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(Z, +, ·) !�"�#%$'&)(*",+%-.&'#0/2143�#%! 5 ��6��7�98 ���;:<6�=?>@�����BA

d | n : ⇔ (∃q) n = dq d CD&E3�-�C n (d, n, q ∈ Z)

d | n d FG&'3.-�&EHJILK�# n M ��NO�QPORS�
1,−1, +n,−n T%#%&'U
+�C�&)F�&E3�-�&EHVILKL# n

1,−1 W�3.#%+X&E3YC�&E#Z3.# Z
= 6�����P

τ(n) :=
∑

d|n 1 FG&'3.-�&EH\[�T%#%]�C�3�KL#�^ 6?_O	S`?� M ���ba�ROP����9��N���6c�d�����Q���
p e%Hf3.g : ⇔ τ(p) = 2 h�HD3�g;$i"�+X- a��j��>k�@:<6�=?>@�����7A

/ 6= 1 l%],&E3�#%&)&'U
+mCD&E#ZFG&'3.-�&EHj5
n7oqp�r�p2sip�t �vu p�w;x � s'wLy

(∃k, r)
:f����6 M ��= �2�Y8mz{A

(∀n, q) n = kq + r 0 ≤ r < n
a�ROP����2��N)
S�Q����6XP��B���}|4�
P��

(∀n, q) n = kq + r − (n−1)
2

< r ≤ (n−1)
2

)
	���PORS�~= ��
S�Q����6XP��7���}|J�
P��

����6��Y8 �}���Y8 ��6XPO�
`X	f�j�B��6��
a | b ∧ b | c ⇒ a | c C�HD"�#%�D3YC�3YI

a | b ∧ b | a ⇒ a = ±b	���POR��
(N, |) /�C�&E3�-Y��&'3.�f&S5V!�&EKLHf�%#%&'C aX	��j�2�2	���RS� M ���
��a�ROPO����i���j6����'�

a | b ⇒ a | bc

a | b ∧ a | c ⇒ a | (b + c)�)����6����9��RS6��
a ≡ b mod m : ⇔ m | (a − b) � t �����S���?� w�
P�8L���~�

a ≡ a (m) Hf&'��&j�X3YI
a ≡ b ⇒ b ≡ a �f�?g;g;&'CDHD3��DU
+

a ≡ b ∧ b ≡ c ⇒ a ≡ c CDH�"�#%�f3�CD3�I
a ≡ a′ ∧ b ≡ b′ ⇒ a + b ≡ a′ + b′=?6 M a ≡ a′ ∧ b ≡ b′ ⇒ ab ≡ a′b′	�����8 ��>k����6��

W�3�#%&�14&'-Q"SC�3�KL#�3.�\C�&'3.#X&)� t �����S���?�������?�2� w�p2t � l
��&E#%#Z�D3�&�g;3YC4�%&EH�� �2��=�
S�2= � I�&EHfCDH���!�-.3�U
+ 3��fCE¡
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S�~� M º � p �2»��%� � � p�w¼�½X¾O¿�À,Á%Â9Ã�ÄLÅÆ¾
Ç�Èd¾
ÉËÊ%¾�ÌJÍ�Î\ÁdÏ�ÈXÍiÃ7¾�ÈÑÐ%À Ã9ÄS¾ÒÊ%¾�Ì�ÓÕÔXÃ9Á�¾
ÉÖÔXÃ9Ç�×LØPORSÙ����E� ¾
Ç�È Ú4¾i¿�¾�Ç.ÍÛÔXÅ�Í�ÜiÝ�Á�¾ÛÚJÞ Þ�×�ßà¼QÈ�Ô�Î\ÁÕá¥ÔSÂ�â�ÌjÊ%ã�Í7Ø
:9��=�
S�~� M A W��4!L3�äXCJT%#%&'#%�%-�3.U
+ I?3�&E-�&àh�Hf3.g;$E"�+%-�&E#*¡
M ��6�6�� $ETæå\&E�%&'g n ∈ N !L3.ä CJ&E�J&E3�#%&�h�Hf3.g;$E"�+%- p > n

N := n! + 1 3��fC4�%T%HfU
+ ],&E3�# k (2 ≤ k ≤ n) C�&'3.-�ä�"�H'l
"�-��DK;�D3�#%� "�-.-�&�F�&E3�-.&'Hç/�3.#%]m-�T%�D3YIL&)h�HD3�g�C�&'3.-�&EHj5 > n ¡

(a, b) !LHfèLé�C�&'HV!L&Eg;&'3.#%�D"�g;&EH4FG&'3.-�&EH8L���D	��7�
P��V�
RS>æ>kRS6 M ��NO�QPORS�
[a, b] ]m-.&'3.#%�\C�&'�}!L&'g@&'3.#X��"�g;&E�4êÛ3�&E-Y[2"�U
+%&'��Q�D	SP��V�
RS>æ>kRS6 >æ=?�~�9��a��Q�

