Inversion of the Pieri formula
for Macdonald polynomials

Michel Lassalle

Centre National de la Recherche Scientifique
Institut Gaspard Monge, Université de Marne-la-Vallée
77454 Marne-la-Vallée Cedex, France
lassalle@univ-mlv.fr
http://igm.univ-mlv.fr/~lassalle

Michael Schlosser*

Institut fiir Mathematik, Universitat Wien
Nordbergstraie 15, A-1090 Wien, Austria
schlosse@ap.univie.ac.at
http://www.mat.univie.ac.at/ schlosse

February 8, 2004

Abstract

We give the explicit analytic development of Macdonald polynomials in terms
of “modified complete” and elementary symmetric functions. These expansions are
obtained by inverting the Pieri formula. Specialization yields similar developments
for monomial, Jack and Hall-Littlewood symmetric functions.
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1 Introduction

Fifty years ago, Hua [3] introduced a new family of polynomials defined on the space
of complex symmetric matrices, and set the problem of finding their explicit analytic
expansion in terms of Schur functions [3, p. 132, Eq. (6.2.5)].

These polynomials were further investigated by James [4], who named them “zonal
polynomials”, studied their connection with symmetric group algebra, and gave a method
to compute them. A large literature followed, mostly due to statisticians, but no explicit
analytic formula was found for the zonal polynomials.

Hua’s problem is now better understood in the more general framework of Macdonald
polynomials (of type A,) [19]. Zonal polynomials are indeed a special case of Jack poly-
nomials, which in turn are obtained from Macdonald polynomials by taking a particular
limit.

Macdonald polynomials are indexed by partitions, i.e. finite decreasing sequences of
positive integers. These polynomials form a basis of the algebra of symmetric func-
tions with rational coefficients in two parameters ¢,t. They generalize many classical
bases of this algebra, including monomial, elementary, Schur, Hall-Littlewood, and Jack
symmetric functions. These particular cases correspond to various specializations of the
indeterminates ¢ and t.

Two combinatorial formulas were known for Macdonald polynomials. The first one
gives them as a sum of monomials associated with tableaux [19, p. 346, Egs. (7.13)].
The second one writes their expansion in terms of Schur functions as a determinant [14].
However, in general both methods do not lead to an analytic formula, since they involve
combinatorial quantities which cannot be written in analytic terms.

Thus Hua’s problem kept open for Macdonald polynomials. Their analytic expansion
was explicitly known only when the indexing partition is a hook [7], has length two [5] or
three [15], and in the dual cases corresponding to parts at most equal to 3.

The aim of this paper is to present a general solution to this problem and to provide
two explicit analytic developments for Macdonald polynomials. One of them is made in
terms of elementary symmetric functions. The other one is made in terms of “modified
complete” symmetric functions, which have themselves a known development in terms of
any classical basis [16].

In the special case ¢ = t, these two developments coincide with the classical Jacobi—
Trudi formulas for Schur functions. Thus our results appear as generalized Jacobi—Trudi
expansions for Macdonald polynomials.

Our method relies on two ingredients, firstly the Pieri formula for Macdonald poly-
nomials, secondly a method developed by Krattenthaler [10, 11] for inverting infinite
multidimensional matrices.

The Pieri formula has been computed by Macdonald [19]. Most of the time, it is
stated in combinatorial terms. We formulate it in analytic terms, which defines an infinite
multidimensional matrix. Then we derive the inverse of this “Pieri matrix”, by adapting
Krattenthaler’s operator method to the multivariate case, as already done elsewhere [21]
by the second author.



This article is organized as follows. Sections 2 and 3 are devoted to the inversion
of infinite multidimensional matrices, and may be read independently of the rest of the
paper. In Section 2 we recall the Krattenthaler method, which is used in Section 3 to
get new multidimensional matrix inverses. We shall only need a particular case of these
inversions, but we prefer to prove them in full generality for possible future reference.

In Sections 4 to 11 we apply these results to the theory of Macdonald polynomials. In
Section 4 we introduce our notation and recall general facts about these polynomials. In
particular we give the analytic form of the Pieri formula. The infinite multidimensional
matrix thus defined is inverted in Section 5. The generalized Jacobi-Trudi expansions for
Macdonald polynomials are derived in Section 6. Sections 7, 8 and 9 are devoted to various
specializations of our results, in particular for Schur, monomial, Hall-Littlewood and Jack
symmetric functions. Most of the expansions there obtained are new. The example of
hook partitions, already studied by Kerov [7, 8|, is then considered in Section 10. We
conclude in Section 11 with a few remarks about the extension of Macdonald polynomials
to multi-integers or sequences of complex numbers.

Our results were announced in [18]. An alternative proof of our main theorem has
subsequently been given in [17] (but requires the explicit form of the result here obtained).
It is an open question whether our method can be generalized to Macdonald polynomials
associated with other root systems than A,,.

2 Krattenthaler’s matrix inversion method

Let Z be the set of integers, n some positive integer and Z" the set of multi-integers
m = (my,...,m,). We write 0 = (0,...,0), m > k for m; > k; (1 <14 < n), and for any
set of indeterminates z = (z1, ..., z,), we put z™ = 2" 20" - - - 2"n,

A formal Laurent series is a series of the form a(z) = > ., amz™, for some k € 7",

On the space £ of formal Laurent series we introduce the bilinear form (, ) defined by

(a(z), b(z)) = (2°)(a(z) b(2)),
where (z°)(c(z)) denotes the coefficient of z° in ¢(z). Given any linear operator L on L,
we write L € End(L) and denote L* its adjoint with respect to (, ), i.e. (La(z),b(z)) =
(a(z), L*b(z)).

Let F' = (fmk)mkez» be an infinite lower-triangular n-dimensional matrix, i.e. fpx =0
unless m > k. The matrix G = (gi1)k1ez» is said to be the inverse matrix of F' if and
only if

Z Jmk gx1 = Om
m>k>1
holds for all m,1 € Z", where ¢,y is the usual Kronecker symbol. Since F' and G are both
lower-triangular, the above sum is finite. Moreover the dual relation Y <, <, gmk fki1 = Omi
is also satisfied. -

In [10] Krattenthaler gave a method for solving Lagrange inversion problems, which are
closely connected with inversion of lower-triangular matrices. We shall need the following
special case of [10, Theorem 1].



Let F' = (fmk)mxkezn be an infinite lower-triangular matrix with all fi, # 0, and
G = (gk1)k1ez» its uniquely determined inverse matrix. Define the formal Laurent series

Z fmk 2™ gx(z) = ngl 7!
m>k 1<k

Assume that

(i) there exist operators U;,V € End(L), V being bijective, such that for all k € Z",
one has

Ujfi(z) = ¢;(K)V fiz),  1<j<n, (2.1)
with ¢;(k) arbitrary sequences of constants;

(ii) for all m # k € Z", there exists some j € {1,...,n} with ¢;(m) # ¢;(k). (2.2)

Lemma 2.1 (Krattenthaler). Suppose hyx(z) is a solution of the dual system

U;hk(Z) = cj(k)V*hk(z), 1 S j S n, (23)
with hy(z) Z 0 for allk € Z™. Then we have
1

9(z) = V*hy(z). (2.4)

(f(2), V*Iu(z))

We shall use Lemma 2.1 as follows. For all k € Z" and 1 < 4,5 < n, let W;, V}; €
End(£) and ¢;(k) arbitrary constants. Assume that

(i) the operators W;,V;; satisfy the commutation relations

‘/;1]'1/‘/2'2 = m/iz‘/hja il 7é i?a 1 S ilaiQ’j S n, (25&)
V:il]j‘/;zjg = ‘/;2]2‘/;1]'17 7:1 # 7'.2a 1 S 7/.1’2.2)]'1’]'2 S n, (25b)

(ii) the constants c;(k) satisfy (2.2),

(iii) the operator deti<;j<n(Vi;) is invertible.

Corollary 2.2. Suppose that we have

ZCJ Wiifk(z) = W, fi(z), 1<i<n, (2.6)
and that hy(z) is a solution of

Zc] Wiihk(z) = W hy(z), 1<i<n, (2.7)

with hx(z) #Z 0 for allk € Z™. Then we have

(z) = 1
D)= (), det(V) e (2))

det(V;?) hie(z). (2.8)



This corollary is a special case of [21, Cor. 2.14], already used in [12, Cor. 2.2]. For
convenience we reproduce its short proof from Lemma 2.1.

