ON WARNAAR’S ELLIPTIC MATRIX INVERSION AND KARLSSON–MINTON-TYPE ELLIPTIC HYPERGEOMETRIC SERIES

HJALMAR ROSENGREN AND MICHAEL SCHLOSSER^∗

Abstract. Using Krattenthaler’s operator method, we give a new proof of Warnaar’s recent elliptic extension of Krattenthaler’s matrix inversion. Further, using a theta function identity closely related to Warnaar’s inversion, we derive summation and transformation formulas for elliptic hypergeometric series of Karlsson–Minton-type. A special case yields a particular summation that was used by Warnaar to derive quadratic, cubic and quartic transformations for elliptic hypergeometric series. Starting from another theta function identity, we derive yet different summation and transformation formulas for elliptic hypergeometric series of Karlsson–Minton-type. These latter identities seem quite unusual and appear to be new already in the trigonometric (i.e., p = 0) case.

1. Introduction

Matrix inversions provide a fundamental tool for studying hypergeometric and basic hypergeometric (or q-) series. For instance, they underlie the celebrated Bailey transform [1]. For multiple hypergeometric series, multidimensional matrix inversions have similarly proved a powerful tool, see [2, 3, 14, 15, 16, 17, 18, 23, 24, 25].

Recently, a new class of generalized hypergeometric series was introduced, the elliptic hypergeometric series of Frenkel and Turaev [6]. In [31], Warnaar found an elliptic matrix inversion and used it to obtain several new quadratic, cubic and quartic summation and transformation formulas for elliptic hypergeometric series.

Warnaar’s matrix inversion can be stated as follows [31, Lemma 3.2]. If

f_{nk} =

∏_{n−1} j=k θ(a_jc_k)θ(a_j /c_k) ∏_n

j=k+1 θ(cj ck)θ(cj /ck)

(1.1a)

Date: (first version) September 23, 2003; (slightly revised) February 26, 2004. 2000 Mathematics Subject Classification. 11F50, 15A09, 33D15, 33E05. Key words and phrases. matrix inversion, elliptic hypergeometric series, Karlsson– Minton-type hypergeometric series.

∗The second author was supported by an APART grant of the Austrian Academy of Sciences. 1

2 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER and g_{kl} = c_l θ(a_lc_l)θ(a_l/c_l) c_k θ(a_kc_k)θ(a_k/c_k)

∏_k

j=l+1 θ(aj ck)θ(aj /ck)

∏_{k−1} j=l θ(c_j c_k)θ(c_j/c_k)

, (1.1b)

then the infinite lower-triangular matrices (f_{nk})_{n,k∈Z} and (g_{kl})_{k,l∈Z} are inverses of each other, i.e., the orthogonality relations n∑ k=l f_{nk}g_{kl} = δ_{nl}, for all n, l ∈ Z (1.2)

and (equivalently) n∑ k=l g_{nk}f_{kl} = δ_{nl}, for all n, l ∈ Z (1.3)

hold. In (1.1a) and (1.1b), θ(x) is the theta function, defined by

θ(x) = θ(x; p) := ∞∏ j=0 (1 − xp^j )(1 − p^{j+1}/x),

for |p| < 1.

Note that θ(x) reduces to 1 − x for p = 0. In this case Warnaar’s matrix inversion reduces to a result of Krattenthaler [13, Corollary], which in turn generalizes a large number of previously known explicit matrix inversions.

The present paper can be viewed as a spin-off of an attempt to obtain multivariable extensions of Warnaar’s matrix inversion and use these to study elliptic hypergeometric series related to classical root systems. This led us to discover several aspects of Warnaar’s result which are interesting already in the one-variable case. Multivariable extensions of these ideas are postponed to future publications.

Warnaar’s proof of his inversion is based on the equation (1.3), which is obtained as a special case of a more general identity, the latter being easily proved by induction. This approach seems difficult (though interesting) to generalize to the multivariable case. On the other hand, as was pointed out in [21], the identity (1.2) for Warnaar’s inversion is equivalent to a partial fraction-type expansion for theta functions due to Gustafson, (2.2) below. This leads to a short proof of Warnaar’s (and thus also Krattenthaler’s) matrix inversion, which is described in Section 2.

In another direction, Krattenthaler’s proof of the case p = 0 used a certain “operator method”, cf. Lemma 3.1 below. In Section 3 we extend Krattenthaler’s proof to the elliptic case. This requires some non-obvious steps, essentially because addition formulas for theta functions are more complicated than those for trigonometric functions implicitly used by Krattenthaler.

We hope that both the elementary proof of Warnaar’s inversion given in Section 2 and the operator proof given in Section 3 will be useful for finding multivariable extensions.

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 3

Apart from the matrix inversion (1.1), another important tool in Warnaar’s paper is the identity [31, Theorem 4.1] (see (1.11) below for the notation), which we write as N∑ k=0 θ(aq^{2ks}) θ(a)

(a, q^{−Ns}, b, a/b; q^s)_k (q^s, aq^{(N+1)s}, aq^s/b, bq^s; q^s)_k

(cq^N , aq/c; q)_{sk} (aq^{1−N} /c, c; q)_{sk} q^{sk} = (aq^s, q^s; q^s)_N (bq^s, aq^s/b; q^s)_N

(c/b, bc/a; q)_N (c, c/a; q)_N

. (1.4)

Here, s is a positive and N a non-negative integer. In [31], this was obtained by combining (1.2) for the inverse pair (1.1) with a certain bibasic summation. The identity (1.4) was then applied, with s = 2, 3 and 4, to obtain quadratic, cubic and quartic elliptic hypergeometric identities, respectively.