(a, b) = 1 a T%#X� b Hf&E-.",C�3YIëe%Hf3.g
�
P�8L���~��� ê�&EHfä�"�#%� (N, |)

��	��2�2���
�
d | a ∧ d | b ⇒ d | (a, b) ìB#Xí%g)T%g a ∩ b

a | m ∧ b | m ⇒ [a, b] | m î T%e%Hf&Eg�T%g a ∪ bPORSÙ����
ab = (a, b)[a, b]

ïÛ� � � p2ðGp2siñ ���m�@òë�2� t � p�w �Guó� s _E=?�ÛôÛ�
P��9��>æ>æ=?6m8kN�RS6
(a, b)Ù��98 ��6

(a, b) = (a, a − b)
8L���~� R�� M

^
õ a > b

(a, b) = (b, r) =: (a1, b1)
�jö?�

a = bq + r6�	?�
`Ñ��6 M �~���
`ÆNO�����Q��6 � �
`?�j���9�B��6��
(a, b) = · · · = (an, 0) = an����6XPO���Q_S��6÷���28L�2�E�<�

b1 = r = a − bq
���B� õ

(a, b) = an = λa + µb / λ, µ ∈ Z 5
(a, b) = min{n > 0 | n ∈ aZ + bZ}

(a, b)Z = aZ + bZ
:9øÒ	�=Oa��9� M �D	�� Aù &EHJ!LHDè�é�C�&�!L&'g;&E3�#%��"�g;&�FG&'3.-�&EHVILK�# $'��&E3�K?�%&EHVg;&'+%H�(*"�+%-�&E#q3.�\C

�X3.&Ò]m-.&'3.#X�fC�&àe�KL�D3YC�3YIL&k/2!�",#%$E$E"�+%-�3.!L&�5�ú�3�#%&E"�HD],KLg)ä%3�#�",CD3.K�# �%3�&E�f&EH}(*"�+%-�&E#*¡
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R M ��� N û � p u÷���%�G�����m�,���m���G���
:9ü�=?6 M 	�>k��6��<	����Q��>æ>@	%:<ý�PE	��Q_fA M ���ÛþG	S`?�Q��6���`��
RS�j���7A

a | bc ∧ (a, b) = 1 ⇒ a | cô}��Ù����QPE� W�T%]m-�3.�%3��DU
+X&EHÛÿ�-.!LK�HD3YC�+%g�T%� ⇒ / Z &'T%]m-.3��%3��DU
+d5
1 = λa + µb ⇒ c = c(λa + µb) = (λc)a + µ(bc) ⇒ a | c: � a��D_E�2	�� �'	���� A p e%Hf3.g�l p | bc ⇒ p | b ∨ p | c p h�HD3�g;&E-�&Eg;&E#�C:9�)����6����9��RS6LA

p 3�HDHD&'�%T%$'3.ä�&E-�/2TX#%$E&'HD-�&E!Lä�",H�5
p e%HD3�g�l (d | p) �*¡¯+*¡ dd′ = p ⇒ d

R M ��� d′ W�3�#%+%&E3YC
(*h�W =

� &EHf-.&'!LT%#%!@ûàHD3�g@$E"�+%-�&E# � 3.#%�X&ETXCD3.!:����j��>�:�_O	S`?� A'_S���j�Q�98L= 6m8 5 / Z 3.�\C4&E3�#Õ(*h�W��71J3.#X!%¡Y5
� &E�X&à#%",C��%Hf-.3�U
+%&k/ 8m	�6?_S� 5�(*"�+%- n ]S"�#%#Z"�-���h�HfK �%TX]mCJI�KL# h�Hf3.g;$i",+%-.&'#*l

n = p1p2 · · · pk l�!�&E�DU
+XHD3�&Eä�&E# ��&EHf�%&E#*l�T%#X�
�%3�& ù "�HD�\C�&'-.-�T%#%!Ö3.�\C�äX3.�4"�TX[G�%3�&)1J&E3�+%&'#X[�KL-�!L&Ö/ =?6 M ����6X`������7��6 5 &E3�#%�%&'TXC�3�!%¡
/���KLHfg@"�-�[�K�HDgÆ5 :f����6 M ��=?�2�Y8EA
n = ±p

e(1)
1 p

e(2)
2 · · · p

e(r)
r / e(r) ≥ 1, p1 < p2 < · · · < pr 5

n = ±2e2(n) · · · p(k)ep(k)(n) · · · = (±1)
∏

p prim

pep(n) (ep(k)(n) ≥ 0)

:E�������Q���BA
d | n ⇔ ep(d) ≤ ep(n) (∀p)

ep((m, n)) = min(ep(m), ep(n)) ep([m, n]) = max(ep(m), ep(n))