Proof of Corollary 2.2. Due to (2.5b), we can apply Cramer’s rule to (2.6) and obtain,
for1<j<n,

n

cj(k) det (Vi) fi(z) = Y (=1)HVEDW, fi(2),

1<4,l<n -
=1

V7 (@:d) being the minor of (Vi )1<s1<n With the i-th row and j-th column omitted. The dual
system (in the sense of Lemma 2.1) writes as

n

i), det. (Vidhe(z) = 3 (=1 WV h(a) (29)
= (1) W by (z),
=1

and is easily seen to be equivalent to (2.7). Note that condition (2.5b) justifies to write
the dual of det(Vj;) as det(V}), and similarly for V). Note also that, because of (2.5a),
we may commute W; and V*@) in (2.9). Now apply Lemma 2.1 with V = det(Vj;) and
Uy =0 (1) VEdw, O

In general, for any pair of inverse matrices (fmk)mxkezr and (gui)kiez», and any se-
quence (dy)keze with dix # 0, a new pair of inverse matrices is obtained by multiplying
the entries of (fmk) term-wise by dm/dx and those of (gi1) term-wise by dy/dy. In such
case, we shall say that we “transfer” the factor dyx from one matrix to the other. This
procedure will be applied several times in Section 3.

3 New multidimensional matrix inversions

3.1 Extensions of Krattenthaler’s matrix inverse

Let ag, ¢, (k € Z) be arbitrary sequences of indeterminates. In [11] Krattenthaler proved
that the two matrices -
Hy:k (ay - Ck)

H;n:k-l-l (cy —ck)’

(a — ) H’;:l+1<ay — Cx)

(ax — cx) Hkil(cy — Cg) '

y=l

fmlc = (31&)

Gkt = (3.1b)

are inverses of each other. By using the method developed in Section 2, we now derive
two new multidimensional extensions of this result. We start with the following theorem.



Theorem 3.1. Let b be an indeterminate and a;(k),c;(k) (k € Z,1 < i < n) be arbitrary
sequences of indeterminates. Define

, fiITK;wa»—wrﬁ4quw)nxmm@n—q@»ﬂ
U T [ (et = 0/ TT= () T () — (k)

, (3.2a)

and
Jk1 = Hci(ki)_l H (c,(kz) — cj(kj))_l
e b/HJ ICJ - - Cj(ky))
le_{ynl[ i) = b/ 1Ty ci(k }:[1 ' —c](k]))]

(ci(li) - b/Hslcs ﬁ cs(ks))
(ai(li) = b/ TT5= cs(ks)) o] Cs(/f )
Then the infinite lower-triangular n-dimensional matrices (fmk)m,kezn and (gu1)k,1ezn are
inverses of each other.

1<i,j<n

X det [Cz’<li)nj+1 —ai(lz)" J+ ] (32b)

Remark 3.2. This generalizes Krattenthaler’s result [11] which is obtained for n = 1.
Indeed for n =1 the determinant in (3.2b) reduces (after relabeling) to

(Cl - b/Ck) (Cl - Ck) — ¢ (G,l — b/Cl) (al — Cl)
(ar—b/cx) (a—ce) " (ar— b/ck) (ar — cx)’

and the matrices in (3.2) (after relabeling) become

;o= [T, (ay — b/ex) (ay — cx)
mee H;n g1 (cy — b/cw)(cy — ck)’

(b—wcr)(ar — 1) Hy:l+1(a —b/cx)(ay — Ck)‘
b—axck)(ax — ) T[i; (e, — bfew)(cy — c)

y=l
It is not difficult to see that this matrix inverse is actually equivalent to its b — oo special
case, which is (3.1). To recover (3.3) from (3.1), do the substitutions a, — a, + b/ay,
¢y — ¢y + b/cy, transfer some factors from one matrix to the other, and simplify.

Other multidimensional extentions of Krattenthaler matrix inverse (3.1) have been
obtained in [21, Th. 3.1], [12] and [22].
Remark 3.3. In case a;(k) = a for some constant a (for all £ € Z,1 < i < n), the
determinant appearing in (3.2b) factors, due to the evaluation

e ci(l: n—j+1 _ an—j—}-l (CZUZ) B b/ HS:I Cs<k8)) - (CZ(ZZ) - Cs(ks))
1§(},jt§n i(4) (a—b/TTo; cs(ks)) 3111 (a—cs(ks))

~(a=0/ITj= () 1 (a —ci(ly))
" (a—b/TI=, 5 (ky)) LA q(h)m 1gg§n (cili) = ¢5(1;)),

CL—

(3.3a)

Ikl = ( (3.3b)




which was first proved in [21, Lemma A.1]. A slightly more general evaluation and a much
quicker proof can be found in [22, Lemma A.1]. However, the resulting multidimensional
matrix inversion is only the special case a; = a (for all t € Z) of [21, Th. 3.1].

Proof of Theorem 3.1. We apply the operator method of Section 2. From (3.2a), for all
m > k we deduce the recurrence

n

(ci{ml) - b/H?:lcj(kj)) H (Cz<mz) - Cs<k3))fm—e¢,k

s=1
n

= (a;(m; — 1) — b/I 15— ci(k i) H (ai(m; — 1) = ¢s(ks)) 1<i<n, (3.4)

s=1
where e; € Z" has all components zero except its i-th component equal to 1. We write

fk(z) = Z fmkzm

T8 () = b/ T3 () Ty (os() = 5(87) |

_r;(H Hyl ki+1 [(Cz(yz) b/H] 1CJ( ))H (Cl(yi)_ ](kj))i| o

We define linear operators A; and C; by A;z™ = a;(m;)z™ and C;z™ = ¢;(m;)z™ (1 <i <
n). Then we may write (3.4) in the form

n

(Ci = b/TTj e (k) T ] (€3 = ea(ko)) fiel2)

s=1

= zi(As = b/TTjz5(ky)) [T (A = eo(ko)) (=), (3.5)

valid for all 1 < i <n and k € Z"™.

In order to write this system of equations in a way such that Corollary 2.2 may be
applied, we expand the products on both sides in terms of the elementary symmetric
functions of order 7,

€j (Cl(kl)a ca(k2), - -5 cn(kn), b/HZ:lcS(kS))a

which we denote e;j(c(k)) for short. The recurrence system (3.5) then reads, using
ent1(c(k)) = b,

n

Y ei(e)) [(=C)" I — (= A)" T fi(2)

Jj=1

= [Zi(_Ai)n+1 +bz; — (—C; )"+1 }fk( ). (3.6)



Now (3.6) is a system of type (2.6) with

VVZ' = [Zi(—.Ai)n_H =+ bZz — (—Ci)n_H — b],
Vij = [(=C)" 7 — zi(= A",
¢j(k) = ¢;(c(k)).

Conditions (2.2) and (2.5) are satisfied. Hence we may apply Corollary 2.2. In this case
the dual system (2.7) for the auxiliary formal Laurent series hy(z) writes as

n

> e [(=C)" T = (=AD" z ] ()

= [(=A)" 2 + bz — (—C)" T — bl hy(z), 1<i<n.

Equivalently, we have
(CF = b/TTj=rci (k) TT (€5 = colks)) huc(2)
s=1

- (A: - b/H?:ICJ H Zzhk( ), (3.7)

s=1

valid for all 1 < i < n and k € Z". As is easily seen, we have Afz~! = a;(I;)z~" and
Crz™' = ¢;(l;)z7". Thus, writing hx(z) = >,y haa 27! and comparing coefficients of z~!
n (3.7), we obtain -

n

(cill) = b/TTG=1ci (k) [T (cilli) — es(ks)) P

s=1
n

= (ai(ls) = o/TT)= 5 (k) 1T (@) — e (ko)) Pt

s=1

If we set hyxx = 1, we get

S (aye) — b/ T (k) o _c,<k.>)]
ma=1111 [( ) b/ T o H )|

=1 y;=l; ]':1

Now taking into account (2.8), we have to compute the action of

det (V)= det [(~C))" 7+ — (A" +s]

1<i,j<n Y 1<i,j<n

when applied to




Since

we obtain

2, V) = S

1<k

i1 nipr (i) = b/ TI7 ¢ (ky)) 1 (eals) — ¢5(ky))
X 133’%71 <_Cz(lz)) - (_az(lz)) (az(lz) _ b/ H;L:1 Cj(k’j)) H (az(lz) _ Cj(kj))

Note that since fiac = 1, the pairing (fi(z), det(V;})hi(z)) is simply the coefficient, of z*
in the above expression, i.e. deti<; j<, [(—c;i(ki))"™?*']. Thus equation (2.8) writes as

n

az) = [ (ci(ky)—citka)) ™ ] (= cik))™  det (Vii)hu(z).