A characteristic property of (1.4) is that certain quotients of numerator and denominator parameters (such as b over bq^s and cq^N over c) are integral powers of q. Classical and basic hypergeometric series with the analogous property have been called Karlsson–Minton-type and (q-)IPD-type (for Integral Parameter Differences) series. A seminal result for such series is Minton’s summation formula [19]

r+2F_{r+1} ( −N, b, c_1 + m_1, . . . , c_r + m_r

b + 1, c_1, . . . , c_r ; 1 ) = N! (b + 1)_N r∏ i=1 (c_i − b)_{mi} (c_i)_{mi}

, (1.5)

where it is assumed that m_i are non-negative integers with |m| := ∑ i m_i ≤ N. This has been extended to non-terminating, bilateral and well-poised series [4, 5, 7, 8, 11, 27] and further to multiple series [20, 22, 26]. However, for elliptic hypergeometric series, (1.4) has until now been an isolated result.

At first sight, (1.4) looks somewhat different from known Karlsson–Mintontype identities. However, writing

(x; q)_{sk} = (x, xq, . . . , xq^{s−1}; q^s)_k, (1.6)

it is not hard to check that it can be obtained as a special case of the more conventional summation formula N∑ k=0 θ(aq^{2k}) θ(a)

(a, q^{−N} , b, a/b; q)_k (q, aq^{N+1}, aq/b, bq; q)_k q^k r∏ j=1 (c_jq^{mj} , aq/c_j; q)_k (aq^{1−mj} /c_j , c_j; q)_k = (aq, q; q)_N (bq, aq/b; q)_N r∏ j=1 (c_j/b, c_j b/a; q)_{mj} (c_j, c_j/a; q)_{mj}

, |m| = N (1.7)

(with q replaced by q^s). This result will be proved in Section 4. When p = 0, (1.7) reduces to a special case of an identity of Gasper [8, Eq. (5.13)], which in turn contains (1.5) as a degenerate case.

Gasper’s proof of (1.7) in the case p = 0 does not immediately extend to the elliptic case. A different proof was given by Chu [5], who independently

4 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

obtained and generalized Gasper’s identity by recognizing it as a special case of a partial fraction expansion. In Section 4 we use Chu’s method to generalize (1.7) in a different direction, namely, to a multiterm Karlsson– Minton-type transformation, Theorem 4.1. It is obtained as a special case of Gustafson’s identity (2.2), or equivalently of (1.2) for Warnaar’s inversion. Theorem 4.1 may be viewed as an elliptic analogue of Sears’ transformation for well-poised series, cf. Remark 4.4.

In Section 5, we repeat the analysis of Section 4, starting from a different elliptic partial fraction identity, (5.1). This leads to some exotic summation and transformation formulas for Karlsson–Minton-type elliptic hypergeometric series, which appear to be new also when p = 0.

Finally, in the Appendix we give an alternative proof of (1.7), using induction on N. We hope that the two proofs we give of this identity will both be useful for finding multivariable extensions of (1.7), and of related quadratic, cubic and quartic identities from [31].

Notation: We have already introduced the theta function θ(x) = θ(x; p). The nome p is fixed throughout and will be suppressed from the notation. We sometimes write

θ(x_1, . . . , x_n) := θ(x_1) · · · θ(x_n) (1.8)

for brevity. We will frequently use the following two properties of theta functions:

θ(x) = −x θ(1/x) (1.9)

and the addition formula

θ(xy, x/y, uv, u/v) − θ(xv, x/v, uy, u/y) = u y θ(yv, y/v, xu, x/u) (1.10)

(cf. [32, p. 451, Example 5]).

We denote elliptic shifted factorials by

(a; q)_k := θ(a)θ(aq) · · · θ(aq^{k−1}), (1.11a)

and write (a_1, . . . , a_n; q)_k := (a_1; q)_k · · · (a_n; q)_k. (1.11b)

These symbols satisfy similar identities as in the case p = 0 [9, Appendix I]. In particular, we mention that

(a; q)_{n−k} (b; q)_{n−k} = ( b a )_k

(a; q)_n(q^{1−n}/b; q)_k (b; q)_n(q^{1−n}/a; q)_k

, (1.12) and (a; q)_n (b; q)_n = (a b )_n (q1−n/a; q)_n

(q^{1−n}/b; q)_n

. (1.13)

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 5

2. Warnaar’s matrix inversion and elliptic partial fractions

In this section we give an easy proof of Warnaar’s matrix inversion. Since the case n = l is trivial, it is enough to prove that the left-hand side of (1.2) vanishes for n > l. Writing this side out explicitly gives n∑ k=l ∏_{n−1} j=k θ(a_j c_k)θ(a_j /c_k) ∏_n

j=k+1 θ(cj ck)θ(cj/ck)

c_l θ(a_lc_l)θ(a_l/c_l) c_k θ(a_kc_k)θ(a_k/c_k)

∏_k

j=l+1 θ(ajck)θ(aj /ck)

∏_{k−1} j=l θ(c_jc_k)θ(c_j/c_k)

= c_lθ(a_lc_l)θ(a_l/c_l) n∑ k=l 1 c_k

∏_n

j=l+1 θ(ajck)θ(aj /ck)

∏_n

j=l, j≠k θ(cj ck)θ(cj/ck) . Thus, it is enough to prove that n∑ k=l 1 c_k

∏_{n−1}

j=l+1 θ(ajck)θ(aj /ck)

∏_n

j=l, j≠k θ(cj ck)θ(cj /ck)

= 0, n > l, (2.1)

where (as a matter of relabeling) we may assume l = 1.

