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ABSTRACT. In this article, we derive some identities for multilateral basic hyper-
geometric series associated to the root system A,. First, we apply Ismail’s [15]
argument to an A, g¢-binomial theorem of Milne [25, Th. 5.42] and derive a new
A, generalization of Ramanujan’s 1¢; summation theorem. From this new A,
1%1 summation and from an A, 1%; summation of Gustafson [9] we deduce two
lemmas for deriving simple A,, generalizations of bilateral basic hypergeometric
series identities. These lemmas are closely related to the Macdonald identities
for A,. As samples for possible applications of these lemmas, we provide several
A, extensions of Bailey’s 21 transformations, and several A, extensions of a
particular 51, summation.

1. INTRODUCTION

The theory of basic hypergeometric series (cf. [8]) consists of many known sum-
mation and transformation formulas. The most important of these is probably the
g-binomial theorem, a summation first discovered by Cauchy [6]. Surpringly, the
g-binomial theorem admits a bilateral generalization, the 11y summation theorem,
first discovered by Ramanujan [11]. Other important identities for basic hyper-
geometric series include the ¢g-Gaufi summation and Heine’s 9¢; transformations.
These and many other basic hypergeometric series identities conspicuously appear
in combinatorics and in related areas such as number theory, statistics, physics, and
representation theory of Lie algebras, see Andrews [1].

Multiple basic hypergeometric series associated to the root system A, (or equiv-
alently, associated to the unitary group U(n + 1)) have been investigated by various
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authors. Many different types of such series exist in the literature. The multi-
variable series we consider in this article have their origin in the work of the three
mathematical physicists Biedenharn, Holman and Louck, see [12] and [13]. Their
work was done in the context of the quantum theory of angular momentum, using
methods relying on the representation theory of U(n). In the sequel, substantial
developments have taken place. Extensive investigations in the theory of multiple
basic hypergeometric series associated to the root system A, have been carried out
by Gustafson, Milne, and their co-workers. As result, many of the classical formulas
for basic hypergeometric series (cf. [8]) have already been generalized to the setting
of A, series. For some selected results on multiple basic hypergeometric series asso-
ciated to A,, see the references [5], [7], [9], [10], [18], [19], [20], [21], [22], [24], [25],
126, [27], (28], [29], and [30].

There are different methods for obtaining identities for A,, basic hypergeometric
series. Partial fraction decompositions and ¢-difference equations are often involved
in initially deriving such identities (see, e.g., [5], [10], and [18]). Further, where
summations for multidimensional basic hypergeometric series are already known,
multidimensional matrix inversions can often be utilized for obtaining new summa-
tion theorems for multidimensional basic hypergeometric series (see [5], [25], [26],
(28], [29], and [30]). But there is also another, simpler, way of obtaining identi-
ties for A,, basic hypergeometric series. By utilizing Lemma 7.3 of Milne [25], see
Lemma 4.1 in this article, and by using identities of the classical one-dimensional
theory, simple identities for A,, series can be derived.

In this article, we find two multilateral generalizations of [25, Lemma 7.3], see
Lemmas 4.3 and 4.9. These lemmas are closely related to the Macdonald [17] iden-
tities for the affine root system A,. By using our lemmas combined with bilateral
one-dimensional series identities we are able to derive simple multilateral identi-
ties for A,, series. We give some particular applications of this method. The A,
21, transformations and summations given in this article are just samples of the
possible applications. It must be said that the identities obtained by this method
concern A, series of “simpler type” and are apparently not as deep as many of the
A, identities in the above mentioned references. Nevertheless, in spite of, or maybe
even because of the “simplicity” of these A, series our formulas could be useful in
future applications.

Our article is organized as follows: In Section 2, we introduce some notation and
give some background information. In Section 3, we apply Ismail’s [15] analytic
continuation argument to an A,, ¢g-binomial theorem of Milne [25, Theorem 5.42] to
derive a new A, extension of Ramanujan’s [11] 17); summation theorem. In [19] a
similar argument was used to find the first U(n) generalization of the 11); summation.
More recently, motivated by [23], Kaneko [16] utilized this type of argument to derive
a 197 summation theorem for multiple basic hypergeometric series of Macdonald
polynomial argument. In Section 4, we deduce from our new A, 11; summation
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and from Gustafson’s [9, Theorem 1.17] 11); summation two lemmas for deriving
simple multilateral series identities in A,,. We discuss the connection of these lemmas
with the Macdonald identities for A,,, partly following the similar analysis of [19].
Finally, in Section 5, we apply these lemmas to classical (one-dimensional) formulas
for 9105 series. As result, we deduce several (different) A,, extensions of Bailey’s [3]
219 transformations, and moreover, deduce several (different) A,, extensions of a
particular summation for 51, series.

2. BACKGROUND AND NOTATION

Let us first recall some standard basic hypergeometric notation (cf. [8]). Let ¢ be
a complex number such that 0 < |¢| < 1. We define the g¢-shifted factorial for all
integers k by

= (a; = 1 —ag’ an a)r = (a;q) == (@)oo
(@) = (a;¢)c0 : g(l 7) d (@)r = (a;q) : (aq*) o

For brevity, we employ the usual notation

(Cll, A ,am)k = (al)k . (am)k

where k is an integer or infinity. Further, we utilize the notations

a1,092,...,0¢ e (a17 agz,y ..., a"l‘)k k (k) 1+s—r &
r¥s 4, = —1 2 s 2.1
(b |:bl;b27-.-;b5 ? Z:| ; (q)bla"-;bs)k (< ) q ) o ( )

and

(blab27 .- '7bs)k

for basic hypergeometric ,¢s series, and bilateral basic hypergeometric 1, series,
respectively. See [8, p. 25 and p. 125] for the criteria of when these series terminate,
or, if not, when they converge. In this article, we make use of some of the elementary
identities for g-shifted factorials, listed in [8, Appendix IJ.

Next, we note the convention for naming the multiple series in this article as A,
basic hypergeometric series. We consider multiple series of the form

>, Sk,

kl,...,kn:—oo

A1,02,...,0p, . o (al,ag,...,aT)k VK (k) s=T
T¢S[l)1,bg,...,bs’q’z] = k_z (( 1) q\? ) z", (2'2)

where k = (ki, ..., k,), which reduce to classical basic hypergeometric series when
n = 1. Such a multiple series is called an A, basic hypergeometric series if the
summand S(k) contains the factor

[ (2=t 23)
Ty — Xy

1<i<j<n
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A typical example is the left hand side of (3.3). A reason for naming these series
as A, series is that (2.3) is closely associated with the product side of the Weyl
denominator formula for the root system A,, see [4] and [31].