1<i<j<n i=1 Lshysn
Since gk (z) = <y g1 27", we conclude by extracting the coefficient of z7' in gy (z). O

Surprisingly, although the determinant appearing in (3.2b) depends on both k and 1,
one can virtually “transfer” this determinant from gy to fik. Of course, this requires a
proof in the particular situation. The following corresponding theorem is another multi-
dimensional generalization of Krattenthaler’s result [11].

Theorem 3.4. Let b be an indeterminate and a;(k),c;(k) (k € Z,1 < i < n) be arbitrary
sequences of indeterminates. Define

Foke = Hci(ki)‘l [T (cilks) = c;(ky) ™

" —b/ H] 165(k - az(yz) ](kj))

Hy¢g+1[ ¢ ) b/H] 1 ¢5(k 1:[ cl(yl) J(k]))]
(ci(ms) — b/ [Ty es(ks)) 1 (e

(ai(mi) = b/ Ty es(ks)) s—1 (ai(

(YT g (YR I L
X 1§C},ejtgn [cz(ml) a;(m;)

and
n TTh e | (03(0) = b/ Ty k) Iy (as(wn) = e5(ky)) |

wa= e [ (exCw) = b/ Tz k) T ) = () |

Then the infinite lower-triangular n-dimensional matrices (fmk)mxezr and (gu)x1ezn are
wnwverses of each other.




Proof. For any multi-integer k = (k1,...,k,), denote —k = (—ky,..., —k,). Define two
multidimensional matrices g,k and fkl by gmk = f-x,—m and fkl =gk For1<i<n
write @;(y;) = ai(—y;) and &(y;) = c;(—y;). Then the matrices jmi and fiq are those
considered in Theorem 3.1, associated to the sequences a;(k), ¢;(k). Thus for all m,1 € Z",

we have B
Z Sk G = Z f—l,—k J-x,—m = Oml-

m>k>1 m>k>1

O

For possible future reference, we now give two special cases of Theorems 3.1 and 3.4.
These two corollaries are derived by the method used to get (3.3) from (3.1). Both are
themselves multidimensional generalizations of (3.3).

Corollary 3.5. Let b be an indeterminate and a;(k),c;(k) (k € Z,1 <i < n) be arbitrary
sequences of indeterminates. Define

H e [(aily) — b/ (k) (ai(ys) — cj(k;))]
H =k;+1 [(Cz’(yz') - b/‘%’(’%‘)) (Ci(yi) - Cj(kj))} ’

t,j=1

and

k) o/ei) ™ T 10 = el ) o0 = )]
ST TT = b/c5(ky)) (a(ws) = ¢(ky))
11 H[ i(yi) — b/ci(ky)) (e (yi)_cj(kj))]

4,j=1y;

||
il E:

X det [(Ci(li) +b/ci(li)" 7 = (a;(li) + bfag(l;)) 7

" ﬁ (1= b/cili)es(ks)) (ci(li) — cs(ks)) ]
L (1= b/ai(li)es (ks)) (aills) — eslks)) |

Then the infinite lower-triangular n-dimensional matrices (fmk)mxezr and (gu)x1ezn are
wnverses of each other.

Proof. In Theorem 3.1, first let b — oo, then perform the substitutions a;(y;) — a;(y;) +
b/a;(y;) and ¢;(y;) — ¢i(yi) + b/ci(y;), for 1 < i < n. Finally, transfer some factors from
one matrix to the other. O

Starting from Theorem 3.4, the following result is proved identically.

10



Corollary 3.6. Let b be an indeterminate and a;(k),c;(k) (k € Z,1 <i < n) be arbitrary
sequences of indeterminates. Define

fmk=Hcé($>) (ca(ks) + b/ciks) ™ H [(1 = b/cslka)e; (k) (calks) = e5(ky))] ™
— b/cj(ky)) (ai(yi) — ¢;(k;))
X H H l i(yi) — b/ (k ))(Cz'(yz')—ca'(kj))]

6,j=1y;=k;+1

1<4,5<

x det !(Cz(mz) + b/Ci(mi))n_j+1 _ (ai(mz’) n b/ai(mi))n_jﬂ

(1 = b/ci(my)es(ks)) (ci(mi) — cs(ks))
% H (1—b/a;i(m ) s (ks)) (ai(my) — Cs(ks))] ’

and

Tl [(ai(ys) = b/ci(k))) (ailys) — Cj(kj))}_

g:H T (i) — b/es (k) (calys) — (k)]

Then the infinite lower-triangular n-dimensional matrices (fmk)mxkezn and (gui)x1ezn are
wnverses of each other.

3.2 An extension of Bressoud’s matrix inverse

Let ¢ be an indeterminate. For any integer k, the classical g-shifted factorial (a;q)y is

defined by
(4;9) oo

(ag*; q) oo

(@)oo = [[A = ag’),  (aq)k =

j>0
Then we have the following important special case of Theorem 3.4.
Corollary 3.7. Let ty,t1,...,t, and uq,...,u, be indeterminates. Define
1_[757"z ke (/5 Dmi—k; (g R 0w /15 @) ks
(@ Dty (@K gus; @),

< ] (¢"~ k’““i/tiuj;q)mi—ki (g% ™itju;/uz; Q)mi—ky
1<i<j<n (qki_kj+1ui/uj; q)mi_ki (qki_mj ui/uj; q)mi_ki

n—j i 1- min't % - i T ks s
X det [(qmuz) J(l—tfnl(( q, ot) 11 (q, i = g us) )],

1<i,j<n 1— gmitKlitgu /t;) = (g™ /ti — qFeusy)

Jmk = H (g™ ui — q™u;)”

1<i<j<n

11



and

_ ﬁ (tis @Qrs1; (@R 0w/t q)n, o,
(@ Qrimt; (@M gus; @) -t

=1

» H (¢" tyuifug; q)r—; (ql"fkj’LlUi/tin;CI)ki—zi‘
Lcicien @I fugs ki (@R g @)k,
Then the infinite lower-triangular n-dimensional matrices (fmk)mkezn and (gui)x 1ezn are
wnverses of each other.

Remark 3.8. For n = 1 this matrix inversion reduces to Bressoud’s result [1], which he
derived from the terminating very-well-poised ¢¢5 summation [2, Eq. (II.21)].

Proof. We specialize Theorem 3.4 by letting b +— ¢, IH?:1 uj, ai(yi) — q%u;/t;, and
¢i(y;) ¥ q¥iug, for 1 <4 < n, and rewrite the expressions using ¢-shifted factorials. After
this first step, we obtain the inverse pair

k=g Hu [T (5w —dbu;)™

1<i<ji<n

« a (gki +Fgu, /i3 Q) mi—k; ﬁ (qki_kj+1ui/tiuj;Q)mi—ki
- (@ U ¢, i (%%t fugs @),
. : 1 — gmitlklg g n migy, — ghsu,
X det tgfm( q.kOZ)H(q.qu) |
1<4,j<n (1 — qmz+| |t0uz/tz) i (qmlui/ti —q Sus)
G = (g5 w5 )k, ﬁ ("%t tiug; Q)r,

(gl Ml ouss q)us—i; (q"*iuifug; Oty

i=1 ij=1
Now note that fnk contains the factors
: (qF % [tiug; @) ms—k;
(gF= it fujs @)k
ﬁ (a/ti;q) “ 11 ("84 it @)k (@575 g /0055 @)m i,
it G Dmire o, (@8 ug @k (@75 g s )mg g,

T Q/tz,q mi—ki i —m; (€59 i ti; @)m gy (€57 w055 @y =1,y
- H H tj ki—kj+1 ki—m; )
i=1 (C] v ui/uj; q)mrki (q ‘ ]ui/uj; q)mj*kj

1,7=1

45 @)mi—k; 1<i<j<n
Similarly ¢y contains
ke ki—l;
(@M /by ki, _ ﬁ (2) (i sty
(qhi—*i uz’/uj; Q) k;—1; iy t; (4 kit

< 11 (g)kjlj (@ H i tiugs @i (650w /ting; ks,
1<i<j<n i (@ Fuifugs Qri—r, (@55 fugs q)rs—

1,7=1

12



Finally, we transfer the factor

—1 g (Ui w5 Q) ks
Tl | G I e

1<i<j<n ¢ (UZ/U], Q)ki—lcj

from one matrix to the other, and simplify the resulting expressions. O

4 Macdonald polynomials

The standard reference for Macdonald polynomials is Chapter 6 of [19].

