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Abstract

The Mutual Fund Theorem (MFT) is considered in a general semimartingale finan-
cial market S with a finite time horizon T , where agents maximize expected utility of
terminal wealth. The main results are:

(i) Let N be the wealth process of the numéraire portfolio (i.e. the optimal portfolio
for the log utility). If any path-independent option with maturity T written on
the numéraire portfolio can be replicated by trading only in N and the risk-free
asset, then the (MFT) holds true for general utility functions, and the numéraire
portfolio may serve as mutual fund. This generalizes Merton’s classical result on
Black-Merton-Scholes markets as well as the work of Chamberlain in the frame-
work of Brownian filtrations [4].
Conversely, under a supplementary weak completeness assumption, we show that
the validity of the (MFT) for general utility functions implies the replicability
property for options on the numéraire portfolio described above.

(ii) If for a given class of utility functions (i.e. investors) the (MFT) holds true in
all complete Brownian financial markets S, then all investors use the same utility
function U , which must be of HARA type. This is a result in the spirit of the
classical work by Cass and Stiglitz.

Key words: mutual fund, numéraire portfolio, European option, replication, completeness
AMS 2000 subject classification: Primary: 91B16, 91B28; Secondary: 91B70.
JEL classification: G11, C61

1 Introduction

The Mutual Fund Theorem (MFT), also sometimes called the “two fund theorem” or the
“separation theorem”, is one of the pearls of Mathematical Finance. Under suitable as-
sumptions (for which we attempt to give a better understanding in the present paper), the
optimal investment strategy of a utility maximizing agent has the following simple form:

The agent will only invest in two funds: the risk-free asset as well as a second mutual fund
which is a linear combination of the risky assets available on the financial market. The crucial
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feature is that the same (second) mutual fund, i.e., the same linear combination (portfolio)
of risky assets applies to all utility maximizing agents, independently of the special form of
their utility function as well as their initial endowment.

This theme goes back to the work of Tobin [32], who considered a cash and console
bond market described by a mean-variance single-period model as analyzed in the work of
Markowitz ([23], [24]). Their original work focused on the analysis of the mean and variance
of the asset returns and was restricted to the rather limited framework of single-period
markets and quadratic utility functions. Starting from these seminal papers, there were
essentially two directions into which the subsequent research can be divided.

On the one hand, an important positive result was obtained by Merton (see [25] and [26])
following a direct approach based on dynamic programming arguments: in the framework of
a continuous-time multi-dimensional Black-Merton-Scholes model, with deterministic drift
and volatility coefficients, the mutual fund theorem does hold true (see Theorem 2 of [25]
and Theorem 1 of [26]). The results of Merton were further developed: we refer here the
reader to [20] and Chapter 3 Remark 8.9 of [16] for generalizations within the class of
deterministic drift and volatility models, and to [9] (see Theorem 3.10) for mutual fund
theorems in the framework of bond markets. Another important positive result was obtained
by Chamberlain [4], using an approach based on the predictable representation property of
Brownian motion: assuming that there exists a martingale measure whose density is adapted
to the filtration generated by a (small) number of independent Brownian motions and that
all random variables measurable with respect to the density of this martingale measure are
marketed claims, the author concludes that all optimal strategies are actually stochastic
integrals with respect to the above Brownian motions plus the drifts determined by the
specified martingale measure (see [4], Lemma 3). A further discussion along these lines can
also be found in Back ([1], Section 14.3).

On the other hand, Cass and Stiglitz [3] (see also [12] and [28]) obtained negative results:
for general discrete-time financial markets, the mutual fund theorem only holds true for very
restrictive classes of utility functions (see Theorem 3.15 below for a result in this spirit).

In the present paper we want to develop a better understanding of this discrepancy and
to obtain necessary and sufficient conditions (on a financial model) for the mutual fund
theorem to hold true, thus providing a unifying view of the classical work of Merton [25],
[26], Chamberlain [4] and Cass and Stiglitz [3]. Our paper is closest in spirit to the work
of Chamberlain, being based on martingale representations. We identify the martingale
measure in [4] for which all random variables measurable with respect to its density can be
replicated by trading (if such a measure exists) as being the dual minimizer corresponding to
logarithmic utility, so its density is the inverse of the terminal value of the numéraire portfolio
process. We recall that the numéraire portfolio is the optimal portfolio of a logarithmic utility
maximizer, and we refer the reader to [2] and [18] (and the references given there) for more
details. In this framework, our main positive results states that if every (bounded) path-
independent option on the numéraire portfolio which expires at the final time horizon T
can be replicated by trading only in the numéraire portfolio and the risk-free asset, then the
mutual fund theorem holds true with respect to arbitrary utility functions (see Theorem
3.1 below). In the sequel, we will call “European option” any option which is both path-
independent and has fixed maturity. Also, whenever we say “trading in a mutual fund” (e.g.
the numéraire portfolio) we actually mean “trading in the mutual fund and the risk-free
asset”, even if the risk-free asset is not mentioned in an explicit way.

We present an example which shows that a direct converse to the implication described
above does not hold true in a general incomplete market (see Example 4.5 below). However,
if we assume that all European options on the numéraire portfolio which expire at maturity
T can be replicated by trading in the whole market (condition which is similar to the as-
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sumption (RN) in Chamberlain [4], p. 1288, and that we call weak completeness), we can
prove a reverse result (Theorem 3.6 below). In addition, we obtain as a by-product of our
analysis a dual characterization of the weak-completeness condition (see Proposition 3.10
below). This dual characterization relates directly the weak-completeness condition to the
properties of utility-based prices and their approximations, as described in [22].

As explained in Remark 3.7, our positive results can be extended to accommodate the
case when a larger number of mutual funds is needed to describe the optimal behavior of all
investors, as in Chamberlain [4]. Compared to the literature, our results generalize the work
of Chamberlain and Merton in several directions.

Firstly, our findings not only apply to continuous price processes, but to general semi-
martingales, allowing for the possibility of jumps. This fact also allows us to get a better
insight why in the setting of Cass and Stiglitz [3] things go wrong: there are only few one-
dimensional processes with jumps (which play the role of the numéraire portfolio in our
case) which satisfy the replicability property needed for the (MFT) to hold true, if we as-
sume weak completeness. Typical examples are the binomial model in discrete time and the
(compensated) Poisson process in continuous time, which actually generate one-dimensional
complete markets. We also provide a unifying view for the work of Merton and Chamber-
lain, emphasizing that Merton’s results are a consequence of the martingale representation
approach, thus extending beyond Markov models. In our definition of a mutual fund we
insist on the fact that it should be a trading strategy (i.e a stochastic integral with respect
to the traded assets), which is slightly different from the setting of Chamberlain, where the
processes Y appearing in Lemma 3 (which are Brownian motions with drifts) are not nec-
essarily trading strategies. Although there is no simple relation between the assumptions of
Theorem 3.1 and Chamberlain’s Lemma 3, conceptually, Theorem 3.1 can be regarded as a
generalization of Lemma 3 in [4]. On a technical level, we remove a number of assumptions
(like boundedness of the martingale measure), needed in the work of Chamberlain even in
the Brownian filtration framework. We also provide a result on necessary conditions, namely
Theorem 3.6. Finally, we raise the important question of information needed to invest in
a mutual fund. We show that, in general, all information available may be needed to take
decisions on how to invest in the mutual fund (Proposition 3.14). The basic message is that
the validity of the mutual fund theorem is an informational issue, pertaining to the fact
which kind of derivatives (in terms of their measurability properties) can be replicated by
only trading in a mutual fund, which usually is the numéraire portfolio, and what kind of
information is needed in order to achieve the replication.

Turning to the negative side, we also provide new insight. Theorem 3.15 shows that
the same negative assertions as in Cass and Stiglitz [3], in the framework of discrete-time
models, can be proved in the framework of continuous processes in continuous time.

2 The Mathematical Model

We consider a financial market, on a finite time interval [0, T ], with one risk-free asset S0

called the bond (or better, money market account) and d risky assets called stocks. We
choose S0 as numéraire (which means we normalize S0 = 1) and denote by S1, . . . , Sd

the prices of the risky assets measured in units of S0. The price process of the stocks
S = (Si)1≤i≤d is assumed to be a locally bounded semimartingale on a filtered probability
space (Ω,F , (Ft)0≤t≤T ,P), where the filtration (Ft)0≤t≤T satisfies the usual conditions (right
continuous and saturated) and F = FT .

