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ABSTRACT. We study Macdonald polynomials from a basic hypergeometric series point of view.
In particular, we show that the Pieri formula for Macdonald polynomials and its recently dis-
covered inverse, a recursion formula for Macdonald polynomials, both represent multivariable
extensions of the terminating very-well-poised g¢s summation formula. We derive several new
related identities including multivariate extensions of Jackson’s very-well-poised g¢7 summation.
Motivated by our basic hypergeometric analysis, we propose an extension of Macdonald poly-
nomials to Macdonald symmetric functions indexed by partitions with complex parts. These
appear to possess nice properties.

1. INTRODUCTION

The objective of this paper is to study some aspects of A,,_1 Macdonald polynomials (which
are a family of symmetric multivariable orthogonal polynomials associated with the irreducible
reduced root system A, _1, introduced by I. G. Macdonald [31] in the 1980’s), with a particular
emphasis on their connection to (multivariable) basic hypergeometric series.

Macdonald polynomials of type A are indexed by integer partitions, and form a basis of the
algebra of symmetric functions with rational coefficients in two parameters g and t. They general-
ize many classical bases of this algebra, including monomial, elementary, Schur, Hall-Littlewood,
and Jack symmetric functions. These particular cases correspond to various specializations of
the indeterminates ¢ and ¢. In terms of basic hypergeometric series, the Macdonald polynomials
correspond to a multivariable generalization of the continuous q-ultraspherical polynomials, see
[24].

A principal tool for studying g-orthogonal polynomials (see e.g. [17]) is the theory of basic
hypergeometric series (cf. [11]), rich of identities, having applications in different areas such
as combinatorics, number theory, statistics, and physics (cf. [1]). Hypergeometric and basic
hypergeometric series undoubtedly play a prominent role in special functions, see [2]. Even in
one variable, they are still an object of active research. A notable recent advance includes elliptic
(or modular) hypergeometric series (surveyed in [11, Ch. 11] and [51]) which is a one-parameter
generalization of basic hypergeometric series, first introduced by Frenkel and Turaev [10] in a
study related to statistical mechanics.
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A convenient tool (suggested here) for further developing the theory of multivariable g-
orthogonal polynomials is the theory of multivariable basic hypergeometric series associated with
root systems (or, equivalently, with Lie algebras). Basic hypergeometric series associated with the
root system A,_; (or equivalently, associated with the unitary group U(n)) have their origin in
the work of the three mathematical physicists Holman, Biedenharn, and Louck, starting in 1976,
see [15, 16]. Their work was done in the context of the quantum theory of angular momentum,
using methods relying on the representation theory of the unitary group U(n). Subsequently,
extensive investigations in the theory of multiple basic hypergeometric series associated to the
root system A, _1 have been carried out by R. A. Gustafson, S. C. Milne, and later various other
researchers. As result, many of the classical formulae for basic hypergeometric series from [11]
have already been generalized to the setting of A,_; series (see Subsection 3.2 for some selected
results).

An important result that connects A,,_1 basic hypergeometric series with Macdonald poly-
nomials is Kajihara and Noumi’s [21] explicit construction of raising operators of row type for
Macdonald polynomials. Their construction utilized A,_1 terminating 1¢y and 2¢; summations
previously obtained by Milne [39] (which, however, were derived independently in [21] using
Macdonald’s g-difference operator).

In this paper we reveal yet more connections of A, _1 basic hypergeometric series with Mac-
donald polynomials. On the other hand, we also understand the present work as a contribution
towards the development of a theory of multivariable wvery-well-poised basic hypergeometric
series involving Macdonald polynomials of type A.

Various identities for multiple basic hypergeometric series of Macdonald polynomial argu-
ment have been derived by Macdonald [32, p. 374, Eq. (4)], Kaneko [22, 23], and Baker and
Forrester [3]. These authors in fact derived multivariable analogues of many of the classical
summation and transformation formulae for basic hypergeometric series. As a matter of fact,
none of these multivariate identities reduce to summations or transformations for wvery-well-
poised basic hypergeometric series in the univariate case. There are thus several other classical
basic hypergeometric identities for which higher-dimensional extensions involving Macdonald
polynomials of type A have not yet been explicitly determined. In this paper we partly remedy
this picture by explicitly pointing out several “Macdonald polynomial analogues” of very-well-
poised identities. Although some of these identities (such as the Pieri formula) are not new,
their “very-well-poised context” appears so far to have kept unnoticed (at least, not explicitly
mentioned in literature).

The present work makes some further ties between Macdonald polynomials and multiple
basic hypergeometric series associated to A,_1 apparent. In our investigations, we utilize some
recent results from [30] and application of multidimensional inverse relations as main ingredients.
Since the present paper can be regarded as a sequel to [30], it is appropriate to give a brief
survey here describing those results of [30] which are relevant for this paper. This concerns,
in particular, the derivation of a rather general explicit multidimensional matrix inverse [30,
Th. 2.6]. The combination of a special case of this matrix inverse with the Pieri formula for
Macdonald polynomials yielded a new recursion formula for Macdonald polynomials [30, Th. 4.1].
This formula, the main result of [30] — subsequently also derived by Lassalle [29] by alternative
means, namely by functional equations — represents a recursion for the Macdonald polynomials
Q@ on the row length of the indexing partition A. More precisely, it expands a Macdonald
polynomial of row length n + 1 into products of one row and n row Macdonald polynomials
with explicitly determined coefficients (that are rational functions in ¢ and t). The formula
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is an (n 4 1)-variable extension of Jing and Jézefiak’s [19] well-known two-variable result and,
as such, the Macdonald polynomial extension of the celebrated Jacobi—Trudi identity for Schur
functions [32, p. 41, Eq. (3.4)].

In this paper we use special instances of the multidimensional matrix inverse of [30, Th. 2.6]
and specific summation theorems for multivariable basic hypergeometric series to deduce several
new identities for multivariable basic hypergeometric series. These turn out to play a special
role (or, in some cases, we believe may be useful) when considering identities involving princi-
pally specialized Macdonald polynomials. In particular, we establish various new multivariable
extensions of the terminating very-well-poised g¢7 summation theorem, and of (terminating
and nonterminating) very-well-poised g¢5 summations. In one case, we provide (only) a con-
jectural multivariable terminating very-well-poised g¢7 summation, see Conjecture 4.5, which
nevertheless we strongly believe to be true.

We further identify the Pieri formula for Macdonald polynomials and its inverse, the recur-
sion formula for Macdonald polynomials, as two different multivariable generalizations of the
terminating very-well-poised g¢s summation. More precisely, this interpretation comes from
the explicit structure the two formulae have after application of analytically continued principal
specialization (coined “hypergeometric specialization” in the present context) to both sides of
the respective identities.

Motivated by the basic hypergeometric analysis, we use the recursion formula to define
A,—1 Macdonald polynomials for “complex partitions”, no longer indexed by sequences of non-
increasing nonnegative integers but by arbitrary finite sequences of complex numbers. These
A,—1 Macdonald symmetric functions are identified as certain multivariable nonterminating ba-
sic hypergeometric series which appear to satisfy some nice properties. We only show a few of
them here, in this point our exposition is mainly intended to hint towards specific new objects
that we feel deserve future (more thorough and rigorous) study.

Our paper is organized as follows: In Section 2 we recollect some facts on symmetric functions,
and, in particular, A,_; Macdonald polynomials. We conclude this section by stating the Pieri
and the recursion formula, both playing crucial roles in the paper. In Section 3 we review some
material on basic hypergeometric series in one and several variables, hereby explicitly listing
several of the summations we need. In Section 4 we derive several identities of a new type that
can be characterized by containing specific determinants in the summand. Section 5 is devoted
to the hypergeometric specialization of identities involving A, _1 Macdonald polynomials. Sec-
tion 6 contains a brief discussion on more basic hypergeometric identities involving Macdonald
polynomials. In Section 7 we consider Macdonald symmetric functions indexed by partitions
with complex parts. Finally, the Appendix contains the multidimensional matrix inverse of [30],
together with a number of useful corollaries.

Acknowledgements. I would like to thank Michel Lassalle for getting me involved into
Macdonald polynomials (especially concerning the issues related to matrix inversion and explicit
expressions) and his encouragement. I would also like to express my sincere gratitude to the
organizers of the “Workshop on Jack, Hall-Littlewood and Macdonald Polynomials” (ICMS,
Edinburgh, September 23-26, 2003) for inviting me to participate in that very stimulating
worskhop. Among them, I am especially indebted to Vadim Kuznetsov whose interest in explicit
formulae for Macdonald polynomials served as an inspiration for the present work.
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2. PRELIMINARIES ON A, _1 MACDONALD POLYNOMIALS

Standard references for Macdonald polynomials are [31], [32, Ch. 6], and [33]. In the following,
we recollect some facts we need.

Let X = {x1, 2, 23,...} be an infinite set of indeterminates and S the algebra of symmetric
functions of X with coefficients in Q. There are several standard algebraic bases of S. Among
these there are the power sum symmetric functions, defined by pp(X) = > ;5 z¥, for integer
k > 1. Two other standard algebraic bases are the elementary and complete symmetric functions
er(X) and hi(X), which are defined, for integer k£ > 0, by their generating functions

T +uz) = 3w en(X), 11 _1u$i = 3 Wt ().

i>1 k>0 i>1 k>0

A partition A = (A1, Ag, ...) is a weakly decreasing (finite or infinite) sequence of nonnegative
integers, with a finite number of positive integers, called parts. The number of positive parts
is called the length of A and denoted I(A). If [(A\) = n, we often suppress any zeros appearing
in the (sequential) representation of A and write A = (A1,...,A,). For any integer i > 1,
m;i(A) = card{j : A\; = i} is the multiplicity of i in X. Clearly [(\) =) ,~; mi(\). We shall also
write A = (1™1,2m2 3m3 ) (where the parts now appear in increasing order). We set

Z\ = H lml(/\)mz(/\)'

i>1

For any partition A, the symmetric functions ey, h) and p) are defined by

1)
fo=11A =™, (2.1)
i=1

i>1

where f; stands for e;, h;, or p;, respectively. (Here and in the following we sometimes omit
writing out the argument X of the function, for brevity, assuming there is no confusion.) These
ex, hx, and p) now each form a linear (vector space) basis of S. Another classical basis is formed
by the monomial symmetric functions my), defined as the sum of all distinct monomials whose
exponent is a permutation of .