For multidimensional series, we also employ the notation |k| for (k1 + -+ + k)
where k = (ky,...,k,). The convergence of multiple series can be checked by
application of the multiple power series ratio test [14]. For explicit examples of how
to use the multiple power series ratio test, see [25, Sec. 5].

3. AN A,, EXTENSION OF RAMANUJAN’S 11/ SUMMATION

One of the most important summation theorems for basic hypergeometric series
is the classical g-binomial theorem (cf. [8, Eq. (I1.3)]),

10 [ﬁ;q, Z} _ (8%)e (3.1)

where |z| < 1.

A bilateral extension of (3.1) is Ramanujan’s [11] 14; summation theorem (cf. [8,
Eq. (5.2.1)]), )

i ] - s
,q/a,2,b/az)s

where |b/a| < |z| < 1. Clearly, the b = ¢ case of (3.2) is (3.1).

Theorem 5.42 of [25] is one of the many multivariable generalizations of (3.1). It
can be stated as follows:

(3.2)

Theorem 3.1 (An A, ¢-binomial theorem). Let a, x1,...,x,, and z be indeter-

minate, let n > 1, and suppose that none of the denominators in (3.3) vanishes.
Then

o0 2" — xiqki “ (T nki— k|
S (I (M) I (), 10

k1,..okn=0 \ 1<i<j<n i,j=1 ki =1

%)

X (a)|k‘(—1)(”*1)|qu—(“§|)+"Z?zl (Iczl)z|k|> — %7 (33)

provided |z| < ‘an_li_” [ @i| forj=1,...,n.
We now apply Ismail’s [15] argument and extend Theorem 3.1 to

Theorem 3.2 (An A, 11, summation). Let a, by, ..., by, x1,..., 2y, and z be inde-
terminate, let n > 1, and suppose that none of the denominators in (3.4) vanishes.
Then

[e’s} ; ki ] k], n . -1 n ki
B (LR, e

k1,..okn=—00 \ 1<i<j<n ij=1 ki =1
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x (@) (= 1) g (5 ) n iy (gi)z‘q)

_ (az,q/az,b, .. )oo H ( q)

— (3.4)
(2,61 ...b,q' ”/az q/a st (I—?b])
o0

provided |by ...b,q' ™" /a| < |z| < q"Tfla:j’" [y zi| forj=1,...,n
Proof. We apply Ismail’s argument successively to the parameters bi,...,b, us-
ing (3.3). The multiple series identity in (3.4) is analytic in each of the parame-
ters by,...,b, in a domain around the origin. Now, the identity is true for b; =
g™ by = ¢tt™2 .. and b, = ¢'*™, by the A, g¢-binomial theorem in The-

orem 3.1 (see below for the details). This holds for all my,...,m, > 0. Since
lim,,, 00 ¢*7™ = 0 is an interior point in the domain of analycity of b;, by analytic
continuation, we obtain an identity for b;. By iterating this argument for bo, ..., b,,
we establish (3.4) for general by, ..., by,.

The details are displayed as follows. Setting b; = ¢'™™i, for i = 1,...,n, the left
side of (3.4) becomes

T qki T qk]‘ n T -1 n
] — 4y ] . nk;—k
S (I () O () T
—mi<k;<oo \ 1<i<j<n ’ J ij=1 J ki =1
i=1,...,n
x (@) i (— 1)l g~ () 0 T @)z'k). (3.5)
We shift the summation indices in (3.5) by k; — k; —m;, for i = 1,...,n and obtain
Im|+1 ;i +1 - T -
q_< 2 )+n2i=1< E )<_1)("_1)|m|<a)—|m\2_|m|Hmim‘_nmi H (m_z-q1+mi>
i=1 ij=1 \7J —m;
e —m;+k —mi+k; n -1
iq— T — x;q UM Ly 14+m;—my
<y (I (e )H(;q )
ki, kn=0 \ 1<i<j<n t J ij=1 J k;

—|lm n— _ (k] n n z ,m TLIC»L k
% (ag ™) 4 (1) DIkl (15)+n i \kIH i | |)

= T (M +1)(_1)"|m|(ocz)"““(q/a);m

e S ()
=1

.
i,j=1 x—’.Q) 1<i<j<n
J mj—m;
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Tiq Y —xyq YT Li 14m;—m;
X — i
> (I () ML (2

ki,...kn=0 \ 1<i<j<n ij=1 "7

-1

X (ag™™!) (—1)("_1)|k‘q_(lgl)+n i (4) M ﬁ (wiq_mi)nki_|k| ) - (3.6)

Next, we apply the y; — —m;, i =1,...,n, case of [25, Lemma 3.12], specifically

11 (x—Q> = (—1)m D= () 2 (757
] mj—mg

L
n Tiq~"™ —xiqT™
me,'im‘_nmi H ( i — J'q ), (3.7)
i=1 Li— T

1<i<j<n

ij=1

and the a — ag™'™!, z; — x;¢7™, i = 1,...,n, case of the multidimensional sum-
mation theorem in (3.3) to simplify the expression obtained in (3.6) to

(™) (_ gyl (0707 ™oe 1T (@
gt > /(=az) <Q/“)m'(z)°°i£[1<fvjq)mj‘

Now, this can easily be further transformed into

(@™ 0,0z gy 2 (29)
(Q/a’v 2 q1+|m|/az)00 ij=1 (%q1+mj) ’
o

J

which is exactly the b; = ¢!*™i i =1,..., n, case of the right side of (3.4). O

If we set 2 — —z/a, and b; = 0, i = 1,...,n in (3.4), and then let a — oo,
we obtain an A, generalization of Jacobi’s triple product identity, equivalent to
Theorem 3.7 of [19].