A portfolio is defined as a pair (x,H), where the constant x represents the initial capital
and H = (H i)1≤i≤d is a (Ft)0≤t≤T -predictable and S-integrable process in the vector inte-

3



gration sense. The wealth process X = (Xt)0≤t≤T of the portfolio evolves in time as the
stochastic integral of H with respect to S:

Xt = x+

∫ t

0

(Hu, dSu), 0 ≤ t ≤ T. (2.1)

For each x > 0 we denote by X (x) the family of wealth processes X = (Xt)0≤t≤T with
nonnegative capital at any instant and with initial value equal to x:

X (x) , {X ≥ 0 : X is defined by (2.1)}. (2.2)

A probability measure Q ∼ P is called an equivalent local martingale measure if S is a local
martingale under Q. We denote by Me the set of equivalent local martingale measures and
assume, as usually, that there exists an equivalent local martingale measure for S:

Assumption I
Me 6= ∅. (2.3)

We would like to point out that all the results in the present paper can be proven without
the local boundedness assumption on S, by changing slightly the definition of equivalent
martingale measures (the technical details related to the case of unbounded semimartingales
are described and analyzed in [8]). We decided to avoid here unnecessary technicalities by
assuming that the stock price process S is locally bounded.

In this financial model we consider economic agents whose preferences are modeled by
expected (deterministic) utility from terminal wealth. The cases of expected utility from
consumption as well as random utility functions are left to forthcoming work. A generic (de-
terministic) utility function U : (0,∞) → R is assumed to be strictly concave, continuously
differentiable and strictly increasing. In addition, it satisfies the Inada conditions

lim
x↘0

U ′(x) →∞ and lim
x→∞

U ′(x) = 0, (2.4)

as well as the reasonable asymptotic elasticity condition (see [21]),

lim sup
x→∞

xU ′(x)/U(x) < 1. (2.5)

We resume this in the subsequent statement.

Assumption II The utility function U : (0,∞) → R is strictly increasing, strictly concave,
differentiable on (0,∞) and formulas (2.4) and (2.5) hold true.

We now introduce the problem of optimal investment from terminal wealth for an economic
agent and define the indirect utility function u by:

u(x) = sup
X∈X (x)

E[U(XT )], x > 0. (2.6)

Assumption III We assume that u(x) < ∞, for some x > 0 (or, equivalently, for all
x > 0).

Remark 2.1 The problem of optimal investment from terminal wealth (2.6) can be studied
for different classes of utility functions. For example, one can consider utility functions
U : (a,∞) → R, for some finite a. In this case, the Inada conditions have the form

lim
x↘a

U ′(x) →∞ and lim
x→∞

U ′(x) = 0, (2.7)
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and the optimization problem can be regarded as a translation with respect to x of an opti-
mization problem for a = 0. All the results related to the optimization problem (2.6) and our
results below on Mutual Fund Theorems hold true modulo some obvious modifications: for
example, in Proposition 3.15 the utilities would be translations in x of affine transformations
of power utilities, etc.

On the other hand, the case of utilities which are finite-valued on the whole real line,
U : R → R, such as the exponential utility U(x) = −e−x, requires a slightly different duality
approach, described in detail in [30]. For the sake of presentation, we decided to not include
this case here: however, we want to point out that our results carry over to this setting too.

We denote by X̂(x, U) the optimal wealth process in (2.6), which exists and is unique
under Assumptions I, II and III (see [21] ).

A particularly important utility function U is the logarithmic utility

U(x) = ln(x), x > 0. (2.8)

In this case, Assumption III takes the form

Assumption IV Assume that

sup
X∈X (1)

E[ln(XT )] <∞. (2.9)

Assumption IV, which is an assumption on the model, is equivalent to the dual condition

inf
Q∈Me

E[− ln(
dQ

dP
)] <∞. (2.10)

The equivalence between Assumption IV and (2.10) follows from the duality arguments in
[21]. Some of these duality arguments are briefly described in Section 4 below, since they
are needed to proof our own results.

Assuming that Assumption IV is satisfied, we denote by N the optimal wealth process for
the logarithmic maximizer with initial endowment 1, i.e. N = X̂(1, ln). The wealth process
N is often called in the literature the numéraire portfolio process (we refer the reader to [2]
and [18] for a thorough analysis of the properties of N). The numéraire portfolio (which
can even be defined in the absence of either the local boundedness assumption on S or
Assumption IV ) can be characterized as the unique numéraire that makes any positive
wealth process (measured in terms of this numéraire) a supermartingale under the original
probability measure P. In particular, the constant wealth process Xt = 1 for 0 ≤ t ≤ T ,
measured in terms of the numéraire N , is a supermartingale, which means that the process
Z defined by

Zt =
1

Nt

, 0 ≤ t ≤ T,

is a supermartingale under P.

Assumption V The process Z is a martingale, i.e

E[ZT ] = 1.

If Assumption V is satisfied, we can define the probability measure Q(m) ∼ P by

dQ(m)

dP
= ZT .

Under our standing assumption that S is locally bounded, the measure Q(m) is an equivalent
martingale measure, i.e Q(m) ∈ Me. In particular, each bounded wealth process is a mar-
tingale under Q(m). For the case of continuous stock price process S, the measure Q(m) was
introduced in [11], Definition 3.2 under the name of minimal martingale measure.
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Remark 2.2 Our semimartingale market model includes the particular case of models
driven by Brownian Motions. We describe this briefly: suppose that the price process
(St)0≤t≤T = (S1

t , . . . , S
d
t )0≤t≤T satisfies the stochastic differential equation (SDE)

dSi
t

Si
t

=
∑

1≤j≤N

σi,j
t (γj

t dt+ dW j
t ), 1 ≤ i ≤ d (2.11)

where W = (W 1, . . . ,WN) is a standard N -dimensional Brownian motion with respect to
the filtered probability space (Ω,P,FT , (Ft)0≤t≤T ), where (Ft)0≤t≤T is a right continuous and
saturated filtration. The d×N -matrix-valued volatility process σ with matrix elements σij

t

at time 0 ≤ t ≤ T and the N -dimensional market price of risk process γ = (γt)0≤t≤T , where
γt = (γ1

t , . . . , γ
N
t ), are assumed to be optional with respect to (Ft)0≤t≤T and locally square

integrable. In general, the market price of risk γt is not uniquely determined by the process
S via (2.11). Indeed, two processes (γt)0≤t≤T , and (γ̃t)0≤t≤T such that γt − γ̃t ∈ ker(σt) a.s,
for all 0 ≤ t ≤ T define the same process S via (2.11). There is a unique γ such that γt

is a.s. orthogonal to the kernel of σt, for all 0 ≤ t ≤ T . We denote it by γ(m) and call it
Minimal Market Price of Risk (MMPR). The numéraire portfolio process N and its inverse
process Z can be computed in this case in terms of the minimal market price of risk:

dNt = Nt

(
(γ

(m)
t , dWt) + 1

2
‖γ(m)

t ‖2dt
)
, 0 ≤ t ≤ T, N0 = 1, (2.12)

and

Zt =
1

Nt

= exp

(
−

∫ t

0

(γ(m)
s , dWs)−

1

2

∫ t

0

‖γ(m)
s ‖2ds

)
, 0 ≤ t ≤ T. (2.13)

Going back to general semimartingale models, we now can formalize the idea of the
Mutual Fund Theorem. In order to do this we need two definitions:

Definition 2.3 We call a mutual fund for the market S any positive wealth process M with
initial capital equal to one, i.e any M ∈ X (1).

Definition 2.4 Let the financial market S satisfy Assumption I and let U be a family of
utility functions satisfying Assumptions II, III. We say that the financial market S satisfies
the Mutual Fund Theorem (MFT) with respect to U if there exists a mutual fund M such that
for each U ∈ U and x > 0 there exists a a real-valued (Ft)0≤t≤T predictable and M-integrable
process k = k(x, U) such that

X̂t(x, U) = x+

∫ t

0

kudMu, 0 ≤ t ≤ T. (2.14)

The process M is then called a mutual fund for the market S and the class of utility func-
tions U .

The interpretation of (2.14) is that the optimal investment strategy is to invest in the
mutual fund M and the money market only. In the case when the logarithmic utility function
U(x) = lnx is in U we will show that one may choose the numéraire portfolio as mutual
fund, i.e. M = N , under a mild technical assumption (according to Remark 3.12 below).