For any two indeterminates a, g, we define the g-shifted factorial as

q). = — ag’ an @ a)p — (4¢)s
(a5 9) oo —jl;[o(l ¢'), d (a9 I (2.2)

for arbitrary k£ (usually an integer). Sometimes we rather consider expressions involving the
g-shifted factorials in (2.2) in an analytic (holomorphic) sense. In such a case, a,q are complex
numbers, usually with |¢| < 1 (ensuring that the infinite product in (2.2) converges, a restriction
not needed when £ is an integer and (a; q), is indeed a finite product) and k can be any complex
number. We also shall make frequent use of the condensed notation

(a1, am; Ok = (a1; @)k - - - (@m; Drs (2.3)

for arbitrary k.
Let Qlg,t] be the algebra of rational functions in the two indeterminates ¢,¢, and Sym =
S ® Qlg, t] the algebra of symmetric functions with coefficients in Qlg, t].



MACDONALD POLYNOMIALS AND MULTIVARIABLE SERIES 5

For any k > 0, the modified complete symmetric function gx(X;q,t) is defined by the gener-

ating function
(tuzi; q)
X; 2.4
[ 4250 -3 i b
% k>0
It is often written in plethystic notation [28, p. 223], that is

nlXi0.0) = | =L x]
The symmetric functions gi(g,t) form an algebraic basis of Sym. Their explicit expansion
in terms of power sums and monomial symmetric functions has been given by Macdonald [32,
pp. 311 and 314] and in terms of other classical bases by Lassalle [28, Sec. 10, p. 237]. The
functions ¢y (g, t), defined as in (2.1) and (2.4), form a linear basis of Sym.
We are ready to define the Macdonald polynomials Py(X;¢,t). On one hand, they are of the
form (recalling that m) denotes a monomial symmetric function)

Py(q,t) = my + a linear combination of the m,, for u preceding X in lexicographical order.

Furthermore, they form an orthogonal basis of Sym with respect to the scalar product <, >,
defined by
1)

1—gh
< DPx;Pu >qt —(5)\”2)\ H

1—th’

Although these two conditions already ove'rdetermme the symmetric functions Py(X;¢,t), they
can be shown to exist (and are moreover unique), see [32, p. 322].

Let Qx(g,t) denote the dual basis of Py(g,t) for this scalar product. These are also called
Macdonald polynomials, they differ from the latter only by a rational function of ¢ and t. More
precisely, one has

(X3¢, 1) = ba(g, 1) PA(X; ¢, 1), (2.5)
with by(q,t) = < Px(q,t), Px(q,t) >q7t_1 specified as follows (see [32, p. 339, Eq. (6.19)] and [22,
Prop. 3.2]):

)\ )\]tj i+1. t]_l . t] i+1.
wa= ] (¢ S DN N _ I (@5 @), ( S D Ai—Aye

(q)\ —Aj+1gj—i. q)>\ A (tj—i—i-l;q))\ (th i q),\ —Xjt1

1<i<j<i(N) 1<i<j<i())

n gl o) 7 70 ) v,
:Hﬂ I1 @500y o)

iy (@5 (T g )

for any n > [(\). (It is easy to check that the last expression indeed does not depend on n.)
The Macdonald polynomials factor nicely under “principal specialization” [32, p. 343, Exam-
ple 5],
(B g)x -
5 a)n-n,

A similar formula holds for principally specialized @y, by combining (2.5), (2.6), and (2.7).
We mention two particular useful facts that hold in case of a finite set of variables X =
{z1,..., 25} (see [32, p. 323, Eq. (4.10), and p. 325, Eq. (4.17)]):

Py(x1,...,2n;q,t) =0, if [(A\) > n, (2.8)

PA(Lt,... Vg, 0) = (26N T
1<i<j<N

(2.7)



6 MICHAEL J. SCHLOSSER

and
Pixidor ) @1, 03 40 1) = (@1 20) Py —an o Amro A1 -An0) (T1s - Tn3 @, E). (2.9)
There exists [32, p. 327] an automorphism w,; = wy, ' of Sym such that
wq,t(@x(¢,1)) = Py (¢, q), wq,t(9r (2, 1)) = €k, (2.10)

with A\ the partition conjugate to A, whose parts are given by mk()\/) = A — Ag+1. In particular
[32, p. 329, Eq. (5.5)], the Macdonald polynomials associated with a row or a column partition
are given by

Plk (qat) = €k, Qlk (Q7t) — 2: ?)’; €k,
Py (a.1) = ((‘jj)): 014, ), Quo(a.) = gi(a.1). (2.11)

The parameters ¢,t being kept fixed, we shall often write P, or @, for P,(q,t) or Q.(q,1).

2.1. Pieri formula. Let uq,...,u, be n indeterminates and N the set of nonnegative integers.
For 0 = (01,...,0,) € N" let |0] = >, 0; and define

n

B O

o (g, ‘tUk,Q)ek rcicien (qui/ug,q~0ui/ugiq)

01,00 (ul, ceey U

The Macdonald polynomials satisfy a Pieri formula which generalizes the classical Pieri for-
mula for Schur functions [32, p. 73, Eq. (5.16)]. This generalization was obtained by Macdon-
ald [32, p. 331], and independently by Koornwinder [24].

Most of the time this Pieri formula is stated in combinatorial terms (as a sum over “horizontal
strips”). In [30, Th. 3.1] it was formulated in “analytic” terms:

Theorem 2.1. Let A = (A1, ..., \n) be an arbitrary partition with length < n and \,41 € N. Let
w; = g for 1 < i < n. We have

(qt
Q) Qs = Z do, " o (U1 Un) QA 404, A +00 Ans1—|0])-
feNn

The Pieri formula defines an infinite transition matrix. Indeed, let Sym(n + 1) denote the
algebra of symmetric polynomials in n + 1 independent variables with coefficients in Q[q,t].
Then [32, p. 313] the Macdonald polynomials {Q», [(A\) < n + 1} form a basis of Sym(n + 1),
and so do the products {Q.Q(m), [(1) < n, m > 0}.

2.2. A recursion formula. Again, let uq,...,u, be n indeterminates. For § = (0;,...,0,) €
N" define

@0 (4 H 0 q/t qui; 9o, 11 (qui/tuj, g~ %tuifuj; q),,
(g

C
O1,--..6m , qtug; q)o, 1<i<j<n (quz’/ujaq_ejui/ujSQ)gi

1 : —j 1 — ¢¥itu; 4 us — Py
X det (qelui)n B ' H - qe_ 1.
Hl<1<]<n(q U; — Juj) 1<i,j<n 1—¢q zuZ e tus — q%u;
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The following recursion formula for Macdonald polynomials was proved in [30, Th. 4.1] by
inverting the Pieri formula in Theorem 2.1 utilizing a special case of the multidimensional matrix
inverse in Corollary A.4.

Theorem 2.2. Let A = (A1, ..., A\ny1) be an arbitrary partition with length < n + 1. Let u; =
g for 1 < i < n. We have

Wt
QA dngr) = Z Céi,,),,en(ul» o Un) Qangr—16) Q461 An+6n)-

In the case n = 1, i.e. for partitions of length two, Theorem 2.2 reads
it
Qi) = Z Céq () Qr—0) Q1 +06)5
0eN
with u = ¢*~*2 and

(@), y — 0 (4/t:qu; @) (1 —tq°u) (u—q"u)
cy (u) =t" ————== (1 — 7 3
(4, qtu; q)g (1= ¢"u) (tu = g%u)
_ o la/taug) (t=1) (1-g*u)
(¢,qtusq)o (t—q”) (1= q’u)
_ o (Wt wig)e (1 ¢*u)
(¢, qtu;q)g (1 —u)
This special case is due to Jing and Jézefiak [19]. On the other hand, in the case n = 2, i.e. for
partitions of length three, Theorem 2.2 reduces to a formula stated by Lassalle [27].

Application of the automorphism wgy ¢ to Theorem 2.2, while taking into account (2.10), gives
the following equivalent result (cf. [30, Th. 4.2]).

Theorem 2.3. Let A = (1™1,2™2 ... (n+1)"+1) be an arbitrary partition consisting of parts
at most equal to n+ 1. Define u; = qn_ith:i Mi for1<i<mn+1. We have

_ 2 : (t,9)
Py = Cor,...0n (Ub ‘e aun) Cmpi1—|0) P(1m1+91—92’.“,(n_l)mn—l+9n7170n’nmn+mn+1+9n)'
feN™

3. BASIC HYPERGEOMETRIC SERIES

3.1. Classical (one-dimensional) basic hypergeometric series. First we recall some stan-
dard notations for g-series and basic hypergeometric series (see Gasper and Rahman’s text [11],
for a standard reference). In the following we shall consider ¢ a (fixed) complex parameter with
0 < |g| < 1. Further, for a complex parameter a, we use the definition of the g-shifted factorial
as given in (2.2) and (2.3), for any complex number k.

The basic hypergeometric ,¢,_1 series with upper parameters ay,...,a,, lower parameters
b1,...,b._1, base ¢, and argument z is defined as follows:

o
air,ag,...,ap (a'17a'27"'7a7‘;q)k k
Gr—1 iq z} = 2",
TR by, by b kzzo(q,bl,---,br—l;Q)k

An ,.¢._1 series terminates if one of its upper parameters is of the form ¢=™ with m =

0,1,2,..., because
—m.

(™ q)k =0, k=m+1m+2,....
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The ,¢,_1 series, if it does not terminate, converges absolutely for |z| < 1.

In our computations throughout this paper, we make frequent use of some elementary iden-
tities for g-shifted factorials, listed in [11, Appendix I]. We list a few important summation
theorems from [11, Appendix II], for quick reference.

