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7. (a) Let X be a real normed space and f : X — R be a given function. Prove that f is convex
if and only if for every k > 1, z',...,2* € X, \; > 0,i = 1, ..., k, fulfilling Ele A=1, 1t

holds i i
=1 =1

(b) Prove that for every k > 1, 1, ...,z € [0, +00), a1, ..., ax € (0, 1) fulfilling o +... + g =
1, it holds

Q11 + ..+ ogry >t ank

8. Let X be a real normed space, f : X — R a convex function and A > inf,cx f(z). Prove that
core{x e X : f(z) <A}) ={zr e X : f(z) < A}
Moreover, if f is continuous, then

int({r e X : f(z) <A}) ={r e X: f(z) <A}

9. Let X be a real normed space and U C X be a convex neighborhood of 0. The Minkowsk:
gauge of U is defined by

Y X = Ryqp(z) :=inf{A\ >0:2 € \U}.
Prove that «y is finite, sublinear and continuous and it holds

intU ={x € X :qy(z)<l}and cddU={zx € X :yy(zx) <1}.

10. Let X,Y be real normed spaces and T : X — Y be a linear continuous operator. Prove that
the function B
[iY SR f(y) = inf{lle] : T =y},

is sublinear. Moreover, if T" is an open operator (maps open sets of X to open sets of V'), then
dom f = X and f is continuous.

11. Let U be a convex subset of a real normed space. Prove that U is weakly closed if and only
if it is closed.

12. Let X be a real normed space and f : X — R be a proper and convex function. Prove that
f is continuous on int(dom f) if and only if int(epi f) is nonempty.