3 Results

In what follows, for any stochastic process X = (Xt)0≤t≤T , we will denote by (FX
t )0≤t≤T the

right-continuous and saturated filtration generated by the process X, and by GX
t = σ(Xt)
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the sigma-algebra generated by the random variable Xt for a fixed 0 ≤ t ≤ T . Therefore, the
space L∞(Ω,GN

T ,P) or, briefly, L∞(GN
T ) can be interpreted as the collection of all bounded

European options on the numéraire portfolio N expiring at time T :

L∞(GN
T ) = {h(NT ), where h : R → R is a bounded Borel measurable function}.

We now define R(S) to be the set of all bounded random variables that are replicable by
trading in the market S, i.e. the set of bounded random variables f for which there exists
a number p(f) and d-dimensional (Ft)0≤t≤T -predictable and S-integrable process Hf such
that

f = p(f) +

∫ T

0

(Hf
u , dSu),

and the stochastic integral is a bounded process. The process P (f) = (Pt(f))0≤t≤T defined
by

Pt(f) = p(f) +

∫ t

0

(Hf
u , dSu), 0 ≤ t ≤ T

is called the price process of f , and p(f) the initial price of f . For a fixed mutual fund M
(see Definition 2.3) we also define R(M) to be the set of bounded random variables which
can be replicated by trading in this mutual fund (and the risk-free asset) only, i.e.

f = p(f) +

∫ T

0

kf
udMu, (3.1)

where kf is a one-dimensional (Ft)0≤t≤T -predictable process, which isM -integrable, and such
that the stochastic integral is bounded. The set of random variables f ∈ R(M) where the
integrand kf in (3.1) can be chosen to be (FM

t )0≤t≤T -predictable is denoted by R(M,FM).
It is obvious that

R(M,FM) ⊂ R(M) ⊂ R(S).

Finally, for a fixed model S satisfying Assumption I, we denote by A(S) the set of all utility
functions satisfying Assumptions II and III. We emphasize that the class A(S) depends on
the model S, due to Assumption III. We can now state our first main result, which provides
sufficient conditions for the validity of the mutual fund theorem:

Theorem 3.1 Let the semimartingale financial market S satisfy Assumptions I , IV and V.
If there is a mutual fund M such that each bounded European option f with maturity T and
written on the numéraire portfolio N can be replicated by trading only in the mutual fund
M , then the financial model S satisfies the Mutual Fund Theorem with respect to the class
A(S) and M is the mutual fund for the market S and the class of utility functions A(S).

Speaking more formally, if the one-dimensional replicability condition

(R) there exists a mutual fund M such that L∞(GN
T ) ⊂ R(M),

is satisfied then then S satisfies the (MFT) with respect to the class A(S) of utility functions,
i.e.,

(R) =⇒ (MFT).

As already mentioned in the introduction,Theorem 3.1 is similar in spirit to Lemma 3 in
Chamberlain [4]. It has the following obvious consequence which implies assertion (i) of the
abstract.

7



Corollary 3.2 Let the semimartingale financial market S satisfy Assumptions I , IV and V.
Suppose that each bounded European option f with maturity T and written on the numéraire
portfolio N can be replicated by trading only in N , i.e.

(RN) L∞(GN
T ) ⊂ R(N).

Then, the financial model S satisfies the (MFT) with respect to the set of all utility functions
A(S), and the numéraire portfolio N can be chosen as Mutual Fund, i.e.,

(RN) =⇒ (MFT).

Specializing one step further we can identify a well known concept in finance, namely the
completeness of N with respect to its own filtration, as a sufficient condition for (MFT):

Corollary 3.3 Let the financial market S satisfy Assumptions I, IV and V. If the numéraire
portfolio process N defines a complete market with respect to its own filtration (FN

t )0≤t≤T ,
then the financial model S satisfies the (MFT) with respect to the set of all utility functions
A(S), and the numéraire portfolio N can be chosen as Mutual Fund.

Remark 3.4 Let us analyze the economic message of Corollary 3.3 in the context of a d-
dimensional model driven by an N -dimensional Brownian Motion, as described in Remark
2.2. If S is of the form (2.11), where the volatility matrix σt and the drift vector µt = σtγt

are constant (or just deterministic), then the minimal market price of risk γ(m) is going to
be a constant (or deterministic) vector-valued process. According to (2.12), the numéraire
portfolio process N is a geometric Brownian Motion with volatility ‖γ(m)‖, so it defines a
complete market with respect to its natural filtration. Corollary 3.3 applies, so (MFT) holds
true with respect to the set of all utility functions A(S). This is the classical result of Merton
(see [25], [26]), which, in its original proof, exploits the Markov structure of the market via
the Bellman equation.

A closer look at the formula (2.12), reveals that the numéraire portfolio process N de-
pends only on the minimal market price of risk process γ(m) and not on the volatility matrix
σ. Therefore, we can apply Corollary 3.3 to the case when the minimal market price of risk is
a constant (or deterministic) vector-valued process, but the volatility matrix is stochastic. In
other words, through the use of duality, we exploit the knowledge of the law of the numéraire
portfolio process N despite the fact the market does not necessarily have a Markov structure
(so the original arguments based on the Bellman equation cannot be applied). In fact, our

generalization goes even further: if the minimal market price of risk process (γ
(m)
t )0≤t≤T does

not vanish λ⊗P-a.e., we can define the one-dimensional Brownian Motion W (m) by

dW (m) =
1

‖γ(m)
t ‖

(γ
(m)
t , dWt), 0 ≤ t ≤ T,

and rewrite (2.12) as
dNt

Nt

= ‖γ(m)
t ‖2dt+ ‖γ(m)

t ‖dW (m)
t .

If the process ‖γ(m)‖ is adapted to the filtration generated by the Brownian Motion W (m)

then Corollary 3.3 applies again. In particular, this happens when the minimal market price
of risk is a stochastic vector, but its Euclidean norm is deterministic.

If we depart from Corollary 3.3, we can apply Corollary 3.2 to situations when all Euro-
pean options on the numéraire portfolio expiring at time T can be replicated by trading in
N (because of the very special form on NT ), but, however, the numéraire portfolio does not

8



generate a complete market (with respect to either its natural filtration or a larger filtration).
This situation is described in Example 4.7.

We would also like to emphasize here that no completeness assumption for the whole
market is made in either Corollary 3.2, 3.3 or Theorem 3.1. As a matter of fact, some form
of completeness (the condition (WC) below) is a part of the conclusion of these results.

There is no direct converse to Theorem 3.1, i.e. the replicability condition (R) is not nec-
essary for the mutual fund theorem to hold true. Indeed, if the financial model S is one-
dimensional then the mutual fund theorem trivially holds true (the only stock may serve as
mutual fund) while the replicability condition (R) may fail (this rather obvious fact is illus-
trated in Example 4.5). Therefore, in order to get an implication in the opposite direction,
we need to impose some extra assumption on the model. The assumption is actually a weak
form of completeness, requiring that any European option on the numéraire portfolio N can
be replicated by trading in all stocks and the risk-free asset; formally it can be expressed as:

(WC) L∞(GN
T ) ⊂ R(S).

Remark 3.5 Taking into account the definition of the replicability condition (R), it is ob-
vious that (R) =⇒ (WC). Combining this trivial implication with Theorem 3.1 we conclude
that, if the financial market S satisfies Assumptions I , IV and V, then we have the impli-
cation:

(R) =⇒ (MFT) + (WC).

We can now formulate a precise converse to Theorems 3.1:

Theorem 3.6 Let the financial market S satisfy Assumptions I , IV and V as well as the
weak completeness condition (WC). If S satisfies the (MFT) with respect to the class A(S)
of all utility functions satisfying Assumptions II and III then the replicability condition (R)
holds true. Formally:

(MFT) + (WC) =⇒ (R).

In view of Remark 3.5, the message of Theorems 3.1 and 3.6 together can be be formally
summarized by the following “if and only if” result:

(R) ⇐⇒ (MFT) + (WC).

Remark 3.7 Theorems 3.1 and 3.6 can be easily generalized to take into account ”multi-
fund separation theorems”. In order to do this, we just have to consider the process M in
Definition 2.3 to be K-dimensional: M = (M1, . . . ,MK), where M i, i = 1, . . . , K are mutual
funds and K ≤ d (usually much smaller), and see that all proofs follow identically. We have
decided to consider the ”one-fund separation” case since, in practice, the main application
of Theorem 3.1 is Corollary 3.3.

