MULTILATERAL INVERSION OF A,, C, AND D,
BASIC HYPERGEOMETRIC SERIES

MICHAEL J. SCHLOSSER*

ABSTRACT. In [Electron. J. Combin. 10 (2003), #R10], the author presented
a new basic hypergeometric matrix inverse with applications to bilateral basic
hypergeometric series. This matrix inversion result was directly extracted from
an instance of Bailey’s very-well-poised g1)g summation theorem, and involves
two infinite matrices which are not lower-triangular. The present paper fea-
tures three different multivariable generalizations of the above result. These
are extracted from Gustafson’s A, and C, extensions and from the author’s re-
cent A, extension of Bailey’s g1)g summation formula. By combining these new
multidimensional matrix inverses with A, and D, extensions of Jackson’s g¢r
summation theorem three balanced very-well-poised gi)g summation theorems
associated to the root systems A, and C,. are derived.

1. INTRODUCTION

In [23, Th. 3.1], we presented the following matrix inverse:
Let |g| < 1, and a, b and ¢ be indeterminates. The infinite matrices ( fux)n.kez
and (g )k ez are inverses of each other where

(aq/b,bq/a,aq/c,cq/a,bq, q/b,cq,q/c)so
(q,q,aq,q/a,aq/bc,beq/a, cq/b,bq/c)oo
(= beg?fa) (s (00l

(1 —bc/a) (cq@)n+r (aq/b)i—n

fnk =

(1.1a)

and

(1 — aq2k) (C)k’-i-l (a/b)k_l k—l. (11b)
(1 —a) (bq)r+i (aq/c)r—

(The notation is explained in Section 2.)

gkl =
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This result was directly extracted from an instance of Bailey’s [3, Eq. (4.7)]
very-well-poised g1 summation formula,

w Q\/E, _Q\/aa b; ¢, d7€ . ﬂ
6¥6 \/a’_ﬁ’aq/b,aq/c,aq/d,aq/e’q’ bede

_ (g,aq,q/a,aq/bc, aq/bd, aq/be, aq/cd, aq/ce, aq/de) (1.2)

(ag/b,aq/c,aq/d,aq/e,q/b,q/c,q/d, q/e, a’q/bcde) s’

where |a?q/bede| < 1 (cf. [10, Eq. (5.3.1)]).

If we let ¢ — @ in (1.1), we obtain a matrix inverse found by Bressoud [7]
which he directly extracted from the terminating very-well-poised ¢¢5 summation
(a special case of (1.2)). If, after letting ¢ — a, we additionally let a — 0, we
obtain Andrews’ [1, Lemma 3] “Bailey transform matrices”, a matrix inversion
underlying the powerful Bailey lemma. While Bressoud’s matrix inverse underlies
Andrews’” WP-Bailey lemma [2] (WP stands for “well-poised”) which generalizes
the classical Bailey lemma, the “bilateral” matrix inverse (1.1) underlies the BWP-
Bailey lemma, a bilateral generalization of the WP-Bailey lemma, see [26].

In [23], several applications of (1.1) to bilateral basic hypergeometric series were
given. One of them included a new very-well-poised gi3 summation formula, see
Proposition 2.1 in this paper.

Here we apply part of the analysis of [23] to multiple sums. In fact, by ap-
propriately specializing Gustafson’s A, and C, 1) summations [11, 12], and an
A, ¢s summation by the author [25], we derive three multidimensional exten-
sions of the bilateral matrix inverse (1.1) and deduce three multidimensional gig
summations, associated with the respective root systems of types A, and C,, as
applications. These are obtained via multidimensional inverse relations, applied
to A, and D, extensions of Jackson’s terminating balanced very-well-poised g~
summations, taken from [17, 22, 25].

Our paper is organized as follows. In Section 2, we review some preliminar-
ies on basic hypergeometric series. In the same section, we also explain some
facts we need on multidimensional basic hypergeometric series associated with
root systems. We list several multi-sum identities explicitly there for easy refer-
ence. Section 3 is devoted to multidimensional matrix inversions. In particular, we
give three new explicit multilateral matrix inverses, which are directly extracted
from corresponding multivariate g1 summation formulae. Our applications, see
Section 4, include three balanced very-well-poised gig summation formulae, two
of them associated with the root system A,, the third with the root system C,.
These new multivariate gi)g summations comprise, via specialization and analytic
continuation, corresponding multivariate g¢7 and g1 summation formulae. Fi-
nally, we show in the Appendix how an incorrect application of multidimensional
inverse relations leads to a false result, namely a divergent D, very-well-poised
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6%¢ summation (which however remains true for » = 1, or whenever the series
terminates).

2. PRELIMINARIES

2.1. Basic hypergeometric series. Here we recall some standard notation for
basic hypergeometric series (cf. [10]).

Let ¢ be a complex number such that 0 < |¢| < 1. We define the g-shifted
factorial for all integers k by

(@)oo = gu “af)  and  (a)y = (((Z‘;i‘;;

For brevity, we employ the condensed notation

(@1, yam)g = (a1)g - (am)k

where £ is an integer or infinity. Further, we utilize

ay,as, ..., 0 > (a1, a9, .., a5)k
sPs— 1q, 2| = z", 2.1
¢ 1{b1,b2,...,b8_1 q } ;(q,bl,...,bs_l)k (21)
and
A1, A2, .. .,05 (a17a2>""a8)k k
sWs 4,2 = z, 2.2
¥ [bl,bQ,...,bs q } kzzoo (b1, b2s - bo)r (22)
to denote the basic hypergeometric s¢,_1 series, and the bilateral basic hyperge-
ometric s series, respectively. In (2.1) or (2.2), a4, ..., as are called the upper
parameters, by, ..., bs the lower parameters, z is the argument, and ¢ the base of

the series. See [10, p. 5 and p. 137] for the criteria of when these series terminate,
or, if not, when they converge.

The classical theory of basic hypergeometric series contains numerous summa-
tion and transformation formulae involving ,¢s 1 or i, series. Many of these
summation theorems require that the parameters satisfy the condition of being
either balanced and/or very-well-poised. An ,¢,_; basic hypergeometric series is
called balanced if by ---b,_1 = a1---asq and z = q. An ¢, 1 series is well-poised
if a1g = asby = -+ = asbs_1. An ,¢,_1 basic hypergeometric series is called
very-well-poised if it is well-poised and if a; = —a3 = ¢ /a;. Note that the factor

1—a¢*

o (2.3)

appears in a very-well-poised series. The parameter a; is usually referred to as the

special parameter of such a series. Similarly, a bilateral ;i, basic hypergeometric

series is well-poised if a;b; = asby - -+ = asbs and very-well-poised if, in addition,

a; = —ap = qby = —qby. Further, we call a bilateral 1, basic hypergeometric
series balanced if by ---b, = a; - - - asq® and z = q.
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A standard reference for basic hypergeometric series is Gasper and Rahman’s
text [10]. In our computations in the subsequent sections we frequently use some
elementary identities of ¢-shifted factorials, listed in [10, Appendix IJ.