We start with the (nonterminating) g-binomial theorem (cf. [11, Eq. (I1.2)])

1¢0|: 14, 2 :| - ((a;;;qq))ozo7 ’Z’ < 17 (31)

an identity first discovered by Cauchy [8] in 1843.
Further, we have the ¢-Gaufl summation (cf. [11, Eq. (IL.8)]),

a,b. ¢ | _ (¢/a,c/b;q)os
2|, 5| = L) efabl <1, (3.2)

which is due to Heine [14].
An identity of fundamental importance is the terminating g¢s summation theorem (cf. [11
Eq. (I1.21)])

{ a, qva,—q\/a,b,c,qg”" ql*’”] _ (ag, aq/bc; q)m (3.3)
Va, —/a, ag/b,ag/c,ag*+™ P "o (aq/b,aq/c; q)m’ '

This identity can be extended (by analytic continuation) to Rogers’ [46] nonterminating g¢s
summation theorem (cf. [11, Eq. (I1.20)])

é a, g\/a,—q\/a,b,c,d ﬂ (aq,aq/bc,aq/bd, aq/cd; q) oo (3.4)
%% | /a, ~v/a, aq/b, aq/e,aq/d* © bed ] ~ (ag/b, aqfe, aq d, aqfbed; q)oc’ |

where |aq/bed| < 1. Clearly, (3.4) reduces to (3.3) for d = ¢~™.
The series in (3.3) and (3.4) both are examples of so-called “very-well-poised” series. Another
example is Jackson’s [18] terminating very-well-poised g¢7 summation (cf. [11, Eq. (I1.22)]),

6| qva,—qv/a,b,c,d,a’q" " [bed, " _ (ag,aq/be,aq/bd, aq/cd; q)n
ST Va, —x/5 aq/b, aq/c GQ/d bedg " /a,aq"™™ D] T (ag/b, ag/e, aq/d, ag/bed; ),

which contains (3.4) as a special case (n — o00). (The series in (3.5) is even “balanced” but
we do not need this notion here.) Jackson’s summation (3.5) stands on the top of the classical
hierarchy of summation theorems for very-well-poised basic hypergeometric series.

An ,¢,_1 series is well-poised if the parameters satisfy the relations

(3.5)

qa; = agby = azby = --- = a,b,_1.

It is very-well-poised if, in addition, as = g\/a1, a3 = —q./a1. Note that

(avar, —gyar gk _ 1—aig* (3.6)
(va1, —v/a1; Q) I—a
appears as a factor in the summand of a very-well-poised series. The parameter aq is usually

referred to as the special parameter of such a series, and we call (3.6) the very-well-poised term
of the series.
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3.2. A,_1 basic hypergeometric series. For convenience, we employ here (and elsewhere)
the notation |k| = k1 + --- + ky, where k = (k1,...,kn). We recall the following fundamental
result from [34, Th. 1.49].

Proposition 3.1 (Milne). Let ay,...,an, and uq,...,u, be indeterminate, let M be a nonneg-
ative integer. Then

wiq® — wighi (ajui/uj;q) (a1a an;q)
z : |I Zq ]q || et yani: 142 ... n7qM' (37)
ki kn>01<icj<n W T W o (qui/uj; @)1 (@ @)
k|=M

The n = 2 case of (3.7) is equivalent to (3.3). Proposition 3.1 played an important role

in Milne’s elementary derivation of the Macdonald identities for the affine Lie algebra AS).
It further serves as a starting point in Milne’s approach to A,,—; or U(n) series, see [40]. Its
original proof made use of a particular ¢-difference equation, and induction. An even simpler
inductive proof of Proposition 3.1 was recently discovered by Rosengren [47, Sec. 2] (see also
[11, Sec. 11.7]).

An immediate consequence of Proposition 3.1 is the following n-dimensional extension of
(3.1), first given in [34, Th. 1.47].

Proposition 3.2 ((Milne) An A,,_; nonterminating ¢-binomial theorem). Let ay,...,a,, 2z, and
Ui, ..., U, be indeterminate. Then

i H wi " — ujqh ﬁ (ajui/uj; Q) K (a1...an%;q) oo
W —

i — Uj

)

Ko =01<i<j<n ij=1 (qui/uj; @)k, (239)oc

provided |z| < 1.

Clearly, Proposition 3.2 follows from Proposition 3.1 by multiplying both sides of (3.7) by
2™ and summing over all M > 0. The right-hand side is then simplified using (3.1).
In the above cases, we have
[ o a9

1<icj<n T U
appearing as a factor of the summand. Since we may associate (3.8) with the product side of
the Weyl denominator formula for the root system A,,_; (see e.g. D. Stanton [52]), we call such
a series A,_1 basic hypergeometric series. Note that often in the literature these n-dimensional
series are called A,, series instead of A,,_1 series.
Note that on the left-hand side of (3.10), e.g., we have, in addition to (3.8),

H 1= awgm ™ (3.9)

appearing as a factor in the summand of the series. It is easy to see that the n = 1 case of (3.9)
essentially reduces to (3.6). We call the product of (3.8) and (3.9) the very-well-poised term of
the multiple series. To clarify the special appearance of the very-well-poised term (even in the
one-dimensional case), it is useful to view the series in one higher dimension. In particular, we

can write
H uig™ — u;qv H 1 — auiq _ gl H uig™ — u;qv
11 Ui —uj - 1 — au; 1 wp—uj
1<i<j<n =1 1<i<j<n+1
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where u, 11 = 1/a and k41 = —|k|. Indeed, some A,,_; basic hypergeometric series identities are
sometimes better viewed as identities associated to the affine root system A, (or, equivalently,
the special unitary group SU(n + 1)).

Multidimensional basic hypergeometric series associated with the root system A,_1 (or equiv-
alently, associated with the unitary group U(n)) have their origin in the work of the three math-
ematical physicists Holman, Biedenharn, and Louck, see [15, 16]. Their work was done in the
context of the quantum theory of angular momentum, using methods relying on the represen-
tation theory of the unitary group U(n). Subsequently, extensive investigations in the theory of
multiple basic hypergeometric series associated with the root system A, _; have been carried out
by R. A. Gustafson, S. C. Milne, and several other researchers. As result, many of the classical
formulae for basic hypergeometric series from [11] have already been generalized to the setting
of A,_1 series, see e.g. the references [5, 9, 12, 13, 34, 35, 37, 38, 39, 41, 42, 48].

An immediate consequence of Proposition 3.1 is the following extension of (3.3), a result first
obtained in [35, Th. 1.38].

Proposition 3.3 ((Milne) An A,_; terminating ¢¢s5 summation). Let a, b, ci,...,cn, and
U, ..., Uy, be indeterminate, let M be a nonnegative integer. Then

ki 1= aquggtt S (aug;q)
I | I e

-1 au;iq/ci; Q)Ik\

ki,....kn>01<i<j<n =1
k| <M
k
y H cjuz/uj, q)k; ﬁ (bui§Q)k¢ .(q »Q)\k| ( HM )' |
i (qui/ugi @)k, oy (auwig' M5 @), (aq/big)pg \ber - cn

~ (ag/bcy ... cn5q)mr ﬁ (auiq; )

(aq/b;q)m Pl (awiq/c;)m (3.10)

Proof (see e.g. [4]). To derive Proposition 3.3 from Proposition 3.1, just replace n by n + 1 in
(3.7), and replace k, 1 by M — |k|, so that in the resulting sum the summation index ranges
over the n-tetrahedron 0 < |k| < M. Finally, suitably relabel parameters to obtain (3.10). O

Proposition 3.3 can be extended by analytic continuation to the following multivariable gen-
eralization of (3.4), a result first obtained in [35, Th. 1.44].

Proposition 3.4 ((Milne) An A, _; nonterminating g¢s summation). Let a, b, c1,..., ¢y, d,
and ui,...,u, be indeterminate. Then

S I wig" — u;qh ﬁ 1 — au;g" e ﬁ (aus; @)
— uj 1—au; (

aw:a/cs:
k1, kn>01<i<j<n i=1 -1 ZQ/ Z’Q)|k‘

n

xﬂ (cjui/uj; q) kH (bui; @, (d @)k < aq )|k|
e (qui/uj; @)k, au,q/dq (aq/b; @) \ber .. .cnd

=1

_ (aq/bey . . . cn,aq/bd; q) oo H (auig, auiq/cid; @)oo

3.11
~ (ag/b,aq/becy .. . cnd; q)oo (au;q/ci,auiq/d; @)oo’ (3.11)

provided |aq/bcy ... cpd| < 1.

Clearly, Proposition 3.4 reduces to Proposition 3.3 for d = ¢~ M.
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Proof. Both sides of (3.11) are analytic in 1/d in a domain D around the origin. Now, if
1/d = ¢M the formula holds due to Proposition 3.3, for all M = 0,1,2,.... Since the infinite
sequence ¢™ has an accumulation point, namely 0, in the domain of analyticity of 1 /d, we
can apply the identity theorem to deduce that (3.11) is true for all 1/d throughout D. By
analytic continuation the identity holds for all 1/d in its region of convergence, i.e. in the disc
|1/d| < |bcy .. .cn/aq]. O

We will need the following identity from [39, Th. 7.6] which can be obtained from Propo-
sition 3.4 by letting b — ag/c, followed by a — 0, and the subsequent substitutions ¢; — a;,

i=1,...,n, and d — b. It represents a multivariable generalization of the ¢-Gaufl summation
n (3.2).

Proposition 3.5 ((Milne) An A,_; nonterminating 9¢; summation). Let ay,...,ay, b, ¢, and
Ui, ..., U, be indeterminate. Then

S O] uig" — u;q" f[ (ajui/uj; @)k, (B:0) i c \"
Uj — Uy s (¢ aj...apb

_ (c/ay...an,c/b;q)co
(c,e/ar...anb;q)oo

provided |c/a; . . .anb| < 1.

The following identity in Proposition 3.6 is even more general than Propositions 3.3 and 3.4.
It was first obtained in [36, Th. 6.17]. A simple inductive proof of Proposition 3.6 was recently
discovered by Rosengren [47, Sec. 5] (see also [11, Sec. 11.7]).

Proposition 3.6 ((Milne) An A,,_; terminating g¢7; summation). Let a, b, c1,..., ¢y, d, and
U, ..., Uy be indeterminate, let M be a nonnegative integer. Then
Z H uiq — gt ﬂ 1 — au;ghitI ﬁ (aui; q) k| ﬁ (cjui/ug; Q)
k1 yoonrkin >0 1<i<j<n —uy g loaw 2 (aug/ei g ij=1 (qui/uj; @)k,
k| <M
% ﬁ (bus, a2uiq1+M/bcl - Cpd; Q>k3i ) (d, q_M; Q)|k| x|
=1 (auig/d; auig' M )y, (ag/b,ber ... cadg= [a; q)

n

_ (aq/bd,aq/bey . .. cn; @) M H (auiq, auiq/cid; q) p
- (CLQ/b7 OLQ/bCl . cnd; q auzQ/Cu auzQ/d Q)

(3.12)

=1

For convenience, we also list the following identity which is not of A,,_1 but of C), type. It
was derived in [9, Th. 4.1], and, independently, in [41, Th. 6.13].