Remark 3.8 Assumption IV can be removed from the formulation of our main results,
Theorem 3.1 and 3.6, Corollaries 3.2 and 3.3 and even from Theorem 3.10 below. However,
without this assumption, the numéraire portfolio N (which can still be defined, as already
pointed out) does not have the important economic meaning of the wealth process corre-
sponding to the logarithmic maximizer, as the expected utility of the logarithmic maximizer
then equals infinity.

Remark 3.9 The hypothesis (WC) of Theorem 3.6 is certainly satisfied if S = (St)0≤t≤T is
a complete model with respect to the original filtration (Ft)0≤t≤T . Theorem 3.6 can also be
applied in some incomplete markets using the idea of completion by “fictitious securities”

9



described in [19]. For example, in the Brownian framework of Remark 2.2, if the filtration
is generated by the Brownian motion W , we can add a finite number of securities to create
a complete market that admits as the unique martingale measure the measure Q(m). The
enlarged model is complete, so we can apply Theorem 3.6 to the new model. If no utility
maximizer (for some U ∈ A(S)) chooses to invest in the “fictitious securities”, then Theorem
3.6 applies to the original incomplete model. As a matter of fact, the possibility of completing
the market in such a peculiar way is characterized in Theorem 3.10 below as being equivalent
to (WC), and means that the dual optimizer is the same for all utility maximizing agents,
as described in Remark 4.1.

In this spirit we give a dual characterization of the weak completeness condition (WC). We
recall that for two positive random variable ξ and ζ we say that ξ dominates ζ stochastically
in the second order and write ξ �2 ζ if∫ t

0

P[ξ ≥ u]du ≥
∫ t

0

P[ζ ≥ u]du for each t ≥ 0.

Proposition 3.10 Assume that the financial model S satisfies Assumptions I, IV and V.
Then the following statements are equivalent:

(i) the weak completeness condition (WC) holds true

(ii) for each Q ∈Me we have
dQ(m)

dP
= E[

dQ

dP
|GN

T ] (3.2)

(iii) for each Q ∈Me we have
dQ(m)

dP
�2

dQ

dP
. (3.3)

Remark 3.11 Instead of the optimal investment problem (2.6) one can consider the more
general problem of optimal investment with random endowment :

u(x, q; f) = sup
X∈X b(x)

E[U(XT + qf)], (3.4)

where f is a bounded random variable on (Ω,P,F) having the economic meaning of a
contingent claim (option), q ∈ R represents the number of options and X b(x) is the set of
bounded wealth processes starting at x. We refer the reader to [5] and [14] for a detailed
treatment of the duality theory related to this optimization problem. For fixed (x, q) such
that −∞ < u(x, q; f) <∞ one can define the utility-based price p(x, q; f) of the claim f as
any price p such that

u(x+ q̃p, q − q̃; f) ≤ u(x, q; f) for any q̃ ∈ R.

In other words, p(x, q) is a price set in such a way that, if the investor having x initial capital
and q contingent claims is allowed to trade at time zero the claims for the price p(x, q; f),
the optimal strategy is to keep the q claims and trade only in stocks. The price p(x, 0; f),
analyzed extensively in the literature (for example in [6], [10], [13], [29]) and sometimes
called Davis price, represents the partial equilibrium price of the claim corresponding to
zero demand. Using refined duality arguments, it is proved in [15] that the price p(x, 0; f)
is uniquely defined and it can be computed as the expectation of the claim f under the dual
minimizer measure in case that such minimizer actually exists. In other words

p(x, 0; f) = EQ(x,U)[f ],
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where Q(x, U) (the pricing measure of the agent with utility U , initial capital x and zero
demand for the claims) is the minimizer in (4.5) below, in case there is a minimizer. Taking
the above discussion into account, the completeness condition (WC) is equivalent to each
of the following conditions, which we formulate in economic terms (without elaborating on
the appropriate technical assumptions):

• all economic agents, independent of their utility function U and initial capital x have
the same pricing measure:

Q(x, U) = Q(m) for all U and x

• all economic agents, independent of their utility function U and initial capital x assign
the same utility-based prices to infinitesimally small quantities of contingent claims
i.e. p(x, 0; f) does not depend on U and x, for each f ∈ L∞(Ω,F ,P).

In addition, it was shown in [22] that the second order stochastic domination condition
(3.3) is equivalent to the validity of some important qualitative properties of first order
approximations of utility based prices

p(x, q; f) = p(x, 0; f) + q
∂p

∂q
|q=0 + o(q),

so the completeness condition (WC) is directly related not only to the zeroth order behavior
of utility-based prices (i.e. the Davis price p(x, 0; f)) but also to the first order behavior,
which relates to the nonlinearity of the pricing rule derived by the classical principle of
marginal rate of substitution.

Remark 3.12 Taking into account the obvious implication (RN) =⇒ (R) (which is actually
the proof of Corollary 3.2), following Remark 3.5 we have (RN) =⇒ (MFT) + (WC). A
natural question is whether the reverse implication, namely (MFT) + (WC) =⇒ (RN),
holds true. This amount to asking whether Theorem 3.6 can be reformulated only in terms
of the numéraire portfolio N , without any need of a (possibly different) mutual fund M .
The answer is no, in general. The rather simple Example 4.4 below shows that we can have
a complete market, where the mutual fund theorem holds true, but the numéraire portfolio
cannot be chosen to be the mutual fund. However, under a mild technical assumption, we can
show that the numéraire portfolio can be chosen as mutual fund. In the Brownian framework
of Remark 2.2, the technical hypothesis can be formulated as “the minimal market price of
risk never vanishes”, i.e.

γ
(m)
t 6= 0 whenever σt 6= 0 for λ⊗P a.e. (t, ω) ∈ [0, T ]× Ω. (3.5)

In the general semimartingale framework, a similar condition, informally written as “dNt 6= 0
whenever dSt 6= 0”, has to be imposed. The rigorous version of such a condition involves
technical details on semimartingales (see, for example [17]) which we choose not to give here.
Instead, we formulate our result only in the Setting of Remark 2.2:

Proposition 3.13 Consider a Brownian Financial market S as in (2.11), such that As-
sumptions I , IV and V are satisfied. Assume, in addition, that the weak-completeness
condition (WC) and condition (3.5) are satisfied. If the financial model S satisfies the Mu-
tual Fund Theorem with respect to the set of all utility functions A(S), then condition (RN)
holds true, i.e., formally:

(MFT) + (WC) + (3.5) =⇒ (RN).
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A second natural question, related to information and motivated by Corollary 3.3, is the
following: is the condition L∞(GN

T ) ⊂ R(N) equivalent to the stronger one

L∞(GN
T ) ⊂ R(N,FN)?

In other words, if any bounded European option on N can be hedged by trading in N only,
but using the full information F , can we do this by just using the information FN? In
terms of mutual funds, the question amounts to: if any rational investor will only invest in
the mutual fund corresponding to the logarithmic maximizer, can she do so only observing
the evolution of this mutual fund and having no other information about the market? The
answer is negative in general, and will be summarized in the following result:

Proposition 3.14 There exists a complete financial market S generated by a two-dimensional
Brownian Motion W as in (2.11) and satisfying Assumptions I, IV and V such that

(i) the original filtration (Ft)0≤t≤T is the filtration generated by the driving Brownian Mo-
tion (FW

t )0≤t≤T , and, in addition, it equals the filtration generated by the stock price
process S, i.e.

(Ft)0≤t≤T = (FW
t )0≤t≤T = (FS

t )0≤t≤T

(ii) any bounded path-dependent option on the numéraire portfolio N can be replicated by
only trading in N and observing the ”full” information (Ft)0≤t≤T , i.e.

L∞(FN
T ) ⊆ R(N), hence, in particular L∞(GN

T ) ⊆ R(N)

(iii) there exists an European option on the numéraire portfolio N with maturity T that can-
not be replicated by trading in N and using only the information obtained by observing
the process N . In other words

L∞(GN
T ) * R(N,FN).

Also on the negative side, we show that, if we allow for general Brownian market models
as described in Remark 2.2, we cannot hope for a reasonable Mutual Fund Theorem to hold
true. In fact, Proposition 3.15 below gives an analogous result to the theorem which Cass
and Stiglitz [3] obtained for processes in discrete time.