(m, n) =
∏

p prim

pmin(ep(m),ep(n)) [m, n] =
∏

p prim

pmax(ep(m),ep(n))

^ 6?_O	S`?� M �����������Q��� /�3�# N 5 � =?>æ>k� M ���ë�d�����Q���
τ(n) :=

∑
d|n 1 σ(n) :=

∑
d|n d

τ(n) =
∏

p prim

(ep(n) + 1) σ(n) =
∏

(1 + p + · · · pep(n))

/ σ(n) = 2n ⇔ : n ILKL-�-�]�KLg;g;&E# /2W�T%]m-.3��d545 =
∏

p prim

pep(n)+1 − 1

p − 1
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�)���Òþ�����ý � 	��Q_ º � p �2»��%� � � p�w
� &'�%&à#�",C��XHD-�3.U
+%&)(*"�+%- /�!LHDè�éL&EH
�,5
3��fC ]S"�#%#Z"�-���h�HfK �%TX]mCJI�KL# h�Hf3.g;$i",+%-.&'# !L&'�DU
+%Hf3.&'äd&'# ��&EHD�X&E#
TX#%� �%3�&���"�]�CDKLHD&'#Z�f3.#%�qä%3��}",TX[��X3.&à1J&E3�+%&E#X[�K�-.!L&Ò&'3.#%�X&ETXCD3.!Öäd&'�fC�3�g;g�CE¡ô}��Ù����QPE� �D&'3 n ≥ 2ï�� p9s�w �?��� ìB#%�%T%]�CD3.KL#q#�"�U
+ n��6 M =m
S�2��RS6XPE	�6i�'	�6m8m� n = 2 2 = 2��6 M =m
S�2��RS6XPE	�6�6�	S`?>k�E�

k < n ⇒ k = p1p2 · · ·ps��6 M =m
S�2��RS6XPO�
`?�j���9���
&'#�CB��&'�%&EH n +%",C4]�&E3�#%&à&EU
+�C�&'# F�&E3�-.&'H ⇒ n e%HD3�g n = n

K?�%&'H n = n1n2 g;3YC 1 < n1, n2 < n

ìB#%�%T%]�C�3�KL#%�D"�#%#�",+%g;& ⇒ n1 = p1p2 · · ·psT%#%� ⇒ n2 = q1q2 · · · qt

⇒ n = p1p2 · · · psq1q2 · · · qtï p � ð �?� w�p � � � p�w��6 M =m
S�2��RS6XPE	�6i�'	�6m8m� n = 2 2 = 2��6 M =m
S�2��RS6XPE	�6�6�	S`?>k�E�
k < n T%#%� k = p1p2 · · · ps = q1q2 · · · qt

⇒ s = t T%#%�q�%3�& pi �D3�#%�q&E3�#%&)h�&EHfg)TXC�",C�3�KL#q�%&EH qj��6 M =m
S�2��RS6XPO�
`?�j���9��� n = p1p2 · · · ps = q1q2 · · · qt&E�J!L3�-�C p1 | (q1q2 · · · qt)"�-��DK /���T%#%��",g@&'#�C
"�-���",CD$S5
p1 C�&'3.-YC4&E3�#%&E#Z�%&EH���"�]�CDKLHD&'#0/ qj0 5

p1 | qj0 ⇒ p1 = qj0 �%" � qj0 e%Hf3.g TX#%� p1 > 1

"�-��DK n > n
p1

= n
qj0

= p2 · · · ps = q1q2 · · · qj0−1qj0+1 · · · qt

T%#%�q-Q",TXCJìB#%�%T%]�CD3.KL#X��"�#%#%"�+%g;&�[�KL-�!�C �
�%3�& pi T%#X�Z�%3�& qj �D3�#%�Z�%3.&'�D&'-.ä�&E#���",]mCDKLHD&'#:���	��j�2	�6��B�7A �D&'3 $ET%�D�,C�$'-.3�U
+ ROô M

^
õ p1 ≤ p2 ≤ · · · ps,

q1 ≤ q2 ≤ · · · qt TX#%� p1 ≤ q1

⇒ p1 ≤ q1 ≤ qj0 = p1 ⇒ p1 = q1(= qj0)",-.�fK � n > p2p3 · · ·ps = n
p1

= n
q1

= q2q3 · · · qtTX#%� ��",+%&EHV-."�TXC4ìB#%�%TX]mCD3.K�#%�fI�KLH�"�TX�D�D&�C�$'T%#%! �
(s − 1) = (t − 1) T%#%� p2 = q2 l p3 = q3 l . . . l ps = qs(= qt)¢~£�£¥¤<¦\§L¨L© ªB«�¬<­¯®G°<¨?±b¤
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