Proposition 3.7 ((DENIS-GUSTAFSON; MILNE-LILLY) A C), terminating g¢7 summation). Let

a, b, c, d and uy,...,u, be indeterminate, let mq, ..., my, be nonnegative integers. Then
ki tk; —Mjo, . [a). g
z : ] [ uig™ —u; g ki ] [ 1-—- au;u;q™ ] [ (q mjuz/ujaauzujaQ)ki
ap oy .y lm; ) .
— U 1 — au;u au;u i, qui/u .
0<ki<m;1<i<j<n 7% 1<ili<n it ',j:l( itid  qUi /U3 q)k;

i=1,...,n
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n

H (bui, cu, dug, a®u;iq* ™ /bed; q)y, k|
(au;q/b, auiq/c, au;q/d, bedu;g=™! /a; q)y, 1

=1
n

= I (ewig; )i, ] (aviig; @)m,

1<i<j<n i,j=1
(ag/be, aq/bd, aq/cd; q)|m|

X
[Ti=1 (auig/b, auiq/c, auq/d, aq1+|m|_mi/deUi§ @)m;

(3.13)

4. MULTIVARABLE BASIC HYPERGEOMETRIC SERIES OF A NEW TYPE

Here we derive several new summations for multivariable basic hypergeometric series of a
new type. Their special feature is that the series involve specific determinants in the summand.
The first result is obtained from the A, _1 g¢7 summation in Proposition 3.6, combined with the
multivariable matrix inverse in Corollary A.4.

Theorem 4.1 (A multivariable terminating g¢7 summation). Let b, d, to,t1,...,tn, U1,..., Uy
be indeterminate, let M be a nonnegative integer. Then

Z H (qui/tiug; q),, H (tjl'ti/yj§.Q)ki—kj H 1

v Fon >0 =1 quz/up )kl 1<i<j<n (quz/tzuj,Q)ki k; 1<z<]<nu ]

|k|<M
i 1 —towig®™ o wid® —u
x det | (uig" )" 1—15]711 - : 2
1<i,j<n [( ") ( 1 — touigh /t; Huiqki/ti—us

(dya M q) ﬁ (towiq/ti, bug, tuig ™™ Jbdty - tn; @),
(bdq M/t()a tOQ/btl tm q)) tO“zQa tOUZQ/dtza t0u1q1+M/tz§ Q)ki

L —

- (dqi /tOuz’§Q)|k|—ki [K|+527, (1—i)k; & (i=Dki+>70 1 Ky
<1 R ] J

1 dtiq_M/tOUiQQ)|k|fki i=1
n

_ (toq/b, toq/bdty - - - tn:q)mr H (towiq/t;, touiq/d; ) m
(tOQ/bda tOQ/btl tnv tO“zQ» tOUZQ/dtza )

(4.1)
1:1

Proof. We apply multidimensional inverse relations. We have (A.4b) by the a — tog, ¢; — t;,

d— dgV, u; — uigh, i =1,...,n, and M +— M — |1 case of Proposition 3.6, where
_ O /g Qg e e (bt @)1k
by = H (wig"™ — u;g") H (qus Juj; )Z JH(t .Z/t. )Z -
1<i<j<n ij=1 QUi U553 9) gy -y 57 LU/ a5 @k ||
ﬁ (bui, tuig" ™ /bdty - - tn; @), (4™ @) o

X .
o1 (towig/d, touiq M g, (toq/b,bdty - - - tng=™ [to; q) k|

and

(toq/bd, toq/bty - - M ﬁ (touigq, towiq/dti; q)

a
'™ (toq/b, tog/bdt; -- (touiq/ti, towiq/d; @) m

=1
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m(tiui/ugiq T (dg™M Jtous; q)
I I 14,1 0Uis @) |1j—1;
X (uiq” — u;q”)
19‘1131 zH1 (qui/uja Dy, Zl_[ (dtiq= [toui; @)py—i,
y ﬁ (bus, tBusg ™M Jbdty - tns q)i, (d.q ;) it Ht
(towiq/dt;, touig* ™ Jtis @), (togq/bty - tn,bdq M /to; gy

and gy as in (A.9b). Therefore, we must have (A.4a) with the above sequences a; and by, and
fmk as in (A.9a). After the substitutions tg — tog ™, d — dg= ¥, u; — uig ki

=1 =1

tomg = my + Ky,
i=1,...,n, M — M + |k|, simplifications and subsequent relabelling (m; — ki, i = 1,...,n),

we obtain (4.1). O
The following identity is obtained from Theorem 4.1 by a polynomial argument.

Corollary 4.2 (A multivariable terminating g¢7 summation). Let a, b, ¢ d, and uy,...,u, be

indeterminate, let my,...,m, be nonnegative integers. Then

Z H uz/u], >k H (qmjui/UﬁQ)kifh H 1
(qui/uj;q) L (g Mg g ) kg Ui — Uj
0<k <m i,j=1 >4 ki 1<i<j<n 34 7 1<i<j<n J

,,,,,

— gkt n ki
x det | (uig®) I [ 1= UM L augg" ™ H e T
1<4,5<n 1— auiqki+\m|—mi e uzqszml — U
(c;d; @)k ﬁ (auig ™= by, auigt e bed, Dk,
* (bedq ™ Ja, aq/b; Q| 2 (auig ™m0 augtHimi=mi fe, qu;qt+ml=mi /d; ),

Xﬁ (cdg ™™ /e q)pq -k, e (ikbnal (- Dk 7 K5])
(cdgmi=Iml faug; q) -,

=1

(aq/be,aq/bd; q)|m| H (augttml=mi gu;qttmli=mi /e, @)m (4.2)

(aq/b,aq/bed; q) | 57 (au; sqitiml=mi Je gy qttiml=mi /d; q),
Proof. First we write the right hand-side of (4.1) as quotient of infinite products using (2.2).
Then by the tg = ag™ and t; = ¢, i =1,...,n, case of Theorem 3.6 it follows that the identity

(4.2) holds for ¢ = ¢~™. By clearing out denominators in (4.2), we get a polynomial equation
in ¢, which is true for ¢=™, M =0, 1,..., and thus obtain an identity in c. O

The following multivariable nonterminating g¢s summation is obtained by letting M — oo in
Theorem 4.1 (while appealing to Tannery’s theorem (cf. [7]) for justification of taking term-wise
limits).

Corollary 4.3 (A multivariable nonterminating ¢¢s summation). Let b, d, to,t1,...,t,, and
Ui, ..., U, be indeterminate. Then

Z H (qui/tiug; a) Dk, H (tjui/uj;Q)ki—k‘ H 1
quz/“y» )kz qui [t Q) —k; L — U

- Uy
k1,..kn>01,5=1 1<i<j<n

J 1<i<j<n
j 1 —touid™ o4 wid® —u
x det wigFyIi 1 — ¢t 0 d s Do (I=)k;
1<i,j<n [( ) ( b 1 —towigh 31;[1 wighi Jt —ug ) |
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Xﬁ (touiq/ti, buis )k, ihi=Sishs (d; ) <toq)'k
-1 (touiq, towsq/dts; @), (toq/bt1--tn; @) \ bd

(tOQ/b 7fO‘I/bdtl tn;q oo H tOUzQ/tzvtOUzQ/d Q)
 (tog/bd, toq /bty - (towiq, touiq/dti; q) oo

provided |toq/bd| < 1.
The following identity is obtained from Corollary 4.3 by letting d — ¢~ M.

Corollary 4.4 (A multivariable terminating g¢s summation). Let b, to,t1,...,t,, andu, ..., u,
be indeterminate, let M be a nonnegative integer. Then

Z H (qui/tiug;q k H (tﬂ'ti/?‘jl?.Q)ki—kj H '1

fr s Fon >0 =1 (qui/uziq)y, D, 1<i<j<n (qui/tivg; @)ri—k, 1<icj<n YT U

|k|<M
i S 1—t0u~qki - u-qki —u no1_ g
x det |(uig")v (1 —¢n L J i s S (=i
: - K
(touiq/ti, bui; @)k, RSV (M q)k <toq1+M>| |
11 (touig, touig" ™M [ti; q)k, (tog/bt1 -~ tn; @)k b

_ (tog/bia)m ﬁ (touig/ti; ))m
(togq/bty - tn;q)n - (fouig; ¢)nm

Another multivariable terminating g¢s summation theorem is obtained from Corollary 4.3 by
letting t; — ¢™i, 1 =1,...,n. We do not state it explicitly.

The last result in this section is, at this moment, only conjectural (which we however verified
numerically by computer). We provide a heuristic (but not completely correct) derivation using

the C), g¢7 summation in Proposition 3.7 combined with the multivariable matrix inverse in
Corollary A.6.