Let us first recall that the optimization problem (2.6) for either U(x) = lnx or U(x) = xα

α
,

where α ∈ ]−∞, 1[ \{0} has an obvious scaling property, namely

X̂(x, U) = xX̂(1, U), x > 0, (3.6)

provided that the utility function U satisfies Assumption III . As a matter of fact, the only
C2 utility function, for which the scaling property (3.6) holds true, are those obtained by
the transformation

U → A+BU, (3.7)

where A ∈ R, B > 0 and U is either the logarithmic or power utility.
In order to state the next result, which is related to the seminal papers [3] and [12], we

need a technical strengthening of the regularity conditions on the utility function U :

Assumption VI The utility function U is C3 on its domain (0,∞).
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Theorem 3.15 Let U be a class of utility functions satisfying Assumptions II and VI. As-
sume that every complete Brownian financial market S (as described in Remark 2.2) with
values in R2, satisfying Assumption I and also Assumption III with respect to all utilities
U ∈ U , satisfies (MFT) with respect to the class U .

Then the family U consists only of a single utility function U (modulo affine transforma-
tions of the type (3.7)) which is either

(i) U(x) = log(x), x > 0 or

(ii) U(x) = xα

α
, x > 0, for some α ∈ ]−∞, 1[ \{0}.

Remark 3.16 The above Theorem shows that a class of investors would all invest in the
same mutual fund, independent of their initial wealth, and in any complete Brownian two-
dimensional financial model, if and only if they all have the same constant relative risk-
aversion coefficient (in the case when preferences of investors are described by utility func-
tions which are finite for x > 0). If U = {U} (singleton), where the utility function U is
of logarithmic or power type, then by the scaling argument (3.6) the mutual fund theorem
trivially holds true for any model S. The message of Theorem 3.15 is that this trivial case
is the only possible one, once we allow for general financial models of the form described in
Theorem 3.15.

A similar result to Theorem 3.15 holds true if we consider utilities U : (a,∞) → R, or
even U : R → R. In the former case, the conclusion of Theorem 3.15 is just a translation on
the x-axis, and in the latter, the class U is generated by affine transformations of

U(x) = − exp(−αx), x ∈ R,

for some α > 0. The proofs require slightly different technical details, as pointed out in
Remark 2.1.

4 Proofs and examples

A well known tool in studying the optimization problem (2.6) is the use of duality relations
in the spaces of convex functions and semimartingales. Following [21], for a fixed utility
function U , we define the dual optimization problem to (2.6) by

v(y) = inf
Y ∈Y(y)

E[V (YT )], y > 0. (4.1)

Here V is the convex conjugate function to U , that is

V (y) = sup
x>0

{U(x)− xy} , y > 0,

and Y(y) is the family of nonnegative supermartingales Y that are dual to X (1) in the
following sense

Y(y) = {Y ≥ 0 : Y0 = y and XY is a supermartingale for all X ∈ X (1)}. (4.2)

Note that the set Y(1) contains the density processes of all Q ∈Me and Z ∈ Y(1).
The optimization problems (2.6) and (4.1) are well studied. For example, it was shown

in [21] that under Assumption I on the model and Assumptions II, III on the utility function
U , the value functions u and v in (2.6) and (4.1) are continuously differentiable on (0,∞)
and they are conjugate

v(y) = sup
x>0

{u(x)− xy}, y > 0. (4.3)
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In addition, there exist unique optimizers X̂(x, U) and Ŷ (y, V ) to (2.6) and (4.1) for all
x > 0 and y > 0. If y = u′(x) then

X̂T (x, U) = −V ′(ŶT (y, V )) (4.4)

and the product X̂(x, U)Ŷ (y, V ) is a martingale, not only a supermartingale. The value
function in (4.1) can also be represented as a supremum over the smaller set of densities of
equivalent martingale measures

v(y) = inf
Q∈Me

E[V (y
dQ

dP
)]. (4.5)

Before we prove our main results, we prove Proposition 3.10:

Proof of Proposition 3.10. (i) =⇒ (ii) If f ∈ R(S) then f = p(f)+ (H ·S)T where H ·S
is a bounded martingale under Q(m) and under each measure Q ∈Me. Hence,

EQ[f ] = EQ(m) [f ] = p(f) for each Q ∈Me.

In particular, if L∞(GN
T ) ⊂ R(S) then for each f ∈ L∞(GN

T ) we have EQ[f ] = EQ(m) [f ] or

E[dQ
dP
f ] = E[dQ(m)

dP
f ]. Taking into account that dQ(m)

dP
is measurable with respect to GN

T , we
obtain

E[
dQ

dP
|GN

T ] =
dQ(m)

dP
.

(ii) =⇒ (iii) is a well known property of second order stochastic domination, based on
Jensen’s inequality. We include the short argument here for the sake of completeness. For
any martingale measure Q ∈Me we have

E[ψ(
dQ(m)

dP
)] = E

[
ψ(E[

dQ

dP
|GN

T ])

]
≤ E

[
E[ψ(

dQ

dP
)|GN

T ]

]
= E[ψ(

dQ

dP
)], (4.6)

for any convex function ψ such that all the expectations above are well defined. This is
equivalent to the second order stochastic domination relation (3.3).

(iii) =⇒ (i): As just pointed out, the second order stochastic domination relation (3.3)
is equivalent to inequality (4.6) between the first and the last term, inequality that holds for
all convex “test” functions ψ. If we consider the ”test” function ψ(·) = V (y·) for any y > 0,
where V is the dual conjugate of an utility U we obtain that

E[V (y
dQ(m)

dP
)] ≤ E[V (y

dQ

dP
)], for each Q ∈Me,

which means that the infimum in (4.5) is attained by the martingale measure Q(m). Com-
paring the optimization problems (4.1) and (4.5), it is clear that once the infimum in (4.5) is
actually attained, it also has to be the minimizer in the optimization problem (4.1). There-
fore, the minimizer Ŷ (y, V ) is (up to the multiplicative constant y) equal to the density of
the minimal martingale measure:

Ŷt(y, V ) = yE[
dQ(m)

dP
|Ft] = yZt, 0 ≤ t ≤ T. (4.7)

Let h : (0,∞) → (0,∞) be a continuous and strictly increasing function such that

lim
y→0

h(y) = 0, lim
y→∞

h(y) = ∞ and

∫ ∞

0

h(y−1)dy <∞. (4.8)

14



We consider V : (0,∞) → R, defined by V (y) = −
∫ y

0
h(u−1)du. The function V is the

conjugate of a bounded convex utility function U , so that Assumption III is satisfied. Taking
y = 1 in the optimization problem (4.1), and taking into account (4.4) together with (4.7)

we conclude that the random variable h(NT ) = h((dQ(m)

dP
)−1) = −V ′(dQ(m)

dP
) is the optimal

terminal wealth for the investor having utility U and initial wealth x = −v′(1), i.e. h(NT ) =
XT (−v′(1), U). In addition, the wealth process X(−v′(1), U) is a martingale under Q(m).

Let now g : (0,∞) → R be a smooth function with compact support in (0,∞). We can
represent g = g1−g2 as the difference between two nondecreasing functions g1, g2 : (0,∞) →
R which are both constant outside the support of g (in particular, they vanish on the left
side of the support). If we consider a function h∗ strictly increasing and satisfying (4.8), we
observe that the functions hi = gi + h∗, for i = 1, 2, are strictly increasing and also satisfy
(4.8). Therefore, h1(NT ) and h2(NT ) are both replicable by wealth processes which are
martingales under Q(m). Since g = h1 − h2, we conclude that the bounded random variable
h(NT ) is replicable, (and the wealth process that replicates it is a bounded martingale under
Q(m)), therefore h(NT ) ∈ R(S). Taking into account that any bounded continuous function
can be approximated in the topology of uniform convergence on compact subsets of (0,∞) (by
cut-off and regularization by convolution) by a sequence of smooth functions with compact
support which is uniformly bounded, we obtain that for any bounded continuous function
f : (0,∞) → R we have f(NT ) ∈ R(S).

In order to finish the proof, we denote by H the vector space of bounded functions
f : (0,∞) → R such that f(NT ) ∈ R(S) and by C the set of bounded continuous functions.
Since H contains all constant functions and is a monotone class, C is closed under point-wise
multiplication and C ⊆ H we obtain from a version of the Monotone Class Theorem (see, e.g.
Theorem 2.2 on page 3 in [27]), that H contains all the bounded σ(C)-measurable functions.
Since σ(C), the smallest sigma-field with respect to each all bounded continuous functions
are measurable is exactly the Borel sigma-field on (0,∞), we conclude that for each bounded
Borel measurable function f : (0,∞) → R we have f(NT ) ∈ R(S) which is the same thing
as L∞(GN

T ) ⊆ R(S), so the proof is complete.