One of the most important theorems in the theory of basic hypergeometric series
is F. H. Jackson’s [14] terminating balanced very-well-poised g¢7 summation (cf.
[10, Eq. (2.6.2)]):

¢ a, Q\/E7 _Q\/aa ba C, da &2q1+n/de, q—n .
T Va, —va,aq/b,ag/c,aq/d, bedg™" fa,aq D

_ (aq,aq/bc,aq/bd, aq/cd), (2.4)

(aq/b,aq/c,aq/d,aq/bcd),
A combinatorial proof of the elliptic extension of (2.4), namely of Frenkel and
Turaev’s [9] 10Vo summation, which degenerates to a combinatorial proof of (2.4)
in the “trigonometric” special case, has recently been given in [24].
In [23, Thm. 4.1], Jackson’s summation (2.4) was utilized, together with the
bilateral matrix inverse (1.1), to derive the following balanced very-well-poised
g¥g summation formula:

Proposition 2.1. Let a, b, ¢ and d be indeterminates, let k be an arbitrary integer
and M a nonnegative integer. Then

y qv/a, —qy/a,b,c,dq", a7 /¢, aq" ™M Jb,aq™M [d
U8 | Va, —v/a, ag/b, ag/c,aqg"~* d, cg"tF, bg M dg M T
_ (aq/bc, cq/b,dq,dq/a)r (cd/a,bd/a,cq,cq/a, dg* ™M /b, M),
~ (cdg/a,dg/c,q/b, aq/b)y (q,cq/b,d/a,d,beg= [a, cdg'+M [a),,
(¢,9,aq,q/a,cdq/a,aq/cd, cq/d,dq/c)s
(cq,q/c,dq,q/d, cq/a,aq/c,dq/a,aq/d)
Note that two of the upper parameters of the gig series in (2.5) (namely b
and ag'™™ /b) differ multiplicatively from corresponding lower parameters by ¢™,
(namely bg~™ and aq/b, respectively) a nonnegative integral power of q.
One can also derive (or verify) (2.5) by adequately specializing M. Jackson’s [15,

Eq. (2.2)] transformation formula for a very-well-poised gi)g series into a sum of
two (multiples of) g¢7 series (cf. [10, Eq. (5.6.2)]):

qv/a,—q\/a,b,c.de, f, g _a¢
s L/ﬁ, —va,aq/b,aq/c,aq/d,aq/e, aq/ f,aq/g’ T bcdefg}
(¢,aq,q/a,d,d/a,bq/c,bq/e,bq/ f,bq/g, aq/bc,aq/be, aq/bf,aq/bg)s
(¢/b,q/c.a/e,q/f,q/9,aq/b,aq/c,aq/e,aq/f,aq/g,d/b,bd/a,b?q/a)x
% sn {bz/a, qb/\/a, —qb/+/a,bc/a,bd/a,be/a,bf /a, bg/a_q a*q? }
b/\/a,—=b/\/a,bg/c,bg/d,bg/e,ba/ [, ba/g 7 bedefg

(2.5)
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(¢,aq,q/a,b,b/a,dq/c,dq/e,dq/ f,dq/g,aq/cd, aq/de,aq/df, aq/dg)
(¢/c,q/d,q/e,q/f,q/g,aq/c,aq/d,aq/e,aq/f,aq/g,b/d,bd/a, d*q/a)x

% 56 d?/a, qd/\/a,—qd/\/a,bd/a,cd/a,de/a,df Ja,dg/a  a*¢® (2.6)
1| d/va,—d/a,dg/bdq/c.dq/e.dq/f.dafg T bedefq|® T

where |a®q?/bedefg| < 1, for convergence. In particular, substituting d — dqgF,
and then letting e — aq~*/b, f — aq'*™ /b, g — aq=*/d, the coefficient of the
first g7 series on the right-hand side becomes zero (as it contains (¢~™),,), while
the second g¢7 series can be summed by an application of Jackson’s terminating
g¢7 summation in (2.4). This way of establishing (2.5) works so far only in the
classical one-dimensional case, as no multiple series extension of (2.6) is yet known.
Our multivariate extensions of Proposition 2.1 in Section 4 of this paper, see
Theorems 4.1, 4.3 and 4.5 (obtained by suitable extensions of the analysis applied
in [23]), which we find attractive by themselves, can be understood as a first
step in the quest of finding multivariate extensions of the very-well-poised g5
transformation formula (2.6), or of even more general transformations.
Two special cases of Proposition 2.1 are worth pointing out:

(1) If ¢ — a (or ¢ — ¢7%), then the bilateral series in (2.5) gets truncated
from below and from above so that the sum is finite. By a polynomial
argument, ¢™ can then be replaced by any complex number. If we replace
it by be/aq, perform the substitution d — dg~*, and finally replace k by
n, we obtain exactly Jackson’s terminating balanced very-well-poised g¢r
summation in (2.4).

(2) If, in (2.5), we let M — oo, perform the substitution d — dg~*, and rewrite
the products of the form () as (7)o /(2¢")s, We can apply analytic con-
tinuation to replace ¢* by a/ce (in order to relax the integrality condition
of k) where e is a new complex parameter. We then obtain exactly Bailey’s
very-well-poised g1)g summation in (1.2).

2.2. Multidimensional basic hypergeometric series associated with root
systems. A, (or, equivalently, U(r + 1)) hypergeometric series were motivated
by the work of Biedenharn, Holman, and Louck [13] in theoretical physics. The
theory of A, basic hypergeometric series (or “multiple basic hypergeometric se-
ries associated with the root system A,”, or “associated with the unitary group
U(r 4+ 1)”), analogous to the classical theory of one-dimensional series, has been
developed originally by R. A. Gustafson, S. C. Milne, and their co-workers, and
later others (see [11, 12, 17, 18, 20, 21] for a very small selection of papers in
this area). Notably, several higher-dimensional extensions have been derived (in
each case) for the ¢g-binomial theorem, the ¢-Chu—Vandermonde summation, the
g-Pfaff-Saalschiitz summation, Jackson’s g¢; summation, Bailey’s 19¢9 transfor-
mation, and other important summation and transformation theorems. See [19]
for a survey on some of the main results and techniques from the theory of A,
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basic hypergeometric series. Multiple basic hypergeometric series associated with
other roots systems besides A, have been first defined by Gustafson [12] who suc-
ceeded in giving several multivariable extensions of Bailey’s g1)s summation. In
particular, some important results for C,. and D, basic hypergeometric series have
been derived in [4, 6, 8, 12, 16, 20, 22] (- again, this is a very imcomplete listing).
We note the conventions for naming our series as A,, C, or D, basic hyper-
..... _S(k), where
k = (ki,..., k), which reduce to classical basic hypergeometric series when r = 1.
We call such a multiple basic hypergeometric series balanced if it reduces to a
balanced series when r = 1. Well-poised and very-well-poised series are defined
similarly.
Further, such a multiple series is called a C, basic hypergeometric series if the
summand S(k) contains the factor

ks kj kith;
H Tiq — xiq H L — ;97" (2.7)

1<icj<r  TPT Y i 1= zz;
Note that when r = 1, (2.7) reduces to
1-— x%q%l

2 Y

which is (2.3) with 27 acting like the special parameter of a very-well poised series.
In our statements of C, theorems, we set x; — /az; for i = 1,... r, and make
similar changes to other parameters in S(k). This is done in order to follow the
classical notation in [10] as closely as possible. A typical example of a C, basic
hypergeometric series is the left-hand side of (2.12).

