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Nonlinear Optimization
Exercise session 1

1. Let X C R" be a nonempty set and xzg € X. Show that the following statements are true:

(i) Tx(xo) is a nonempty closed cone;

(ii) if X is a convex set, then Tx (xg) = cl (AEJOA(X - :Uo)) is a convex set;
(iii) if X is a convex set, then (Tx(z))* = —&X(l‘o).
(4 points)
2. Let X C R" be a nonempty set and distx : R" — R, distx(y) = inf{||ly — z| : « € X}, the

distance function associated to X. For a given function f : R™ — R, let

F(w0;d) = I;JI})I f(zo + tci) — f(o)

denote its directional derivative at xy € R™ in direction d € R™. Prove that: if X C R™ is a
nonempty and convex set and zg € X, then

Tx(z0) = {d € R" : (distx)'(wo; d) = 0}.
(3 points)

3. Consider the general constrained optimization problem

min  f(x),

s. t gz(.'lf)go,l:l, , M
hj(z) =0,j=1,...,p
z e R"

where f,g;,h; : R" = R, i =1,...m, j = 1,...,p, are continuously differentiable functions.
Let ¢ be a feasible element of this problem and

Xin :={z € R": gi(w0) + Vgi(wo)' (z —x0) <0,i =1,...,m
hj(x()) + th(.TQ)T(.’L' — xo) =0,57 =1, ...,p}.
Prove that Thin(x0) = Tx,,, (z0)-

Hint. Show that Tiin(zo) = | A(Xiin — x0) and use Exercise 1(ii). (3 points)
A>0



. Let be
g:R2 5 R g(z,y) = (7 — 22, —y — 1,22 — 3w,y — sin(z))T

and
X = {(x,y) eR*: g(a,y) £0}.
(i) Represent the set X graphically.

(ii) Find the tangent cones Tx (z;), i = 1,2,3, where z1 = (5,1)7, 2o = (7,0)” and z3 =
( 37”, —1)T, and represent these sets graphically.
(iii) Find the linearized tangent cones Ty, (x;) for i € {1,2,3}.

(iv) Find i € {1,2,3} for which Tx(z;) = Tiin(;).
(4 points)

. Let be A € R™*™ and b € R™. Prove by using the strong duality theorem of linear optimiza-
tion that the following statements are equivalent:

(i) The system Az = b has a solution = = 0.
(ii) It holds b7'd > 0 for every d € R™ with ATd > 0.
(3 points)

. For the functions g : R?2 — R? and x¢ € R? given below, find X = {(z,y) € R? : g(z,y) <
0}, the tangent cone and the linearized tangent cone to X at z( and find out if z( fulfills
(ABADIE-CQ):

(i) g(z,y) = (y — 2%, =y, 20 = (0,0)T;
(ii) g(z,y) =@ -2+ 1,1 -2 -y 2= (1,0)".

(3 points)