Remark 4.1 From the proof of Proposition 3.10 it is easy to see that items (i)-(iii) are also
equivalent to relation (4.7), which is one of the main tools for the proofs of our main results,
namely Theorems 3.1 and 3.6.

Proof of Theorem 3.1.
Let us consider the optimizer X̂(x, U) in (2.6). Under the hypotheses of Theorem 3.1

we know from Remark 3.5, Proposition 3.10 and Remark 4.1 that relation (4.7) holds true.
According to (4.4), we have

X̂T (x, U) = −V ′(y
dQ(m)

dP
), for y = u′(x).

This implies that X̂T (x, U) is a positive, GN
T -measurable and Q(m)-integrable random vari-

able. The process X̂(x, U) is a martingale under Q(m). Since X̂T (x, U) is GN
T -measurable

and L∞(FN
T ) ⊂ R(M) (where M is the mutual fund which appears in condition (R)), there

exists a sequence of 1-dimensional integrands kn such that

X̂T (x, U) ∧ n = xn +

∫ T

0

kn
udMu,

for each n, and
∫
kndM is uniformly bounded in t and ω. Taking into account that the set

of stochastic integrals which are martingales under Q(m) (identified with their last element)
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is closed in L1(Ω,F ,Q(m)), we can let now n → ∞ to conclude that there exists an F -
predictable k such that

X̂(x, U)t = x+

∫ t

0

kudMu, 0 ≤ t ≤ T,

which finishes the proof.

Proof of Corollary 3.2. Since (RN) =⇒ (R), the result follows from Theorem 3.1

Proof of Corollary 3.3. The space L∞(Ω,FN
T ,P) or, briefly, L∞(FN

T ) represents the
set of all bounded path-dependent options on the numéraire portfolio N . Therefore, the
assumption that the numéraire portfolio N generates a complete market with respect to
its own filtration (FN

t )0≤t≤T can be rewritten as L∞(FN
T ) ⊆ R(N,FN). Since, obviously,

R(N,FN) ⊂ R(N) we obtain
L∞(FN

T ) ⊆ R(N).

The above condition is a stronger condition than the replicability condition (R), so, from
Theorem 3.1 it follows that the (MFT) holds true for the model S and the class of utilities
A(S), and, in addition, the numéraire portfolio may serve as the mutual fund. We would
like to point out that, under the hypotheses of Corollary 3.3, all utility maximizing agents
will only invest in the numéraire porfolio by only considering the information obtained by
observing the evolution of the numéraire portfolio. In other words, the one-dimensional
integrand in (2.14) is (FN

t )0≤t≤T -predictable.

Remark 4.2 The hypotheses of Corollary 3.3 may be replaced by assuming that the numéraire
portfolio N generates a complete market with respect to a filtration (Ht)0≤t≤T such that

FN
t ⊆ Ht ⊆ Ft, 0 ≤ t ≤ T.

As presented in the Proof of Proposition 3.14 below, the situation when N generates a com-
plete market with respect to a larger filtration (Ht)0≤t≤T but not with respect to its natural
filtration (FN

t )0≤t≤T may, indeed, occur, so the Remark extends the range of applicability of
Corollary 3.3.

Proof of Theorem 3.6. The proof is very similar to the proof of (iii) =⇒ (i) in Theorem 3.10
above. Namely, consider the same kind of strictly increasing function h : (0,∞) → R as in
(4.8) and the associated dual function V (y) = −

∫ y

0
h(z−1)dz, as well as the convex conjugate

utility function U . Since the weak completeness condition (WC) is satisfied, according to
Theorem 3.10 and Remark 4.1 we know that (4.7) holds true for any y, in particular when

y = 1. Using (4.4) we have that the random variable h(NT ) = h((dQ(m)

dP
)−1) = −V ′(dQ(m)

dP
) is

actually the terminal wealth of the investor with initial capital −v′(1) and utility U , i.e. :

h(NT ) = X̂T (−v′(1), U).

Since the (MFT) holds true for the model S with respect to the set of all utilities A(S) and
a mutual fund M we conclude that the random variable h(NT ) can actually be replicated
by trading in M only, and the replication process (which is, in fact, X̂(−v′(1), U)) is a
martingale under Q(m). We can use now a similar argument (based on approximation and
Monotone Class Theorem) to the one used in the the proof of (iii) =⇒ (i) in Proposition 3.10
to conclude that for any bounded Borel measurable function f : (0,∞) → R we have that
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the random variable f(NT ) is replicable by trading in M only (and the stochastic integral is
bounded). This means that

L∞(GN
T ) ⊆ R(M),

so the proof is complete.

Remark 4.3 Taking into account the proof of Theorem 3.10, we see that it is enough to
require the existence of an equivalent martingale measure Q ∈ Me such that L∞(σ(dQ

dP
)) ⊂

R(S) to conclude that the measure Q dominates stochastically in the second order all other

equivalent martingale measures, so, in particular, Q = Q(m). Therefore, since dQ(m)

dP
= 1/NT ,

it is apparent that conditions (R) and (WC) can be, respectively, weakened to

(R′) there exists some Q ∈Me and a mutual fund M such that L∞(σ(
dQ

dP
)) ⊂ R(M),

(WC′) there exists some Q ∈Me such that L∞(σ(
dQ

dP
)) ⊂ R(S).

In particular, this means that in both conditions (R) and (WC), the set of bounded Eu-
ropean options written on the numéraire portfolio can be replaced by the set of bounded
European options written on the wealth process of any investor with utility function U and

initial capital x > 0, namely the set L∞(GX̂(x,U)
T ), provided that the dual optimizer is a

probability measure, which, by the results of [21], is equivalent to the condition

E[U ′(X̂T (x, U))] = u′(x).

Proof of Proposition 3.13. Let M be the mutual fund. The condition (3.5) ensures that
the numéraire portfolio N can actually be chosen as mutual fund, instead of M . In order
to finish the proof, we need to follow the steps of the proof of Theorem 3.6 to conclude that
condition (RN) holds true.

Example 4.4 This example is a complement to Remark 3.12 and shows that one can con-
struct a complete market where (MFT) holds true (so condition (R) holds true, according
to Theorem 3.6) but the numéraire portfolio N cannot be chosen as the mutual fund (or, in
other words, condition (RN) is not satisfied, according to Theorem 3.1). The economic idea
is the following: while the logarithmic investor is myopic, always maximizing the expected
logarithmic utility over the next (infinitesimal) time period and therefore never investing
in a martingale, some other investors may be willing to invest for some periods of time in
martingales, in order to take advantage of the later benefits of being in a “better state” from
the point of view of their expected utility at the final time-horizon.

The construction goes as follows: let ε1, ε2 be two independent {−1, 1}-valued random
variables with P[ε1 = 1] = 1

2
while P[ε2 = 1] = p ∈ ]0, 1[ \{1

2
}. Define S = (St)

2
t=0 by

S0 = 2, ∆S1 = ε1 and

∆S2 =

{
ε2 if ε1 = 1

0 if ε1 = −1,

where ∆Sn = Sn − Sn−1 are the increments of S. This defines a one-dimensional complete
market S for which (MFT) obviously holds true (taking, for example, the stock process S
as mutual fund).

If we denote by ĤN = (ĤN
1 , Ĥ

N
2 ) the numbers of shares of the stock S that the logarithmic

maximizer holds between time 0 and 1, and time 1 and 2, respectively, we can see (either
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by direct computation or a simple qualitative argument) that ĤN
1 = 0. On the other

hand, for a generic utility function U and endowment x > 0, the utility maximizing agent
will take a non-trivial position over the first time period. In other words, using the same
notation Ĥ(x, U) = (Ĥ1(x, U), Ĥ2(x, U)) for the predictable process representing the optimal
number of shares, we may find a utility function U (and an initial capital x > 0) such that

Ĥ1(x, U) 6= 0. This obviously means that the numéraire portfolio N cannot be chosen as
mutual fund.