4. TWO LEMMAS FOR DERIVING MULTILATERAL A, SERIES IDENTITIES

As an immediate consequence of a fundamental theorem for A, series [18, The-
orem 1.49], the first author [25, Lemma 7.3] of this article derived the following
lemma, which is

Lemma 4.1 (Milne). Let ay,...,a, and 1,...,x, be indeterminate, let N be a
nonnegative integer, let n > 1, and suppose that none of the denominators in (4.1)
vanishes. Then, if f(m) is an arbitrary function of nonnegative integers m, we have

l (a1as ... Gp)m m
Z—@)m f(m)

m=0
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; no(Zig.
E : | I ( _%'(]k”) H (m;a])ki
- - T .
Ti— X L)k
k1,enkn >0 1<i<j<n ij=1 (gch)kz
0<|k|<N

f(k]). (4.1)

With Lemma 4.1 and one-dimensional basic hypergeometric series identities, (sim-
ple) identities for A, series can be derived. Some examples are given in [25, Sec. 7].

In this section, we provide two new lemmas, see Lemmas 4.3 and 4.9, which
similarly can be used for deriving simple A,, generalizations of bilateral basic hyper-
geometric series identities. We make use of our A, extension of Ramanujan’s 11
summation in Theorem 3.2 and of an A, 11¢; summation by Gustafson [9, Theo-
rem 1.17], see Theorem 4.5.

Since, for |by ...b,q' " /a| < |2| < 1,

a (q,b1...b,q" " /a,az,q/a2)
1¢1 1-n 4, 2| = 1— 1— ’
bi...bngq (by...bng" ", q/a,z,by ... baqt™"/a2) 0o

by Ramanujan’s 17y summation (3.2), we immediately see from (3.4) that

GG =) (DN G

k1,...kn=—00 \ 1<i<j<n 4,j=1 ki =1

X (a)\k|(—1)(n—l)\quf(lg\)wz;;l (@;)Zkl>

1,j=1 k=—00

(b ... bugt ( ) - (a) k
= (q)q H (; ) Z (51--.bnq1—n)kz (4.2)

forj=1,...,n).

(provided |z| < 1 and |b; ...b,q" " /al < |z| < ‘q%x;” [T,
In (4.2), we equate coefficients of (a),,2™ and extract

Proposition 4.2. Let by,...,b, and x4, ..., x, be indeterminate, let m be an inte-
ger, let n > 1, and suppose that none of the denominators in (4.3) vanishes. Then

SR IC =) (DN S

—oo<k1,..., 1<i<j<n 4,j=1 ki =1
k|=m

x (1) g (5) iy @))

_ (b1 ... bng' oo ﬁ (%q)oo _ 1 . (4.3)

(2)oo
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We state Proposition 4.2 although it is just a special case of Proposition 4.6. We
utilize the m = 0 case of Proposition 4.2 in the proof of Theorem 5.7.
Now, if we multiply both sides of (4.3) by

= - f(m),

o0

(9)oo - (z_;b])
11

for suitable f(m), and sum over all integers m, we obtain

Lemma 4.3. Let by,...,b,, x1,...,x, be indeterminate, let n > 1, and suppose that

none of the denominators in (4.4) vanishes. Then, if f(m) is an arbitrary function
of integers m, we have

m n Zc:_;bj
$ ot e H( ).,

b ) (b b ) o

[ele] ks ) lcj ; -1 n ki
LS () (), e

k1,...kn=—00 \ 1<i<j<n i,j=1 ki =1

x (—1)n kg ()i (). f<|k|>), (4.4)
provided the series converge.

Thus, with Lemma 4.3, we can use one-dimensional bilateral series identities to
obtain identities for multilateral A,, series.

The special case of Lemma 4.3, where b; = ¢, for 1 = 1,...,n is worth noting:

Corollary 4.4. Let xq,...,x, be indeterminate, let n > 1, and suppose that none

of the denominators in (4.5) vanishes. Then, if f(m) is an arbitrary function of
nonnegative integers m, we have

S (05 ) R

m=0 ki,ekn=0 \ 1<i<j<n i,j=1 ki i=1

x (1)@= Dkl g=(5)+n i (%) .f(‘k‘)), (4.5)
provided the series converge.
Corollary 4.4 can be also obtained by specializing Lemma 4.1. Namely, by setting

fm) = (=1 (s ... an) ™ f(m)
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in Lemma 4.1, and then letting N — oo and a; — oo, for i = 1,...,n, we also
obtain Corollary 4.4.

Next, we put our attention towards the derivation of another lemma for deriving
multilateral series identities. For this, we utilize Gustafson’s [9, Theorem 1.17]
multivariable generalization of Ramanujan’s 19; summation (3.2).

Theorem 4.5 ((Gustafson) An A, 1¢; summation). Let aq,...,an, bi,..., by, 2,
and x4, ...,x, be indeterminate, let n > 1, and suppose that none of the denomina-
tors in (4.6) vanishes. Then
.
(5)
N Tk K|

> I (M s

kot ookt =—00 1<i<j<n ig=1 {3;05)
0

n z; Tib;
(ay...anz,q/ay...a,z) 21 350
1.--Unp<, 1:--Un<joo J 7% ) 5

- (z,b1...bpq /a1 ... ap2) oo Fte] (ﬂb, ziq )

xj "1 xja

. (46)

provided by .. .byqt ™ /ay .. .a,| < |2| < 1.
Since, for |by...b,g" " /ay...a,| < |2] <1,

" .ay, 0zl = (g, b1...bpg " ay ... .an,a1...an2,q/a1...0p2) 0
e bnq e (by...bp@ " qfar...an,2,b1... 0" /a1 ... Qp2) 00

by Ramanujan s 191 summation (3.2), we immediately see from (4.6) that

o

x;q% — 1 - <I_l'aj).

Z 11 u T L w
_.r €T;

Ky kn=—o00 1<i<j<n J ig=1 (x_;bj)

i

_(1)1-- bng ", q/as .. )oo ﬁ ( q’zjlzi)oo f: (a1 - n)k P (4.7)

- 1-n 1 -n
(Q7b1-..bnq /al. i ( j’a:w;gz)ook—*oo b nG ")k

(provided |by ...b,q' " /ay ... an| < |z| < 1).
In (4.7), we equate coefficients of 2™ and extract

Proposition 4.6. Let ay,...,ay,, bi,...,b,, and x1,...,x, be indeterminate, let
m be an integer, let n > 1, and suppose that none of the denominators in (4.8)
vanishes. Then

ziq" — 105\ T (%a")i
> LS Iy

—00<ki, .k <oo 1<i<j<n i,j=1

o
|k|=m !

i
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by b afar o) Ty E0E) L (1),
= b o a H( o 2) b,

xzj 1 xja4

. (48)

5,j=1
provided |by ... by " /ay ... a,] < 1.