We are now reduced to a theta function identity of Gustafson [10, Lemma 4.14], which we write as n∑ k=1 a_k

∏_{n−2}

j=1 θ(a_kb_j )θ(a_k/b_j ) ∏_n

j=1, j≠k θ(akaj)θ(ak/aj )

= 0, n ≥ 2. (2.2)

The case p = 0 is equivalent to an elementary partial fraction expansion, so we refer to (2.2) as an elliptic partial fraction identity. To identify (2.1) with (2.2) it is enough to replace c_j with a_j , a_j with b_{j−1} and then use (1.9) repeatedly.

Gustafson’s proof of (2.2) uses Liouville’s theorem and is thus analytic in nature. We refer to [21] for an elementary proof (using only (1.9) and (1.10)), as well as some further comments on this identity.

3. An operator proof of Warnaar’s matrix inversion

In [12] Krattenthaler gave a method for solving Lagrange inversion problems, which are closely connected with the problem of inverting lower-tri-angular matrices. In particular, Krattenthaler applied this method in [13] to derive a very general matrix inversion, namely, the p = 0 case of (1.1). In the following, we provide a proof of Warnaar’s elliptic matrix inversion using Krattenthaler’s operator method. Like in Warnaar’s proof, the essential ingredient is the addition formula (1.10).

By a formal Laurent series we mean a series of the form ∑ n≥k a_nz^n, for some k ∈ Z. Given the formal Laurent series a(z) and b(z), we introduce the bilinear form ⟨ , ⟩ by

⟨a(z), b(z)⟩ = [ z^0 ] (a(z) · b(z)),

6 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

where [ z^0 ] c(z) denotes the coefficient of z^0 in c(z). Given any linear operator L acting on formal Laurent series, L^∗ denotes the adjoint of L with respect to ⟨ , ⟩; i.e. ⟨La(z), b(z)⟩ = ⟨a(z), L^∗b(z)⟩ for all formal Laurent series a(z) and b(z). We need the following special case of [12, Theorem 1].

Lemma 3.1. Let F = (f_{nk})_{n,k∈Z} be an infinite lower-triangular matrix with f_{kk} ≠ 0 for all k ∈ Z. For k ∈ Z, define the formal Laurent series f_k(z) and g_k(z) by f_k(z) = ∑ n≥k f_{nk}z^n and g_k(z) = ∑ l≤k g_{kl}z^{−l}, where (g_{kl})_{k,l∈Z} is the uniquely determined inverse matrix of F . Suppose that for k ∈ Z a system of equations of the form

Uf_k(z) = w_kV f_k(z) (3.1)

holds, where U, V are linear operators acting on formal Laurent series, V being bijective, and (w_k)_{k∈Z} is an arbitrary sequence of different non-zero constants. Then, if h_k(z) is a solution of the dual system

U^∗h_k(z) = w_kV^∗h_k(z), (3.2)

with h_k(z) ≢ 0 for all k ∈ Z, the series g_k(z) is given by

g_k(z) = 1 ⟨f_k(z), V^∗h_k(z)⟩

V^∗h_k(z). (3.3)

In order to prove Warnaar’s elliptic extension of Krattenthaler’s matrix inversion (1.1), we set f_k(z) = ∑ n≥k f_{nk}z^k with f_{nk} given as in (1.1a). Obviously, for n ≥ k,

θ(c_nc_k, c_n/c_k)f_{nk} = θ(a_{n−1}c_k, a_{n−1}/c_k)f_{n−1,k}. (3.4)

We now introduce a “multiplier” after which we apply the addition formula for theta functions and separate the variables depending on n and on k appearing in (3.4). Namely, we multiply both sides of (3.4) by θ(uv, u/v) where u, v are two new auxiliary independent variables, which gives

θ(c_nc_k, c_n/c_k, uv, u/v)f_{nk} = θ(a_{n−1}c_k, a_{n−1}/c_k, uv, u/v)f_{n−1,k}. (3.5)

Next, we apply the addition formula (1.10) to each side of (3.5) and obtain [ θ(c_nv, c_n/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, c_nu, c_n/u) ] f_{nk} = [ θ(a_{n−1}v, a_{n−1}/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, a_{n−1}u, a_{n−1}/u) ] f_{n−1,k}.

If we define the linear operators A and C by Az^k = a_kz^k and Cz^k = c_kz^k, for all k ∈ Z, this may be rewritten in the form [ θ(Cv, C/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, Cu, C/u) ] f_k(z) = z [ θ(Av, A/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, Au, A/u) ] f_k(z),

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 7

or, equivalently, [ θ(Cv, C/v) − z θ(Av, A/v) ] f_k(z) = u θ(vc_k, c_k/v) c_k θ(uc_k, u/c_k) [ z θ(Au, A/u) − θ(Cu, C/u) ] f_k(z), (3.6)

valid for all k ∈ Z.

