap(T" ) + -+ + A" hp(T) + Np(2) -
Now we define the shift ¢ : H — H by

(18) o(coiyizoiq,ig) == (... i 3,7 9,51) .
From the definition of F' we get
(19) F' (@, y) = (T (2), Sp(@) + A"y + qa)
where ¢, = —2 (A" 4+ ...+ )). Let I = p(i) and for N € N we call
Iy = ﬂszo F k“ZLk the horizontal N-cylinder containing I. Then

(20) Iy = FN+ ((vm AT, AN T—NWO) % [0, 1]) .

—(N-1)

That is Iy is a nearly horizontal strip of height AV +1,

For any n > 0 denote by Tlg(iilb) : TOHIW — W the inverse of 70|
W — TCHOW, where W =V, N T_IVLUH) N---NT~"V;,. We introduce
N---NTNV,. For

the new variable t = T" "z for x € V;_, N T~V

—(N-1)

—(N-1)

t e N+ (VLN ATV, . AN T‘NV;-O)

put
21) ) = (T ) + Ap(T2 ) 4+ -+ MW o(T V08 4 g

Then we get that Iy is bounded from below by the curve

(22) @ @) = (t £(1)
and Iy is bounded from above by the curve
(23) i @)() = (A7) + A

Definition 1. Let I,I' € ZE and I = p(i), I’ = p(j). We say that I and I’
have different n-cylinders if (i_(,—1),...,%0) # (Jo(n—1)s - - -+ Jo)-
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Definition 2 (Transversality condition). We say that the transversality con-
dition holds if there exists a d; > 0 such that for all 7,1’ € ZE having
different 1-cylinders, and for every N we have

(24) |7T1([Nﬂljl\7)| Sdl')\N,
where Iy and [}y are the horizontal N-cylinders containing I and I’ respec-
tively.

Now we can give properties of 7" and ¢, under which the transversality
condition holds.
Proposition 2. Suppose that the map T : [a, b] — la,b] is in D.([a,b]) and
satisfies inf |T"| > 1. Assume that 0 < X\ < 1 and that ¢ : [a,b] — [3,1— 3]
is also in D.([a, b]) and satisfies suple’] mf|T‘ — 1. If the product T' - ¢’ has

nf |¢’|
different signs on the two mtervals (a,c) an d (¢c,b), then the transversality

condition holds for F(z,y) = (T(z), p(z) + Ay — 1)).
Proof. By differentiation of (2II) we get

k — _
(25) Z N (T WD (T (T kB (T ()
R . . .
Set y(t) = 1+ z N (T (Tl (T (T 1) . We have

00 , k
then ~(t) > ds for all t with ds :=1— 3 2el?/ ( A ) and ds > 0 by the
k

A inf |¢/| \ inf |T7|

assumptions. Furthermore,
() () = & (T ) - (T (8) () -
If £, is the sign of 7" - ¢’ on (a,c¢) and ey that on (¢, b), we get

/
Eig ( iN) (t) Z dﬁ )
where dg := Sisrf)'l“;’,'l ds is a positive constant by the assumptions.

Now let I and I’ be in ZL with I = p(i),I’ = p(j) and iy # jo, which
means they have different 1-cylinders. Let Iy and I} be the horizontal N-
cylinders containing I and I’ respectively. By assumption we have g;, # /.
We have shown above, that the slopes of the boundaries of I and I’ have
different signs and that these slopes are in absolute value greater or equal
to dg. Since the vertical diameter of Iy and I} is AV, we get

1
|7T1([N N IJ,V)| S d—)\N .
6

This shows that the transversality condition holds. O
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From the transversality condition we get the following more general esti-
mate.

Lemma 4. Suppose that T : [a,b] — [a,b] is a piecewise monotonic map
which is differentiable on the interiors of the intervals of monotonicity and
satisfies sup |[T'| < oo. Let A € (0,1) and let ¢ : [a,b] — [5,1—3].
Furthermore, assume that the transversality condition holds for F(x,y) =
(T'(x), p(x) + Ay — 3)). Then for every k > 1 there exists d(k) > 0 such
that for all I,I' € TX having different k-cylinders, and for every N > k we
have

(26) mi(In NI < d(k) - AV

where In and Iy are the horizontal N-cylinders containing I and I' respec-
tively.