Conjecture 4.5 (A multivariable terminating g¢7 summation). Let a, b, ¢, d, and uq, ..
be indeterminate, let m1, ma, ..., m, be nonnegative integers. Then

- Un

3 ﬁ (q" ™ i fu, auguyg TG ) (g g @)k 0 wigh — ujqhi

0<k;<m; i,j=1 (qui/uj, ausuig™ ™l ), (qui/ug; @)x; -1, 1<icj<n W T Y
i=1,...,n
% H (aUzU_]q‘m‘, Q)kﬁ-k] . q\kH—(n—l) E;L:l mik;
1<i<j<n (auiujqpr'm‘imiimj ; Q)ki—l—kj
n
X H (i —uj) (1= q_‘ml/auiuj)_l H(ul + ¢ ™ /qu;)
1<i<j<n i=1

X det |:('U/qu7, + q*ki*mi/aui)n+1*j _ (uiqkifmi + qfk¢+m¢f|m\/aui)n+1fj
1<4,5<n

n

X H (uiqki —ug)(1 — qikrlmvauiuﬂ

(uighi=mi —ug)(1 — g kitmi=iml fau;u,)

s=1
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= (bu, cug, dug, a®uig 1™ /bed; q)g,
(auigttIml=mi /p qu;gitiml=mi /e qu;qttIml=mi /d bedu;q=™i fa; q)y,

X

n

_ oy Al m|—my—my . =1 oy ol m—my
B H (aulujq o =mi=m; ) Q)mﬁ-mj H (auzu]q il 5 q)mi
1<i<j<n 5,j=1

y (ag/bec, aq/bd, aq/cd; q)|m)
[T, (auig+mi=mi /b, auig+1ml=mi fe, qu;qt+ImI=ma /d, aq /bedui; q)m,

Heuristic derivation of Conjecture 4.5. We apply multidimensional inverse relations. We
have (A.4b) by the u; — wu;q", M; — M; —1;, i = 1,...,n, case of Proposition 3.7, where

(4.3)

—M,; . .

b ulqkl — u]qkj 1— auiujqkiJrkj n (uzq ]/U’jv q)k‘i—kj (auiuja Q)k¢+kj
k — | | | | I | 1+M;
Pp— . —_ . . . . . . 1"

i<ijen WTU O Gdicn 1 — aujuy Bt (qu,/u],q)kifkj (auju;q S Q) ki,

(bu;, cu;, du;, a2uiq1+|M|/bcd; Qk; K

o (auiq/b, au;q/c, au;q/d, bcduiq_|M|/a; Qk;

(2

and

n
_ 14+04+1. \—1 141415 .
a) = H (aujuiq ™" ]7Q)Mi+Mj H(auiuj'q T QM
1<i<j<n 4,j=1

y (aq/be,aq/bd, aq/cd; q)
[Tim (auig b /b, auig +i [ e, auig'+i /d, ag!+MI=Mi=li [bedug; q) g,
uigh — uqu]' 1_— auiuquiHJ n (uiq*Mj Juy; q)li*lj (auuy; Q)erj
< I ——> 1l

u 1 — auju, H wi/uj; awju;g" M q)p g
1<i<j<n 7 J 1<i<j<n i Wy ij=1 (q z/ ij)l ( iU5q aQ)lerl]

i—lj

ﬁ (bus, cui, dus, a*uig *™ /bed; q),, it
(auiq/b, auiq/c, au;q/d, deuiq_|M‘/a; D

i=1
and gy as in (A.10b) with t; — ¢~ i i =1,... n.
If we now consider (A.4a) with the above sequences a; and by, and fik as in (A.10a) with

ti — ¢ Mi i =1,...,n, but do everywhere the replacements M; + —M;, i = 1,...,n (the
latter would require justification), we obtain, after the substitutions a +— ag™l, w; — wig ",
m; — m; + ki, i = 1,...,n, simplifications and subsequent relabelling (m; — k;, M; — my,
i=1,...,n), the identity in (4.3). O

We hope that Conjecture 4.5 (assuming its correctness) will be useful in establishing explicit
formulae related to B,,, C}, or D,, Macdonald polynomials.

5. HYPERGEOMETRIC SPECIALIZATION OF A,_1 MACDONALD POLYNOMIALS

We show here that the Pieri formula, Theorem 2.1, and the (equivalent) recursion formula,
Theorem 2.2, both can be viewed as multidimensional generalizations of the terminating very-
well-poised g¢5 summation (3.3). This, together with the knowledge that the g¢s summation
has a nonterminating extension, see (3.4), eventually leads us in Section 7 to extend the family
of Macdonald polynomials, indexed by partitions, to Macdonald symmetric functions, indexed
by n-tuples of complex numbers.
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Following Macdonald [32, p. 338|, we consider for an indeterminate v the homomorphism
eut : Sym — Qg, t], defined by

1—u"
cut(pr) = T (5.1)
for each integer r > 1. In particular, if u is replaced by t" one has
1 _ t’rb’/‘
Etht(pr) = 1—¢ = pr(l, t7 e ,tnil),

and hence for any f € Sym
gtn’t(f) = f(latv cee 7tn_1)7

the “principal specialization” of f. (Another notation for the principal specialization is ug(f) [32,

p. 331], while in terms of plethystic notation it reads as f[2=%], due to (5.1).) Since (recall (2.7))
"G 7=l
Et",tPA(X; qat) = tZi:l(Z_l))\i H ( ti—- q>>\ = ’ (52)
1<idien FTH DN

we have (see [32, p. 338, Eq. (6.17)])

n j—it1.
S (=1 Utl qu (t] o aQ))\i—)\

5u,tP)\ (X7 q, t) tn+1 7. Q))\

L (5.3)

7 1<7,<]<TL (tJf(L?q))\z_AJ

where n > [(\). (We can take any such n. The homomorphism ¢, ; in fact does not depend on
n.) This follows from (5.2) by a simple polynomial argument. Both sides of (5.3) are polynomials
in u (with coefficients in Q|g, t]) which agree for infinitely many values of u, namely whenever
u = t" for any n > [(\), hence are identically equal.

Combining (2.5), (2.6) and (5.3), we have

EutQr(X;q,t) = br(q,t) eut PA(X; . 1)

_@ion o lef L,

P (qtn—i;q))\i 1<i<j<n (t] —i+1 qtﬂ i—1. q))\ Y
X tZz 1 Z 1)>\ H H (t]71+1;q))\i—/\j
tm—l " q>/\l 1<i<j<n CRRT VY

" 1—i. i.
:tzz;l(z‘—minu I (g% @)r-x, 5

(@50 e, (@ -

where n > [()).

In view of the explicit evaluations (5.3) and (5.4), it is clear how useful the application of the
homomorphism €, ; is when applied to identities involving Macdonald polynomials, in particular
for deriving multivariate formulae of hypergeometric type. In this respect (when being applied
to Macdonald polynomials), we may consider ¢, as a “hypergeometric specialization” (which
is slightly misleading as ¢, is actually not a specialization homomorphism for u # t"; it can be
regarded as an analytic continued specialization homomorphism though).

We mention that by applying €, to the set Y in the Cauchy formula [32, p. 324, Eq. (4.2)]
Macdonald [32, p. 374, Eq. (4)] obtained a g-binomial theorem for multiple series of Macdonald
polynomial argument. This identity became in fact the starting point in the development of
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a whole theory of identities for series of (classical A,,_1) Macdonald polynomial argument, see
Kaneko [22, 23], and Baker and Forrester [3].

5.1. Hypergeometric specialization of the Pieri formula. We apply ¢, to both sides of
the Pieri formula in Theorem 2.1, utilizing (5.4). On the left-hand side we obtain

—1

'Q)/\i I (qtjii;q)/\i—)\‘ (u39) 7,1
(5.5)

EutQ (A, 2m) Eut@(Ani1) _tZZ LG=1)\ H

Since
_ % GE=1)(Xi+6:))+n(A -6
Eut Q01401 At g o) = t12i=1 (DA Fn O =16

y ﬁ (ut' ™" q) x40, . (Ut™™5q)x,41—16]
(qtnt1- Z, Drito; (G D))

< 10 () P ﬁ(qt"“*i;q)xﬁeﬁxmﬂm
r<icien @ D000 iy (@5 Dxv0 N o]

we obtain on the right-hand side

ZH

t q‘QH-l—l-)\ )\n+1tn Q. (I)G

q|9H—/\ )\n+1tl+n ’L, q)

dern 11 (@ Z
(q)\i—)\jtj—i-i-l q —0;+1+X; /\]t] i— 17 q) Q
X H - s Eut _
Tt X=X tj—i =0+ Ai—N;4j—i. Ut (A1 401, An 400, An+1—6))
1<z<]<n (q + Jt] qu J+ ]t] Z?Q)ei " "

— tZ?:f(i_l))‘i (Ut_n; Q)An+l f[ (Utlii; q))\i (qtn—H Z? Q))\ —An+1 H (qtj_i; Q) Ai—Aj
(

(@ Dxna ooy (@75 N @75 Dn-an g, (@70

(1_q)\ —Aj+0i—0; 45— z n /\ )‘"+1+91+|9|tn+1 z)
x Z H (1_ Ai=Ajti— z H /\ —Any1gntl— z)
01,...,0,>01<i<j<n q i=1
n )\f)\jtjfz#l. , n >\ >\n+1tn+1 z
X H 1+)\-—)\- '7i7q)01 H 14— n—i. )‘0|
= (€T e o (@A )y
) — —Ant1.
S ARt S et 1T ) TS
(@Mt g)g, (g A fus )

If we equate the right-hand side expressions in (5.6) and (5.5), divide both sides by

By G ’Q)Anﬂﬁ (ut' 5 q)x, (@5 Dn -2 11 (g7~ q)r—n,
(@ Drpar (@59 (@ 5D -dpr o (@ @)N -0,
1<i<j<n

i=1
and simplify, while rewriting the right-hand side using

(u; q)>\n+l ﬁ (q Aigi—n— l’q) - _ (ql—)\n+1/u; q)>\n+1 f[ (qH—)\ —Ant1pntl- z,q) -

(Ut Drpr 17 (@I @) (ghAnt1t™ fu; )y, 4 (LT Ant1gn—is gy

we obtain the following result:

i=1 ntl



18 MICHAEL J. SCHLOSSER

>, I

(in+9it7i _ )\ +9]t ] )\ >\n+1+9 +|6’|tn+1 7,)

n
(q)\itfi _ Jt j H 1 _q)\ >\n+1tn+l z)

01,...,0,>01<i<j<n i=1
[01<Ap+1
D W n )\ —A 1-
y (q)w >\jt] ’H—l 01 H n+1tn+ 7, )i9|
1+ =)\, j—’L 1+)\ >\n+1 n— Z
=1 t o, i ( ")
(q)\iutl—l; q) . (q n+1 )i9| (g) |9|
Pl (ql-l—/\itn-i-l—z; Q)Gi (ql ’\n+1t”/u; q>|0|

_ (qli)\nJrl /u; q))\n+1 ﬁ (q1+>\ )\n+1tn+1 Z7 q>)\n+1
(g A1t fus ), (gHAAnsrtn=ig)y,

Now, this identity (which is equivalent to the classical terminating g¢s summation when n = 1)
is simply the special case of Milne’s A,,_1 terminating g¢s summation in Proposition 3.3, where
a—t, b @rutl=" > b, uy e g T ATl (1 <i<mn),and M — A,11. In particular,
observe that the n + 1 indeterminates a,cy, ..., c, all are substituted by t.