D, multiple basic series are closely related to C, series. Instead of (2.7), S(k)
only has the following factors:

H (2" — ;4")(1 — xiquki+kj).
(zi — 25)(1 — w25)

(2.8)

1<i<j<r

A typical example is the left-hand side of (2.13) (with x; — Vedz; fori=1,...,r).
A, basic hypergeometric series only have

0 g™ — 254" (2.9)
1<icj<r LT
as a factor of S(k). Typical examples are the left-hand sides of (2.10) and (2.11).
A reason for naming these series as A,., C,. or D, series is that (2.9), (2.8), and (2.7)
are closely associated with the product side of the Weyl denominator formulae for
the respective root systems, see [4, 12].
For compact notation, we usually write

k| ==k + -+ k., where k= (ki,..., k),
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and
C:=c-¢, E:=e- ¢, etc
We now list several multivariable extensions of Jackson’s g¢7 summation (2.4).
The first identity is taken from [17, Thm. 6.17].

Proposition 2.2 ((MILNE) An A, terminating balanced very-well-poised g¢7 sum-
mation formula). Let a, b, ¢1,...,¢,, d and xq,...,x, be indeterminate, and let
M be a nonnegative integer. Then

Z H g™ — ;" ﬁ 1 — azghite ﬁ (cjmi/))k,
ki, kr>01<i<j<r i X i=1 1 - ax; ij=1 (qxl/x])kz
0<|k|<M
% ﬁ (azi) k| (d;, a233iq1+M/de)ki (0, q_M)Ikl K|

L3 (azig/ei)p (aziq/b, axig™ M)y, (ag/d, bCdg Ja)q

_ (aq/bd,aq/Cd) ﬁ (ax;q, ax;q/bc;) ur
(ag/d,aq/bCd)y + (aziq/b, aziq/ci)m

. (2.10)

The following identity was recently obtained in [25, Eq. (4.3)].

Proposition 2.3 ((S.) An A, terminating balanced very-well-poised g¢7 summa-
tion formula). Let a, b, ¢1,...,¢,, d and x1,...,z, be indeterminate, and let M
be a nonnegative integer. Then

H riq" — 254" ﬁ (cjwi/ 7))k,
T; — l‘j

1<i<j<r ij=1 (q'rl/xj)kz

$ (1 —ag®™)
(1—a)

0<|k|<M
ﬁ (aq/Cid) -k, (/i) (dzi)r,  (a,aq" /bCd, g~ M) K
- (0/3) )k, (aciq/Cid) g (axiq/b)k, (ag/C,bCdg™ [a, aq" ™)y

_ (agq, aq/bd) ﬁ(aq/C’xid,aJ:iq/bci)M
(aq/C,aq/bCd)y -3 (axiq/b, aciq/Crid)y

The following identity was derived in [8, Thm. 4.1], and, independently, in [20,
Thm. 6.13].

(2.11)

Proposition 2.4 ((DENIS-GUSTAFSON; MILNE-LILLY) A C, terminating bal-

anced very-well-poised g¢; summation formula). Let a, b, ¢, d and x,...,x, be
indeterminate and let myq, ..., m, be nonnegative integers. Then
_;’_k. T —m
H g™ — x;q" ks H 1 — az;z;q" H (¢ xi )z, ax;ixi)k,
Z 1 —ax;x; ax; T T, qr 1),
0<k;<m; 1<i<j<r i 1<<i<r ij i,j:1< 54 XL

i=1,...,r
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T

y H (bai, cay, do;, a’a;q 1™ /bed)y, k|
v (axiq/b, axig/c, aziq/d, bedrg™I™ fa)y, 1

T

— H (ax; $3Q>ml+m3 H((wiij)mz

1<i<j<r ij=1
" (aq/bc, aq/bd, aq/cd)m,
[T_, (aziq/b, aziq/c, axiq/d, ag*T™I=mi [bedz;) m,

The last extension of (2.4) we need was derived in [22, Thm. 5.17].

(2.12)

Proposition 2.5 ((S.) A D, terminating balanced very-well-poised g¢7 summa-
tion formula). Let a, b, ¢, ¢1,...,¢., d, and x4, ..., x, be indeterminate and let M
be a nonnegative integer. Then

ki+k|

—-k‘rl—z" T(l)(/dl)*z
R

» az;q/c;,ac;q/cdx;
kl _____ k/'r>0 1<’l<]<7“ ] i=1 i=1 ( lq/ (2 ZQ/ Z>|k|
0<|k|<M

y H Cdxx]kJrk H (cjmifxj, cdr;xi/cj)p,

1<i<j<r ij=1 qa:l/:z:]) ki
(b7 a2q1+M/de> q_ )|k\ q‘k|
H::l (axz'C_I/b bedziq= [a, ax;g" M)y,

. H (axiq, axiq/be;, aciq/bedx;, aq/cdr;)
(aq/bedx;, aciq/edz;, axiq/c;, ax;q/b)y

X

(2.13)

A closely related D, terminating balanced very-well-poised g¢; summation,
equivalent to Proposition 2.5 by reversing summations of the “rectangular form”
of Proposition 2.5, given in [22, Thm. 5.6], was derived by Bhatnagar, see [4,
Thm. 7].

Next, we list several multivariable extensions of Bailey’s 1) summation in (1.2).
The first of these was derived in [11, Thm. 1.15].

Proposition 2.6 ((GUSTAFSON) An A, very-well-poised ¢1s summation formula).

Leta, b, c1,...,¢.,d, e1,...,e. and x1,...,x, be indeterminate. Then
' k+k '
Z H — x]q ks H 1 — ax;g~it H (cjzi/x)p,
1—ax; ar;q/e;T; )i,
ki, kr=—00 1<i<j<r i=1 v i,5=1 ( ’q/ J J)kz

X

<€i$i)\k\ (dz;), ' () (ar+1q)lk|
- (azig/c) i (azig /D)y, (ag/d)pq \bCAE
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_ (ag/bd,a"q/bE,aq/Cd)s v (amiq/ciejrj, qi/T;)00
(a"1q/bCdE, aq/d,q/b)os 22 (qui/ciTj, aziq/e;x)o

H (a$iQ/bCia GQ/deixz‘, ar;q, Q/aIi)oo
ey (axiq/b, aziq/ci, q/dwi, q/eii) oo

. (2.14)

provided |a"1q/bCdE| < 1.
The following identity was recently obtained in [25, Thm. 6.1].