Proof. Let I = p(i) and I’ = p(j). As I and I’ have different k-cylinders

we get (i—(g—1);---,%) 7# (Jo(k—1),---,Jo)- Set I :=min{n:i_, # j_,}. We
know from (20) that

Iy = FN+1 ((VLN N7,

i (N-1)

n---NTNY,) [0, 1]) and

IJ/V = FN*H ((VJ!N N T_lvjf(zvq) n---N T_ijo) X [O, 1]) :
Using that FN¥*! is injective on the domains on the right hand side of the

previous equalities, we obtain that

Iy € L (PYAL (Vi 00 700, ) x 0,1])) and

J

~~

(N — I)-horizontal cylinder for p(oti)

Iy C FH (PN (v g neonT-W0Y ) < [0,1]))

J

~
(N — I)-horizontal cylinder for p(o'j)

Now using the transversality condition for the two (/N —[)-horizontal cylinders
N

in the previous two equations we obtain |m (IyNIy)| < (%'T') cdi- AN As

[ < k this immediately implies the desired result with the choice of d(k) =

2 k
sup| 7’| ( sup |T"] sup ||
dl * maX {1’ T’ T gty T . D

4. Overlapping
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In this section we always assume that 7' is an expanding piecewise mono-
tonic map which is topologically transitive, and that 0 < A < m%)’ where
mg is the number of intervals of monotonicity for 7. Now we construct an
injective self map G of ) which is practically the natural extension of 7.

Choose the numbers % < <<y <1— % such that ¢; — q;_1 > A
for i =1,...,mg. This is possible by the choice of A\. For z € V; let

1
27 Glo) = (a7 (5-3)).
Obviously, for every (x,y) € () we have

(28) m(F(z,y)) = m(G(z,y)).

Let A% := (72, G"Q be the attractor of G. Clearly A consists of un-
countably many horizontal segments. We can define Z¢, Z¢ in a similar way
for G as Z!', I was defined for F. Observe that geometrically the elements
of Z¢ are rectangles with sides parallel to coordinate axes and the elements
of Z¢ are horizontal segments.

Next we define a natural projection from A“ onto A which will be called
o.

Definition 3 (Definition of ®). For any /¢ € Z¢ there exists a Z € 2,4
such that I = G™(Z). The corresponding horizontal (n — 1)-cylinder for the
map F is [T = F*(Z). Note that 7 (F"(Z)) = m(G"(Z)). For every I €
T% we can find a sequence (Z")7" |, Z" € Z,_; such that I* = ("2, F"(Z™).

In this way there is a corresponding element [¢ € Z¢ defined by I¢ =
Moo, G"(Z™). Let (z,y) € A and let I¢ € IC such that {(z,y)} = A°NI9N
{(z,t) : t € [0,1]}. Furthermore, let {(z,vy)} := ANIF N {(z,t):t € [0,1]}.
The natural projection ® : A — A is defined by ®(z,y) = (x,7/).

It is easy to see that ® is a Lipschitz map and the following diagram is
commutative.

(29) AG _G> AG

o] |e

AF—F>AF

We say I,1' € IS have different 1-cylinders if a statement analogous to
Definition [l holds with replacing F' with G everywhere. The main result of
Steinberger’s paper [I3] immediately implies that

. hiop(T)
30 dimp(A®) =14 =22
(30) i (A%) = 1+ 22

Since the map ® is Lipschitz, we obtain the following result.
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19e1¢

X

T \

Figure 3: The definition of ®.

Proposition 3. Suppose that T : [a,b] — |a,b] is a piecewise monotonic
map with critical points ¢y = a < ¢ < ¢ < -+ < Cpy = b. Fur-
thermore assume that T' is expanding and topologically transitive. Let A\ €

(O’m%)>7 and let ¢ : [a,b] — [%,1— %} be a function, which is contin-

uously differentiable on (a,b) \ {co,c1,...,Cmy} and satisfies inf || > 0
and sup |¢’'| < oco. Define Q = |a,b] x [0,1] and define F : Q — Q by
F(z,y) == (T(z),p(x) + ANy — 3)). Then the attractor A = (oo, F™(Q)
satisfies @
. htop
dimpg(A) <1+ “log

In the rest of the paper we will prove that this upper bound is in fact the
Hausdorff dimension of A, if the transversality condition is satisfied.