Equation (3.6) is a system of equations of type (3.1) with

U = θ(Cv, C/v) − z θ(Av, A/v),

V = z θ(Au, A/u) − θ(Cu, C/u), and w_k = u θ(vc_k, c_k/v) c_k θ(uc_k, u/c_k) . The dual equations (3.2) for the auxiliary formal Laurent series h_k(z) = ∑ l≤k h_{kl}z^{−l} in this case read [ θ(C^∗v, C^∗/v) − θ(A^∗v, A^∗/v) z ] h_k(z) = u θ(vc_k, c_k/v) c_k θ(uc_k, u/c_k) [ θ(A^∗u, A^∗/u) z − θ(C^∗u, C^∗/u) ] h_k(z). (3.7)

Since A^∗z^{−k} = a_kz^{−k} and C^∗z^{−k} = c_kz^{−k}, by comparing coefficients of z^{−l} in (3.7) we obtain [ θ(c_lv, c_l/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, c_lu, c_l/u) ] h_{kl} = [ θ(a_lv, a_l/v, uc_k, u/c_k) + u c_k θ(vc_k, c_k/v, a_lu, a_l/u) ] h_{k,l+1},

which, after application of the addition formula (1.10) and dividing both sides by θ(uv, u/v), reduces to

θ(c_lc_k, c_l/c_k)h_{kl} = θ(a_lc_k, a_l/c_k)h_{k,l+1}.

If we set h_{kk} = 1, we get

h_{kl} =

∏_{k−1}

j=l θ(a_jc_k, a_j/c_k) ∏_{k−1}

j=l θ(c_jc_k, c_j/c_k) . Taking into account (3.3), we compute

V^∗h_k(z) = [ θ(A^∗u, A^∗/u) z − θ(C^∗u, C^∗/u) ] h_k(z) = ∑ l≤k [ θ(c_lc_k, c_l/c_k) θ(a_lc_k, a_l/c_k) θ(a_lu, a_l/u) − θ(c_lu, c_l/u)

]∏_{k−1j=l}

θ(a_j c_k, a_j /c_k) ∏_{k−1} j=l θ(c_j c_k, c_j/c_k) z^{−l}

= ∑ l≤k θ(c_kv, c_k/v) a_l θ(a_lc_l, c_l/a_l) c_k θ(a_lc_k, a_l/c_k)

∏_{k−1}

j=l θ(a_j c_k, a_j/c_k) ∏_{k−1}

j=l θ(c_jc_k, c_j/c_k) z^{−l}, (3.8)

8 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

where we again have used the addition formula (1.10). Now, since f_{kk} = 1, the pairing ⟨f_k(z), V^∗h_k(z)⟩ is simply the coefficient of z^{−k} in (3.8). Thus, (3.3) reads g_k(z) = − 1 θ(c_kv, c_k/v)

V^∗h_k(z) (3.9)

where g_k(z) = ∑ l≤k g_{kl}z^{−l}. Hence, extracting coefficients of z^{−l} in (3.9) we obtain exactly (1.1b).

4. Elliptic Karlsson–Minton-type identities As was mentioned in the introduction, we can obtain a generalization of the Karlsson–Minton-type identities (1.4) and (1.7) as a special case of the partial fraction identity (2.2). To this end, we make the substitutions (a_1, . . . , a_n) → (a_1, a_1q, . . . , a_1q^{l1} , . . . , a_s, a_sq, . . . , a_sq^{ls} ), (4.1a)

(b_1, . . . , b_{n−2})

→ (b_1, b_1q^{1/y1} , . . . , b_1q^{(m1−1)/y1} , . . . , b_r, b_rq^{1/yr} , . . . , b_rq^{(mr −1)/yr} ) (4.1b) in (2.2), with m_i and l_i non-negative and y_i positive integers satisfying |l| + s = |m| + 2. (4.2) The resulting special case of (2.2) may be written s∑ i=1 l_i∑

k=0 a_iq^k

∏_r j=1 ∏_{mj −1t=0}

θ(a_iq^kb_j q^{t/yj} , a_iq^k/b_j q^{t/yj} ) ∏_{li}

t=0, t≠k θ(a 2 i q^{k+t}, q^{k−t})

∏_s

j=1, j≠i

∏_{ljt=0}

θ(a_iq^ka_jq^t, a_iq^k/a_j q^t)

= 0.

It is now straight-forward to rewrite the products in t in terms of elliptic shifted factorials, giving

m_j −1∏

t=0 θ(a_iq^kb_j q^{t/yj} ) = (a_ib_j q^k; q^{1/yj} )_{mj} = (a_ib_j ; q^{1/yj} )_{mj}

(a_ib_j q^{mj /yj} ; q^{1/yj} )_{yj k} (a_ib_j ; q^{1/yj} )_{yj k} , and similarly

m_j −1∏

t=0 θ(a_iq^k/b_j q^{t/yj} ) = (a_iq^{(1−mj )/yj} /b_j ; q^{1/yj} )_{mj}

(a_iq^{1/yj} /b_j ; q^{1/yj} )_{yj k} (a_iq^{(1−mj )/yj} /b_j ; q^{1/yj} )_{yj k} , 1 ∏_{li}

t=0, t≠k θ(a 2 i q^{k+t}) = 1 (a^2_i q; q)_{li} θ(a^2_i q^{2k}) θ(a^2_i )

(a^2_i ; q)_k (a^2_i q^{li+1}; q)_k , 1 ∏_{li}

t=0, t≠k θ(q

k−t) = 1 (q^{−li} ; q)_{li}

(q^{−li} ; q)_k (q; q)_k , 1 ∏_{ljt=0} θ(a_iq^ka_j q^t) = 1 (a_ia_j ; q)_{lj +1}

(a_ia_j; q)_k (a_ia_j q^{lj +1}; q)_k ,

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 9 1 ∏_{ljt=0}

θ(a_iq^k/a_j q^t) = 1 (a_iq^{−lj} /a_j ; q)_{lj +1}

(a_iq^{−lj} /a_j; q)_k (a_iq/a_j ; q)_k . We thus arrive at the following result.