The b; = b, i = 1,...,n, case of Proposition 4.6 was established in [19, Theo-
rem 1.21].

A specialization of Proposition 4.6 gives Proposition 4.2. Namely, if we divide
both sides of (4.8) by (ai...a,)n and then let a; — oo, i = 1,...,n, we obtain
(4.3).

The m = 0 case of Proposition 4.6 was established by Gustafson in [9, Theo-
rem 1.15]:

Theorem 4.7 ((Gustafson) An A,,_; g1 summation). Let ay, ..., ay, by, ..., by, and
x1,-...,T, be indeterminate, let n > 1, and suppose that none of the demominators
n (4.9) vanishes. Then

S I (ME )H<.b]>k

T
hj=1 | z;

, (4.9)

. (by...by l_n,q/al )oo H (5”] ’%2)

- 1-n
(q,b1...bpq" " /ay .. e (_ , :;v]g)

provided |by ... b, " /ay .. .a,| < 1.

The n = 2 case of Theorem 4.7 is equivalent to Bailey’s [2, Eq. (4.7)] very-well-
poised 16 summation (cf. [8, Eq. (5.3.1)]).

We utilize Theorem 4.7 in the proof of Theorem 5.9.

From Theorem 4.7 we immediately deduce a 11, /615 generalization of the Mac-
donald identities for A,,, generalizing Theorem 1.24 of [19]. The analysis is similar
to that in [19] where the b; = b, i = 1,...,n, case of Theorem 4.7 was utilized to
obtain [19, Theorem 1.24]. The following result appears implicitly in [10, Sec. 7].

Theorem 4.8 ((Gustafson) A 11, generalization of the Macdonald identities for
Ap). Let ay,...,a,, bi,...,by, and xq,...,2, be indeterminate, let n > 1, and
suppose that none of the denominators in (4.10) vanishes. Then

> elo Hx(,(z S e ] (2a;),

0ES, —00<k1,..., kngoo 4,j=1 (x_l ])
k|=0 ki

i
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Tib;

:(bl...bnql_”,q/al...an)oo H <l—ﬁ) ﬁ < q’w]al)oo’ (4.10)

1-n . T
(g, b1 ... bpg* /a1 ... an) o0 \<idi<n i) o (acq, b, xjgl)
o0

provided |by ...b,qg" ™" /ay .. .a,| < 1, where S, is the symmetric group of order n,
and (o) is the sign of the permutation o.

Replacing a; and b; by —1/c and 0, respectively, for i = 1,...,n, in Theorem 4.8,
simplifying and then letting ¢ — 0 yields Equation (4.3) of [18] which is equivalent to
the Macdonald identities for A, see [18, Sec. 4]. Thus, Theorem 4.8 may be viewed
as a generalization of the Macdonald identities for A, with the extra parameters
Q1y.-., 0y, and by, ..., by,.

For future reference, we write down the b, = a;q, © = 1,...,n, case of The-
orems 4.8 and 4.6. Note that this case is valid since the convergence condition
|by...bug" ™" /ay ...a,| < 1 becomes |g| < 1. After a routine simplification, (4.10)
becomes

Sl § e [ a“f)

gESy —oogkl,...,kngoo 2,7=1
|k|=0

T;a;

_ (1000, /01 - .00 T (1_33_)1—[ (m]q,mjalQ)oo. 1)

(4, @)oo et (ij aiq, mjiaJoo

1<i<j<n
Similarly, (4.8) becomes
_ &g,
= p)
S A (1 - %ajq'“')
J

—o00<k1,....kn<oo 1<i<j<n
|k|=m

wiaj
_ (A1 .. Gy q)a1 .. O oo T ( q’:cjalq>oo

(1 —a.. .anqm) ((], Q)OO ij=1 ( L )

0, par )

(4.12)

Equations (4.11) and (4.12) extend (3.16) and (3.17) of [19], respectively, to which
they reduce when a; = a, fori=1,... n.

Now, let us return to our objective of finding a multilateral generalization of
Lemma 4.1. If we multiply both sides of (4.8) by

(g, b bn 1_n/ )oo (% ]’xa;'c(i)
(Zl it /Zi ,ly_[l (qu, ‘”f‘“>oo o)
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for suitable g(m), and sum over all integers m, we obtain

Lemma 4.9. Let aq,...,ay, bi,..., by, x1,...,2, be indeterminate, let n > 1, and
suppose that none of the demominators in (4.13) wvanishes. Then, if g(m) is an
arbitrary function of integers m, we have

- (a1 ...an)m
2. (br ... bnql—")mg(m)

m=—0o0

n (zip. mig
_ (q,b1...bpg ™" /ay ... an)o (:ujbﬂ’:cjai)oo
(bl...bnql—”,q/al...an)ooZ,jzl (.rz -szj)

T 4, Tja;

<Y ] (H)Hggu«) (4.13)

2 zip,
ki,...,kn=—00 1<2<j<n 2,j=1 z;J
provided the series converge.

Hence, besides Lemma 4.3, we can also use Lemma 4.9 with one-dimensional
bilateral series identities to obtain identities for multilateral A,, series. Lemma 4.9
generalizes the N — oo case of Lemma 4.1 by additional parameters by, ..., b,, since
the special case b; = ¢, for i = 1,...,n, of Lemma 4.9 boils down to the N — oo
case of Lemma 4.1.

5. APPLICATIONS: SOME 3%, FORMULAS IN A,

In this section, we illustrate the usefulness of the lemmas of the preceding section
and provide some multidimensional extensions of Bailey’s [3] 212 transformations,
associated to the root system A,. Further, as interesting special cases of these 51
transformations in A,,, we provide some 51, summations in A,,.

Using Ramanujan’s 11; summation (3.2) and elementary manipulations of series,
Bailey [3, Eq. (2.3)] derived the transformation

a,b (az,d/a,c/b,dq/abz)u a,abz/d d
g, z| = ) .q, 2 1
292 [C; a? Z] (2,d,q/b,cd/abz) 22 az,c 7V al’ (5.1)

where max(|z|, |cd/abz|, |d/al,|c/b]) < 1.
Bailey’s 915 transformation can be iterated. The result is [3, Eq. (2.4)]

ab (az,bz,cq/abz,dq/abz) abz/c,abz/d  cd

= ’ S B 2

¢ [ d’ ’Z:| (Q/aa Q/ba ¢, d)oo Qw az,bz @ abz ’ (5 )
where max(|z|, |ed/abz|) < 1.