4.1 Symmetric functions

Let X = {x1,x2,23,...} be an infinite set of indeterminates, and S the corresponding
algebra of symmetric functions with coefficients in Q. Let Qg, t] be the field of rational
functions in two indeterminates ¢,¢, and Sym = S ® Q[q, t] the algebra of symmetric
functions with coefficients in Qlg, t].

The power sum symmetric functions are defined by py(X) = 3,5, z¥. Elementary and
complete symmetric functions e (X) and hy(X) are defined by their generating functions

1_[1-i-u:UZ Zu ex(X Hl—u —Zu hi (X

i>1 k>0 1>1 k>0

Each of these three sets form an algebraic basis of Sym, which can thus be viewed as an
abstract algebra over Q[g, t] generated by functions ey, hy or p.

A partition A = (A,..., \,) is a finite weakly decreasing sequence of nonnegative
integers, called parts. The number [()\) of positive parts is called the length of A, and
Al = >0 A the weight of A\. For any integer ¢ > 1, m;(\) = card{j : A\; = i} is the
multiplicity of the part ¢ in A. Clearly I(A) = > ,5; m;(A) and |A] = > .o imi(A). We
shall also write A = (1™ ,2™2 3™s . ). We set -

Zy = H i (M)
i>1

We denote A’ the partition conjugate to A, whose parts are given by m;(X') = A\j — Ajy1.
We have \; = 3., m;(A).
For any partition A, the symmetric functions ey, h) and p, defined by

fA—HfA = (™, (4.1)

t>1

where f; stands for e;, h; or p; respectively, form a linear basis of Sym. Another classical
basis is formed by the monomial symmetric functions m,, defined as the sum of all distinct
monomials whose exponent is a permutation of \.

13



For all £ > 0, the “modified complete” symmetric function gx(X;q,t) is defined by

the generating series
tu:cz, Z
[ uhge(X; g,
i>1 (uzi ) k>0

It is often written in A-ring notation [16, p. 223], that is

9r(X3q,t) = hy [%X} :

The symmetric functions gx(g,t) form an algebraic basis of Sym. They may be ex-
panded in terms of any classical basis. This development is explicitly given in [19, pp. 311
and 314] in terms of power sums and monomial symmetric functions, and in [16, Sec. 10,
p. 237] in terms of other classical bases. The functions g,(q,t), defined as in (4.1), form
a linear basis of Sym.

4.2 Macdonald operators

We now restrict to the case of a finite set of indeterminates X = {z1,...,2,}. Let T, ,,
denote the g-deformation operator defined by

7

qx,f(xla"'u ) f(xla-"aqxiu"'axn)a

and for all 1 <7 <n,

n
Htxz—x]
= Ti T X
;é

Macdonald polynomials Py(X;q,t), with A a partition such that [(A) < n, are defined
as the eigenvectors of the following difference operator

E(X:q,t) ZA (X;1) Ty

One has

=1

E(X;q,t) P\(X;q,t) = (Zq” t’”) P\(X54q,t).

Let A(X) be the Vandermonde determinant [[,, ;. (zi—;). More generally Macdonald
polynomials Py (X;q,t) are eigenvectors of the difference operator

1 n—j n—j
D(u;q,t) = AX) 153’%”[% T4t Ty,

where u is some indeterminate. One has

n

D(u;q,t) PA(X;0,) = | <1 +u gt t”*") P\(X;q,1).

=1
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The polynomials Py(X;q,t) define symmetric functions, which form an orthogonal
basis of Sym with respect to the scalar product <, >, defined by

1A

1—g%
<p)\apu >qt - (S)\;J,Z)\ H 1 — t)‘
Equivalently if Y = {yi,..., ¥} is another set of m indeterminates, and

(X, Y:q,t ﬁﬁ m,y],

=1 j=1 zyja

we have

M(X,Y;q,t) =Y Py(X;0,)Qx\(Y;4,1),
A

where Q) (X; ¢, t) denotes the dual basis of P\(X; ¢, t) for the scalar product <, >,;. One
has

Qr(X;q,t) = bx(g, t) PA(X; g, 1), (4.2)
with by(q,t) = < Py(q,t), Px(q, ) >q7t_1 given by

H (q)\Z )\Jt] QRS Q))\ )\]+1

b/\ qat =
( ) <q)\ —Aj+1pj—i. (]))\ )‘J+1

1<i<G<i(N)
As shown in [19, p. 315], we have

D(u;q,t) = Z |K|t<IK\) H toy — x4 H Ty

Kc{l,..,n} kEK Ti kek
JEK

This yields

1 1 — a3y,
—det |am 14w T N
A(X) 1<i5%n [x’ ( T H 1- t-szlc>]

_ uIK| (IKI txy —x; TrYs 3
D M2 s
Kc{l,..n} kEK =1 keK
J¢K
Indeed since
— LYk
II =
Qe H 1 —tx;ys
both terms are obviously II"* D(u; g, t)(x) II, where the suffix (X) indicates operation on
the X variables.
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There exists an automorphism w,; = w;, ' of Sym such that

wet(Qa(g,1)) = Py(t,q),  weilar(g,1)) = ex. (4.4)

In particular the Macdonald symmetric functions associated with a row or a column
partition are given by

(t;1)

(q; )k
Q) (g t) = gr(g,1).

B

Plk (Q7 t) = €k, 621]c <Qa t) =

(@5 Ok o(a.0),

9k(q,t
(t;q)k

The parameters ¢, t being kept fixed, we shall often write P, or @, for P,(q,t) or Q,(g,1).

4.3 Pieri formula

Let uq,...,u, be n indeterminates and N the set of nonnegative integers. For 6 =
(61,...,60,) € N", let |0] =" 6; and define

n

do,...g. (u ) = H (t; Q)ok <q|0|+1quQ)ak H (t’LLi/UjQQ)oi (q*0j+1ui/tuj';q>0i
o (ULs ey Up) = L
1 po (@0, (@"turi @)y, | o (quifusi @)y, (47%uifuj50),,

If we set tupp1 = 1/t, 001 = —|0|, and vy, = ¢%uy, (1 < k < n+ 1), we may write

11 (tui/uj; q)o, 11 (qui/tvi; q)e,

da b8 (u1 LU ): .
1 n ) » Un 1<i<i<n (qui/uj; Q)Gi 1<i<j<nt1 (Ui/’l}j; q)gi

Macdonald symmetric functions satisfy a Pieri formula generalizing the classical Pieri
formula for Schur functions. This generalization was obtained by Macdonald [19, p. 331],
and independently by Koornwinder [9].

Most of the time this Pieri formula is stated in combinatorial terms. Its analytic form
is less popular, but will be crucial for our purposes.

Theorem 4.1. Let A = (Aq, ..., \,) be an arbitrary partition with length n and A\,+1 € N.
For any 1 < k < n+1 define u, = g™ 1% We have

Qnivedn) Qrngr) = E Aoy, 0 (U155 Un) QA14+01,. An+00 Ansr—10])-
fenn

Proof. We make use of the expressions given in [19, p. 340, Eq. (6.24)(ii)] and [19, p. 342,
Example 2(b)]. Specifically, we write

Qr Qirpyn) = Z Viejr Qr,

KDA
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where the skew-diagram x — A is a horizontal A, ;-strip, i.e. has at most one square in
each column, and 1,/ is given by

Y el g g5
ven= 11 f(q - 1 :

Ki—Aj t]—l) f<q)\, *K,j+1tj—i) Wiy <q)\, 7K,j+1tj—z') ’

1<i<j<n 1<i<j<n

with f(u) = (tu; )/ (qU; ¢)oo and w,(u) = (tu;q),/(qu;q).. Since k — X is a horizontal
strip, the length of x is at most equal to n + 1, so we can write k = (A + 61,..., Ay +
O, Ans1 — |0]). Then

Vo= [ wal@e [ (we (@ =e=1))7,

1<i<j<n 1<i<j<n+1
which is the statement. O

Remark 4.2. Theorem 4.1 translates into analytic terms the fact that x — A must be a
horizontal strip: the g-products in the numerator of dy, . g, (u1,...,u,) vanish if K — A
is not a horizontal strip. However, the fact that x must be a partition is not given any
analytic translation: dg, g, (U1, ..., uy,) does not vanish if (A1 +01,..., Ay +6,, A1 —10])
is not a partition. Thus Theorem 4.1 implicitly assumes that (), = 0 if x is not a partition.
This fact will be important in Subsection 11.1.

The Pieri formula defines an infinite transition matrix. Indeed, the Macdonald sym-
metric functions {@»} form a basis of Sym, and so do the products {Q,Q}. We shall
now compute the inverse of this matrix explicitly.