To this end we need to prove that on the one hand the set of those
points of A which are covered by at least two elements of ZL (“set of bad
points” defined in (BII) below) is small. On the other hand, we need to prove
something about the size of the small neighborhood of these points. We can
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prove the first in Lemma B below. The second is much more difficult and
requires a proposition which uses a number of results proved earlier.

Let us denote the “bad” points of A, i.e. those whose image under ® in A
have at least two preimages by

(31) B:={z e A% #07" (dz) > 1}.

Lemma 5. If the assumptions of Pmposition are satisfied, if the transver-

sality condition holds, and if A < inf (T, T then we have

dimy (71 (B(B))) = dimp(m (B)) < gfitizg) <1.

Proof. Let I,1' € TE with different 1-cylinders. We define
By ={z €A :d(x)eInl'}.

Furthermore let
By :==|JBir,

where the union is taken over all I, I’ € ZL with different 1-cylinders. It fol-
lows from the transversality condition that for such I, I’ and their horizontal
N-cylinders Iy, I, we have

(32) |7T1 (INﬂ[]/V” Sdl')\N.
Note that

(33) m(Bi) = () U m(Iy N Iy

N>1 I,I" with different 1-cylinders
Let s > 2h°°p be arbitrary. Then \* < exp {—2h,(7')}, and hence
]\}lm dl (#VN_1)2 ()\S)N =0

Therefore it follows from (B2) and (B3)) that dimy(m(B;)) < s. Using that
B =,~,G"(B1) we obtain dimg(m (B)) < s. Ass > 2% was arbitrary,
this implies dimy (7, (B)) < 2%ee@).

—log A *
Finally we get that A < exp (—2hiop(T)), since A < inf s and higp(T) <
logsup |7”|. Therefore dimyg(m (B)) < thcipé )\) <1 .
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5. An invariant subset Aj;, of A

To prove that in some sense the n-th level neighborhood of the “bad”
points is small we need a result which provides us with a “large” subset
of [a, b] on which T is conjugated to a Markov shift and all k-cylinders of this
subset are “long”.

Fix ko € N, kg > 2. Let Dy, be as in Proposition [l for some € > 0. Then
there are closed intervals .Ji, ..., J, € Vy,—1 such that

Dkoz{ze[a,b]:T"(:E)e U‘]’f’ ‘v’nz()} .

k=1
Set
hiop (T Dy, )
4 = =20
(34) 51 Sk —log A

We define a h x h-matrix A = (a;;)1<; j<n by

0, otherwise.

{1, if T(J;) D Jj,
CI,Z’J =

Then by Theorem 11 in [4] the spectral radius satisfies

(35) p(A) = exb (huop (T, )) = A"

Define
Y= {i e{l,.. . h}" an,,, =1vie Z}

and let o be the left shift on 4. We call (ig,i1,...,4,) € {1,...,h}" "
an admissible word, if a;_,;, = 1 for all { € {1,2,...,r}. Given | € Z,
j > 1 and an admissible word (ij, 441, ..., 4;) define [if, 4111, ..., 0] =
{i=0Uwuez : Ju =1ty foru e {l,l+1,...,1+j}}.

Since T| Dy, 1s topologically transitive by Proposition [l we have that A
is irreducible. Then we know that there exist u = (uq,...,u) and v =
(v1,...,v,) € R" (note that each of them depend on ky) such that u;, v; > 0
forall i, u-A = X"u, A-v = \"°v, and Z?=1 u;v; = 1. We define w =
(wy,...,wp) by w; :=w; - v;, and the h x h-matrix P = (p; j)1<ij<n by

Dij 1= )\Sam& )

[
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Then Z?Zl w; = 1, P is a stochastic matrix and
w-P=w.

Let u be the corresponding Markov measure on 4. Then there exist positive
constants dy, d3 (depending only on kg) such that for all [ € Z, all j > 1, and

for all admissible words (i, %41, ..., %4;—1) We have
(36) do - N < pu([ig, iy -y irjo1]) < dg - N5
Now define

Qko = Dko X [0, 1] and Fko = F}Qko .

