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25. Let (H, 〈·, ·〉) be a real Hilbert space and ‖ · ‖ =
√
〈·, ·〉. Prove that for every x, y ∈ H and

every α ∈ R

‖αx+ (1− α)y‖2 + α(1− α)‖x− y‖2 = α‖x‖2 + (1− α)‖y‖2.

26. Let (H, 〈·, ·〉) be a real Hilbert space, ‖·‖ =
√
〈·, ·〉 and D ⊆ H a nonempty set. For i = 1, ..., k,

let Ti : D → H be αi-averaged operators, αi ∈ (0, 1) and ωi ≥ 0 such that
∑k

i=1 ωi = 1. Show

that
∑k

i=1 ωiTi is α-averaged, where α = maxi=1,...,k αi.

27. Let (H, 〈·, ·〉) be a real Hilbert space, ‖·‖ =
√
〈·, ·〉 and D ⊆ H a nonempty set. For i = 1, ..., k,

let Ti : D → D be αi-averaged operators, αi ∈ (0, 1). Show that T = T1 . . . Tk is α-averaged,
where

α =
m

m− 1 + 1
maxi=1,...,k αi

.

28. Let (H, 〈·, ·〉) be a real Hilbert space, ‖ · ‖ =
√
〈·, ·〉, f : H → R a proper function and β > 0.

Show that the following statements are equivalent:

(i) f is strongly convex with constant β;

(ii) f − β
2 ‖ · ‖

2 is convex.

29. Let (X, ‖ · ‖) be a real normed space, U ⊆ X a nonempty, open and convex set, f : U → R a
Gâteaux differentiable function on U and consider the following statements:

(i) f is strictly convex on U ;

(ii) 〈∇f(x), y − x〉 < f(y)− f(x) ∀x, y ∈ U, x 6= y;

(iii) 〈∇f(y)−∇f(x), y − x〉 > 0 ∀x, y ∈ U, x 6= y;

(iv) when f is twice Gâteaux differentiable on U , ∇2f(x)(d, d) > 0 ∀x ∈ U ∀d ∈ X, d 6= 0.

Prove that (i)⇔ (ii)⇔ (iii)⇐ (iv).

30. Prove that the function x 7→ exp(x) defined on R is strictly convex and it is not strongly
convex.
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