Theorem 4.1. Let l_1, . . . , l_s and m_1, . . . , m_r be non-negative integers such that |l|+s = |m|+2, and let y_1, . . . , y_r be positive integers. Then the following identity holds: s∑ i=1 a_i

∏_r

j=1(a_ib_j , a_iq^{(1−mj )/yj} /b_j ; q^{1/yj} )_{mj} (a^2_i q, q^{−li} ; q)_{li}

∏_s

j=1, j≠i(aiaj , aiq

−l_j /a

j; q)_{lj +1} × l_i∑

k=0 θ(a^2_i q^{2k}) θ(a^2_i ) q^k s∏ j=1 (a_ia_j , a_iq^{−lj} /a_j ; q)_k (a_iq/a_j, a_ia_j q^{lj +1}; q)_k × r∏ j=1 (a_ib_j q^{mj /yj} , a_iq^{1/yj} /b_j ; q^{1/yj} )_{yj k} (a_iq^{(1−mj )/yj} /b_j , a_ib_j ; q^{1/yj} )_{yj k}

= 0.

Remark 4.2. It is clear from the proof that Theorem 4.1 is actually equivalent to its special case when y_j ≡ 1. This may be checked directly using (1.6). However, in view of the work of Warnaar [31], the form given above seems more useful for potential application to quadratic and higher identities.

Remark 4.3. In principle, one can obtain an even more general identity by replacing (4.1) with a substitution involving independent bases, that is,

(a_1, . . . , a_n) → (a_1, . . . , a_1q^{l1}_1 , . . . , a_s, . . . , a_sq^{ls}_s ),

(b_1, . . . , b_{n−2}) → (b_1, . . . , b_1p^{m1−1}_1 , . . . , b_r, . . . , b_rp^{mr −1}_r ).

However, the inner sums in the resulting identity will not be elliptic hypergeometric.

Remark 4.4. In the basic case, p = 0, Theorem 4.1 may be obtained as a special case of Sears’ transformation for well-poised series [28]. More precisely, if we start from the special case given in [9, Exercise 4.7], replace r by r + s and choose the parameters (b_1, . . . , b_{r+s}) there as

(q^{−l1} /a_1, . . . , q^{−ls} /a_s, q^{m1+1}/a_{s+1}, . . . , q^{mr+1}/a_{r+s}), we obtain an identity equivalent to the case p = 0 of Theorem 4.1. This is exactly the case of Sears’ transformation when all series involved are terminating, very-well-poised and balanced. Since these restrictions are natural in the elliptic case [29], we may view Theorem 4.1 as an elliptic analogue of Sears’ transformation.

For applications, the case s = 2 of Theorem 4.1 seems especially useful, and we give it explicitly in the following corollary. We have made the substitutions (a_1, a_2, l_1, l_2, b_j ) → ( √ a, b/ √ a, N, L, c_j/ √ a) and used (1.13) to simplify some of the factors.

10 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

Corollary 4.5. Let L, N and m_1, . . . , m_r be non-negative integers with |m| = L + N, and let y_1, . . . , y_r be positive integers. Then, N∑ k=0 θ(aq^{2k}) θ(a)

(a, q^{−N} , b, aq^{−L}/b; q)_k (q, aq^{N+1}, aq/b, bq^{L+1}; q)_k q^k r∏ j=1 (c_j q^{mj /yj} , aq^{1/yj} /c_j ; q^{1/yj} )_{yj k} (aq^{(1−mj )/yj} /c_j, c_j ; q^{1/yj} )_{yj k} = (aq, q; q)_N (bq, aq/b; q)_N

(bq, bq/a; q)_L (b^2q/a, q; q)_L r∏ j=1 (c_j /b, c_jb/a; q^{1/yj} )_{mj} (c_j, c_j /a; q^{1/yj} )_{mj} × L∑ k=0 θ(b^2q^{2k}/a) θ(b^2/a)

(b^2/a, q^{−L}, b, bq^{−N} /a; q)_k (q, q^{L+1}b^2/a, bq/a, bq^{N+1}; q)_k q^k

× r∏ j=1 (bc_j q^{mj /yj} /a, bq^{1/yj} /c_j ; q^{1/yj} )_{yj k} (bq^{(1−mj )/yj} /c_j, bc_j /a; q^{1/yj} )_{yj k} . If we let L = 0 in Corollary 4.5 we obtain the following summation formula.

Corollary 4.6. Let y_1, . . . , y_r be positive integers and m_1, . . . , m_r be nonnegative integers with m_1 + · · · + m_r = N. Then the following identity holds: N∑ k=0 θ(aq^{2k}) θ(a)

(a, q^{−N} , b, a/b; q)_k (q, aq^{N+1}, aq/b, bq; q)_k q^k r∏ j=1 (c_j q^{mj /yj} , aq^{1/yj} /c_j; q^{1/yj} )_{yj k} (aq^{(1−mj )/yj} /c_j, c_j; q^{1/yj} )_{yj k} = (aq, q; q)_N (bq, aq/b; q)_N r∏ j=1 (c_j /b, c_jb/a; q^{1/yj} )_{mj} (c_j , c_j/a; q^{1/yj} )_{mj} . Note that the case r = 1 of Corollary 4.6 is equivalent to (1.4), and that the case y_j ≡ 1 is (1.7).