Since T'(Dy,) C Dy, we get that Fi (Qk,) C Qk,. Define

Ay =) Fi (Qro) -
n=0

Then it is obvious that

(37) A, CA

holds for all ky. For every [ € {1,...,h} we define
A= (J;N Dyy) x [0,1] .

These are the first level vertical cylinders of Ay,. We define for an admissible
word (i1, ...,4,) € {1,...,h}? (according to the matrix A) the corresponding
g-level vertical cylinder as

Dy = Dy N F A 0 NEIA,

Let p > 1. For an admissible word (i_¢,_1),...,%) the corresponding “hori-
zontal” (actually almost horizontal) cylinder of Ay, is

[ . P -1 —(p—-1)
Si_pryrio = g (Ai%pfl) Ny, Al!(pfz) NN, Ait)) :
Aii(pil),m,io
For an admissible word (i_(p_l), N T P ,iq) we call the set
Sif(p71)7~~~7io N Ail ~~~~~ iq
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a (p, q)-cylinder of Ay,.

Given i € Y4, the (p,q)-cylinders obtained from i converge to a point
in Ag,, if we let p — oo and ¢ — oo. This point is called the natural
projection of i € ¥4 to Ag,. To be more formal, we define this natural
projection II by

p=1 q=0

Moreover, for an admissible word (i_(_1),...,%) we write
(38)  [icp—1)s-- i)y = {J = (u)uez : jop = iy forall 0 <k <p—1}

and we say that [i_(p_l), e ,io}o is a non-positive p-cylinder of 3 4.
It is easy to see that the following diagram is commutative.

(39) Sa—2=%,

|

A, —= Ay,
The measure p gives rise to a measure I1,u on [a,b] x [0, 1] defined by
(40) ILpu(B) == p (I (BNAy)) .

Note that Il,u depends on k. However, for every kg, Il,u is a probability
measure concentrated on Ay,.

6. Dimension of Ay,

Now we use the Markov subsets of Proposition [l to give a lower estimate
for the Hausdorff dimension of the attractor. Note that the condition A\ <

. 1 1 ! 2
inf ﬁ implies that - iay > 2.

Proposition 4. Let T : [a,b] — [a,b] be a piecewise monotonic map with
critical points ¢y = a < ¢ < cg < -+ < Cp, = b, which is expand-
ing and topologically transitive. Suppose that A € (O,min{mio,infﬁ})
and suppose that ¢ : [a,b] — [%,1 — %} 1s a function, which s contin-

uously differentiable on (a,b) \ {co,c1,...,Cmy} and satisfies inf || > 0
and sup |¢’'| < oo. Define @Q = la,b] x [0,1] and define F : Q — Q by
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F(z,y) == (T(z),o(x) + Ay — 3)). Assume that the transversality condi-
tion holds. Suppose that ko is so large that the set Dy, in Proposition [0
satisfies

(41) dimy (Dy,) > dimg (m1(®(B)))  and
—log A
(42) 2hiop(T) < o o (715, ) -

where B is the set defined in ([BIl). Then we have that

htop <T‘Dko>

(43) dlmH(AkO) Z dlmH(DkO) + — log)\

The proof of this proposition is divided into several lemmas. For the rest
of this section we fix ky satisfying ([l) and ([2) and we write

h"ﬁop <T|Dk0>
Si=8py = —————+

—log A
Moreover, choose a Ay with V< Ao < ‘T, such that
log A
" ' < B (1,

holds, which is possible because of (E2).

Lemma 6. Under the assumptions of Proposition Bl we have
ILp(mi (®(B)) x [0,1]) =0 .

Proof. Using the notations of the proof of Lemma [l it is enough to prove
that for every u > 0 we have

(45) op ((T*(m(Br))) x [0,1]) = 0.