5 Main result

Let v = (u,...,u,) be n indeterminates and 6 = (6y,...,60,) € N™. For clarity of
notations, we introduce n auxiliary variables v = (v1,...,v,) defined by v = ¢’ u;. We
write

n

), (- wn) = [ £ (¢/t; Do, (quws @)o, (qui/tus; q),, (tui/vi; )y,
% yrccy ¥/ T . . . .
Ot (@ e (qturs ), 1§z:'[<Ij§n (qui/uz; q)y, (uifvs;q),,

1 . 1=ty U, — V;
X det [ [1—¢"1 ’ .
A(v) 1<ij<n lvz ( 11— kH1 tug — v;

Setting u,4+1 = 1/t we have

ui/tu;; q)e; tui/vj;q)e;
Cé(llf.).,ﬁn(ub'"’u"): H (qui/ j ) H ( /] q)o

X L det, U@*j 1 — tJ ﬁ u
0] 135 |7 )|

k=1

We are now in a position to prove our main result.
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Theorem 5.1. Let A = (A, ..., \pt1) be an arbitrary partition with length n+ 1. For any
1< k<n+1 define u, = g +1¢" % We have

,t
Q()\la-":)\n+l) = Z Céi],),an (u17 st ’un) Q()\n+l_‘0|) Q()\1+01:5)\n+0n)'

feNn
Proof. Let 8= (B1,...,0n), 6= (K1,---s6n)s Y= (71, -, 7n) € Z™. Defining
)t n
fﬂn = gf—)m,---,ﬁn—nn (q1€1+\ﬁ,|u1’ s ’qli +|n‘un)7
Iy = iy (@ 0y Ty, ),

these infinite lower-triangular n-dimensional matrices are inverses of each other, by ap-
plication of Corollary 3.7 written with ¢, = ¢ for 0 < £ < n. Now if in Theorem 4.1, we
replace App1 by Apy1 — 7| and (for 1 < i < n) A by A + v, u; by ¢%Fu;, we obtain
(after shifting the summation indices)

Z IryYr = Wy (yeZz),
KEZL™
with
U = Qa+r1, AntknAns1—|6])>
Wy = Qi1 A1) @1 =)

This immediately yields

Z forWp = Y (ke Z").
Bez™
We conclude by setting x; =0 for all 1 <7 < n. O
In the case n =1, i.e. for partitions of length 2, Theorem 5.1 reads
Qo = D C" (1) Qas) Quro), (5.1)
0eN

with © = ¢~ and

%Nmnzﬁ@mma@w@e@_1_¢Wu_¢u>
(¢:0)0 (qtu;q)o 1= ¢%u tu — ¢%u
o (a/t;0)s (quiq)g t—11-q¢"u

(¢:0)s (qtusqlo t—q’ 1 - qfu

_ o (Wt (wig)e 1-¢"u
(:0)0 (qtuiq)e 1—u

We thus recover Jing and Jésefiak’s result [5], which appears as a consequence of Bres-
soud’s matrix inverse [1].

The reader may also verify that for n = 2, i.e. for partitions of length 3, our result
gives the formula stated in an earlier note by the first author [15].

Applying the automorphism w,; to Theorem 5.1, and taking into account (4.4), we
obtain the following equivalent result.

=t
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Theorem 5.2. Let A = (1™ 2™ ... (n+ 1)™t1) be an arbitrary partition consisting of
parts at most equal to n+ 1. For any 1 < k < n+1 define u, = ¢"*t2=i=". We have

t7
P)\ - Z Cély(-]-)-,en (UI, .. ,un) emn+1—|0| P(1m1+01—627...’(n71)mn_1+9n_1fﬂn7nmn+mn+1+0n)-
9eNn
Remark 5.3. Our proof of Theorem 5.1 looks somewhat external to Macdonald theory,
and does not explain the particular form of C’(9 0, (U1, ..., uy). Observe that its last
factor may be written

1 o ; n+1
A(v) 1§(%,ejt§n [U' (1 -t H Ltk — Uz)]
S T 1) o

Kc{l,...,n} kCK i=1 keK
JEK
This expression may be obtained from (4.3) by replacing ¢ by 1/t, u by —1/t, X by V =
(v1,...,v,), and Y by U = (1/uy, ..., 1/uyqq). If we write II for II(U, V,1/q,1/t), both
sides of (5.2) are II™* D(—1/t;1/q,1/t)(v)II, where the suffix (V) indicates operation on
the V variables. Unfortunately our proof of Theorem 5.1 does not provide any explanation
for the mysterious occurrence of this Macdonald operator.

6 Analytic expansions

Theorems 5.1 and 5.2 immediately generate the analytic development of Macdonald poly-
nomials in terms of the symmetric functions gy or eg, which form two algebraic basis of
Sym.

Let M denote the set of upper triangular n x n matrices with nonnegative integers,
and 0 on the diagonal. By a straightforward iteration of Theorem 5.1 we obtain the
analytic development of Macdonald polynomials in terms of the symmetric functions gy.

Theorem 6.1. Let A = (A1, ..., A\yy1) be an arbitrary partition with length n+1. We have

L n+1 o . o .
Z H 01 k+1 Ok k+1<{uz~ :q)‘l )‘k+1+2j=k+2(0%] 9k+1,1)tk 1;1 S i S k})
geM(n+1) k=1
n+1

X H g)\k+2?:k1+1 ij—zj-“;} 0%
k=1

Proof. By induction on n. The property is trivial for n = 0. Let us assume it is true
when n is replaced by n — 1. We may write Theorem 5.1 in the form

@ = 2. CytY Qs = 30701 < < n})

(61,n+1 :---:Gn,n+1)€Nn

X Irp1 =301 0j,nt1 Q(/\1+91,n+1:-~~:>\n+9n,n+1)'
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Now each partition p = (A; + 61441, -, An + Onnt1) has length n, and by the inductive
hypothesis we have

Z H éi17k+1, e, k+1({uz~ = qpi_pk+1+2?=k+2(0i,j—9k+1,j)tki—i; 1<i< k})

gecM(n) k=1
X H gpk+2?=k+1 %'—Zf;ll Ojk "
k=1
Since
n+1
gAn+1_E?:1 0j,n+1 H g)\k-f-b'k’n_,_l +Z;L=k+1 9"’7_2;;11 ik = H g)‘k+z‘;l:k::l+l ij—zf;ll ijﬂ
k=1 k=1
n n+1
— Pr41 T+ E (0ij — Oks1,5) = Ai — Apg1 + E (055 — Okt1,5),
the theorem follows immediately. O

This result may also be stated in terms of “raising operators” [19, p. 9]. For each
pair of integers 1 < i < j < n + 1 define an operator R;; acting on multi-integers
a = (01,---,an+1) by Rij(a) = (a1,...,a; +1,...,a; —1,...,ap41). Any product R =
[T RZ]”, with 6 = (6;;)1<i<j<nt1 € MY is called a raising operator. Its action may be
extended to any function g, = HZ+11 9ux» With p a partition of length n + 1, by setting
Rg, = gr(u- In particular Rig, = guy -+ Gui+1 -+ - Gu;—1 - - - Guny, - Lhen the last quantity
appearing in the right-hand side of Theorem 6.1 may be written

n+1
0;
ng;ﬁzj 1 Ok — 1 0 ( H R, J)

k=1 1<i<j<n+1

Applying w,+, we immediatly deduce the following analytic expansion of Macdonald
polynomials in terms of elementary symmetric functions e.

Theorem 6.2. Let A = (1™ 2™2 ... (n+ 1)™+1) be an arbitrary partition consisting of
parts at most equal to n + 1. We have

. k X n+1 L X )
Z HC‘91 Bt1sen Ok k+1({ui = qk_ztzj:i M+ L jera (0 6k+1’]); 1<:< k})
gcM(n+l) k=1
n+1

X H [ +1 k—1 .
Z? R ] k+1 akj_zj=1 Ok

It is clear that the analytic developments given by Theorems 6.1 and 6.2 are fully
explicit. Two analogous formulas may be also obtained by using (4.2).
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It seems that our method cannot provide a general analytic expansion for Macdonald
polynomials in terms of monomial symmetric functions. However, this expansion may
be easily derived from Theorem 6.2 any time the indexing partition is known explicitly.
Indeed, the transition matrix from the basis e, to the monomial symmetric basis is well
known [19, p. 102, Eq. (6.7)(i)].

