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V1, V2, W +-,/.1032546437�8:9;,=<�>�?@,/4 K A
ϕ : V1 × V2 → W B:,DCFE�0 bilinear <�?G,DHD>�I5JKCFL�B K AM⇔ ϕ(λv1 + v′

1, v2) = λϕ(v1, v2) + (v′
1, v2)��
GN ϕ(v1, λv2 + v′

2) = λϕ(v1, v2) + (v1, v
′
2)< ∀v1, v

′
1 ∈ V1, v2, v

′
2 ∈ V2, λ ∈ K AN1OFP�ORQ ϕ CFS60TJFCKU�,WV�4XCFU�YZ,/[:,D4X[:,/4X?@,/CK[:,/U\+]V�46CRV^?:JK,/U

Vi, i = 1, . . . , n, W +-,D.10�254�4�7�8:9;,=<�>:?G,D4 K A
ϕ :

∏n

i=1 Vi → W B:,DCFE�0 multilinear <�?G,DH/>:I5JFCKL�B K AM⇔ ϕ(v1,...,vi−1,·,vi+1,...,vn)(vi) : Vi → W < i = 1, . . . , n A
[�,/_(U:CF,D4Z0`[�8:4�L�B vi ∈ Vi 7→ ϕ(v1, . . . , vi, . . . , vn)a >:4TV�JFJF,cbed*f ��
5g vj ∈ Vj , j 6= i

,/CKU:,hJFCKU�,WV�46,ji(8:U:.10�CK25UcCFS60Dkl �
nm"o�P��3����pD�q��(o�P�r ϕ ∈ L(V1, . . . , Vn; W )

ϕ(v1,...,vi−1,·,vi+1,...,vn)(vi) = ϕ(v1, . . . , vn)
∣

∣

vi

=
(

f(v1, . . . , vn)
)

vi

s�t�u�t�v ��&:#%wx!$#^) ϕ : V × W → K dim V = m, dim W = n <y>:?@,/4 K A
z V�S�CFS B = {bi | i = 1, . . . , m} { ��
 V V 3 v =

m
∑

i=1

vibi

z V�S�CFS C = {cj | j = 1, . . . , n} { ��
 W W 3 w =

n
∑

j=1

wjcj

��m��Rm�� ϕ(v, w) = ϕ
(

m
∑

i=1

vibi, w
)

=

m
∑

i=1

viϕ(bi, w) =

=

m
∑

i=1

viϕ
(

bi,

n
∑

j=1

wjcj

)

=

m
∑

i=1

vi

(

n
∑

j=1

wjϕ(bi, cj)
)

=

=

m
∑

i=1

n
∑

j=1

ϕ(bi, cj)viwj

���	� [ϕ]B,C
M= (ϕ(bi, cj)) ∈ Mm,n|}�	�6N ϕ(v, w) = [v]tB[ϕ]B,C [w]C

< [v]tB
�Rm�� [v]B 0�43V�U:S6~@2�U:CK,/460�A

{

ϕij

∣

∣ ϕij(v, w) M= b∗i (v)c∗j (w)
} CKSZ0 z V�S�CFS��525U L(V, W ; K)
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�������T¡�p"pD�	�FN��¢
�£ ¤¥�1 "��#�) t�v & v  "�
V +-,D.1032�4�43V^8:9¦<�>�?@,/4 K A Q dim V = n vi ∈ V, (i = 1, . . . , n)z V�S�CFS B = {bi | i = 1, . . . , n} ��25U V

b�§ � d 
(�	������
5g ¨ CK,©b ���	
GN��������ª£¥p���m����	��������g
S6L�B:CF, a S6«�9;9;,/0�4�CFS�L�B:,;9j8�JF0�CKJFCKU�,WV�46,¬®?:?:CFJK[:8�U:I

detB :V n → K 9;Cª0 detB(b1, . . . , bn) = 1 <�¯®2�4�9;CK,/4�8:U�I¢A
B�,DCFE�0 ¨ ,/0�,D4�9;CFU(V�U103, <y��25U n +-,/.�0�254�,/Un?G,DH/>:I5JFCKL�B B A
¨ CK, ¤¥�1 "��#�) t�v & v  "� det A ,DCFU:,D4q°�8(V^[:43V^0�CKS6L�B:,DU (n×n) ±�²nV^0�4�C�³ A CFS60q[�CK,¨ ,/03,/4�9;CFU(V�U103,´[�,D4 n µ¢~(V^JF0�,DU1�5,/.�0�254�,/U¦< �DN����`¶1·D��� { ��R��
(�xrX¸ ,DCFJF,DU1�5,/.�0�254�,/U@A