Let N > w. Then by [B2) and (B3)) the set T"(m (B1)) can be covered
by at most (#Vy_1)? intervals, whose lengths are at most d; (sup |T”])" AN.
We choose ¢ = ¢(N) such that \J = AV. Since by Proposition [ every [q]-
level cylinder of Dy, has length at least d)\[zq] we obtain that the number
of [g]-level cylinders of Dy, needed to cover T%(m(B1)) N Dy, is at most
4 (#Vn_1)" (sup|T”])*. Tt follows from (BB) that the p-measure of such a
[q]-level cylinder is at most dsAl*. Hence

ILp ((T4(m(B1))) x [0,1]) <

46
( ) < %)\—s (sup |T/|)u . (#VN—1)2 )\leog)\/logAg )
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Using that \* = exp (—htop(T| Dk0)> by the choice of s, and also using the
fact that )
lim —log #V,-1 = hiop(T)

n—oo N,

we obtain by (4] that the right hand side of @) tends to zero. O

Corollary 1. Under the assumptions of Proposition Bl we have
IL.u(®(B)) = 0.

Now we are ready to prove a finer result. We have seen that the set of
those point which have not unique coding is a set of II, -measure zero. Now
we will point out that most of those points which have only one code do have
only the same code of the first n non-positive coordinates in a neighborhood
of size close to the size of a horizontal n-cylinder.

Let z € Ay, \®(B). Then there exists a unique i € 34 such that x = I1(i).
We define

L(z) := min {dist (z,[1(j)) : ix = jx Vk > 0 and ig # jo} -

The meaning of L(z) is as follows: Let [ be the vertical line which contains z.
Then the symbolic representation of all points in the open interval on [ of
radius L(x) centered at = has the same zero coordinate as the zero coordinate
of II71(x).

It follows from Corollary [l that the function L is defined for IT, p-almost
all points of Ay,.

For ¢ > 0 and n € N we define

(47) Op(e) :={ieTy\I'®(B): L(II(c7 ")) <e "} .

Note that X4 \ [I"'®(B) is the set of those i € X4 for which there is a
unique I € ZE such that II(i) € I. So, there is no overlap in A at TI(i).

Lemma 7. Under the assumptions of Proposition Bl we obtain that for ev-
ery € € (0,logsup|T’|) there exists an n € (0,1), a d. > 0, and a se-

quence (Rn(a))neN of subsets of ¥4 such that for every n we have

(@) On(e) C Ru(e),

(b) R,(g) is a union of non-positive [(1 + _lf)g/\> n] -cylinders, and

(c) u(Bnle)) < dun™
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Proof. We assume that n > (ko + 1)%3;’\, because it suffices to construct
the sets R, () in this case. Set @, (¢) :=={i € X4 \ T '®(B) : L(IIi) < e~*"}.
Clearly,

(48) On(e) C 0™(@n(e)) -

We define m by
€

e [l

Let Z,, be the pairs of non-positive m-cylinders of >4 with different zero
coordinates, this means

Lo ={(T,w) : T = [T_m-1)s - - -, T0J0, W = [W_(m—1), - - - , wo o admissible

words, 79 # wo} -
The corresponding horizontal m-cylinders of Ay, are
S; = 1II(7) and S, := I(w).
Put
Xo(w) == {y € Ay, : 3z € S,, such that m(y) = m (z), dist(z,y) < e™*"}.
Then

(49) Que)c | T (Xa(w)ns,).

(w,m)EZm
It follows from Lemma Hl that
(50) |1 (X (w) NS;)| < 3d(kg) - A™

Now we define k by

log A
1 k= .
(51) {log)\gm]
Then
|
P L
10g)\2
m < ° n<m-+1, and
(52) — —log A ’

log A\
< n<k+1 .
— —log Ao " T log Ao
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This implies that £ > m, and by the choice of n we have k > m > ky. Using
also (B0) we obtain that

(53) |71 (X (w) N S| < 3d(ko) - A5

Set Vi1(w,7) == {V eV 1:VNm (X,(w)NS,) #0}. Using that the
length of every k-cylinder of Dy, is at least d\5 by Proposition [ and that
m (Xn(w)NS;) C Dy, we obtain from (B) that

3d(ko)
T
ForaV e V1 we can find vy, ..., 05, € {1,...,h} such that VN Dy, =

mIl([v1,. .., Vk—kolk—k,). Recall that S; = II ([T_(m_l), e 7'0]0). It follows
from (BH) that

(54) #Vp1(w, 1) <

(55) N[T—(m—l)a ey 70, V1,00 ey Uk—ko]k—ko S d3>\_kos . >\(k+m)s .