(5.7)

i=1 Ant1

5.2. Hypergeometric specialization of the recursion formula. We apply ¢, ; to both sides
of the recursion formula in Theorem 2.2, utilizing (5.4). On the left-hand side we obtain

n+1 )N (qt]_la Q)Ai—)\j
£ ,tQ A, n = Z —— . 5.8
u ( 1yeeey +1) H tn—l—l 7. q>/\l 1<1<J1_£n+1 (th 7 1;q))\i*/\j ( )

Since

q)
Eut Q(Ani1—10]) Eut @\ 401, A +0,) = @D o
)

n 1—3. J—1.
' t o p.
<11 (ut' ™% q) x40, 1T (@ Q) x+0,-7,-0,

(@5 Oxv0; ey, (@O0 v0,-0,-0,

we obtain on the right-hand side

X=Xy i —i=1 =054 Ni=\; pj—i+1.

) q ’ Q)Qz
(gt = gm0t N A= g)

S [ @d e, (4
9eNm i=1 (g, gt HAimAntitltn=isg),

i 1<i<j<n 0;

X

1 . .
: — det Ai=Ant1+0iyn—iyn—j
1<H< (q&‘*>m+1+9itn*l _ q)\]'—>\n+1+6jtn*j) 1<i,j<n (q )
<1<y<n

( - 1— q)\i*)\nJrl‘i’eitn*i‘i’l n qks*Anth*S _ q/\i*An+i+9¢tn*i
x |1 -t

1— q)\i—)\n+1+9itn—i et q)\s—kn+1tn—s+1 _ q)\i—)\n+1+9itn—i

X €utQ(nps1—10]) Eut@(A1401,... An+0n)

_ o (8 D ﬁ (ut' "5 ), 11 (27" @)nin
(@ Doy oy (@5 DN s, (@)
n 1+)\ )\Jt] i—1 i )\]tj —i+1.

1 0)p; (™ $0)0:—0,
X Z H 1+)\i,)\jtj_l7q) H (qlJr)\i*/\jt]—z 17Q) 0,-0;

9ENm i j=1 0;  1<i<j<n
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1 VY o
i—Ant+1+H0im—i\n—j
X H (ghi—AnrLgn=i — @A Aniign—i) 15}3‘%” [(q ")

1<i<j<n
- 1— q)\if)\n+1+9itn7i+1 n q)\s*)\n-kltnfs _ q/\i*)\n-kl‘i’eitn*i
_ -
X [1—t 1 — ghi—Ang1+Bign—i i qrsAnargn—st1 _ gXi—Anp1+H0ign—i
sS=
y (q1+)\i*)\n+ltn*i’ q)‘iutlfi; Q)Gi ‘ (q_)\nﬂ;q)\@\ <qt> 10| q2?21(1_i)0i tZ?ZI 2(i—1)0;
paley (q1+)\i*)\n+1t1+n*l7 q1+)\itn71; Q)Gi (ql*)\nJ’»l /u; Q)W
(5.9)
If we equate the right-hand side expressions in (5.9) and (5.8), divide both sides by
o -x (D ﬁ (ut' " q)y, I (@5 ) -n,
(@ Donir iy @5 @N o, (@77 @)
and simplify, while rewriting the right-hand side using
tn)\n+1( +1 ﬁ tn Z (qt’fL-‘rl Z’q))\ —An+1
( n+1 i=1 qtn+1 l (qtn zﬂQ))\‘—)\yH_l
— (ql )‘n-‘rltn/u q n+1 ﬁ 1+A An+1tn 7l7q) n+1
(ql >\n+1/u q At i:1 1+>\ )\n+1tn+1—z Q))\n+17
we obtain the following result:
Z ﬁ gt 1 0),, H (in—/\jtj—iH.q)ei_gj H 1
(g At THh—\ 1. Nf—i _ Nit—j
fenn i j=1 7 z7q)9¢ \<isi<n (q i —i— Q)G o, \<isj<n (q t=i — ghit J)
 det |(@rHopiy (1o gl @ T B e -
1<i,j<n q 1— inf)\n-&-l‘ngtn*i e q)\stlfs _ q)\7,+97,t71
) n (q1+)\i—>\n+1tn—i7q)\iutl—i;q)gi | (g1 )|9| qt 16 SO (-0 (S 2610
P (q1+)\i—/\n+1t1+n—i7 g it Q)o, (ql—An+1/u’ q)|9l q
(ql_A"“t”/u; D rpis i (qlﬂi_’\"“t”_i;Q)AnH
= 11 (5.10)

(@At fus @)n, oy (@At =tg)y L

Now, this identity (which is equivalent to the classical terminating g¢s summation when n = 1)
is simply the special case of the multivariable terminating g¢s summation in Corollary 4.4, where
ar—t, b q’\n+1ut1_”, c — t, u; — q’\i_)‘ﬂﬂt”_i (1 <i<mn),and M — A,11. In particular,
observe that the n + 1 indeterminates a, cq, ..., c, all are substituted by t.

6. MORE BASIC HYPERGEOMETRIC IDENTITIES INVOLVING MACDONALD POLYNOMIALS

In the previous section we showed that the Pieri formula and the recursion formula, see
Theorems 2.1 and 2.2, both constitute (two different) multivariable terminating g¢s summations
which involve A, _; Macdonald polynomials. While nonterminating series are considered in
Section 7, one can ask whether other important basic hypergeometric identities can be extended
to the multivariate setting involving A, _; Macdonald polynomials. Concerning multivariate
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extensions of identities for non-very-well-poised basic hypergeometric series, we refer to the
work of Kaneko [22, 23] and Baker and Forrester [3] where several identities are established that
involve Macdonald polynomials playing the role of the argument of the respective series. In the
very-well-poised case, which is investigated here, the A,_1 Macdonald polynomials play the role
of g-shifted factorials (to which they would reduce after principal specialization).

The main difference is the dimension of the series; in the A, 1 setting the very-well-poised
structure is implicit from taking the step n +— n + 1 to one higher dimension (see e.g. the proof
of Proposition 3.3). Whereas for n = 1 the A,,_; Macdonald polynomials are simply monomials,
in the n = 2 case they are, in view of

2o (G Dai—x

(t D a—xs
(where we have used (2.9) and (2.11)), (multiples of the) continuous g-ultraspherical polynomials
gm- The latter are specific 2¢1 series, see (7.1), which when principally specialized simplify
to ratios of ¢-shifted factorials by virtue of the Chu—Vandermonde summation theorem, the
terminating special case of the g-Gaufl summation in (3.2).

We mention that for the nonreduced irreducible root system BC), very-well-poised basic
hypergeometric series identities involving Okounkov’s [43] Macdonald interpolation polynomials
or the more general Koornwinder—-Macdonald polynomials (both which are of BC,, type) have
been established by Rains, see [44, Sec. 4] and [45, Sec. 4]. (The A,_; identities investigated
here appear to be essentially different from related BC,, identities found by Rains.)

One first question that arises is whether Jackson’s terminating very-well-poised g¢7 summa-
tion (3.5) can be extended to the multivariate setting involving A, _; Macdonald polynomials.
The answer is affirmative. Consider the Pieri formula in Theorem 2.1. It reads as

i
Qniyrn) QO0nir) = Z dé?,_?,,en(uh o Un) QA 01, A0 Ansa—6]) (6.1)
fenn

Pog) (@1, 254, 1) = (2122) 2 Py 23,0 (21, 225 ¢, 1) = (2132) I —xo (1,725 ¢, 1)

with coeflicients dg, g, (u1,...,u,) defined in Subsection 2.1. We already know that Equa-
tion (6.1), as it stands, represents a multivariable terminating very-well-poised g¢5 summation.
The “trick” now is to restrict the set X to n variables, i.e. to take | X| = n. Due to property
(2.8) the Macdonald polynomials appearing in the sum all vanish unless || = \,+1. We thus
obtain
Qivvorn) Qosn) = D dé?t)gn (U1 Un) Q4010 A +00) (6.2)
0EN™ |0]=Ap 11

under the assumption X = {z1,...,x,}. It turns out, that when ¢, is applied to both sides
of the identity in (6.2) (in Section 5 we coined this as “hypergeometric specialization”), its
n = 2 case reduces to a variant of Jackson’s g¢7 summation (3.5). In fact, if we replace n by
n+ 1 in (6.2), and substitute 6,11 by A2 — (61 + - - - + 6,,), we obtain an identity which, after
application of €, ¢, is essentially equivalent to Milne’s A,,_; extension of Jackson’s g¢7 summation
in Proposition 3.6. Therefore, we regard (6.2) as a multivariable extension of Jackson’s very-
well-poised g¢7 summation.

On the other hand, we are not able to deduce a multivariable g¢7 summation directly from
the (nonspecialized) recursion formula in Theorem 2.2.

It would be interesting to find a multivariable extension of Bailey’s terminating very-well-
poised 19¢9 transformation formula (cf. [11, Eq. (II1.28)]) involving A,_1 Macdonald polynomi-
als.
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7. MACDONALD SYMMETRIC FUNCTIONS INDEXED BY PARTITIONS WITH COMPLEX PARTS

In this section we shall assume |g| < 1. We use the recursion in Theorem 2.2 now to define
Macdonald symmetric functions @) when A = (A1, ..., \,) is any sequence of complex numbers.
One difficulty is to properly define the one row case. (Another issue is convergence, since we
will be considering nonterminating sums.)

Kadell [20] used the classical definition of a Schur function in terms of a ratio of alternants to
extend Schur functions to partitions with complex parts. We want to stress that our proposed
extension of Macdonald polynomials to complex parts (see below) does not reduce to Kadell’s
extension of Schur functions when g = t.

We shall begin with a finite number of variables, say X = {xo,x1,...,2,}. (For convenience,
we start to label X with 0 here). First, consider m to be a nonnegative integer. By appealing
to the g-binomial theorem in (3.1) it follows from taking coefficients of ™ in the generating
function in (2.4) that the one row Macdonald polynomials Q(,,)(X;q,t) = gm(X;q,t) can be
written in the following explicit form:

_ t q ki
=) H ’
ko,....,kr>0 1= 0
k0+ +kr=m

<

Kty kir >0 (a; Q)m‘(k1+”'+kT) z:l
0<k1++kr<m

Although we do not need it here, we mention that for r = 1 and zgz; = 1, the g,, reduce to the
continuous g-ultraspherical polynomials of degree m in the argument (xg+ x1)/2, considered in
[11, Ex. 1.29].