Proposition 2.7 ((S.) An A, very-well-poised s summation formula). Let a,

b, c1,...,¢., d, e1,...,€. and x1,...,x, be indeterminate. Then
o0 2k ks kj T
3 (1 = ag®™) 11 Tig™ — ;4% 11 (cjmi/ )k,
e U=a) o =, (azig/ejzj)r,

T (ag/Cli)pg -k, (bE/a" eswi)pg (dre)y,  (E/a™)pg (a7 g )
% 11 (bE/arz;) |-k, (aciq/Cdx;) (axiq/b)k. (aq/C) <bC’dE>

_ (aq, q/a,aq/bd) (qxi/xjyaxiQ/Ciejxj)oo
(ag/C,at1q/bCdE,a"1q/E) (qzi/cixj, ariq/e;T;) s

i,0=1

. (2.15)

" ﬁ (a"z;q/bE, aq/e;dx;, aq/Cdz;, ax;q/bc;) s

-1 (@ reiiq/OF, q/dw;, aziq/b, aciq/ Cdxi)o

provided |aq" /bCdE| < 1.
The third extension of (1.2) we need is taken from [12, Thm. 5.1].

Proposition 2.8 ((GUSTAFSON) A C, very-well-poised 41 summation formula).
Leta, b, c1,...,¢.,d, e1,...,e. and x1,...,x, be indeterminate. Then

ki+k;
Z H lQl_quj H 1_axi$jqz J
T — T Ll 1 —awx;x;
k1,....kr=—00 1<8<j<r 1<i<j<r

y H (cjwi)xj, 6,0k T (bx;, dx;)y, a+ig\ ™
(azizjq/cj, axiq/e;x)r, 57 (axiq/b,axiq/d)r, \bCAE

= H (ax;ziq/cic;, aq/ee;xiT;) s H (ax;z;q,q/ax;r;)
1<i<j<r 1<i<j<r
(aq/bd)s . (amiq/ciejrj, qui/T;)oo
(amt1q/bCdE)q e’ (axiq/ejxj, q/ejrx;, ar,xiq/ci, qT;/CiT}) o0

. (2.16)

% ﬁ (CL%Q/bCi, GQ/b€i$i, afBiQ/Cid, GQ/dez’xi)oo
i1 (awiq/b, q/bx;, axiq/d, q/dr;)e



10 MICHAEL J. SCHLOSSER

provided |a"1q/bCdE| < 1.

Having listed several of the most fundamental summation formulae of the theory
of multidimensional basic hypergeometric series associated with root systems, we
are now ready to turn to the derivation of new results.

3. MULTIDIMENSIONAL MATRIX INVERSIONS

Let Z denote the sets of integers. In the following, we consider infinite 7-
dimensional matrices F' = (fok)nkezr and G = (gnk)nkezr, and infinite sequences
(an)nezr and (by)nezr, of complex numbers.

Clearly, F' is the left-inverse of G, if and only if the following orthogonality
relation holds:

Z fnkgkl = 5n1 for all n,l S/ (31)
KeZr
Further, F' is the right-inverse of G, if and only if the following orthogonality
relation holds:
Z gnkfkl = 5n1 for all Il,l ceZ". (32)
keZ

If F'is the left-inverse and the right-inverse of G we simply say that F' and G
are mutually inverse or inverses of each other.

Note that in (3.1) and (3.2) we are not requiring that the infinite r-dimensional
matrices are lower-triangular (which would mean that fux = gnx = 0 unless n > k,
where by the latter we mean n; > k; for all i« = 1,...,r). If they were lower-
triangular, the multiple series on the left-hand sides of (3.1) and (3.2) would be
in fact finite sums (and both relations must then hold at the same time). In the
general case, the sums are infinite and we will require the series to be absolutely
convergent. Note that convergence of one of the sums does not necessarily imply
convergence of the other.

Now consider the following two equations (a.k.a. “inverse relations”):

Z fakax = by for all n, (3.3a)
keZr
and
D b = ax for all k. (3.3b)
lezr

It is immediate from the orthogonality relations (3.1) and (3.2) that if F' is the
left-inverse of G, the relation (3.3b) implies (3.3a), while if F" is the right-inverse
of G, the relation (3.3a) implies (3.3b), subject to convergence.

Similarly, one may consider another pair of equations, where one sums over the
first (instead of the second) multi-index of the matrix:

Z Jnk@n = by for all k, (3.4a)

nezr
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and
Z guibe = a1 for all 1. (3.4b)

kezr

Again, it is immediate from the orthogonality relations (3.1) and (3.2) that if
F is the left-inverse of G, the relation (3.4a) implies (3.4b), while if F' is the
right-inverse of G, the relation (3.4b) implies (3.4a), again subject to convergence.

We are ready to state and prove three multidimensional matrix inverses, all of
them as consequences of corresponding multivariate gy summations which have
been stated in Section 2.

Theorem 3.1 (An A, multilateral matrix inverse). Let a, b, ci,...,¢., and
x1, ...,z be indeterminate. Then (fuk)nkezr and (gi)kiez- are inverses of each
other where

Fore = (bq,q/b)oo - (qejwi/xj, qi/ i) 00
! (bq/C,Cq/b) (qCJxZ/szm 4T/ T5) 00

% H (axiQ/ba bQ/aﬂfi,aﬂUz‘Q/Ci,CiQ/axi)oo

i=1 (axiQ/bCia bCiQ/al'i, ax;q, Q/a'xl)oo

8 H g™ x; — ¢iq" [z ﬁ 1 — begtml Jax;

1<i<j<r ci/xi B Cj/xj i=1 1 - bci/azi

b)ini+Ix H H (are/ g (g 5

) chxl/x] njthi (aﬂ?iQ/b)ki—lnl
and
ki o ki T o kit K
_ Tiq riq 1 axiq
gkl = H T; — x] H ]_ — ax;
1<i<j<r i=1
1 r (az; /b)g,—p Kl—rl1
X — (cjzi/x))k, 2 T q‘ il (3.5D)
6 pn ZH1 3Ti) T ) kit H (aziq/ci) |-,

Proof. We show that the inverse matrices (3.5a)/(3.5b) satisfy the orthogonal-
ity relation (3.1). (An analogous computation reveals that the inverse matrices
(3.5a)/(3.5b) also satisfy the dual orthogonality relation (3.2).) Writing out the
sum ) o7 fakgi with the above choices of fui and g we observe that the mul-
tiple series can be summed by an application of the A, very-well-poised g1 sum-
mation in Proposition 2.6. The specializations needed there are

n|
)

b+ bq ¢ — g, de— aq_m/b, e;—aq M/e;, i=1,...,r. (3.6)
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The summation formula gives us a product containing the factors

r

(q1+|1|—\n|)oo H (ql"_nj_liCjiL'i/CiIL’j)oo. (37)

1,j=1

Since (3.7) vanishes for all r-tuples of integers n and 1 with n # 1, we can simplify
the product (setting n = 1, the only non-zero case) and readily determine that the
sum indeed boils down to d,;. The details are as follows:

> b b - CiTi /X, qT; ) CiT;
S fwga= Y (QQ/)) H(q /T, Qi /€)oo

keZzr kl,...,krzf (bq/c Cq/b (ch$ /Clxj7 qxl/x])

ﬁ (axiQ/ba bC]/(mi, aﬁiQ/Ci, CiQ/axi)oo
(az;q/bc;, beiq/ax;, axiq, q/ax;)oo

=1

y H ciq™ i — g™ [z ﬁ 1 — be;gtml Jaz;

Glwi—cifz; 1 1—be/az;