?G,DH/>:I5JFCKL�B\[:,D4®µ¢~(V^JF0�,DU¹< p�ºD|]OG¸ ,DCFJK,/U@A»[:,D4T¼}CKU�B:,DCª03S69=V�034�C�³@k½ m®£5�	����r
det(v1, . . . , vi, . . . , vj , . . . , vn) = 0 Q5¾/��	�em vi = o

a >�4T,/CKU i

= 0 Q5¾/��	�em vi = vj

a >�4�H/¿»,DC i 6= j

= det(v1, . . . , v
′
i, . . . , vn)¾/��	�em v′
i = vi +

∑

j 6=i λjvj

<�À^A»,�³¢~:JFCKH/CF0 M
det(v1, v2, . . . , vn) =

∑

σ∈Sn

(−1)sgn σa1σ(1)a2σ(2) · · ·anσ(n)

b�Á5Â ��ºD���� ¾/��	� g n = 3 <�ÃX,DI5,/J��525Unµ�V�464�8:SÄA
det





a11 a12 a13

a21 a22 a23

a31 a32 a33



 =
a11a22a33 + a12a23a31 + a13a21a32

−(a13a22a31 + a12a21a33 + a11a23a32)

<�Å�A»4�,/.�8�4�S�Cª� M ¼}U10�¿XCFL�.�JF8:U:I¥U:V�L�B\,/CKU�,D4 ¸ ,DCFJK,Æ<y2¢[:,/4®µ¢~(V�Jª03,%A
det(v1, v2, . . . , vn) = U(V�L�B©[:,D4 i ±�03,/U ¸ ,/CKJF,

n
∑

j=1

(−1)i+jaij det Aij

Aij CKSZ0}YZ,DU:, ((n − 1) × (n − 1)) ±�²nV^0�4�C�³ Q [:CK,�V�8�S
A [�8:4�L�BÇµ�0346,DCFL�B:,DU\[:,D4 i ±�03,/U ¸ ,/CKJF,h8:U:[©[:,D4 j ±x03,/U\µ¢~(V�Jª03,h,DU10�S603,/B10Wk

<�È�A»[:8:46L�BnÉT9 a 2�4�9j8�U:I pD�Rm��Ä¾Ê¨ CKV�I525U:V�J a 2�4�9
det(. . . , vi, . . .) = det(. . . , vi +

∑

j 6=i

λjvj , . . .)

9;Cª0�03,/JKS`µ¢~(V^JF0�,DU¢±]8:U�[ ¸ ,/CKJF,DU:2�~@,/43V^0�CK25U�,DU
<yË¢A»~:43V^.�0�CKS6L�B M I5,/S�L�B:CFL�.103,ÍÌT259j?�CKU(V�03CF25U©��25U¹<ZÀ^A�Î�<�È�A
�@���R�����$���K� ���D������� �G���*��ÏÐ�ª�3� ��� � ���3� �x��� �����������3� ���� 



§ ���m������	����
�£¥p���ºDÑ�£5����o�PÓÒ®�m��Rm ¤¥�1 "��#�) t�v & v  "�
det(v1, v2, . . . , vn) = ¿»,DI5,/UÔ²\8�JF0�CKJFCKU�,WV�46CF037^0 ⇒

= det(

n
∑

i1=1

ai11ei1 , v2, . . . , vn) =

n
∑

i1=1

ai11 det(ei1 , v2, . . . , vn)

=
n

∑

i1=1

ai11 det(ei1 ,

n
∑

i2=1

ai22ei2 , v3, . . . , vn)

=

n
∑

i1=1

ai11

(

n
∑

i2=1

ai22 det(ei1 , ei2 , v3, . . . , vn)
)

= . . . =
n

∑

i1,i2=1

ai11ai22 det(ei1 , ei2 , v3, . . . , vn)

=
n

∑

i1,...,in−1=1

ai11ai22 · · ·ain−1n−1 det(ei1 , ei2 , . . . , ein−1
,

n
∑

in=1

ainnein
)

=

n
∑

i1,...,in−1=1

ai11ai22 · · ·ain−1n−1

(

n
∑

in=1

ainn det(ei1 , ei2 , . . . , ein
)
)

=

n
∑

i1,...,in=1

ai11ai22 · · ·ainn det(ei1 , ei2 , . . . , ein−1
, ein

)

|Õ��£¢��
 det(ei1 , . . . , ein
) = 0 ¾/��	�em H/¿»,DC�Ö�U:[:CFLD,/S`I5JF,DCFL�B ⇒m"�����	� µ¢8�9Æ9;, 
(��� >:?@,/4TV�JKJF,h×�,/4�98�0�V^0�CK2�U:,DU

=
∑

σ∈Sn

aσ(1)1aσ(2)2 · · ·aσ(n)n det(eσ(1), eσ(2), . . . , eσ(n)n)

�DN����¶1·D��� { ��R��
(�
=

∑

σ∈Sn

a1σ(1)a2σ(2) · · ·anσ(n) det(eσ(1), eσ(2), . . . , eσ(n))

��
GNÆm"o�P�������Ø*����o�P S�L�B:CF, a SZ«�9Æ9;,�034�CFS�L�B ��
GN ¯T254�9;CF,D4�8�U:I ⇒

=
∑

σ∈Sn

(−1)sgnσaσ(1)1aσ(2)2 · · ·aσ(n)

=
∑

σ∈Sn

(−1)sgn σa1σ(1)a2σ(2) · · ·anσ(n)
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