We rewrite the above expression yet further, using the short notation |k| = ky + - - - + k,, and
obtain the following explicit form:

_ B9m (@™ 1 GOk ()"
9m = 7 0 Z (1m/t§Q)k|Z[[1(' (75%0) . (7.1)

(@@m o % 9k,
0<[k|<m
Using the definition
(a; @)oo
a;q)e = 7o
(@9). (ag® @)oo

(recall |g| < 1) for any complex number ¢, we propose the following definition for a one row
complex Macdonald function':

Q(C):gcz(txo;q)c(q/txo;q)_c Z (q:C;Q)|k| H(( SOk (Wf)k (7.2)
1

(@@ (9/t0)—c | oo @/t ; @)k, \ 170

which converges (if the series does not termlnate) for |qx;/tro] <1 (1 <i<r).
We emphasize that (7.2) is not an analytic continuation of (7.1). In fact, (7.2) is neither
analytic in ¢, nor in ¢° (in any domain around the origin). Another problem is that g. is not

LWe call these new objects functions as they are not anymore polynomials. However, note that the term
Macdonald functions is also used to denote other objects, namely modified Bessel functions of the second kind [53].
(The latter have nothing to do with algebraist I. G. Macdonald who introduced the Px(X;gq,t).)
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symmetric in all the z; (0 < ¢ <r) but only in the last r of the x; (1 <i < r). Indeed, already
for r = 1, the 2¢1 transformation g.(xg,x1) = gc(x1,20) turns out to be false if ¢ is not an
integer.

There are other possibilities to extend g, to complex numbers. By our definition (7.2), if ¢
is not a nonnegative integer and ¢ = t (the Schur function case), then we get g. = oo, which is
different from Kadell’s [20, Eq. (2.1)] s (7o) = 7§ = (@) - On the other hand, if we would
have defined g. by (7.1) (for complex m = ¢; relaxing the restriction |k| < m of summation),
our definition would have also not matched Kadell’s in the ¢ = ¢ case since after letting ¢ =t we
would be left with a product of geometric series on the right-hand side. However, our particular
choice of (7.2) is motivated by some nice properties, among which are (7.8) and (7.10).

Since g.(zg, 21, .., 2r,0)=gc(x0, z1,...,2,), we may let r — oo (compare to [32, p. 41]). In
the following, we relax the restriction of X being finite. Thus, we allow r € Ny U co.

Having provided a definition of @), for any complex number c, it is now straightforward to
extend Theorem 2.2 to Macdonald functions indexed by sequences of complex numbers. Let
A = (A1, ...; Adpy1) be an arbitrary sequence of complex numbers. We do not require n+1 < | X|.
For any 1 <14 < n+ 1 define u; = ¢~ *+1¢"~%, Then Qx(X;q,t) is defined recursively by (7.2)
and

t
Qo dnit) = Z Cél,,,),,en(ulw--aun) Qni1—10) QA1 401, An+0n)> (7.3)
feN»
where cé‘f’?). g, (U1, ..., uy) is the same as in Subsection 2.2.

While the (finite) recursion in Theorem 2.2 was proved by inverting the known Pieri formula
for Macdonald polynomials indexed by partitions, (7.3) now defines Macdonald functions in
the general case. The expansion in (7.3) is in general infinite and converges (when it does
not terminate) for |q|,|qx;/tzo] < 1 (¢ > 1). As a matter of formal manipulations (using
multidimensional inverse relations), the equivalence of Theorems 2.2 and 2.1 (Pieri formula) for
these Macdonald functions of complex parts is immediate.

We do not know whether the complex Q) form a family of orthogonal functions, nor whether
they are eigenfunctions of the Macdonald operator (or some reasonable extension of this opera-
tor). These questions, among others, wait for investigation. What at all makes these extended
objects interesting, then? In fact, it turns out that for these “complex Macdonald functions” a
generalization of (at least) one of the so-called Macdonald (ex-)conjectures holds; in particular,
they satisfy an explicit evaluation formula.

Observe that we have departed from the algebra of symmetric functions in X = {zg, z1,... }.
We are working in another algebra. It is necessary to provide some details.

It is convenient to make the following definitions. For a complex number ¢, introduce the
following complex “q,t-powers” of x:

SL‘[C] _ x[c;q,t] _ (ti'; Q)c (Q/mj; Q)fc' (74)
(ta)e (a/t;q)—c
Note that if k is an integer then z¥l = 2¥. More generally, zlct*) = glelgh,

Next, using “q, t-powers”, extend the definition of power sums to complex numbers c:

pe(zo,x1,...) = Y ai. (7.5)

>0
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(We will actually only need the one-variable case p.(xg) = mgc] here.) As usual, this definition
may be extended to multiindices, p(c, ..c,) = Pey - - - Pey, -
Let C denote the set of complex numbers. The algebra we are considering is (algebraically)
generated by the uncountably infinite set of products

{pc(z0) ps(z1,22,...)|c € C,s € N—0}

with coefficients in C|[g, t]]. Note that the above set of products is not an algebraic basis as we
do not have algebraic independence (e.g., (Pe,Ps,)(PeaPsy) = (PeyPsy) (PeaPs;))- We denote this
algebra by S/yR

There is a Sym-extension of the homomorphism Eu,t, defined in [32, p. 338, Eq. (6.16)], which
acts nicely on 5. For an indeterminate u, define a homomorphism &, : S/yﬁq — (g, t]] by

~ [C] 1—u®
Eutt [Pe(w0)ps(z1, 22, ... )] = u T (7.6)
for each complex number ¢ and positive integer s. In particular, if u is replaced by t", we have
~ 11—t _
€tr+17t|: c(xo)ps(z1, T2, - - . )] = (tr)[c] 1T = pe(t")ps(t” 17 ot 1)
and hence for any f € S/y?n
Eri1y(f) = f 7= ). (7.7)

(Compare this to the usual e;+1,(f) = f(t", ¢!, ..., ¢,1), for any f € Sym.)
We now have the evaluation formula

n

~ (@) (a/usq)-» (@5 q)n—,
EutQnr . hn) = — — - —— ; (7.8)
wQona = GG g H (@7,

where \; € C. We will present a pure basic hypergeometric proof (which reduces to a new proof
of the usual analytic continued principal specialization formula for @) if A is a partition).

We proceed by induction on n. For n = 1 we first consider &;r+1 Q) with Q(.) given in (7.2).

¢, and ¢ — ¢'7¢/t case of Proposition 3.5, we see

By the a; — t, u; — u’, i =1,...n, b ¢~
that

r

"+ 9)e (a/t™5q)—c (4% @)K (G Dki (1 ks
(¢ 9)e  (9/t:9)- ,ﬂ%;zo (ql‘c/t;q)mil;[l(q;q)m (=)

@) (¢/t™ @)= (/T g/t )00 (E7Th5 )

(9)e (/) -c (@ ¢/ta/t T Qe (Gq)e

which is exactly the u = t"*1 case of the right-hand side of (7.8) for n = 1. Since this holds for
r=0,1,2,..., by analytic continuation we may replace t"*! by u, which establishes the n = 1
case of (7.8). For the inductive step, we assume (7.8) for partitions A with I(\) < n. Apply
Eu,t to both sides of the recursion formula (7.3) and use the inductive hypothesis to simplify the
summand. We are done if we can show that the sum evaluates to

Eprt14Q(c) =

n+1

(u; ) (q/u; @) x, I (@t @)n—



24 MICHAEL J. SCHLOSSER

This, however, follows by an application of the multivariable g¢5 summation in Corollary 4.3
(after performing the substitutions a — t, b — ¢M+1ut!™™, ¢; — t, u; — g A1t 1 < § < n,
and M — A,41; compare with Equation (5.10)). O

There is a well-known duality formula for Macdonald polynomials (cf. [32, p. 332, Eq. (6.6)]),

(@) _ Qu(¢t)
QA(t?) Qu(t?) '
for partitions A and p of length < n, where
QA(@"°) = Qu(g" "1 g2t 2, ).

We do not know (at present) whether this relation still holds for arbitrary complex sequences
AL, A2, ..., and p1, po, . ... However, it does hold if the length of the partitions is one. Namely,
if A = (c), u = (d) are one row complex partitions, we have

Qu(@'t.1)  (g:q)c (tzo;q). (Q/tl‘OQQ)—cZ (@t Q) <q1d>’“
( N

Qot1l) — (%9 (@a)e (/- & @ /e \ 22

(t$OQQ)c (Q/tl‘D;Q)—c q ¢t . _
T (9. (a/ta)- 201 [ql‘c/t’q’q1 d/tﬂ‘

The duality is now an immediate consequence of the iterate of Heine’s transformation [11,

Eq. (II1.2)],
ab, _ (¢/b,bz;q)os abz/c,b ¢
o[ ra] - S e [ ]

(7.9)

valid for max(|z|,|c/b]) < 1.

To prevent possible misconception, we note that the well-known property valid for Macdonald
polynomials indexed by partitions, Qx(x1,...,z,) = 0 if I(\) > r (see (2.5) and (2.8)), does not
hold in the general complex case. For instance, if X = {z} contains only one variable, then

ﬁ (tz;q)y,  (g/tw;q)— 11 (g8 Doy, (7.10)

Q)\ W xr) = - - — 5
(era) (2) (qt™ % q)a, (qt=25q) - () P

i=1 P 1<i<i<n

where \; € C. This formula (which can be proved by induction, similar to the above proof of

(7.8)) is indeed independent from the representation of A, i.e. we may choose (A1,...,\,) =
(M, n,0,...,0), adding an arbitrary number of zeros at the end of sequence. It is clear
from (7.10) that if A is a usual integer partition, then
GTIPYY
Q) () = 27 0xg0 - - - 00,0
(A15052n) (¢ D, 2

(where we were using (7.4) and z¥l = z* for integer k).

In this section, we extended the Macdonald polynomials Q) to arbitrary sequences A\ =
(A,...,An) of complex numbers. To give such an extension for P, one may simply invoke
Qx = by Py, see (2.5), with the known explicit expression of by = by(q,t), extended to complex
sequences A. (This does not mean that we necessarily assume by = < Qx,Qx >4 beforehand.
Nevertheless, the latter equality should conjecturally still hold, for some suitable S/yFrextension
of the inner product <, >,;.) To utilize Theorem 2.3 to define Py in the complex case does
not make sense since the indexing partitions are given there in the form A = (1™1,2™2 .. . (n+
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1)™n+1) and the multiplicities m; have no meaning for partitions with complex parts. (Already
for compositions A one would run into trouble here.)