7 Some special cases

It is worth considering our results in some particular cases [19, p. 324], for instance g = ¢
(Schur functions), or ¢ = 1 (elementary symmetric functions). Section 8 will be devoted to
g = 0 (Hall-Littlewood symmetric functions) and ¢ = 1 (monomial symmetric functions).
Section 9 will de devoted to the ¢ = t*,¢ — 1 limit (Jack symmetric functions).
Let us first give a general property of the development (5.2). Since vy = ¢%uy, we
have
Ug, — Vg, 1— g%

up —vp/t  t— i’

Obviously the summation on the right-hand side is therefore restricted to K C T' = {k €
{1,...,n}, 6r # 0}, and we have

1 nej ; n+1 Uy — v 1— qek .
A(v) 1S(%,ejtén Vi 1=t Htuk—vi - H (t—qok) 0

k=1

where Fjy may be easily written

t—qb vj — g/t 1 — tvy Uj — Vg
1)Kl /¢ ('5) 2RI (71
Z( ) (/) H 1—(]01 H Vj — Uk H 1—UkHUi—Uk/t ( )
KCT JET-K kEK keK i€T
JET—-K 1#£k
Since for 0 # 0 we have
1-q% (¢/t:0)o, _ (4/t; o1
t—q% (q9)o, (6 0)g—1

we conclude that

t; _ : w;i/tugsq), (tui/vi;q),.
Céq,t)(u) _ Htak_l (¢/t; @)op—1 (qui; @)os H (qui/tuy (1)3z (tui/v; Q)Gz Fy. (7.2)
ieT (¢ Qo1 (qtuk; @)o, 1<i<j<n (qui/uj; @), (uifvj; @)y,

The specialization ¢ = ¢ corresponds to the case of Schur functions. Then gx(t,t) = hy
and P)\(t, t) = Q)\(t, t) = S).

Lemma 7.1. For ¢ = t, we have Cét’t)(u) =0, except if O € {0,1} for 1 < k <mn, in
which case Cét’t) (u) is equal to (—1)°.
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Proof. From (7.2) it is clear that C'(tt (u) = 0, except if all 6y € {0,1}. It remains to

compute the value of 00 ( ) in this case. Then T'= {k € {1,...,n}, 6, = 1}, so that
v = uy, for k ¢ T and v = tuy, for k € T. We have only to prove

\T| Hl—tuk H 1—tu1~/uj 1—Ui/t’u]'
1—1t Uk ije 1—Ui/Uj 1—UZ'/UJ"
’z<g

But in (7.1) we see that, when ¢ = ¢ and 6 = 1 for k € T, the only non zero contribution
comes from K =T. Hence the result. O

Thus for ¢ = t, Theorem 5.1 reads

S()\l,---,)\n+1) = Z (_1)|0‘ h)\n+1*|9| S()\1+(91,...,)\n—|—(9n)7 (73)
0e{0,1}»

The following lemma shows that this result is a variant of the classical Jacobi—Trudi
formula [19, p. 41, Eq. (3.4)]

S(A1,dnt1) — 1<Z.C}.e<tn+1 [h)\i—i-l—j]'

Lemma 7.2. The right-hand side of (7.3) is the development of the Jacobi—Trudi deter-
manant along its last row.

Proof. For 0 < j < n, let M; denote the minor obtained by deleting the (n + 1)-th row
and the (n 4+ 1 — j)-th column of the Jacobi—Trudi determinant. We have

n

8()\1:~“7)\n+1) = Z(_I)JM] h)‘n‘l‘l*j.

J=0

Let A= (M +1,...,0, +1). Using the Jacobi—Trudi expansion for skew Schur func-
tions [19, p. 70, Eq. (5.4)], it is clear that M; is exactly the skew Schur function s, /qn-j).
This skew Schur function can be expanded in terms of Schur functions by using [19, p. 70,
Eq. (5.3)]. The classical Pieri rule yields

M _SA/ 1m=J) ZS/.U

with p such that A — p is a vertical (n — j)-strip. In other words, p is obtained from A by
substracting (n — j) nodes (at most one in each row), or alternatively from (Aq,...,\,)
by adding j nodes (at most one in each row). O

For ¢ = 1 we readily obtain Cé(,t’l)(u) = 0 except if § = (0,...,0). Theorem 5.2 thus
reads

P(lml ,,,,, (n+1)mn+1)<1; t) = emn+1 P(lml (n—l)mnfl,nm"""mn%»l)(]') t)’

.....

from which we deduce .
n+

P18 = [ T et ooy = ex-

=1
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8 Hall-Littlewood polynomials

In this section we consider the case ¢ = 0, which is known [19 p- 324] to correspond to
the Hall-Littlewood symmetric functions. We have Py(0,t) = Py (t) and Q(0,t) = Qa(?),
these functions being defined in [19, Ch. 3, pp. 208-210]. We shall follow the notation of
[19], writing g (t) for gr(0,t) = Q) (t) and g,(t) for g,(0,¢). The parameter ¢ being kept
fixed, we shall also write Py, Q», g and g, for short.

The following expansion for Hall-Littlewood polynomials is well-known [19, p. 213].
If X is any partition with length n + 1, one has

Q= ( 11 71_751%) )

1<i<j<n+1
0; i
- TII (1+ (1-1/1) Y ,/) 0.
1<i<j<n+1 (9”>1

This property seems to be difficult to recover as the ¢ = 0 limit of Theorem 6.1. Already
to take the ¢ = 0 limit of Theorem 5.1 does not seem to be an easy task (see however
Subsection 11.1). We shall give the ¢ = 0 specialization of Theorem 5.2 instead.

Let [7], denote the ¢-binomial coefficient (¢"~**1;¢),/(t;t);. The Pieri formula for
Hall-Littlewood polynomials [19, p. 215, Eq. (3.2)] writes as

emn+1 (1m1 ... nmn) Z H [mk + ch - 01c+1:|
t

feN™ k=1

X P(1m1 +61—64 (n_l)mn—1+9n—1*0n ,nmn+9n*9n+1 ’(n+1)0n+1 )

-----

with 6,41 = myuy1 — |0|. This formula cannot be directly inverted by using the results
of Section 3; if one applies the method of Section 2 to the matrix thus defined, the
corresponding system of equations turns out to be not linear. We shall obtain the inverse
relation as the ¢ = 0 limit of Theorem 5.2.

Theorem 8.1. Let A = (1"™,2™2, ... (n+ 1)™+') be an arbitrary partition consisting of
parts at most equal to n + 1. We have

..........

with Cé?,...,o (my,...,my) defined by

#5 1
o) = o [0 [ ) (1M1t ) e
t

k=1 j=k
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Remark 8.2. This result is new. It has no direct connection with Morris’ recurrence
formula [20], although in both cases, induction is done by removing the largest part of .
Note that here all largest parts are simultaneously removed, whereas in [20] one part is
removed at a time.

Proof. We define

C’é?’“_’en (my,...,my) = hm C’qu 0 (g, uy),

with u, = ¢"*tMr and M, = Z’;:k mj, My41 = 0. Using the auxiliary variables v, =
%y, we first compute

hmHMHM

j*’i*ltMifM]‘—Fl;t

= lim (4 — )

N VS e
1<i<j<n+1

(qu’H—ltMi*Mj 7(9]' : t)g
(T,

* 10

i 1<i<j<n
When ¢ — 0, all limits are 1 but

tMi—=Mip1+1. 4

. ity " ey [ms + 6,
g, = oL [
It remains to prove that
1 s 11 —qu; ~ U — U
40 A(v) 133&"[”? ’ (1_(1] 1—w; Hqulc—vz)]

k=1
_ o g % —1
t +ZH1_tM]+1 M] 0]

k=1 j=k

This is a direct consequence of the following more general result, applied for a; = tM*,

and b, = tMet9% ie. u, = ¢" *ag, and v, = ¢V Fby. O
Lemma 8.3. Let a = (a1,...,0n,0ny1) and b = (by,...,b,) be 2n + 1 indeterminates.
Define
n+1 b q
_ n—ip __ m—jp \—1 n—i _ —
Fo(q) = H (¢"7"bi — ¢"77by) lgfjtgnl( bi) (1 ¢ Hb — g~ ’H’lak)]
1<i<j<n
and
n+l k—

1 n
% aj—bj

b, 1L g =
k=1 j=1 J j=k Jj+1 J

I

Then we have lim, o Fy,(q) = Gp.
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Proof. Substituting g for ¢, ¢" %b; for v;, and ¢" ‘a; for u; in (5.2), we have
1K (1) bj — ¢+ b A ai — q" by
Fp= > (-1)%/q H ~ b, 11 H T
KC{l,..,n} kg;{( keK i
j

The contribution of K can be written as

—k—lbk aj — qukbk

0T (22

kEK
JEK

bj — ¢ *by a; — ¢y,

keK

When ¢ — 0, the limit of the various factors are

_k_lbk a; _qj—kbk ) _

I b= ¢
im : :
=0 e\ by — @by a; — gikLby

y H Ang1 — qn—k-f-lbk H a; — qz—kbk
Ant1 — ¢ Fby a; — ¢y )

1€EK
keK

H (ak+1 bry1 — blc)

br+1 a1 — by

keEK ,k#n
Jj¢K k+1¢K
a o n—k+1b a )
lim n+l — 4 . ko _ n+1 ifne K,
q—)OkeK Api1 — q” bk An+1 — bn
ap — a; — bz
—1/q \KI
/9 kle_!( ak — bk/q 1;[( bi
|K]| a; — q’ffbj aj — qjizbi Q541
llm (l/q)( ) < L — = —
ZE[K a; = ¢ 7ibj a5 = @b iell:,z‘[#n @1 = b
i<j i+H1EK

Putting these limits together, we have

lim F,(q) =

bpi1 — b
lim Z H k+1 k H

KC{l,..n} k€K k#n
k+1¢K

We are done once we have shown the following lemma.