We define the set P,(c) C X4 by

Pn(E) = U U [T—(m—1)> -5 T, ULy e - avk—ko]k—ko .

(w;r)EIm Vevk*l(wﬂ—)
VﬂDkO=7r1H([vl ----- Uk—kg]k—kg)

Then clearly (use ([@Y) and the definitions)

(56) Qu(e) C Py(e) .

As e < logsup |T'| < —log s by the choice of £ and Ay we get by (B2) that
k < n, and therefore k — kg — n < 0. Hence it follows that the set

R.(¢):=0"P,(e) =
- U U [T—(m—l)a ey T0, V1, - >Uk—k0]k—k0—n

(w,T)ELm VeVi_i(w,T)
VﬂDk():mH([U17---7vk7ko]k7ko)
can be represented as a union of horizontal (non-positive coordinates) n+m-
cylinders. Using (B2) we see that n +m = [(1 + == )n], showing (b).

—log A
Furthermore, [#8) and (B8) imply that O,,(¢) C R, (¢), hence (a) is shown.
In order to prove (c) we have to verify that

(R, (€)) = n(P,(g)) — 0  exponentially fast.
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To see this note that it follows from (B2), (B4) and (B3) that
Z Z ,U([’T_(m_l),...,T(),Ul,...,'l}k_ko]k_ko)
(W,7)ELm VEVy_1(w,T)
(57) 3d(k0)d )\ kos (#V 1)2 >\(k+m)s
d m=

< 3d(ko)

dg)\ (ko+1)s (#V ) )\sm(l—Hog)\/log)\z) )
> d _

Since lim,_, % log #V,—1 = hiop(T'), and since n — oo implies m — oo by
([E2), we get by @) that 2 log # V1 < Losd p o (T\ Dy, ) for all sufficiently

log A2
large n. Therefore, using also the definition of s we obtain

2 log A
—log#V, 1 +s |1+ o8 log A =
m log Ao

log A

log A\ Tog a, e <T|D’° ) = fuop <T|Dk0) <

< —hiop (TleO) <0

(58) = 2 gy, —
m

for all sufficiently large n. If n is sufficiently large, then (B2), (B2) and (BS)

give

e N E

1
2log # V-1 +sm 1+ 08 A log\ ) =
lO )\2

2 log A
Zlog#V a4+ s (14 22 ) 1ogn ) <
m lg)\2

m € 2 log A
< . S —1 . 1 log ) <
“m+1 —logA\ (m 08 #V 1+8( +log)\2) 8 ) -

m £
< : (~heon (Tlny,)) -
“m+1 —log) < top (Tl

As n — oo implies m — oo by (B2), we obtain that

IN
3|3 Sl 3=

hin—?ogp log,u(P (e)) < —lZg)\ (_htop <T|Dk0)) <0,

which completes the proof of this lemma. O
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Proof of PropositionBl. For the rest of the proof fix an € € (O, log sup \T’\).
We need some further notation. For an i € ¥ 4 we write

im:={j€X4:jp =1 forevery k <0} .

This corresponds to the unstable fibre which contains I1(i). Geometrically
the projection II(i7) is the almost horizontal line above Dy, of the attractor
which contains TI(i).

If p € Dy, define the segment [, := {p} x [0,1]. For every p € Dy, we
have

(59) p{ieSs:pemll(i)} >0,
because choosing j = (..., jo, J1,J2, - - - ) such that p = mI1(j), the set
{i c ZA p e Wlﬂ(i_)} = {i c ZA D Qg5 = 1}

has positive p-measure.
Set

G:={ie Ty \II"'®(B) : IN(i) such that i ¢ R,(c) for all n > N(i)} ,

where R, (¢) is as in Lemma [ It follows from Corollary [, from Lemma [
and from the Borel Cantelli lemma that

(60) p(G)=1.
Fix an arbitrary p € Dy, \ m(®(B)). Set
Gy ={ieG:pemll(i’)} .

Using (b) of Lemma [ we obtain that for any i,j € ¥4 with i~ = j~ we have
that either both i and j are contained in G, or neither of them is contained
in G,,. Now we obtain from (B9) that

(61) w(G,) > 0.