The fact that Ĥ1(x, U) 6= 0 for some utility function U can again be verified by direct
computations (e.g. for the case U(x) = xα

α
) or by a more qualitative argument reproduced

below.
Fix x and U and let X̂(U, x) = x+ Ĥ ·S where Ĥ = (Ĥ1, Ĥ2) is predictable. Let us first

look at the choice of Ĥ2, which depends on ε1 and on the wealth x+(Ĥ ·S)1 = x+ Ĥ0∆S1 of
the investor at time 1. Given this information the investor solves the optimization problem
for the second period to determine Ĥ2. The point is that we thus obtain a conditional
indirect utility function u1(x, ε1) which is defined as the optimal expected utility at time
T = 2, conditionally on the value of ε1 and wealth x at time t = 1. (For more details on
conditional indirect utilities, see, e.g., [31].) The optimization problem at time t = 0, i.e., the

determination of Ĥ1, then may be viewed as a one period optimization problem with horizon
t = 1 and with respect to the random utility function u1(x, ε1). The case of U(x) = log(x)
is special, as in this case we have

u1(x, ε1) = log(x) + constant(ε1), (4.9)

i.e., u1(x, ε1) is a vertical shift of the logarithm, the constant depending on ε1 (but not
on x). This is exactly the myopic property of the logarithmic investor described in the
beginning of the example, and can also be reformulated saying that the marginal indirect
utility ∂

∂x
u1(x, ε1) = x−1 does not depend on ε1.

However, if we take a generic utility function U (e.g., power or exponential), then
∂
∂x
u1(x, ε1) will depend on ε1. Therefore, by a first moment argument, it will now be optimal

to take a gamble on the random variable ε1, contrary to the case of the logarithm. More pre-
cisely, fix the endowment x0 at time t = 0. If ∂

∂x
u1(x, ε1 = 1)|x=x0 6= ∂

∂x
u1(x, ε1 = −1)|x=x0

then the strategy H1 = 0 cannot be optimal as one may exploit the difference of the marginal
utilities.

We still Remark that it is easy to reformulate Example 4.4 in terms of continuous pro-
cesses driven by a Brownian motion whose increments replace the independent random
variables ε1 and ε2.

Example 4.5 In this example we will show that the “completeness” assumption (WC) is
essential in Theorem 3.6. The basic idea of the (counter)example is that in a one dimensional
market, (MFT) always holds true in a trivial way, but the replicability condition L∞(GN

T ) ⊂
R(M) may fail, for any choice of the mutual fund M .

More precisely, consider a two dimensional Brownian motion W = (W (1),W (2)) on the
stochastic basis (Ω,F , (Ft)0≤t≤T ,P), where (Ft)0≤t≤T is the filtration generated by the Brow-
nian Motion W , and define the one-dimensional stock price process by

dSt = St{arctg(W
(2)
t )2dt+ arctg(W

(2)
t )dW

(1)
t }, S0 = 1.

In this case, the numéraire portfolio equals the stock price process, i.e. N = S. Let us
consider the random variable f = ln(NT ) and use Ito’s formula to obtain

f =

∫ T

0

dSt

St

− 1

2

∫ T

0

(arctg(W
(2)
t )2dt.

18



Changing the measure P to the minimal martingale measure Q(m) (defined by (2.13) for

γ
(m)
t = (arctg(W

(2)
t , 0), 0 ≤ t ≤ T ) under which the law of the second coordinate of the

Brownian Motion, W (2), is left unchanged, we can easily see that the random variable∫ T

0
(arctg(W

(2)
t )2dt cannot be replicated by trading in S, so, a fortiori, the random vari-

able f cannot be replicated by trading in S. Using now a simple density argument, we
obtain that there exists a positive integer n such that

I{−n≤NT≤n} ln(NT ) /∈ R(S).

Since the random variable above is an element of L∞(GN
T ), the (counter)example is complete.

Proof of Proposition 3.14. The construction is based on the well known idea that
shrinking the filtration may destroy the predictable representation property (c.f. Problem
4.22 in [27]). As a matter of fact, the argument relies on a classical example of Tanaka,
described below.

Let W = (W (1),W (2)) be a two-dimensional Brownian motion with its natural (right
continuous, saturated) filtration (Ft)0≤t≤T = (FW

t )0≤t≤T on the probability space(Ω,FT ,P).
Define now the Levy transform of the first coordinate of the Brownian Motion

B
(1)
t =

∫ t

0

sgn(W (1)
s )dW (1)

s ,

which is a one-dimensional Brownian Motion. At the risk of being somewhat pedantic,
B(1) is a Brownian Motion with respect to the filtration (Ft)0≤t≤T , and, of course, also a

Brownian Motion with respect to its own natural filtration FB(1)
= (FB(1)

t )0≤t≤T (which is
right continuous and saturated). The crucial point is the loss of information that occurs

when passing from W (1) to B(1): for each 0 < t0 ≤ T , the random variable sgn(W
(1)
t0 ) and

the process (B
(1)
t )0≤t≤T are independent under the probability measure P, and the Brownian

Motion (B
(1)
t )0≤t≤T is adapted to the filtration (F |W (1)|

t )0≤t≤T = (FB(1)

t )0≤t≤T .
Fix t0 ∈ (0, T ) and consider the positive process

h(t) = 2 + sgn(W
(1)
t0 )I(t0<t), 0 ≤ t ≤ T.

Note that the process h is predictable with respect to the filtration (FW (1)

t )0≤t≤T (so, of
course, predictable with respect to (Ft)0≤t≤T ). On the triplet (Ω, (Ft)0≤t≤T ,P) we consider
the two-dimensional stock price{

dS
(1)
t = S

(1)
t [h2(t)dt+ h(t)dB

(1)
t ] = S

(1)
t [h2(t)dt+ h(t)sgn(W

(1)
t )dW

(1)
t ], 0 ≤ t ≤ T

dS
(2)
t = S

(2)
t (π + arctg(W

(1)
t ))dW

(2)
t , 0 ≤ t ≤ T.

In other words, the first stock evolves like Geometric Brownian Motion driven by the Brow-
nian Motion B(1) and has volatility 2 up to time t0 and after that has either volatility 1 or 3,
chosen independently of B(1), but adapted to W (1). We would like to point out that, written
in terms on W , all coefficients in the equation describing the evolution of the stock price are
adapted to W . We also Remark that FS(1) ⊂ FW (1)

.
The unique equivalent martingale measure (for the two-dimensional stock price S =

(S(1), S(2)) with respect to the filtration (Ft)0≤t≤T ) has density Z = 1/S(1), therefore, the
numéraire portfolio process is the first stock, i.e.

N = S(1).
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The second stock S(2) is not traded by the logarithmic maximizer. It serves to encode the
information of both W (1) and W (2). As a matter of fact,

FW = FS(2) ⊂ FS ⊂ FW ,

so item (i) in the Proposition is satisfied.

Since N = S(1), we have FN ⊂ FW (1)
. Using Girsanov’s Theorem (based on the pre-

dictable representation property of W (1) with respect to FW (1)
), we can show that the only

equivalent martingale measure for N with respect to FW (1)
has density Z = 1/N = 1/S(1)

(the same as the martingale measure for the two-dimensional stock S). This means that the

reduced market (N,FW (1)
) is a complete market, which implies

L∞(FN
T ) ⊂ R(N,FW (1)

) ⊂ R(N,F),

so item (ii) is also satisfied.
For a fixed strike price K > 0, let us consider f = (K − NT )+, a European put on

the asset N with maturity T . From the previous considerations ((N,FW (1)
) is a complete

market) we conclude that there exist a price p(f) > 0 and a FW (1)
-predictable process k

such that the integral

It = p(f) +

∫ t

0

kudNu, 0 ≤ t ≤ T,

is a bounded martingale under Q(m) , and f = IT . Assume that we can choose an integrand
k above which is FN -predictable. From time t0 to maturity T , the process N = S(1) evolves
(except for the drift) like a Geometric Brownian Motion with volatility Dt0 , where we denote
by Dt0 = 2 + sgn(W 1

t0
). We emphasize that Dt0 is a FN

t0
-measurable random variable, since

FN is the saturated filtration generated by N = S(1). If we denote by BS(t, T, s, σ) the
Black-Merton-Scholes price of the European put at time t, with maturity T , when the stock
price is s and volatility σ (and, furthermore the interest rate is r = 0 and call price is K),
then the price of the above call f at time t0 is

It0 = BS(t0, T,Nt0 , Dt0).

The process I is continuous and adapted to the filtration FN , so It0 is measurable with

respect to the sigma-algebra FN
t0− = FB(1)

t0
. However, this is absurd as Dt0 and FB(1)

T are
independent and the function BS(t0, T, s, ·) is strictly monotone. Therefore, we obtained by
contradiction that the European option f written on the asset N cannot be replicated using
integrands predictable with respect to FN . In other words, f ∈ L∞(GN

T ) but f /∈ R(N,FN),
so the proof is complete.