1<i<j<r

0)jn+x| H 11 (az:/ o,

qc]:cl/xj njthi 5 (aa?iQ/b)an\

7,7=1
ziqk — x;qM 1 — az;g* Ik
< 11 1
1<i<jer TN G4 1= ax;

1 d (az;/b)k,—
k|—7|1
e Tl TT it

I (aziq/ci) -1,

_ (bq,q/b)so H(chxi/xjaqxi/cixj>oo
(bq/C, CQ/b)oo vl (chxi/cixjaqxi/xj>oo

ﬁ (awiq/b,bq/ax;, axiq/ci, ciq/az:) oo
- (awiq/be;, beg/axi, awiq, ¢/ awi) o

y H ciq™Jxi — ¢ [z ﬁ 1 — be;gtml Jaz;

1<i<j<r ¢i/Ti — ¢/ iy 1 — be;/ax;

\nl H H (axi/ci)—n,

ch:vz/x» L oz 70)

i,j=1

L : Ci%;/T; - —(axi/b)_“' it
X (bq)|1| le_zll( J l/ j>ljg(a$iQ/Ci)li q
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1 T i k T .
ziq" — %q B 1 — axgghit e (g cjwi/ ),
<Y 10 11 I
1 — awx; (qHHracias /),

k1yeeoykr=—001<i<5<r i=1 i,j=1

X ﬁ ((aziqni/@)lkl (azig " /b)r,  (bg™ g g

L (aaig " e (azig /), (bg ) g

. (bq,q/b)so - (qcﬂz’/%aql‘i/cﬂj)
(bq/C Cq/b)s (chxl/czqul'z/xﬂ

v H (axiq/b, bQ/axi,aﬁiQ/Ci,CiQ/aﬂ?i)oo
i—1 (awiq/bei, beiq/axi, awiq, 4/ axi)o

" H g™ x — ¢iq" [z ﬁ 1 — beig™i ™ ax;

\ijer ci/Ti — ¢/, el be; [ ax;

I e [ e o/ O
=1 (q¢j@i/j)n, 1 (azig/ci)—i, (aziq/b)—m  (bg)py

(q L= n| ,Cq/b,bq/C) H H"j*licjxi/cixj,qﬁz‘/xj)oo
(q,bg* 1, g'=Inl /b) ¢ iz ey, e [x) so

X ﬁ (afﬂiql_li_‘m/b% bciql+ni+|ll/a$i> ar;q, C_I/aifi)oo
e} (azig' =1 /b, azig' =t fei, bg M faz;, ciq i fawi) o

X

zjl

(3.8)

Now we set n = 1, apply several elementary identities from [10, App. I] and apply
then — r, z; — ¢;q " /x;, y; — ny, i = 1,...,r, case of [18, Lem. 3.12], specifically

r

n;—n; r—1)n| (2N—r>r_ (%
H(QHJ chl’i/cixj)nrnj:(—l)( Yl ‘q< )=rEia (%)

ij=1
r n|—rn;
C; Ci/Ii—C‘/SC'
i=1 N7 1<i<j<r i i~ Gl J
to transform the last expression obtained in (3.8) to dy. O
Remark 3.2. The ¢; — 1,7 =1,...,r, case of Theorem 3.1 can be reduced to

Milne’s [18, Thm. 3.41] A, extension of Bressoud’s matrix inverse [7]. In particular,
since 1/(q)nx = 0 for n + k < 0, and (1)x4; = 0 for £+ > 0, the orthogonality
relation (3.1) then reduces to

Z Jakx1 = Onl,

—n;<k;<-1l;
i=1,...,r
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i.e. (after replacing k by —k),

Z fn,~kg-x1 = On1.

1i<ki<n;

i=1,...,r
The r-dimensional matrices (fn —k)nkezr and (g_x1)k1ez- are thus mutually inverse
lower-triangular matrices.

Theorem 3.3 (Another A, multilateral matrix inverse). Let a, b, ¢1,..., ¢, and
Z1,...,%, be indeterminate. Then (fuk)nkezr and (g )kiezr are inverses of each
other where

for = (aq/C,Cq/a) H (qcjxifxj, qui/cit;) s
(aq,q/a)s (qcjxi/cizy, qri/ 7)o

% ﬁ (CL%’C]/b, bg/ax;, beiq/Cui, Ciq/bei) o
- (amiq/be;, beig/axi, Cxiq /b, bg/Cry) o

" H g™ x; — ¢iq" [z ﬁ 1 — beig™i M ax;

1<i<j<r Ci/Ti = ¢/ pieal be; [ ax;

X (a/C)x- m|II f1<bq/cx0"”44 (3.10a)

) qcﬂﬁz/% ny+k iy (026G /D) —|n|

(1 —ag®™)

(1—a)

ziq"
I =

1<i<j<r v

— gk T _ bolkl—k; .
B xiq" 1—bq /Cx;
gkl = "z, | |

T

1 (az;/b)x, .,
H(C]xz/xj kit H b = q|k| \1\_ (3'10b)

X e —
(aq/0>|k|—\1\ czQ/C‘rz)|k\+l

Proof. The proof is similar to the proof of Theorem 3.1 but utilizes Proposition 2.7
in addition to Proposition 2.6.

We first show that the inverse matrices (3.10a)/(3.10b) satisfy the orthogonality
relation (3.1). Writing out the sum ) . fakg with the above choices of fuk
and gy we observe that the multiple series can be summed by an application of
the A, very-well-poised g1)s summation in Proposition 2.7. The specializations
needed there are exactly the same as in Equation (3.6). Again, the summation
formula leads to a product containing the factors in (3.7). We can thus simplify
the product (setting n = 1, the only non-zero case) and readily determine, by
applying several elementary identities for ¢-shifted factorials, including (3.9), that
the sum indeed boils down to d,;.

An analogous computation reveals that the inverse matrices (3.10a)/(3.10b) also
satisfy the dual orthogonality relation (3.2). Writing out the sum ), /. gnk fu

ij=1
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with the above choices of gy and fi; we observe that the multiple series can be
summed by an application of the A, very-well-poised )¢ summation in Proposi-
tion 2.6. The specializations needed there are

a—b/a, b— Cq/a, d— bg/C,
¢ — g™, e; — bg " Jac;, x; v ¢/, i1=1,...,m7.

The summation formula gives us a product containing the factors

(q" ") o H (g M [CT) oo (3.11)

ij=1
Since (3.11) vanishes for all r-tuples of integers n and 1 with n # 1, we can simplify
the product (setting n = 1, the only non-zero case) and readily determine, by
applying several elementary identities for ¢-shifted factorials, that the sum indeed

boils down to d,;. We omit the details, being similar to those as in the proof of
Theorem 3.1. O

Remark 3.4. Thec¢; — 1,7 =1,...,r, case of Theorem 3.3 can be reduced to the
author’s [25, Cor. 3.2] A, extension of Bressoud’s matrix inverse [7], which can also
be obtained by specializing Bhatnagar and Milne’s matrrix inverse [5, Thm. 3.48].
As in Remark 3.2, the r-dimensional matrices (fn —k)nkezr and (g-x1)kiezr are
then mutually inverse lower-triangular matrices.