We can specialize (5.1) (or (5.2)) to obtain a summation theorem for a particular
2ty series. If d = bq and z = ¢/a in (5.1), then the series on the right side reduces
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just to one term, 1, and we have the summation

a,b ¢ (¢,9,bq/a,c/b)s
34, — | = ) 53
2 [ by’ } (¢4, b, /5, )os (5:3)

where max(|q/al, |c|) < 1.

In the following subsections, we combine our Lemmas 4.3 and 4.9 from Section 4
together with the above one-dimensional 915 formulas. In Subsection 5.1, we derive
several multivariable extensions of Bailey’s 91/, transformation formulas (5.1) and

(5.2). In Subsection 5.2 we derive multivariable extensions of the 315 summation in
(5.3).

5.1. Some A,, extensions of Bailey’s 31, transformations. We give several

(but not all) of the possible A, 2t transformations which arise from Lemmas 4.3
and 4.9.

We start with two multivariable extensions of (5.1) which arise from Lemma 4.3.

Theorem 5.1 (An A, 21 transformation). Let a, b, ¢1,...,¢q, d, T1,..., Ty,

Y1, .-, Yn, and z be indeterminate, let n > 1, and suppose that none of the de-
nominators in (5.4) vanishes. Then

o0 zig" — ;M\ [ T nki—|k|
S (I (M=) (), 1

k1,...kn=—00 \ 1<i<j<n ki =1

X (@, D)k 4yl = (1) +n Ty (5) Ik
(d)“(‘ ( 1) q

i Yi .
_ (az,d/a,c; .. . Caqt /b, dq/abz) s - (i_jq’ y_jc-])oo
- 1-n . T:
(2,d,q/b,cy ...codg*™/abz) o i (é;_;q’ m_;Cj)OO

¢ vid — a1 (Y \ T T kel
<o (I (PSR YT (Se) T

Yj

k1,...kn=—00 \ 1<i<j<n i,j=1 ki =1
k|
XM(_1)(n—l)\k|q—(";‘)+nz;;1(’”) d . (5.4)
(az)‘k| a

provided |c; ...c,dg" ™" /ab| < |z] < ‘anﬂx;”H?zlxi
n—1 _ n
d/al < |a" 4" T

Proof. We have, for max(|z|, |c; .. .c,dq' ™" /abz|,|d/al,|c1 .. .cag*™™/b]) < 1,

a,b ‘
2¢2 |:C1 o qulfn, d’ q, Z:|

and |cy ...c,dg ™" /ab| <

forj=1,...,n.
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(az,d/a,c1. .. caq" ™" /b, dg/abz)o a,abz/d  d (5.5)
<Z,d,Q/b, Cl...Cndql_’ﬂ/abz)oo 2W2 ClZ,Cl...qul_n’q’a ; .

by Bailey’s 215 transformation in (5.1). Now we apply Lemma 4.3 to the 515’s on
the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.5) by the b; — ¢;, i =1,...,n, and

(@D,

case of Lemma 4.3. The 215 on the right side of (5.5) is rewritten by the b; — ¢;,

iy, t=1,...,n, and
_ (a,abz/d)y, (d\"
rom) = G5 (2)

case of Lemma 4.3. Finally, we divide both sides of the resulting equation by

Li
(%'CJ>
(o]

(9)oo
—— [ (5.6)
and simplify to obtain (5.4). O
Theorem 5.2 (An A, .1, transformation). Let ai,as,...,an, b, c1,...,Cn, d,
Tlyeey Loy Y1y -y Yn, and 21, ..., 2, be indeterminate, let n > 1, and suppose that

none of the denominators in (5.7) vanishes. Write A=ay...a,, C =c¢1...cp, and
Z = 21...2y, for short. Then

- 2" — 2\ T (T \ T T kK
> (I (=) (), e

ki =1

AT ek (84S, (4) ik
() =1 ! ?

B (qu—n’ dqn_l/A, qu—n/b’ dqn/AbZ)oo ﬁ (%Cb g—;ajZJ')OO
(Z,d, q/b,Cd]AbZ), F (z_q ;v_;cj)

> v — vy \ 1 (v o K
g — Y i nki—|k
<3 (I (M) T (Ye) T
ki, kn=—00 \ 1<i<j<n Yi—Y; ij=1 Y ki =1

y (A" AVZg' ™" [d)ig ;-\ (netyi C(M)anxr, () (94 [k
e ot (4)). o
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provided that |Cd/Ab| < |Z| < an_lxj’" [T, x| and |Cd/Ab] < |dg"~'/A] <
‘an_ly]_nnleyz fO’/’j = 1,...,71
Proof. We have, for max(|Z|,|Cd/AbZ|,|dg"'/A|, |Cq'™/b|) < 1,

" Agt—™ b 7| — (AZg ™, dq" /A, Cq* ™ /b, dq" | AbZ )
22| ogtn, ¢ 94| = (Z,d, /b, CdJAbZ)
Aql—n’Aqul—n/d. dqn—l
X 2¢2 Aqu—n’qu—n 4, A

by Bailey’s 215 transformation in (5.1). Now we apply Lemma 4.3 to the 215’s on
the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.8) by the b; —¢;, i =1,...,n, and

(Ag" ™, b)m
f(m) = ——~——
(d)m
case of Lemma 4.3. The 2105 on the right side of (5.8) is rewritten by the b; — a;z;,

ri—y,1=1,...,n, and
(Aql—n’Aqul—n/d)m (dqn—l)m

, (5.8)

Zm

fom = (Cq'")m A
case of Lemma 4.3. Finally, we divide both sides of the resulting equation by (5.6)
and simplify to obtain (5.7). O
Next, we give two multivariable extensions of (5.1) which arise from Lemma 4.9.