We define the measure v, on the segment [, as follows: for a Borel set H C
[0, 1] define
v,({p} x H) :==p{i € G, : ml(i")Nil,) e H} .

From (BT)) we see that v, ({p} x [0,1]) > 0. By the considerations above, the
set of all = € [, such that there exists an i € G, with II(i) = x forms a set of
full v,-measure.
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Now we fix an arbitrary i € G}, such that p = mII(i). Put z := II(i).
Then by the definition of G we have that there exists an N(i) such that for
all n > N(i) we have i ¢ R, (¢). For n € N set

Pn i= Mmax {r : B(x,r) Nl N Ay C i1y, - ,io]o} )
Then for every n we have p, > 0 by the choice of p. In this way

(62) o (B o) 1) < p(lizquoy. - iolo) -

Note that obviously lim,, .. p, = 0.

Our next step is to estimate the magnitude of p,. As i ¢ I[I7'®(B) we
have that ming<<n@) L(F*(z)) > 0. Therefore, using also (a) of Lemma [
and ([T), we can find N; > N(i) such that ming<p<, L(F~*(z)) > e~ for
all n > N;. Hence by definition we get

(63) o > €N

for all n > Nj.

By Frostman’s Lemma we get that v,-esssup liminf,_, W is
a lower bound for the Hausdorff dimension of Ay, Nl,. To use this we recall
that for a v,-typical x € [, there exists an i € G, with II(i) = . Hence using

B4), (62) and (B3) we obtain

log v, (B(x, p,) N 1,) —log pli—(n-1), - - -, oo _

lim > lim
n—oo log py, n— en —nlog A
—log pu[i_(n—_1),---si0l0
. —nlog A S
= lim 1 n Oge > 1 -
o - log A - log A

As e € (O, log sup |T’|) was arbitrary, the inequality above implies that
dimp(Ag, N1,) > s holds for all p € Dy, \ m(P(B)). Using (I it follows
from Theorem 5.8 in [2] that dimg(Ag,) > dimg(Dy,) + s, completing the
proof of the proposition. O

7. The proof of Theorem

Before we give the proof of Theorem Pl we show that under the assumption
of the transversality condition a more general result holds.

Proposition 5. Let T : [a,b] — [a,b] be a piecewise monotonic map with
critical points ¢y = a < ¢ < ca < -+ < Cp, = b, which is expand-

ing and topologically transitive. Suppose that X\ € (O,min{mL infﬁ}),

07
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and suppose that ¢ : [a,b] — [%,1— %} is a function, which is contin-
uously differentiable on (a,b) \ {co,c1,...,Cmy} and satisfies inf || > 0
and sup |¢'| < oo. Define Q = |a,b] x [0,1] and define F : Q — Q by
F(z,y) == (T(z),p(z) + ANy — 3)). Assume that the transversality condi-
tion holds. Then the attractor A :=(._, F"(Q) satisfies

) hiop(T)
d A) =1+ "2
1mH( ) + _ log \
Proof. The upper estimate follows immediately from Proposition
Let € > 0 be arbitrary. As the transversality condition holds Lemma
gives dimy (m (®(B))) < 1, Where B is the set defined in (BIl). Observing
that —%8A_ > 92 as \ < inf ( Tz We obtain by Proposition [ that there

log sup |T”|
exists a kg > 2 such that

dimy (Dy,) > max {1 — &, dimy (m (®(B)))} and

logsup | 1"
htop <T}Dk0> > max {htop (T) — &, 2Tg)\htop (T) :

Hence (I and ([B2) are satisfied. Now (B7) and Proposition @l give

. . . ht"p <T}Dk )
dimg(A) > dimg(Ag,) > dimg(Dy,) + —————2= >

—log A
hto (T) — &
>1-— —P L
i log A
Since € > 0 was arbitrary this gives dimg(A) > 1+ h“’p( o Which completes
the proof. O

Finally we prove Theorem

Proof of TheoremBl. By Proposition B we get that the transversality con-

dition holds. As mg = 2 all assumptlons of Proposition [ are satisfied.
Therefore dimp(A) =1+ hmlpg v by Proposition Bl O
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