The following matrix inverse serves as a bridge between C,. series and D, series.

Theorem 3.5 (A C,/D, multilateral matrix inverse). Let a, b, ci,...,c. and
x1,. ..,z be indeterminate. Then (fuk)nkezr is the left-inverse of (g )k1ezr where

fore = ﬁ (az;q/b,bq/az;, briq, q/bx;) s
K=
: o (axiq/bei, beiq/axy, baig/ ciy €iq/bT:)
H:,j:l(ch$i/$j7 qri /iy, axT;5q/ ¢, €5/ AT 5 )00
H:,jzl (chxi/cixﬁ qxi/xj)oo H1§i§j§r(axz‘qu7 Q/affixj)oo

-1
% H1§i<j§r(axiqu/cicj’ €iCiq/awixT;) o

« H Ciqni/xi_chnj/xj ﬁ (aifz’%/cj)ki—nj

1<i<j<T Cifxi — ¢;/x; =1 (9¢5i/ % )k;4m;

) H (1= beig™*1o! Ja ) (1 = baig= /c:) (b2 )i

3.12
1 — bcl/axz)(l - b«rz/cz) (amﬂ/b) ki—n| ( a)
and
ks k. ki+k;
_ T — vq 1=~ azw;q ™
Ikl = H T — H 1 —ax;z;

1<i<j<r 1<i<j<r
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e 27 [T sy P
. (¢4 ) ki, H(ax/ Dkl -2n (3.12b)

o (@50 / )ity - (BTi@)keepy

Proof. The proof is completely analogous to the proofs of Theorems 3.1 and 3.3,
with the only difference that the orthogonality relation (3.1) of the inverse matrices

(3.12a)/(3.12b) is now established by using Proposition 2.8. The specializations
(3.6) again lead to a product containing the factors in (3.7). 0

Remark 3.6. Theorem 3.5 states that (fuk)nkezr is the left-inverse of (gu)x ez
This is because the infinite multiple sum ZkeZT fuxgia converges forallr =1,2...,
and evaluates to 0n. On the contrary, (fuk)nkezr 18 not the right-inverse of
(gk1)k1ezr unless 7 = 1. The infinite multiple sum ZkeZT Ink fra converges for
all 7 but for r > 1 in general does not evaluate to d, (which we find quite sur-
prising). In particular, we do not have a closed form evaluation for the convergent
multilateral sum

Z H ciqti )z — chkf/xj ﬁ (1-— bciqki+|k‘/axi)(1 — bmiq|k"ki/ci)
¢i/xi —cj/x; (1 —be;/az;) (1 —bz;/c;)

ki,....kr=—00 l<z<]<r

(q"cjmi/xy, 07" Jawaxy)y, yp  (bxid ", bg™" Jazi)pg
X H ; H( T

(g ey /g, ¢~ fawawy ey o (brag+, b= fazs) g

1,j=1
To see what can go wrong, when one applies inverse relations in an incorrect way,
see the Appendix.

Remark 3.7. The ¢; — az?, i =1,...,r, case of Theorem 3.5 reduces to a multi-
dimensional matrix inverse involving two lower-triangular matrices being mutually
inverse (a C,./ D, extension of Bressoud’s matrix inverse [7]), a result first derived in
[22, Thm. 5.10]. The combination of this inversion with Denis-Gustafson’s/Milne—
Lilly’s [8, 20] C.. terminating balanced very-well-poised g¢7; summation, stated here
as Proposition 2.4, led in [22, Thm. 5.14] to a D, terminating balanced very-well-
poised g¢7 summation, equivalent (by a polynomial argument) to the D, summa-
tion stated here as Proposition 2.5.

4. MULTIVARIABLE BALANCED VERY-WELL-POISED 81/18 SUMMATIONS

As applications of the multilateral matrix inverses of Section 3, we provide three
multidimensional extensions of the g)g summation formula in Proposition 2.1.

Theorem 4.1 (An A, balanced very-well-poised g1)g summation formula). Let a,
b, ¢1,...,¢, d and xq,...,x, be indeterminate, let ki, ..., k. be integers, and let
M be a nonnegative integer. Then

=T q ni - 1_axiqm+|n| : (sz/x>m
O e e e |

ni,...,np=—00 1<t<y<r =1 2,7=1
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7 (azig ™ /ey (i azig™ [d)n,  (dg™, ag"™ ™M [b)in
1 (aziq/ci) ) (brig™™ azig' =™ /d),,  (dg"™™, ag/b) )

_ H (chxi/cixja qxi/wj)oo H axlq Q/Cl.l'z, awlq/czd Cde/aaj )
(ch'ﬂfi/ﬂfj, qaji/cix])oo = awzQ/Cu CZ(]/CLQTZ, asz/d dQ/axz)oo

ij=1
% (dQ/C; CQ/d)oo (dQ;GQ/bC)M H (CiQ/bxi;dQ/axi)M ﬁ (chxi/xj)ki
(dg,q/d)ss  (agq/b, dQ/C)M “ (cidq/axi, q/bzi) (chxi/cixj>ki
(bd/a,q™™) (cid/az;) i (ciq/ax;, c;idg"™ JbCx;)y,

(d,bCq=M /a)y pale (d/ax;) i (ciq/bx;, c;dg* M [ax;),

(4.1)

Proof. We combine the multilateral matrix inverse in Theorem 3.1 with the A,

extension of Jackson’s terminating balanced very-well-poised g¢; summation in

Proposition 2.2, using the inverse relations (3.4). (Alternatively, we may also use

the inverse relations (3.3), with a similar analysis as in the proof of Theorem 4.3.)
In particular, we have (3.4b), with (g )k1ez as in (3.5b),

~ (bg/d,bg/C) vy (amiq, aziq/cid)y T s
= 0.t/ Cae L farg arigjey L1 @7/

(bg" ™ Jd)y H (cig™ Jax;, cid/ax;),
(bg", bg/d)p -t (cidg™™ Jaz;)y, (bg/az:)

¢ (— 1) D =it gr(3) =i (3) [t M,
1=1

and

(dy g™ ) H (abziq" ™™ /Cd)y, (az;) K H

b p—
“ T (Cdg M by 11 (amig/d, azig My,

i,5=1 qml/x]

by the b+ d, ¢; — c;q", d — aqg~"/b,i = 1,...,r, case of Proposition 2.2. There-
fore we must have (3.4a), with (fuk)nkezr as in (3.5a), and the above sequences
an and by. After simplifications and the substitutions a — d/a, b+ d, d — bd/a,
x> ¢/x, i =1,...,r, we arrive at (4.1). O

Alternative proof of Theorem 4.1. We combine the multilateral matrix inverse in
Theorem 3.3 with the A, extension of Jackson’s terminating balanced very-well-
poised g¢7 summation in Proposition 2.3, using the inverse relations (3.4).