5. Some exotic Karlsson–Minton-type identities Besides (2.2), we are aware of another elliptic partial fraction expansion, namely,_n ∑ k=1 ∏_n j=1 θ(a_k/b_j) ∏_n

j=1, j≠k θ(ak/aj )

= 0, a_1 · · · a_n = b_1 · · · b_n, (5.1)

which goes back at least to the 1898 treatise of Tannery and Molk [30, p. 34]. Again, we refer to [21] for an elementary proof and some further comments.

It does not seem possible to obtain a matrix inversion from (5.1) in a similar way as Warnaar’s inversion was obtained from (2.2) in Section 2. However, it is straight-forward to imitate the analysis of Section 4 and obtain Karlsson–Minton-type summation and transformation formulas from (5.1). The resulting identities seem quite exotic and appear to be new even in the case p = 0.

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 11

Thus, we make the substitutions (4.1) into (5.1). In place of (4.2), we now have the two conditions |l| + s = |m| and

q(^{l1+12} )^{+···+}(^{ls+12} )a^{l1+1}_1 · · · a^{ls+1}_s = q^{1y}1 (^{m12} )^{+···+ 1yr} (^{mr2} )b^{m1}_1 · · · b^{mr}_r . (5.2) Clearly, the resulting transformation can be obtained from Theorem 4.1 by deleting the factor a_iq^k, together with all factors involving products (rather than quotients) of the parameters a_i, b_i. This gives the following result. Theorem 5.1. Let l_1, . . . , l_s and m_1, . . . , m_r be non-negative integers and y_1, . . . , y_r be positive integers. Assume that |l| + s = |m|, and that (5.2) holds. Then, s∑ i=1 ∏_r j=1(a_iq^{(1−mj )/yj} /b_j; q^{1/yj} )_{mj} (q^{−li} ; q)_{li}

∏_s

j=1, j≠i(aiq

−l_j /a

j; q)_{lj +1} × l_i∑

k=0 s∏ j=1 (a_iq^{−lj} /a_j; q)_k (a_iq/a_j; q)_k r∏ j=1 (a_iq^{1/yj} /b_j; q^{1/yj} )_{yj k} (a_iq^{(1−mj )/yj} /b_j ; q^{1/yj} )_{yj k}

= 0.

Next we write down the case s = 2 of Theorem 5.1 explicitly. For this we make the substitutions (a_1, a_2, l_1, l_2, b_j) → (bq^L, 1, N, L, bq^{(Lyj −mj +1)/yj} /c_j ).

(Since we may multiply all a_j and b_j in (5.1) with a common factor, the assumption a_2 = 1 is no restriction.) This yields that if |m| = N + L + 2 and

q(^{L+12} )b^{L+1} = q(^{N+12} )^{+ 1y}1 (^{m12} )^{+···+ 1yr} (^{mr2} )c^{m1}_1 · · · c^{mr}_r , (5.3) then

∏_r

j=1(c_j ; q^{1/yj} )_{mj} (q^{−N} ; q)_N (b; q)_{L+1} N∑ k=0 (q^{−N} , b; q)_k (q, bq^{L+1}; q)_k r∏ j=1 (c_jq^{mj /yj} ; q^{1/yj} )_{yj k} (c_j ; q^{1/yj} )_{yj k} + ∏_r

j=1(q^{−L}c_j /b; q^{1/yj} )_{mj} (q^{−L}; q)_L(q^{−L−N} /b; q)_{N+1} L∑ k=0 (q^{−L}, q^{−L−N} /b; q)_k

(q, q^{1−L}/b; q)_k × r∏ j=1 (q^{(mj −Lyj )/yj} c_j /b; q^{1/yj} )_{yj k} (q^{−L}c_j /b; q^{1/yj} )_{yj k}

= 0.

To make this look nicer we replace k by L − k in the second sum. After repeated application of (1.12) and some further simplification, we arrive at the following transformation formula.

Corollary 5.2. Let L, N and m_1, . . . , m_r be non-negative integers with |m| = N + L + 2, and let y_1, . . . , y_r be positive integers. Then, assuming

12 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

also (5.3), one has the identity N∑ k=0 (q^{−N} , b; q)_k (q, bq^{L+1}; q)_k r∏ j=1 (c_j q^{mj /yj} ; q^{1/yj} )_{yj k} (c_j; q^{1/yj} )_{yj k}

= b^{N+1}

(q; q)_N (bq; q)_L (bq; q)_N (q; q)_L r∏ j=1 (c_j/b; q^{1/yj} )_{mj} (c_j; q^{1/yj} )_{mj} × L∑ k=0 (q^{−L}, b; q)_k (q, bq^{N+1}; q)_k r∏ j=1 (bq^{1/yj} /c_j; q^{1/yj} )_{yj k} (bq^{(1−mj )/yj} /c_j ; q^{1/yj} )_{yj k} . When L = 0, Corollary 5.2 reduces to the following summation formula.

Corollary 5.3. Let m_1, . . . , m_r and N be non-negative integers with |m| = N + 2, and let y_1, . . . , y_r be positive integers. Then, assuming also

b = q(^{N+12} )^{+ 1y}1 (^{m12} )^{+···+ 1yr} (^{mr2} )c^{m1}_1 · · · c^{mr}_r ,

one has the identity N∑ k=0 (q^{−N} , b; q)_k (q, bq; q)_k r∏ j=1 (c_j q^{mj /yj} ; q^{1/yj} )_{yj k} (c_j; q^{1/yj} )_{yj k}

= b^{N+1}

(q; q)_N (bq; q)_N r∏ j=1 (c_j /b; q^{1/yj} )_{mj} (c_j; q^{1/yj} )_{mj} . The evaluation in Corollary 5.3 looks so unusual that it is worth pointing out that we believe it is free from misprints. In particular, the factor q^k is not missing from the left-hand side. Like for other results in the paper, special cases have been confirmed by numerical calculations.