Again, we do not yet know whether the Macdonald functions for partitions with complex
parts form a family of orthogonal functions. They very well may be orthogonal, possibly with
respect to a Sym variant of the inner product in [32, p. 372, Eq. (9.10)]. In view of (7.8) and
(7.10), some nice properties do exist, which provides some evidence that these new objects merit
further investigation.

APPENDIX A. A MULTIDIMENSIONAL MATRIX INVERSE

Here we state the multidimensional matrix inverse of [30, Th. 2.6], which happens to be so
crucial for the results in this paper, and work out some special cases we need which we give as
corollaries.

Let Z be the set of integers and n some positive integer. For multi-integers m, k € Z", we
write m > k for m; > k;, fori =1,...,n.

We say that an infinite n-dimensional matrix F' = (fmk)m kezn is lower-triangular if fyx =0
unless m > k. When all fyk # 0, there exists a unique lower-triangular matrix G = (gmk)m kez",
called the inverse of F', such that the following orthogonality relation holds:

Z Sk gkl = Omi, for all m,le Z". (A1)

m>k

Clearly, as F' and G are both lower-triangular, F' must then also be the inverse of G and the
dual relation,

Z gmkfkl = Spml, forall m,le Zn, (AQ)
m>k
must hold at the same time. Therefore, if F' and G are infinite lower-triangular n-dimensional
matrices and one of the relations (A.1) or (A.2) hold, we say that F' and G are inverses of each
other, or simply that F' and G are mutually inverse.
It is immediate from the orthogonality relations (A.1) and (A.2) that if F' and G are mutually
inverse, the following two equations (a.k.a. “inverse relations”):

> fmkax = bm, for all m, (A.3a)
kezn
and
> gab = ax, for all k. (A.3D)
lez»

are equivalent, provided both sides terminate or converge.
Similarly, the following two equations, where one sums over the first (instead of the second)
multi-index of the respective matrices, are equivalent:

> fmkam = by, for all k, (A.4a)
mezZ™
and
Z gxibx = a1, for all 1, (A.4b)
kezZn

again, provided both sides terminate or converge.
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The inverse relations (A.3) or (A.4) are useful tools for proving identities. For instance, if
(A.4b) holds for the infinite lower-triangular matrix (gmk)m kez» and infinite sequences (by)kezn
and (a1)1ezn, then (assuming one knows F', the inverse of GG), the equation (A.4a) must automat-
ically hold (subject to convergence). It is exactly this form of inverse relations which is being
utilized in this paper.

The following matrix inversion was derived in [30, Th. 2.6].

Proposition A.1. Let b be an indeterminate and a;(k),ci(k) (k € Z,1 < i < n) be arbi-
trary sequences of indeterminates. Then the infinite lower-triangular n-dimensional matrices
(fmk)mkezn and (gx1)k1ezn are inverses of each other where

fore = [Testk)™ I (eatha) = es(ky)) ™
=1

1<i<j<n

st

U = (ai(yi)_ca J)) A.5a
ngl:lgﬂ [(Ci yi) = b/ ITj=1 cj(k)) ]1;[1 (ci(yi) = cj(kj)) | o)
and
n 115 a;(yi) — b/ 11—y ¢ (kj iy (aiyi) — cj(ky
gkl:HHin [(ai(w) = b/ TTjs e50k) TTj (as(w) — e >)]' .

i TIh [(colws) = b/ TD=y 40ei)) TIy (eilws) = (ki) |

Remark A.2. The above Proposition generalizes Krattenthaler’s matrix inverse [25] which is
obtained when n = 1. Note that for n = 1 the determinant in (A.5a) reduces (after relabeling)
to

Cm — Gm

(em —b/ck) (em — k) —©c (am — b/em) (am — cm)
(am —b/ck) (am — ck) " (am —b/ck) (am — cx)

and the matrix inverse in (A.5) (after relabeling) becomes

(
(b — amem)(am — em) H;n;kl(ay —b/ex)(ay — cx)
(b —aker)(ar —cx) TIpia(ey —b/er)(cy —ck)’

H§=l+1(ay —b/cx)(ay — cx)

Ikl = —— 57 :
Hy:l (cy —b/ecx)(cy — k)
It is not difficult to see that this matrix inverse is actually equivalent to its b — oo special case:

-1
I1,5% (ay — ck)
HZL:k+1(Cy — )’

k

(a — ) Tly=i1(ay — ck)
(ar —cx) Hz;ll(cy —cx)
To recover (A.6) from (A.7), do the substitutions a, — ay, +b/ay, ¢y — ¢y + b/c,, transfer some
simple factors from one matrix to the other, and simplify.

fmk = (A.Ga)

(A.6b)

fmk =

(A.7a)

Ikl = (A.7b)
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Other multidimensional generalizations of Krattenthaler’s matrix inverse were derived in [49,
Th. 3.1], [26], and [50].

In [30, Th. 2.3] a matrix inverse slightly different to Proposition A.1, but equivalent to the lat-
ter, was given, which contains a determinant in the entries of (gi1)k,1cz» instead of (fmk)m kezn-

In the following we list a special case of Proposition A.1 which is derived in a procedure analo-
gous to the derivation of (A.6) from (A.7). This result is itself a multidimensional generalization
of the matrix inverse in (A.6).

Corollary A.3. Let b be an indeterminate and a;(k),c;(k) (k € Z,1 < i < n) be arbi-
trary sequences of indeterminates. Then the infinite lower-triangular n-dimensional matrices
(fmk)mkezr and (gx1)k,1ezn are inverses of each other where

n

e = [T 2000 (et + b/esh)) ™ TT [0 b/eahdes ) () = )]

i=1 1<i<j<n

x Jet (ci(mq) +b/ei(mi)™ 77 = (a;(my) + bjay(my))" T

S B | (ailys) — b/cj(k; A.8a
" iglyizlgﬂ (ci(yi) — b/ej(kj) (cilyi) — cj(ks)) | (A5
and
no Tk ai(yi) — b/ei (k) (ai(ys) — c;i(k;
ga= 1] [Ty —11 [(ailye) = b/es (k) (aily) — ¢i(ky))] (A.8b)

oo TIZ) [(eilys) = b/e;(ky) (ealy) — ei(ky))]

Proof. In Proposition A.1, first let b — oo, then perform the substitutions a;(y;) — a;(y;) +
b/ai(yi) and ¢;(yi) — ci(yi) +b/ci(yi), for 1 < i < n. Finally, transfer some factors from one
matrix to the other. g

We give two important special cases of the above multidimensional matrix inverses explicitly
which involve the g-shifted factorials (a; q); defined in (2.2). For n = 1 the matrix inversions in
Corollaries A.4 and A.6 both reduce to Bressoud’s [6] matrix inverse, which he directly extracted
from the terminating very-well-poised g¢5 summation (3.3).

Corollary A.4. Let ty,t1,...,t, and ui,...,u, be indeterminates. Then the infinite lower-
triangular n-dimensional matrices (fumk)mkezr and (gu1)k1ezn are inverses of each other where

n
B 3 ik ) N —1
Funte = gD 0=lmD TT 20550 T (uigh — ujqh)
i=1 1<i<j<n
mi+|k|) n

mi\n—J _ j—n—1 (1 — louiq (uiqmi — usqks)
x 1<C}3t<n[(ulq ) <1 g (1 — tousgm™it1kl/t;) H

=1 (Uiqmi/ti - ’usqks)
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Xﬁ (touz‘qu"Hkl/tz‘;Q)mﬁki X (qu'*ijz‘/tz‘uj;Q)m, ks

' (A.9a)
(touz‘ql—i_hﬂk';@mrk ((]H—]C i, /UJ7 Qm i—ki ’

i= i =1

n N . . L.
gkl = H (quz/uj7 q)ki_kj (t]uz/u]ﬂ Q)li—lj

= G /g @ k—ry (qui/ugs @)1,

n e m (Tt uy;
t t 1. it i — i
» H ( ouiq / zaQ)k‘l li H (q Jul/uﬁq”‘?z L ) (A9b)

i=1 (tOu’iqli+|k|; q)k‘i—li ij=1 (q1+liilj Uz/uja Q)ki—l

Remark A5. Thet; =t,¢=0,1,...,n case of Corollary A.4 is equivalent to Theorem 2.7 of
[30].

Proof of Corollary A.4. We specialize Proposition A.1 by letting b — tal H?Zl uj, a;(y;) —
u;iq¥ [t;, and ¢;(y;) — wuiq¥, for 1 < i < n, and rewrite the expressions employing g¢-shifted
factorial notation. We finally multiply fmx by [T/, (g/t:;)"*~™) and gy by 11 (q/t:)" Gk,

]

Corollary A.6. Let ty,t1,...,t, and u1,...,u, be indeterminates. Then the infinite lower-
triangular n-dimensional matrices (fumk)mkezr and (gu1)k1ezn are inverses of each other where

Jmk = Ht?(miiki)(uiqki +q " Jauy) ™ H [(uig" —ujq") (1 — ¢ " /auz“J)]_l

i=1 1<i<j<n

det my —m; Antl—j g™ [ g \nt+1-j
X 1§i3§n (Uzq +q /aul) (uzq Jti + tiq /aul)

X

ﬁ (1 =g ™" Jauus) (uig™ — usq™)
1 e s G T — )
n (q1+k'_kju~/t-u]~, au;u 'q1+ki+kj Jtis Qmi—k

X Lt (A.10a
H (q1+k —k; uz/u], au,u]qlJrk itk . q) ( )

ki

ij=1
and

n

H (qui/wj; Q) —k; (auingq/t; Qrorr; (Ejui/ug; @)—1; (auig; @)y 1,
L (tui/ug; @k —ky (auig; @ gk, (qui/ug; @)—1; (auingq/ty; @),

(¢ Ytjui/uy, auiuyg 5 q)
("l fuy, ausugqhit [t q)—

(A.10Db)
ij=1

Proof. We specialize Theorem A.3 by letting b — 1/a, a;(y;) — wiq¥ /t;, and ¢;(y;) — uiq¥,
for 1 < ¢ < n, and rewrite the expressions employing q—shifted factorial notation. We finally
multiply fmk by [T, (¢/t:)™* 7™ and gia by [T}, (q/t:)"4k). O
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