In particular, we have (3.4b), with (gi1)k1ez as in (3.10b),

= <aq’ bq/d bQ/C.TZ, asz/Cz ) e )
a = (aq/C,bq/Cd)n H (az:q/d, bciq/Ci)ar H(cjxl/x])lj

= i,j=1
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(bg*™/d,Cq Ja) 1] H (c;id/ax;), x"
(bg/d)y (beig*™M [Cay, cidg=™ Jax;), (bxiq/a)p

x (=1) =D =i =il r=D(5)

and
~ (a, abg'™™M /Cd, g™ (b/Cx;) |-k, (d]x;)

|k| k|
© T (Cdg M [b,ag ) 211 (d/zi) k), (aziq/d)x, H ql‘z/%

v g,g=1

by the b — d, ¢; — ciq%, d — aqg”™/b, i = 1,...,r, case of Proposition 2.3.
Therefore we must have (3.4a), with (fuk)nkezr as in (3.10a), and the above
sequences a,, and byx. After simplifications and the substitutions a — d/a, b+ d,
d—bd/a, x;— c;/x;, i =1,...,r, we arrive at (4.1). d

Remark 4.2. Two special cases of Theorem 4.1 are of particular interest:

(1) If ¢; = g%, for i = 1,...,7, then the multilateral series in (4.1) gets
truncated from below and from above so that the multiple sum is finite.
By a polynomial argument, we can replace ¢ by bc/ag. If we then perform
the substitution d — dg~¥ and replace k; by m;, i = 1,...,r, we obtain
an A, extension of Jackson’s terminating balanced very-well-poised g¢r7
summation (cf. [17, Thm. 6.14]) which, via a polynomial argument, is
equivalent to Proposition 2.2.

(2) If, in (4.1), we let M — oo and perform the substitution d ~— dg~*,
we can repeatedly apply analytic continuation to replace ¢*i by a/c;e; for
i=1,...,r (in order to relax the integrality condition of the k;’s), where
e1,...,e. are new complex parameters. We then obtain the A, extension
of Bailey’s very-well-poised 1) summation in Proposition 2.6.

Theorem 4.3 (An A, balanced very-well-poised g1)g summation formula). Let a,
b, ¢1,...,¢., d and xq,...,x, be indeterminate, let ki, ..., k. be integers, and let
M be a nonnegative integer. Then

i (1 —ag®™) (b, aq"™ /b,aqg™ ™ /C)pn " — xq"
- |
(1 - a) (bq M7 QQ/ba CLQ/C)|H| 1<i<j<r Ty — Xy

x ﬁ (czi/2j)n oy (A4 /Ci) -, (Cidg" | Ci) | (azig™™ /)y,
L (g Ficimi/T))n, dQ/C%)\nI —n, (cidg ™M [ Cwy) ) (axig' K/ d),,

(
. ﬁ (chl'z/Cl.CL’], qr; /33']) (axiQ/Cida C’idQ/axia szQ/d7 dq/cxz)oo
(qcjzi/xj, quifcivj)oo -1 (aziq/d, dg/ax;, c;dg/Cri, Caiq/cid) o

1

%

,j=1

(ag,q/a)s  (Cq/b,aq/bC)y ﬁ(CidQ/C%dQ/al‘i)M ﬁ (qc;i/ )k,
(aq/C,Cq/a)os  (aq/b,q/b)nr - (cidq/ax;, dq/Cri)u 2 (qcwi/ cim),
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(Ca/a,qa ") ﬁ (cid/az;)q (besd/aCay, cidg ™ [bC:)y,
(Caq/b,bCq=M/a)yg (d/ax:)iq (cid/Cwy, cidg" ™M fazi)y,

(4.2)
i=1
Proof. We combine the multilateral matrix inverse in Theorem 3.3 with the A,
extension of Jackson’s terminating balanced very-well-poised g¢; summation in
Proposition 2.2, using the inverse relations (3.3).

In particular, we have (3.3b), with (gi1)k1ez as in (3.10b),

~ (bq/d,bq/ad) = (beiq/azs, bq/Cxi)yr 1- e
= (bCq/ad, bg/Cd) [[ (besq/Cavi, bafaz)ar 1]_[ (cjif2i)

=1

< TI g — 150" ﬁ (bg" ™ | Cxi)pe1: (azig™ /D)y,
=2 ey (0/Cx) -, (beig™tM /Ci)g
y (1 — ag®™) (ad/b,bg" ™ /d)py
(1—a) (adg=™/b,bg/d)u

e Z;
1<i<j<r

b H ciq" /i — cjqh |z, f[ 1 —be;igi NV /ax; ﬁ 1
1 =
(i ¢i/T — ¢/, 1= be; [ ax; i’ (qeizj/cjzi),
y (q—M)“' ﬁ (bcz/axl)m (Czd/Cl’Z, bQCiql-i-M/aCd.Ti)li J,’ll‘
(bCq/ad,Cdg= /b))y (be;g' M Jax;),, ’

=1

X (=1)= Dl gr=Dg=rl it gi+-n(),

by the k; — l;, a — b/a, ¢; — ¢;q", d — ¢" ™ /a, 2; — ¢;/z;, 1 = 1,... 7, case
of Proposition 2.2. Therefore we must have (3.3a), with (fak)nkez- as in (3.10a),
and the above sequences ay and b,. After simplifications and the simultaneous
substitutions b — d, d — bd/a, k; — n;, n; — ki, @ = 1,....7r, we arrive at
(4.2). O

Remark 4.4. Two special cases of Theorem 4.3 are of particular interest:

(1) If ¢; = g%, fori =1,...,r, then the multilateral series in (4.1) gets trun-
cated from below and from above so that the multiple sum is finite. By a
polynomial argument, we can replace ¢™ by be/aq. If we then perform the
substitution d — dg~® and replace k; by m;, i = 1,...,r, we obtain an A,
extension of Jackson’s terminating balanced very-well-poised g¢; summa-
tion (cf. [25, Thm. 4.1]) which, via a polynomial argument, is equivalent
to Proposition 2.3.

(2) If, in (4.1), we let b — oo, we can apply analytic continuation to replace ¢
by bd/a. If we then perform the substitutions d +— dg¢~* and ¢; — c;g7",
for i = 1,...,r, we can repeatedly apply analytic continuation to replace
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q" by c;/e;, for i = 1,...,r. After subsequent relabelling of parameters
b—d, c;i— aje;, d— b, e;— ¢, fori=1,... r we obtain exactly the A,
extension of Bailey’s very-well-poised ¢ summation in Proposition 2.7.