Remark 4.6 Proposition 3.14 is sharp in two directions: the coefficients in (2.11) are
adapted to the driving Brownian Motion, i.e. F = FW , and the filtration is not larger
than the one generated by the stock itself, which means F = FS. If we do not insist in con-
structing a sharp example in the sense that FS = FW as in item (i), then a one dimensional
market following the dynamics of S1 is sufficient for our purposes.

Proof of Theorem 3.15. Fix two utility functions U1, U2 ∈ U . The proof is based on
the construction of a (double indexed) sequence of financial markets. The price process will
be fixed, along with the risk-neutral measure, the only variable quantity being the objective
probability measure.

Consider a two dimensional Brownian motion W = (W (1),W (2)) on the stochastic basis
(Ω,F , (Ft)0≤t≤T ,Q) , where (Ft)0≤t≤T is the saturated filtration generated by the Brownian
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Motion. We define the two-dimensional price process by S = (S1, S2) where S1 = E(W (1))
and S2 = E(W (2)) are the stochastic exponentials of the two components of the Brownian mo-
tion W . This two-dimensional model S, (Ω,F , (Ft)0≤t≤T ,Q) is complete, and Q is the unique
equivalent martingale measure. The (sequence of) financial markets S, (Ω,F , (Ft)0≤t≤T ,P)
described above will be constructed by considering appropriate objective measures P ≈ Q.

Consider the (Q,Ft) square-integrable martingale

Lt =

∫ t

0

arctg(W (2)
s )dW (1)

s , 0 ≤ t ≤ T,

and let

τn = inf{t, |Lt| = n or t = T}, n = 1, 2, . . . and αn = Lτn , α = LT .

The main idea is to construct the objective measure such that, for fixed x > 0, n ∈ N and
fixed ε ∈ R satisfying |ε| ≤ x/2n the optimal wealth process of the investor with utility U1

starting at x is
X(x) = x+ εLτn , i.e XT (x) = x+ εαn > 0.

This can be done by choosing the objective measure Px,n,ε such that

dQ

dPx,n,ε
= c(n, ε)U ′1(x+ εαn),

where the normalizing constant c(x, n, ε) is chosen such that

EQ[
dPx,n,ε

dQ
] = 1.

Note that there are no integrability problems since U ′1(x+εαn) is bounded above and bounded
away from zero. In addition, we would like to point out the the market S defined with respect
to (Ω,F , (Ft)0≤t≤T ,P

x,n,ε) can easily be represented in the form (2.11), using Girsanov’s
Theorem. We denote by H2(Q) the set of (Q, (Ft)0≤t≤T ) square-integrable martingales and
by H2

n(Q) the closed subspace of elements M ∈ H2(Q) such that

Mt = M0 +

∫ t

0

H1
sdW

(1)
s +

∫ t

0

H2
sdW

(2)
s and H2

t 1{t≤τn} = 0, 0 ≤ t ≤ T.

In other words, up to an additive constant, H2
n(Q) consists of those stochastic integrals

where the second component of the integrand is identical zero before time τn. As a limiting
case, we denote by H2

∞(Q) the closed subspace of M ∈ H2(Q) such that

Mt = M0 +

∫ t

0

H1
sdW

(1)
s , 0 ≤ t ≤ T.

We identify spaces of martingales with their terminal values in the usual way, so we may
say that α = L and αn = Lτn .

Fix y > 0. Since the random variable yU ′1(x + εαn) is a multiple of the density of the
unique martingale measure for the financial market S, (Ω,F , (Ft)0≤t≤T ,P

x,n,ε) we conclude

that I2(yU
′
1(x + εαn)) is the terminal wealth X̂T (x, U2) of an optimal investment strategy

for the investor with utility U2 and some initial endowment x > 0 (here I2 is the inverse of
U ′2). If we suppose that MFT applies to the model S defined on (Ω,F , (Ft)0≤t≤T ,P

x,n,ε) with
respect to the class U which contains U1 and U2 (and Q is the unique martingale measure),
we conclude that

I2(yU
′
1(x+ εαn)) ∈ H2

n(Q).
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Indeed, to obtain the above relation, we compare the optimal strategy of the investor with
utility U2 which has terminal wealth I2(yU

′
1(x+ εαn)) with the optimal investment strategy

of the investor with utility U1 starting at x. Letting f(x, y) = I2(yU
′
1(x)), we have obtained

that, for fixed y > 0,n ∈ N, x > 0 and |ε| ≤ x/2n we have

f(x+ εαn, y) ∈ H2
n(Q).

For x > 0 and ε ≤ x/2n we define the two-variable H2(Q)-valued function

F (x, ε) := f(x+ εαn, y) ∈ H2
n(Q) ⊂ H2(Q).

Using the bounded convergence theorem (since αn is bounded and f(·, y) is C2), we obtain
that the function F is two-times differentiable with respect to ε as a H2(Q)-valued function
and

∂2

∂ε2
F (x, ε)|ε=0 =

∂2f

∂x2
(x, y)(αn)2 ∈ H2(Q).

Since H2
n(Q) is a closed subspace of H2(Q), we conclude that

∂2f

∂x2
(x, y)(αn)2 ∈ H2

n(Q).

Taking into account that ∂2f
∂x2 (x, y) is a scalar (real number) we can let n→∞ to obtain

∂2f

∂x2
(x, y)α2 ∈ H2

∞(Q). (4.10)

However, according to Itô’s formula

α2 = (LT )2 = 2

∫ T

0

Ltarctg(W
(2)
t )dW

(1)
t +

∫ T

0

(arctg(W
(2)
t ))2dt,

so
α2 /∈ H2

∞(Q).

The above relation, together with (4.10), shows that

∂2I2(yU
′
1(x))

∂x2
=
∂2f

∂x2
(x, y) = 0, for all x > 0, y > 0.

This means that the function I2(yU
′
1(·)) is linear, or I2(yU

′
1(x)) = a(y)x + b(y) for any

x, y > 0. Since I2, U
′
1 : (0,∞) → (0,∞) are strictly decreasing bijective functions, we

conclude that x → I2(yU
′
1(x)) is a strictly increasing and bijective function from (0,∞)

to (0,∞), so b(y) = 0 and a(y) > 0 for each y > 0. Choosing x = I1(z), we obtain
I2(yz) = a(y)I1(z), for all y, z > 0, which can be rewritten as

I2(yz)

I1(z)
= a(y), for all y, z > 0.

Differentiating with respect to z, we obtain

I ′2(yz)

I2(yz)
=

1

y

I ′1(z)

I1(z)
for all y, z > 0.

Now, we first consider z = 1 and vary y over (0,∞) and then we consider y = 1 and vary z
over (0,∞) to obtain

I ′2(y)

I2(y)
=
I ′1(1)

I1(1)

1

y
=
I ′1(y)

I1(y)
for each y > 0.

Taking into account that
I′
1(1)

I1(1)
< 0 is a constant, the conclusion of the Theorem follows by

integration.
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Example 4.7 In the market model (2.11), let N = d ≥ 2 and let σt be the identity matrix.
Let A ∈ FT be any set with 0 < P(A) < 1 and let a ∈ ]0, 1[ . Define the probability
measure Q on FT , such that dQ

dP
takes the constant value a on A as well as the constant

value b = (1− aP(A))/(1−P(A)) on the complement Ac. Since a 6= 1, these two values are
different. We define Zt = EP[dQ

dP
| Ft], for t ∈ T. By uniform boundedness from above and

from below it easily follows that Z is an exponential martingale. Thus it can be represented
as in formula (2.13) with a unique γ(m), since the kernel of σt is trivial. Defining γ = γ(m) in
the price model (2.11), it follows that the thus obtained market model S is complete. The
e.l.m.m. Q is then unique, so Q(m) = Q satisfies Assumption I.

Solving the utility maximization problem (2.6), for any utility function U ∈ A, yields
according to (4.4) that

XT (x) = a11A + a21Ac , (4.11)

for some a1, a2 ∈ R depending on x and U . This formula applies to the logarithmic case as
well, so that NT (x) = b11A + b21Ac for some b1 6= b2. Hence, just regarded from time zero to
maturity, the numéraire portfolio behaves like a one-period binomial model, so L∞(GN

T ) ⊆
R(N) and (MFT) holds true with respect to A. However, since the choice of A is completely
free, it is easy to give examples (following, e.g., the lines of Example 4.5) where the condition
L∞(FN

t ) ⊂ R(N) is not satisfied for some 0 ≤ t ≤ T .
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