Theorem 5.3 (An A, 2t transformation). Let ai,as,...,an, b, c1,...,Cn, d,
T1yennyTny Y1,---,Yn, and z be indeterminate, let n > 1, and suppose that none

of the denominators in (5.9) vanishes. Write A = ay...a, and C = ¢y ...cy, for
short. Then

SER R0 e T

k1,...kn=—00 1<i<j<n ij=1 (;U_;C])k |k|
i

Yiq LiCj

_ (Az,d/A,Cq*="/b,dq/Abz) ﬁ (y_;cj yja;’ w]q’ x]al>oo
(z,d,q/b,Cdq*—"/Abz) (—"cj, Tiq y@cy)

Zj

zja;’ yj q’ Yjaq

(), (b2 /) <d>k'

n

yigh — y]q
<X T (M)
..... n=—00 1<i<j<n Yi = Y; ij=1 (yl cj>k (Az) A

provided |qu1’"/Ab| <|z| <1 and |Cdq'™/Ab] < |d/A] < 1.

, (5.9)
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Proof. We have, for max(|z|, |Cdg*~"/Abz|, |d/A|, |Cq*="/b]) < 1,

" Ab _ (Az,d/A,Cq' " /b, dq/Abz)o " A, Abz/d d (5.10)
242 qu n da 4,z = (Z,d, Q/b, qulin/AbZ)oo 242 Az qu n 4s A ’ .
by Bailey’s 215 transformation in (5.1). Now we apply Lemma 4.9 to the 5155’s on

the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.10) by the b; — ¢;, i =1,...,n, and

g(m) = ===
(d)m
case of Lemma 4.9. The 515 on the right side of (5.10) is rewritten by the b; — ¢;,

iy, t=1,...,n, and
 (Abz/d), (d\™

case of Lemma 4.9. Finally, we divide both sides of the resulting equation by

xiq
<Qa0q1 n/A 00 H (wy 5> w]‘%)
(Cqm0/A)oe ij=1 <i—;q, :f;Z)

and simplify to obtain (5.9). O

(5.11)

Theorem 5.4 (An A, 21, transformation). Let ay,...,ay,, bi,... by, ¢, di, ..., dy,
Tlyeeeys Ty YlyovosYn, and 21, ..., 2, be indeterminate, let n > 1, and suppose that

none of the denominators in (5.12) vanishes. Write A = ay...a,, B = by...b,,
D=d,...d,, and Z = z,...z,, for short. Then

il
xj bJ)
Zi .
xj dJ)
idiq Zi zid;

i (D/A,C/B)oo f[ (y_ajzj’y]alblzl’aq’ I]bl)oo
= (Z,CD/ABZ)OO (wld] Tiq  Yi yzdla]z])

? xib;? Y 4, yjaibiz;

(%%%%

B LS A () e

k1,..kp=—001<t<j<n — Y

xiq ki .qukj) ~ (
,...,Z:—oo 1<E<n ( 4 zlg_:Il (

ke (Ag' ") k|
(c)
ki

provided |cD/AB| < |Z| <1 and |cD/AB| < |D/A| < 1.
Proof. We have, for max(|Z|,|cD/ABZ|,|D/A|,|c/B|) < 1
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A l—n’B
2¢2 |:C,qu1_n 14, Z:|
_ (AZ¢" ", D/A,c/B,Dq/ABZ) y Agt—n ABZ/D D
= T (Z Dy .q/B.cDjABZ).  V?| Azgc T3
by Bailey’s 215 transformation in (5.1). Now we apply Lemma 4.9 to the 5155’s on

the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.13) by the a; — b;, b; — d;, i =1,...,n, and

_ (A¢ ™)

. (5.13)

case of Lemma 4.9. The 51, on the right side of (5.13) is rewritten by the a; +—
azbzzz/dz, bz = Gz, Ti > Yi, 1= 1, o, n, and

- 452 3

case of Lemma 4.9. Finally, we divide both sides of the resulting equation by

(Q7Dq1 n/BooH (557 ]’55] )
1-n
(Dq Q/B 2,j=1 (Eq) m]bl)oo

and simplify to obtain (5.12). O

(5.14)

Finally, we provide two multivariable extensions of (5.2) which arise from Lem-
mas 4.3 and 4.9, respectively.

Theorem 5.5 (An A, 1, transformation). Let ai,as,...,a,, b, c1,...,¢c,, d,
TlyeeeyTny Y1y Yn, and z1, ..., 2, be indeterminate, let n > 1, and suppose that
none of the denominators in (5.15) vanishes. Write A = a1...a,, C = ¢1...Cp,
and Z = z1 ... zy, for short. Then

[e’e) ki ) /Cj n ) -1 n
Z ( H (%Qx._z]'q > H (%Cj) H:L,?ki—“d
k1,nkn=—00 \ 1<i<j<n ¢ J =1 7 ki =1
1—n
o A0 gy () e ()
()

 (bZ,0q/AbZ,dq" ] AbZ) s 1~ (m—q z—jajzj)oo
(q /AaQ/ba d)oo ij=1 (5_;(]’ i_;cj)oo

C vid® —y;d" Y\ 1r (i T ki
< (I (M) AT (Ss) 1T
n=—00

1<i<j<n Yi—Yj ij=1 \Yi ki =1
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 (AbZ/C, AbZg' " [d) g (—1) Dkl g=(5)+n i () ( cd )lk), (5.15)

(bZ) AbZ

provided that |Cd/Ab] < |Z| < an_la:j_” [T, zi| and |Cd/Ab] < |Cd/AbZ| <
E iz v

Proof. We have, for max(|Z|,|Cd/AbZ|) < 1

forj=1,....n

” At b 07| = (AZg*" 0Z,Cq/AbZ,dq" | ADZ) o
2@2 qu n da ) - (q"/A,q/b, qu—n d)
AbZ(C, bz " d,

X ng Aqu n bZ ; ,AbZ (516)

by Bailey’s 215 transformation in (5.2). Now we apply Lemma 4.3 to the 51)5’s on
the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.16) by the b; — ¢;, i =1,...,n, and

(Aql_na b)m
(d)m

case of Lemma 4.3. The 2105 on the right side of (5.16) is rewritten by the b; — a;z;,
iy, t=1,...,n, and

f(m) = z"

f(m) =

(AbZ/C, AbZg " /d) ( Cd \™
i ()

case of Lemma 4.3. Finally, we divide both sides of the resulting equation by (5.6)
and simplify to obtain (5.15). O