Using the results of [29] it is easy to check that the sum in Corollary 5.3 is modular (that is, invariant under a natural action of SL(2, Z) on (p, q)-space) and, in particular, balanced in the sense of Spiridonov. However, the special case p = 0 is not balanced in the usual sense of basic hypergeometric series [9]. This is another indication of the importance of modular invariance and Spiridonov’s balancing condition for elliptic hypergeometric series.

Appendix. An alternative proof of (1.7) Gasper’s proof of the case p = 0 of (1.7) uses induction on r. As was remarked in the introduction, this proof does not immediately extend to the general case. However, we were able to find a proof by induction on N, which is different in details from Gasper’s proof, but closer to standard methods for basic hypergeometric series [9] than the proof given in Section 4. We include this proof here both since it may have independent interest and since it may be useful for generalizations, for instance, to multiple series. For brevity, we will write (a)_k = (a; q)_k for the elliptic shifted factorials in (1.11a).

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 13

To start our inductive proof of (1.7), we assume that it holds for fixed N and consider the sum S = N+1∑ k=0 θ(aq^{2k}) θ(a)

(a, q^{−N−1}, b, a/b)_k (q, aq^{N+2}, aq/b, bq)_k q^k r∏ j=1 (c_j q^{mj} , aq/c_j)_k (aq^{1−mj} /c_j, c_j)_k , where m_1 + · · · + m_r = N + 1. By symmetry, we may assume m_r ≥ 1.

We multiply the sum S termwise by 1 = 1 θ(aq^{N+1}, q^{−N−1}, c_rq^{mr +k−1}, aq^{1−mr +k}/c_r) × [ θ(aq^{k+N+1}, q^{k−N−1}, c_rq^{mr−1}, aq^{1−mr} /c_r) − q^{−N−1}θ(aq^k, q^k, c_rq^{mr +N} , aq^{2−mr +N} /c_r) ] , which is equivalent to (1.10) with the replacements (u, v, x, y) → ( √ a, q^{mr−1}c_r/ √ a, q^{N+1} √ a, q^k √ a). Since the factors θ(q^{k−N−1}) and θ(q^k) vanish at the end-points k = N + 1 and k = 0, respectively, this gives an identity of the form S = N∑ k=0 (· · · ) +

N+1∑ k=1 (· · · ).

Replacing k by k + 1 in the last sum and simplifying gives S = N∑ k=0 θ(aq^{2k}) θ(a)

(a, q^{−N} , b, a/b, c_rq^{mr −1}, aq/c_r)_k (q, aq^{N+1}, aq/b, bq, aq^{2−mr} /c_r, c_r)_k q^k r−1∏ j=1 (c_j q^{mj} , aq/c_j )_k (aq^{1−mj} /c_j, c_j)_k

− q^{−N} θ(aq, aq^2, b, a/b, c_rq^{mr +N} , aq/c_r, aq^{2−mr +N} /c_r) θ(aq/b, bq, aq^{N+1}, aq^{N+2}, aq^{1−mr} /c_r, aq^{2−mr} /c_r, c_r) r−1∏ j=1 θ(c_j q^{mj} , aq/c_j) θ(aq^{1−mj} /c_j, c_j ) × N∑ k=0 θ(aq^{2k+2}) θ(aq^2)

(aq^2, q^{−N} , bq, aq/b, c_rq^{mr} , aq^2/c_r)_k (q, aq^{N+3}, aq^2/b, bq^2, aq^{3−mr} /c_r, c_rq)_k q^k

× r−1∏ j=1 (c_jq^{1+mj} , aq^2/c_j)_k (aq^{2−mj} /c_j, c_jq)_k . Both sums are now evaluated by the induction hypothesis, giving S = (aq, q)_N (bq, aq/b)_N

(c_r/b, c_rb/a)_{mr −1} (c_r, c_r/a)_{mr −1} r−1∏ j=1 (c_j/b, c_j b/a)_{mj} (c_j, c_j/a)_{mj} × { 1 − θ(b, a/b, c_rq^{N+mr} , aq^{N+2−mr} /c_r) θ(bq^{N+1}, aq^{N+1}/b, c_rq^{mr −1}, aq^{1−mr} /c_r) } .

14 HJALMAR ROSENGREN AND MICHAEL SCHLOSSER

Using again (1.10), this time with

(u, v, x, y) → ( √ a, q^{mr −1}c_r/ √ a, q^{N+1} √ a, b/ √ a), we find that the factor within brackets equals

θ(q^{N+1}, aq^{N+1}, q^{mr−1}c_r/b, q^{mr −1}c_rb/a) θ(bq^{N+1}, aq^{N+1}/b, q^{mr −1}c_r, q^{mr −1}c_r/a) , and thus S = (aq, q)_{N+1} (bq, aq/b)_{N+1} r∏ j=1 (c_j /b, c_jb/a)_{mj} (c_j , c_j/a)_{mj} . This completes our alternative proof of (1.7).

References

[1] G. E. Andrews, “Bailey’s transform, lemma, chains and tree”, in J. Bustoz, M. E. H. Ismail and S. K. Suslov (eds.), Special Functions 2000: Current Perspectives and Future Directions, 1–22, Kluwer Acad. Publ., Dordrecht, 2001.

[2] G. Bhatnagar and S. C. Milne, “Generalized bibasic hypergeometric series and their U(n) extensions”, Adv. Math. 131 (1997), 188–252.