Theorem 4.5 (A C, balanced very-well-poised gi)g summation formula). Let a,
b, ¢c1,...,¢, d and x1,...,x, be indeterminate, let ki, ..., k. be integers, and let
M be a nonnegative integer. Then

L L Ti — T L4 1 —ar;x;
nim=—co  1<i<j<r 1<i<j<r
r —k; r k 1+M -M
y (cjifxj, axixiq~ " [cj)n, (bx;, dwiq™, axig" ™ /b, azig™ /d),,
o (awiwgq )i i [xg)n, - (aiq/b, axig =K [d, brig=, g M)y,

L jmiaemi/imy, qui/vg) o0 [i<ic jo, (ai;q, ¢/ azizj) o0
H;j:1(ch$i/i€ja qi/ iy, axiriq/ci, ¢jq/aTiT;) o

d (GIiQ/Cid, CidQ/axu dxz‘Q/Cu Cz’Q/dl’z')oo
X H (ax;xjq/cicj, ciciq/ar;x;)oo H

- (ax;q/bc;, ciq/bx;, dx;q, dq/ax;)m (Cz‘d/aﬂfi)lm 1
H , dra e o . . H (Cicj/amixj)kﬂrkj
(cqu/axza dxzq/cza q/bxu asz/b)M (dx2> d/axz)|k| 1<i<j<r

(bd/a,dg" ™ /b, q ") TTizy (dwi/ci) s, H (qejai/ g, cjq/amixy)y,
szl(CiQ/bxh bCiq_M/afi, CiquM/sz')ki (chxi/cixj)k]- .

i=1

(4.3)

ij=1
Proof. We combine the multilateral matrix inverse in Theorem 3.5 with the D,
extension of Jackson’s terminating balanced very-well-poised g¢; summation in

Proposition 2.5, using the inverse relations (3.3).
In particular, we have (3.3b), with (gi1)k1ez as in (3.12b),

o — ﬁ (beiq/ax;, briq/ci, bq/adz;, briq/d) ar (adz; /b, brsg M /d, aziqg=™ /b))y,
L -1 (bxig/cid, beiq/adwy, baig, bg/ax;) v (adziq = /b, brig M briq/d)y,

kitk;

i k; r
< I Tiq" — 254" 11 1 — azzjq 11 (cjwi/)),
Y
idjer T au 1 —avz; 22 (ax;xiq/c;)r,

cidh )z — cjd" Jx; 7p 1 — beigi W Jax; 1
b = H '/ jq/]H q / H

1<i<j<r Ci/xi - CJ/ZE] i=1 11— bCi/afL'i ij=1 (qclxj/csz)ll

T

1 -
X H ( H(bc,-/a:xi)|1|(bxiq/ci)|1|,licil’xi li

1<i<j<r CiCj QT35 )iy 41, i=1
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(d7 b2q1+M/ad7 q_M)|1| b—T|1|q7T(gl)+T > (lﬁl)

2

% [T;—, (beiq/adz;, de;g=™ /bx;, be;g M [ax;),, ’

by the k; — l;, a — b/a, b d, ¢; — c;q", cd — 1/a, x; — ¢;/x;, i =1,..., 7, case
of Proposition 2.5. Therefore we must have (3.3a), with (fak)nkezr as in (3.12a),
and the above sequences ay and b,. After simplifications and the simultaneous
substitutions b +— d, d — bd/a, k; — n;, n; — ki, i = 1,...,r, we arrive at
(4.3). O

Remark 4.6. Two special cases of Theorem 4.5 are of particular interest:

(1) If ¢; = g%, for i = 1,...,7, then the multilateral series in (4.3) gets
truncated from below and from above so that the multiple sum is finite.
By a polynomial argument, we can replace ¢* by be/aq. If we then perform
the substitution d — dg~¥ and replace k; by m;, i = 1,...,r, we obtain
the C, extension of Jackson’s terminating balanced very-well-poised g¢r;
summation in Proposition 2.4.

(2) If, in (4.3), we let M — oo and perform the substitution d ~— dg=/%,
we can repeatedly apply analytic continuation to replace ¢ by a/c;e; for
i =1,...,r (in order to relax the integrality condition of the k;’s), where
€1,...,6e. are new complex parameters. We then obtain the C) extension
of Bailey’s very-well-poised g1 summation in Proposition 2.8.

APPENDIX A

It is indeed quite interesting that concerning the multilateral matrix inversion
result in Theorem 3.5, (fak)nkez- is the left-inverse of (gu1)k ez, but not the
right-inverse (unless in special cases, e.g., when both matrices are upper- or lower-
triangular). Let us assume, for a moment, that (fuk)nkezr would also be the
right-inverse of (gi1)k1ezr (which cannot be justified, see also Remark 3.6). By
combining these matrices with the C,. very-well-poised g1 summation formula in
Proposition 2.8, by virtue of multidimensional inverse relations one would be able
to deduce a “new” D, very-well-poised g summation formula which, however,
turns out to be false for r > 1, as the series does not converge.

In particular, we have (3.4b) with (gi1)k1ez- as in (3.12b),

a = H (ax;ziq/cic;, aq/ee;xir;) H (ax;xq,q/ax;x;) o
1<i<j<r 1<i<j<r
(bg/d)oc - (awig/cie; ), qri/ ;)0
(am*1bq/CdE) e’ (axiq/ejxj, q/ejrx;, ar,xiq/ci, qT;/CiT}) o0

r

% H (a%‘Q/CiCL GQ/deiiUz’> bﬂ?iQ/Ci, bQ/eifEi)oo
(bxiq, bq/ax;, ax;q/d, q/dx;)s

=1
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: (c:id/ax;),,
X (ciejrj/axy), (cicj/axizy),, L
zg1 § L 19‘119« j 3+ H (bg/es;)py (brsgq/ci)p—,
LT , r ) (T—l)li
<o (o ) I E-m () T (2)
(bq/d)|1| CdE Pl G
and
b = f[ (€j$ixj)ki ﬁ (dxz)kl . ( a’™b )|k|
Py (aziq/ejzi)r, +1 (amig/d)y, \CdE)
by the b — ag M /b, ¢; = ci¢', i = 1,...,r, case of Proposition 2.8. As we are

(erroneously) assuming that (fuk)nkez- is the right-inverse of (gi1)k1ezr, we must
have (3.4a), with (fax)nkez- as in (3.5a), and the above sequences a,, and by.
After simplifications and the simultaneous substitutions a +— bc/a?, b — bc/a,
ci v aq % /e, d— cd/a, e; — beeieiq® Jad, 1y — aq% ey, i =1,... 7, we can
get rid of the k; and would arrive at the following identity:

T
— x,;q" 1 — ax;g™+m!
Z H el | T ur I (@iz;/bc)nim,
N yerey U =—00 1<z<j<r i=1 v 1<i<j<r
e]xi/xj) ! (be/ciy, i)y (dxi)n, .
<1 .
e (aziq/cjzj, acixizjq/be)n, - (axiq/e;)m (bc/az;) ) —n,

2 [n|
w1 4N )
(aq/d)jn| \bcdE

H (@ziwjq/be)os 17 (azig/ciesn;, aciviz;q/bee;, qri/T5)oo
-, (@®zz;q/beeie;) i’ (axiq/c;x;, acirixiq/be, qri/eiT; )0

(aq/dE) s v (axiq, q/ax;, azsq/be, aq/cidr;, aciviq/bed) o
(aq/d)e paie (awiq/eq, ciriq/be, g/ civi, q/dxi, a®riq/bede;) s’

(A.1)

where ey(n) is the second elementary symmetric function of (nq,...,n,).

Now, due to the factor ¢=2™ appearing in the summand, the series in (A.1)
does not converge for r > 2. Therefore, the identity as stated is false. However,
it is valid for r > 2 whenever the series terminates. For instance, when ¢; = a
and e; = ¢~™, for i = 1,...,7, (A.1) reduces to Bhatnagar’s D, terminating
very-well-poised ¢¢5 summation, derived in [4, Thm. 2].
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