Lemma 8.4. Let a = (ay, ...

yOpy Gpy1) and b = (b, ...

Ai41 Q5 — b;
bi aiy1 — b '
]

,bp) be 2n + 1 indeterminates.

i1 a; — b;

Define
bk—i—l — b
Fo= > 1l 11
KC{1,..,n} keK,k#n €K
k+1¢K
Then F, = G,.
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Proof. Obviously G, satisfies the recurrence relation

which yields

We have Fy = Gy =1 and

az a; — by ay a; — b

Fr=1+—

bl a2_b1 bl a2_b1 :Gl.

Thus we have only to prove that F), satisfies the second recurrence relation. Summing
the contributions of sets K = L U {n}, with L C {1,...,n — 1} possibly empty, we find

—b
Fn _ Hn + Ap4+1 An n
bn Apy1 — bn

anla

with ; ; ;
o k+1_ k Qi1 Q5 — 04

m= Y LRt
Lc{l,..,n—1} k?éL i€L vt ?

Summing separately sets with n —1 ¢ L and n — 1 € L, we have

bn - bnfl Ap Gp-1 — bn—l

H,=H, +

Fa,
bn bnfl Ap — bnfl 2

or equivalently

Fn . an41 Gn — bn Fn—l _ Fn—l + Ap Gp—-1 — bn—l (bn _bbn—l . 1) Fn—2-

bn Gp41 — bn bnfl Ap — bnfl n
Hence the result. O

From Theorem 6.2 we then deduce the following (new) expansion of Hall-Littlewood
polynomials in terms of elementary symmetric functions.

Theorem 8.5. Let A = (1™1,2™2 ... (n+ 1)™+\) be an arbitrary partition consisting of
parts at most equal to n + 1. We have

n+1
Z H 671 b Lseeo Ok k1 {ml + Z UV H'l’] 1 <1< k})
feM(n+1) k=1 j=k+2

n+1

X H € Z" k m1+2?=+kl+1 ijfz;'c;ll Oix’
with Ce(v?,...,ok (mq,...,my) defined by equation (8.1).

26



It is known [19, p. 208] that monomial symmetric functions are the specialization of
Hall-Littlewood symmetric functions for ¢ = 1. One has P)(1) = m,, and in this situation
Theorem 8.1 reads as follows.

Theorem 8.6. Let A = (1™ 2™ ... (n+ 1)) be an arbitrary partition consisting of
parts at most equal to n + 1. We have

my = E 0617---:071, (mla LR mn) emn+1*|0‘ m(1m1+01—02,m,(n_l)mn—l'f'gn—l—en7nmn+mn+1+9n)7
9N

with Cy, g, (M1, ..., my,) defined by

my + 0 " T 0,
Coy,p (M5 -y my) = 0|H< k k) (1 +2 11— 0 ) . (82)
kel _ 77’Lj+ j

This gives the expansion of monomial symmetric functions in terms of elementary
symmetric functions, a problem which was studied by Waring [25] as early as 1762. Some
years later, Vandermonde [24] computed tables up to weight 10 by a different approach?.

Theorem 8.7. Let A = (1™ 2™2 .. (n+ 1)"+1) be an arbitrary partition consisting of
parts at most equal to n + 1. We have

n+1

Z HO‘91 k1o 0k k1 {mz + Z z+1,] 1 <1< k})

feM(ntl) k=1 j=k+2
n+1

X | | +1 +1 k—1
En b 225 D Ok =251 Ok

with Cy, .. g, (m1,...,my) defined by equation (8.2).

9 Jack polynomials

Jack polynomials are the limit of Macdonald polynomials when ¢ — 1, with ¢ = t°.
The indeterminates ¢, ¢ are then considered as real variables, and « is some positive real
number [19, p. 376]. We define

P)\(Oé) = %l_I)Ill P)\<ta,t), Q)\(Od) = 111_I>I11 Q)\(ta,t).

The parameter a being kept fixed, we shall also write Py, Q) for short.

These polynomials are normalized differently from their “integral form” J(«) studied
in [23]. We have J)(a) = cx(a)Pr(a) = )\ (a)@Qx(a), with ¢)(«) and ¢} («) given in [19,
p. 381, Eq. (10.21)].

! Alain Lascoux [13, p. 12] mentions that these tables are free of any mistake.
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The Jack polynomials () associated to row partitions (k) have the generating series

1_[(1—u:cZ —He = Zqu

i>1 k>0

Their development in terms of any classical basis is given in [23, p. 80, Prop. 2.2].

We now fix some positive real number a. We denote by (u), the classical rising
factorial, defined by (u)o =1 and (u), =[], (u+i — 1) for k # 0.

Let v = (u1,...,u,) be n indeterminates and 6 = (6y,...,6,) € N". For clarity of
notations, we introduce n auxiliary variables v = (vy, ..., v,) defined by vy = uy + 0. We
write

06(’?,) O (Ul, P un)

- 1—a (ur, + 1)g, 11 (ui —u; +1—a)y, (v —v;+a),
uk+1+a)

k=1 O 1<icj<n (ui = uj + 1), (s = v5),,
1 . vt a e U — U
X —— det |v] 7 — (v;—a)"7 = .
A(v) 1§z‘,j§nl ’ (vi = a) v; kHl Vi — Up — @
Setting u,,1 = —a, this may be written as

ui —uj+1—a),

a ( .
Cél,)...,an (U1, .oy Up) = H

1<i<j<nt1 <Uz — Uy + 1)

(ui — vj + a)y,
1 (

0 1<i<j<n 4T Uj)%—
1 n+1 u
—3 : — Uk
X det |07 — (v; —a)"™? H :
A(v) 1<ij<n Vi — Uk — @

Lemma 9.1. With U = (¢™,...,q¢"), we have

(a) _ (2,94%)
Cy ' (u) = (lll_)ni g (U).
Proof. Define U, = ¢"*', so that the condition U, = 1/t is satisfied for t = ¢°.
Introduce the auxiliary variables V = (¢"1,...,q"), so that V; = ¢%*U,. Then we only
have to prove

1 n—j . i — Uk
A(v) 15(},ejtgn vi H —up—a

1
thT A(V) 15(%,8]'271

q—1

n+1
. . Uk—‘/;
|7 1—t9||7
z ( k_1tU’“_V;)

Consider the following difference operator

D(z;a) = det [vI77 + 2 (v; — a)" I T,,],

(v) 1<ij<n
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acting on polynomials in v, where z is some indeterminate and 7, ,, is the a-translation
operator defined by

Towif (V1,0 00) = flvr,.. 0+ @, 0p).

Then in a strictly parallel way to the proof given in [19, p. 315], we have

ETEID VIR | el |
J

KC{l,..,n}  keK keK
JEK
Applying this result to [, [T5-,(v; — u; — a), with 2 = —1, we get
R a)n-jﬁ v
A(v) 1<ij<n | ! Lt —up—a
_ \K| Uk—U]—CL Ve — U;
pORREHEE ) ULy sy SRET
KC{l,...,n} kek i Sl ker Y
JEK

On the other hand (5.2), written for ¢t = ¢°, yields

n+1
Vn](l_t]HtUk— )
_ K —a() 1T Vi Ve Ty U
- Z <1)Kq (2)1_[ V Vi HH z‘—ank

KcC{1,...n} kgK’ i=1 k€K
JEK

Hence the statement in the limit ¢ — 1. O

L det
A(V) 1<ij<n

The two following results are straightforward consequences of Theorems 5.1 and 5.2.