Theorem 5.6 (An A, 21, transformation). Let ay,...,ay,, b1,..., by, ¢, di, ..., dy,
Tlyeoy Loy Y1y .-y Yn, and 21, ..., 2, be indeterminate, let n > 1, and suppose that

none of the denominators in (5.17) vanishes. Write A = ay...a,, B = by ...b,,
D=d,...d,, and Z = z,...z,, for short. Then

. n Lb) .
Z H (fiqkz _%'qk”> H <””J' T (A )k A
n=—00 1<i<j<n Ti =) ij=1 <§_Jld])k (C)\k|

.....

zdz wld]

(BZ an/ABZ)oo H (&a]'z]7 y‘]alb 2i? Eq7 ij >OO

Y
( ”/A, C) i w’d Tiq qu yidia;z;
b= 3 zib;? y; 1 yjaibiz; o
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X Z 11 (yzq ~uid" >zli[1 Ezii:; (ABéq;)Tk/C)m <AC§Z)|I(’

k1, kn=—00 1<i<j<n Y '
’ (5.17)
provided |¢cD/AB| < |Z] < 1.
Proof. We have, for max(|Z|,|cD/ABZ|) < 1,
A¢'™™ B (AZ¢* " BZ,cq"/ABZ,Dq/ABZ),
Va| . pgt-ni: 2| = - —
¢, g (q"/A,q/B,c, Dg' ™)
ABZ¢ /e, ABZ/D D
R Y Ry L y-7 1 BRI CRL)

by Bailey’s 215 transformation in (5.2). Now we apply Lemma 4.9 to the 515’s on
the left and on the right side of this transformation. Specifically, we rewrite the 51
on left side of (5.18) by the a; — b;, b; — d;, i =1,...,n, and

_ (A¢" "

case of Lemma 4.9. The 91 on the right side of (5.18) is rewritten by the a; +—

azbzzz/dz, bz — a;%;, T — Ys, 1=1,...,n, and
_ (ABZ¢" "/c)m [ D \™
9m) = —p 7. ABZ

case of Lemma 4.9. Finally, we divide both sides of the resulting equation by (5.14)
and simplify to obtain (5.17). O

5.2. Some A,, 2%, summations. Here, we work out (all) the A, extensions of
the 210 summation in (5.3) which arise from Lemmas 4.3 and 4.9, respectively.
First, we give two multivariable extensions of (5.3) which arise from Lemma 4.3.

Theorem 5.7 (An A,, 210, summation). Let a, b, c1,..., ¢y, and z1, ..., x, be inde-
terminate, let n > 1, and suppose that none of the denominators in (5.19) vanishes.
Then

. g% — ;¢\ 1p (i - nki—|k|
S o0 (e I () T
n=—00 4 J J

1<i<j<n i,j=1 ki i=1

% (a,b)‘k| o=k (4, (%) (4 k]
(bQ)\k|< D 1 (a)
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_ (,ba/a,ci - cnd' ™" /D)oo H ( Q)oo

, (5.19
(a/a,50,4/b) i (f J> )
provided |cy . ..c,q> " /a| < |q/al < ‘q%$;” [, zi| forj=1,....n
Proof. We have, for max(|q/al,|ci...cng"™]) <1,
a,b q] _ (@.9,bq/a,¢ci...caq" ™" /b)og
= , 5.20
2¢2 Cr-.. 1 - bq 4 :| (Q/aa bq, Q/ba Cr... qul—n)oo ( )

by the 27, summation in (5.3). Now we apply Lemma 4.3 to the 215 of this sum-
mation. Specifically, we rewrite the 515 in (5.20) by the b; — ¢;, ¢ = 1,...,n,

and (a.)
@, 0)m (G\™
J(m) (bq)m (a)
case of Lemma 4.3. Finally, we divide both sides of the resulting equation by (5.6)
and simplify to obtain (5.19).
For an alternative proof, set z = ¢/a and d = bg in Theorem 5.1. In this case the
multilateral series on the right side of (5.4) reduces to

k: k. n —1 n
Yiq™ — Y;97 ki—|k
3 (H () T (%) "ot
—o0<k,...kn<oo \ 1<i<j<n Yi—Y;

4,j=1 ki =1

.......

k|=0
Dkl () e (ks I ™ (yaq)
« (=1)m-Dllg=(5)n T (%) | = H oo
(@)oo o (_ )
: y; Ci -
the last evaluation by the m = 0 case of Proposition 4.2. O
Theorem 5.8 (An A,, 210, summation). Let a, by, ..., b,, ¢, and z1,...,x, be inde-

terminate, let n > 1, and suppose that none of the denominators in (5.21) vanishes.
Then

ki ) kj n —1 n
H T;q ;9 H Hxnkz k|
11 T — T 1
1<i<j<n 4,j=1 ki =1

By (5 () () )

() a

s

K1,y kn=—00

_ (@01 . bag/a, c/by .. bn)w " %
a1 1
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provided |cq/al < |q/al < ‘q%x;" [y zi| forj=1,...,n
Proof. We have, for max(|q/al, |c]) < 1,
a,by...b, q (q,q,b1...bpq/a,c/by...by)o
= 5.22
22 [0761 g’ T ] (q/a,by...baq,q/by ... by, C)oo’ (5:22)

by the 215 summation in (5.3). Now we apply Lemma 4.3 to the 5105 of this sum-
mation. Specifically, we rewrite the 9t in (5.22) by the b; — big, i = 1,...,n,

and
a, blbn m m
flm) = % (%)

case of Lemma 4.3. Finally, we divide both sides of the resulting equation by

(@)oo - (%bj)oo
(bl...znql‘")oo 1]_:[1 (ﬁ—;ﬁ@

and simplify to obtain (5.21).

For an alternative proof, set ¢; = b;iq, z; = q/a;, i = 1,...,n, and b — by ... b,
in Theorem 5.5. In this case the multilateral series on the right side of (5.15) is
terminated from below and from above and reduces just to one term, 1. In the
resulting equation, we replace A by ag”! and d by c. O

Finally, we give four multivariable extensions of (5.3) which arise from Lemma 4.9.