[3] W. Chu, “Some multifold reciprocal transformations with applications to series expansions”, Europ. J. Comb. 12 (1991), 1–8.

[4] W. Chu, “Partial fractions and bilateral summations”, J. Math. Phys. 35 (1994), 2036–2042; erratum: ibid 36 (1995), 5198–5199.

[5] W. Chu, “Partial-fraction expansions and well-poised bilateral series”, Acta Sci.

Math. (Szeged) 64 (1998), 495–513.

[6] I. B. Frenkel and V. G. Turaev, “Elliptic solutions of the Yang-Baxter equation and modular hypergeometric functions”, in V. I. Arnold et al. (eds.), The Arnold–Gelfand Mathematical Seminars, 171–204, Birkhäuser, Boston, 1997.

[7] G. Gasper, “Summation formulas for basic hypergeometric series”, SIAM J. Math.

Anal. 12 (1981), 196–200.

[8] G. Gasper, “Elementary derivations of summation and transformation formulas for q-series”, in M. E. H. Ismail, D. R. Masson and M. Rahman (eds.), Special Functions, q-Series and Related Topics, 55–70, Fields Inst. Commun. 14, Providence, RI, 1997.

[9] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[10] R. A. Gustafson, “Multilateral summation theorems for ordinary and basic hypergeometric series in U(n)”, SIAM J. Math. Anal. 18 (1987), 1576–1596.

[11] P. W. Karlsson, “Hypergeometric functions with integral parameter differences”, J. Math. Phys. 12 (1971), 270–271.

[12] C. Krattenthaler, “Operator methods and Lagrange inversion, a unified approach to Lagrange formulas”, Trans. Amer. Math. Soc. 305 (1988), 431–465.

[13] C. Krattenthaler, “A new matrix inverse”, Proc. Amer. Math. Soc. 124 (1996), 47–59. [14] C. Krattenthaler and M. Schlosser, “A new multidimensional matrix inverse with applications to multiple q-series”, Discrete Math. 204 (1999), 249–279.

[15] M. Lassalle and M. Schlosser, “An analytic formula for Macdonald polynomials”, C. R. Math. Acad. Sci. Paris 337 (2003), 569–574.

[16] G. M. Lilly and S. C. Milne, “The C_l Bailey Transform and Bailey Lemma”, Constr.

Approx. 9 (1993), 473–500.

ELLIPTIC MATRIX INVERSION AND ELLIPTIC HYPERGEOMETRIC SERIES 15

[17] S. C. Milne, “Balanced_3ϕ_2 summation theorems for U(n) basic hypergeometric series”, Adv. Math. 131 (1997), 93–187.

[18] S. C. Milne and G. M. Lilly, “Consequences of the A_l and C_l Bailey Transform and Bailey Lemma”, Discrete Math. 139 (1995), 319–346.

[19] B. Minton, “Generalized hypergeometric function of unit argument”, J. Math. Phys.

11 (1970), 1375–1376.

[20] H. Rosengren, “Karlsson–Minton type hypergeometric functions on the root system C_n”, J. Math. Anal. Appl. 281 (2003), 332–345, [21] H. Rosengren, “Elliptic hypergeometric series on root systems”, Adv. Math. 181 (2004), 417–447.

[22] H. Rosengren, “Reduction formulas for Karlsson–Minton-type hypergeometric functions”, Constr. Approx., to appear.

[23] M. Schlosser, “Multidimensional matrix inversions and A_r and D_r basic hypergeometric series”, Ramanujan J. 1 (1997), 243–274.

[24] M. Schlosser, “Some new applications of matrix inversions in A_r”, The Ramanujan J. 3 (1999), 405–461.

[25] M. Schlosser, “A new multidimensional matrix inversion in A_r”, Contemp. Math.

254 (2000), 413–432.

[26] M. Schlosser, “Multilateral transformations of q-series with quotients of parameters that are nonnegative integral powers of q”, in B. C. Berndt and K. Ono (eds.) q- Series with Applications to Combinatorics, Number Theory and Physics, 203–227, Contemp. Math. 291, Amer. Math. Soc., Providence, 2001.

[27] M. Schlosser, “Elementary derivations of identities for bilateral basic hypergeometric series”, Selecta Math. (N. S.) 9 (2003), 119-159.

[28] D. B. Sears, “Transformations of basic hypergeometric functions of any order”, Proc.

London Math. Soc. (2) 53 (1951), 181–191.

[29] V. P. Spiridonov, “Theta hypergeometric series”, in V. A. Malyshev and A. M. Vershik (eds.), Asymptotic Combinatorics with Applications to Mathematical Physics, 307–327, Kluwer Acad. Publ., Dordrecht, 2002.

[30] J. Tannery and J. Molk, Éléments de la théorie des fonctions elliptiques, Tome III:

Calcul intégral, Gauthier-Villars, Paris, 1898.

[31] S. O. Warnaar, “Summation and transformation formulas for elliptic hypergeometric series”, Constr. Approx. 18 (2002), 479–502.

[32] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th ed., Cambridge University Press, Cambridge, 1962.

Department of Mathematics, Chalmers University of Technology and Göteborg University, SE-412 96 Göteborg, Sweden

E-mail address: hjalmar@math.chalmers.se
URL: http://www.math.chalmers.se/~hjalmar

Institut für Mathematik der Universität Wien, Nordbergstraße 15, A- 1090 Wien, Austria

E-mail address: schlosse@ap.univie.ac.at
URL: http://www.mat.univie.ac.at/~schlosse