Theorem 9.2. Let A = (A1, ..., \py1) be an arbitrary partition with length n+ 1. For any
1<k<n+1 defineuy = A, — Apy1+ (n—k)/a. We have

(1
Q()\l,---,)\n+1 Z 091’/a’ un) Q()\n+17‘9|) Q()\1+01,...,)\n+0n)-
feNn
Theorem 9.3. Let A = (1™,2™2, ..., (n+ 1)™*) be an arbitrary partition consisting of
parts at most equal to n+1. For any 1 <k <n+1 defineuy, = Y 7, m;+(n—k)a. We
have

Py = Z 001 ul’ REEN ) Emp 11— P(1m1+91—92,...,(n—l)mn—ﬁ"n—l*"",nmn+mn+1+"n)'
feNn
As in Section 6 these formulas generate the explicit analytic developments of Jack
polynomials in terms of the classical bases Q) and e;. These expansions are easily
written by replacing C@t) by C(/®) and C®9 by C® | in the corresponding statements
for Macdonald polynomials. They are left to the reader.
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10 The hook case

The explicit development of Macdonald polynomials in terms of the classical bases g5 and
er was already known when the partition A is a hook. This result had been given by
Kerov [7, Th. 6.3] (see also [8]). For A = (r,1%) Kerov’s result writes elegantly as

1 — ghi—itigs—itl

Q=

= det . i
1<ig<s+l| 1 — gligs—itl INii+i

It was derived by using the Pieri formula

1—¢5 1— qr—l—lts—l

Qe Qe = 7= 1 1—gt

Qur+1,15-1) + Qr19), (10.1)

which is readily obtained from Theorem 4.1, the two contributions on the right-hand side
corresponding to ; =r,0b =... =0, =0and 6, =r — 1,6, = ... = 0, = 0, respectively.

Since the expansion of Theorem 5.1 involves the partition (r,2,1°72), it cannot provide
amethod to compute @, sy through a recursion on r and/or s. However we have obtained
the following development, which may be worth giving here since its equivalence with
Kerov’s result is not trivial.

Let n be a positive integer and C'(n) denote the set of positive multi-integers (“compo-
sitions”) ¢ = (c1, ..., ¢;) € N with weight |c| = Y>'_ ¢; = n. The integer | = [(c) is called
the length of c. For any ¢ = (ci, ..., ) we write [¢;] = ) ;- ¢k for the i-th partial sum.

In [15, p. 241] one of us has shown that the expansion of the column Macdonald
polynomial @)1~ in terms of the modified complete symmetric functions g, may be written
as
I(c) qcit[cH] 1

t;t)n
Q1 = (_1)n< ‘t) Z H 1 _ ¢lei]

ceC(n) =1

Ci*

The following result gives the development of Kerov's determinant along its first row.
Theorem 10.1. We have

(t;t)s

Q(T,ls)(Q’ t) = (_1)8 (q t)s

oLt jertlamal g 1 — g raemmaet

X Z H 1— t[cz] gci 1— qrts gT+cl(c)71-

c€C(s+1) =1

Proof. Since Qs is known, the Pieri formula (10.1) defines Q1) through induction on
the integer r. We have [¢yc)—1] = |c| — ¢y and the property is true for r = 1. Assume
that it is true for Q,1s). In (10.1) we look for the compositions contributing both to
Q(r15) and Q41,15-1y. Equivalently we substract from Q. 1s) the contributions coming
from Qs Q). These have the form

-1 qcit[ci—l] -1

(@3t)s 11 1—tled

9e; Gr,
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with ¢ = (¢1,...,¢-1) € C(s). Such contributions can be rewritten as

t:t 8 l(e)-1 cltcl J_1 1— qr+6z(c)—1t8—01(c)+1
H 1 _ tcl gCi 1 _ q'l‘ts gT‘+Cl(C)—17

=1

where ¢ € C(s + 1) is a composition having its last term ¢;) = 1. Therefore the con-
tributions to (Q(y41,15-1) correspond to compositions ¢ € C(s + 1) having their last term
cie) > 1. Substracting 1 to the last component, we obtain a composition ¢ € C(s) having
the same length. Simplifying some factors, we are done. O

In the case of hooks, the automorphism w,; satisfies

wq,t(Q(T,15)<qa t)) = P(s—l—l,l’“—l)(ta Q)
Applying this automorphism, we obtain the following equivalent result.

Theorem 10.2. We have

l(e)-1 q[ci_l]tci -1 1 qT*Cz(C)tH-Cz(c)

Pso(ast) = (-1 2021 57 (]

g Q)r—l ceC(r) i=1 1= q

] Cei 1— g ot Sotae

11 Extension of Macdonald polynomials

11.1 Extension to multi-integers

In the Hall-Littlewood case, it is well known that the expansion

Q) = ( I %) o (1L.1)
1<i<j<n+1l = W

may be used to define Hall-Littlewood polynomials @y when A = (Ay,..., A\,11) is any
sequence of integers, positive or negative, not necessarily in descending order [19, p. 213,
Example 2], see also [19, pp. 236-238, Example 8§|.

One may wonder whether Theorem 6.1 might be similarly used as a definition of
Macdonald polynomials associated with any sequence of integers. Or equivalently, whether
Theorem 5.1 might be inductively used to define Q) in that case.

This can indeed be done but leads to a trivial result: one obtains (), = 0 when A is
not a partition. This fact shows a big difference between the general case (Macdonald)
and its ¢ = 0 limit (Hall-Littlewood).

Let us make this remark more precise through an elementary example. In the length 2
general case, as a consequence of (5.1), we have

Qe = QuQu + C1"(q) Qs,
Qa2 = QuQe + " (1/9) QQu) + C¥Y(1/9) Qs,
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the second equation being taken as a definition. Now

t—11—q%u
C(qzt) —

t—1t—q 1—qu 1—¢*
CQ(q,t) (U) _ q qu qu

S 1l-—ql—@1—qtul —tu’

so that Q2 = 0.
However in the Hall-Littlewood case, (11.1) writes as

Qe = Q@ + (t —1)Qs,
Qu2 = QR + (t —1)Q)Qu) +t(t — 1)Qs,

so that Q12) = 1Q(1,2), as is well known.

In the Macdonald case, Theorem 5.1 always inductively gives @, = 0 when X is not
a partition. This fact may be easily explained as follows. Theorem 5.1 and Theorem 4.1
are equivalent by our matrix inversion. Thus Theorem 5.1 and Theorem 4.1 must yield
the same value for any ),. However, as already emphasized in Remark 4.2, Theorem 4.1
implicitly assumes that (2, = 0 when X is not a partition.

In the Hall-Littlewood situation, a specific structure does exist. Actually the definition
(11.1) is equivalent to the following recurrence property

Qo) = D11 = 1/ Qi —i0) Q401 nt0);
[4

S\

with n(0) = card{j : 6; # 0}. We emphasize that the sum on the right-hand side is taken
over all 8 € N™, even over those 6 for which (A + 601,..., A\, + 6,,) is not a partition.
It is easily shown that this relation may be inverted by writing the Pieri formula

Q,n) Q) = Z (1 =)™ Q1481 A +0n Ay s —10])-

feN™

Here again we emphasize that the sum is taken over all § € N", even over those 6 for
which (Ay +01,..., A + 6n, A1 — |0]), is not a partition.

Apparently this “analytic” Pieri formula had kept unnoticed. It is very different from
the classical combinatorial one [19, p. 229, Eq. (5.7°)]. Of course the latter may be
recovered once all the (0, where A is not a partition, are reduced to a linear combination
of @, where p is a partition.

11.2 Extension to sequences of complex numbers

Kadell [6] defines Schur functions associated with any set of complex numbers by extending
their classical definition as a ratio of alternants. Similarly it may be wondered whether
Theorem 5.1 might be inductively used to extend Macdonald polynomials (), when A\ =
(A1, ..., Ant1) is any sequence of complex numbers.
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Two difficulties are encountered here. The first one concerns the one row case, i.e.
finding some reasonable extension of Macdonald polynomials Q) when k is any complex
number. Since Q) is not analytic in k nor in ¢*, such an extension is not unique. The
second difficulty deals with convergence, the expansion of Theorem 5.1 being no longer
terminating (and the extension thus defined being no longer a polynomial).

We have no clue that such @), would form a family of orthogonal functions, nor that
they would be eigenfunctions of Macdonald operators (or some variant of them). These
questions, among others, need investigation. Some results have been already obtained,
about which we hope to report in a forthcoming paper.
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