Theorem 5.9 (An A, 51, summation). Let ay,...,a,, b, ¢1,...,¢p, and xq,. .., 2y,
be indeterminate, let n > 1, and suppose that none of the denominators in (5.23)
vanishes. Then

I (E) e ()

k1,...kn=—00 1<2<j<n ;
T

Z;C;
(g, bq/ay .. an,cr. .. T /b) oo n (qumsja)oo

_ . (5.23
(ba,q/b,ci-..cng'""/a1 .. an)oo 2, (m_c xiq) (5.23)
R CTREARTTYY I
provided max(|cy . ..cog ", |q/ar .. an]) < 1
Proof. We have, for rnax(|q/a1 eyl e gt ) < 1,
0. bq)ay . ay,Cy e eng " b) o
2¢2 ay anab . q _ (q q Q/al Qnp, C1 Cnq / ) ’ (524)

ci...cpgt " bg’ @ ay...an| (q/ai...an,bq,q/b,ci...chqg ™)
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by the 215 summation in (5.3). Now we apply Lemma 4.9 to the 515 of this sum-
mation. Specifically, we rewrite the 215 in (5.24) by the b; — ¢;, ¢ = 1,...,n,

and o S
g(m) (bq)m<a1...an>

case of Lemma 4.9. Finally, we divide both sides of the resulting equation by (5.11)
and simplify to obtain (5.23).

For an alternative proof, set z = ¢q/a;...a, and d = bq in Theorem 5.3. In this
case the multilateral series on the right side of (5.9) reduces to

yz-q’“—yjq’“j> - (57“]>k
s LSRG,

—00<k1 ..ok <00 1<i<j<n Yi—Y;
k|=0
YiCj
1— n
(a1t qfan . an) s (y]q’ yjaz)

— )
(g,c1--.cng" "far . an)oo 2 (vip, ma
I=2 Ny 77 yiai ) o

the last evaluation by Theorem 4.7. 4

Theorem 5.10 (An A, 29y summation). Let a, by,...,b,, ¢, and x1,...,x, be
indeterminate, let n > 1, and suppose that none of the demominators in (5.25)
vanishes. Then

T;q™ — X9 i (i—;@)k )k k
Z H <u> zly——[1 (i—;bjCI); ((Ci:k' (g)| |

ki,....kn=—00 1<i<j<n

(b bpgla,c/by .. by “ (ﬁ—;{q, i;[;)]’q>oo
= (q/a,¢)o e (aclb xlq>

T 74 x;b

. (5.25)

provided max(|c|, |¢/al) < 1.

Proof. We utilize the 1) summation in (5.20) and apply Lemma 4.9 to the 215 in
that summation. Specifically, we rewrite the 2105 in (5.20) by the a; — b;, b; — b;q,

i1=1,...,n, and
o=y
g<m) - (C)m a
case of Lemma 4.9. Finally, we divide both sides of the resulting equation by

(4,9)o0 ) ﬁ( bﬂ’i”)

ib
(bl s ana Q/bl s bn 0 4 i=1 <ﬁq, ?b]lq)oo
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and simplify to obtain (5.25).

For an alternative proof, set z; = ¢/a;, and d; = b;q, i = 1,...,n, in Theorem 5.4.
In this case the multilateral series on the right side of (5.12) is terminated from
below and from above and reduces just to one term, 1. In the resulting summation,
replace A by ag" . O

Theorem 5.11 (An A, 210 summation). Let a, by, ..., by, C1,...,Cp, and X1,. .., Ty
be indeterminate, let n > 1, and suppose that none of the denominators in (5.26)
vanishes. Then

TN ) I RN
Z 11 <%> 1_:[ (wicj)kz (bl---gn|Q)k| <%)

k1,....kn=—00 1<i<j<n

i

(g b bag/a)e T (:ch’x;bj)oo

_ e (5.96)
(Q/aa bl cee an)oo ij=1 (i—;‘.Cj, ;ﬁi)
provided max(|c; ... c,q' ™|, |q/al) <
Proof. Write B =b;...b, and C' = ¢;...¢,. We have, for max(|q/al, |Cq'™"]) < 1,
a, B q (qaqa BQ/CZ, Oqlin/B)OO
a4 5.27
e [qu "By } (¢/a,Bq,q/B,Cq" ")oo’ :27)

by the 910, summation in (5.3). Now we apply Lemma 4.9 to the 5105 of this summa-
tion. Specifically, we rewrite the 2105 in (5.27) by the a; — b;, b; — ¢;, i =1,...,n,

and @
A)m  (G\™
0
(m) B \a
case of Lemma 4.9. Finally, we divide both sides of the resulting equation by

(¢:Cq"/B)w H (wy J’fybz)

C 1-n B ; ziC
CommalBle o (20.58).,
and simplify to obtain (5.26).
For an alternative proof, set z; = ¢/a;, i = 1,...,n, and ¢ = by ...b,q in Theo-
rem 5.6. In this case the multilateral series on the right side of (5.17) is terminated

from below and from above and reduces just to one term, 1. In the resulting sum-
mation, replace d; by ¢;, i =1,...,n, and A by ag" . O

Theorem 5.12 (An A,, 29, summation). Let ay,...,an, by, ..., by, ¢, and xq, ..., 2,
be indeterminate, let n > 1, and suppose that none of the denominators in (5.28)
vanishes. Then
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> neEn H e ()

k1,..0skn=—00 1<i<j<n

ki

- (z0s)
. (q,c/bl...bn)oo Tj ’x]al 00

= ' , (5.28)
(q/b1 ...y, C)eo o (i_;-qu’ ;;;JJOO
provided max(|c|, |¢/ay .. .an\) < 1.
Proof. Write A = a; . = by ...b,. We have, for max(|q/A|, |c|) < 1,
AB ¢ (9.9, Bq/A, ¢/ B)o
g i , 5.29
,(pz [C’ Bq ! A:| <Q/A7 Bq7 Q/Bac)oo ( )

by the 219 summation in (5.3). Now we apply Lemma 4.9 to the 105 of this sum-
mation. Specifically, we rewrite the 215 in (5.29) by the b; — big, i = 1,...,n

and B) -
o= B (4

case of Lemma 4.9. Finally, we divide both sides of the resulting equation by

I

Ziq
Q)BQ/A H ]q’ Tj®i J oo
B y A zibjq
44/ A)oo 52 (561, o )Oo
and simplify to obtain (5.28).

For an alternative proof, set z; = q%/bi, and d; = aiq%, i =1,...,n, in Theo-
rem 5.6. In this case the multilateral series on the right side of (5.17) is terminated
from below and from above and reduces just to one term, 1. In the resulting sum-
mation, replace a; by biql’%, and b; by a;, fort=1,...,n. Il
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