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Convex Optimization
Exercise session 5

Let (H,(-,-)) be a real Hilbert space and || - || = 1/(-,). Prove that for every x,y € H and
every a € R

laz + (1 = a)yl” + a(l = a)llz — yl* = aflz? + (1 — a) |y]I*.
Let (H, (-,-)) be a real Hilbert space, ||-|| = v/(-,+) and D C H a nonempty set. For i =1, ..., k,

let T; : D — H be «a;-averaged operators, a; € (0,1) and w; > 0 such that Zle w; = 1. Show
that Z _, wiT; is a-averaged, where o = max;—1__ 0.

Let (H, (-,-)) be a real Hilbert space, ||-|| = \/(-,+) and D C H a nonempty set. Fori =1, ... k,
let T; : D — D be aj-averaged operators, «; € (0,1). Show that T =T} ... T} is a-averaged,
where

B m
- - )
m—1+ max;—1,.. k Q%
Let (H, (-,-)) be a real Hilbert space, || - || = /(:,-), f : H — R a proper function and 3 > 0.

Show that the following statements are equivalent:

(i) f is strongly convex with constant f;
(i) f— 2| | is convex.

Let (X, || - ||) be a real normed space, U C X a nonempty, open and convex set, f: U — R a
Gateaux differentiable function on U and consider the following statements:

(i) f is strictly convex on U,
(i) (Vf(@),y—=2) < fly) = fl2) Yo,y € U,z # ;3
(i) (V/(y) — VF(@),y—2) >0 Va,y € U,z £ y;
(iv) when f is twice Gateaux differentiable on U, V2f(x)(d,d) > 0 Vo € U Vd € X,d # 0.
Prove that (i) < (i) < (iti) < (iv).

Prove that the function = — exp(z) defined on R is strictly convex and it is not strongly
convex.



