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a ����� n � �"!�#%$'&(�)!+*�,�#)!�-.�0/ mod m 1 : ⇔ a ≡ rn(m) ⇔ xn ≡ a(m) 2435-.687(#
a 9;:87=<�#"7=�)>?-.@BA�!+#DC%!+-.� : ⇔ a ≡ r2 mod m a ∈ QmEGF+H
IKJ(L.I �M����NBO8P LRQ �SNBO�� L PB���UT a 6∈ QmV �;WX�ZY��[���5\�]_^a`cbedgf EMh PMiZP�j J(L PB��NBO8PB�DklPB���m��n�o�p�q�r T
(kp

p

)

:= 0
(a

p

)

:=

{

1 a ∈ Qp

−1 a 6∈ Qp
(a, p) = 1, p s�#)>4t

EMuvH r�P L ��NBO8PB�xw L �m�GP L � H oxT ⇒ a(p−1)/2 ≡
(a

p

)

mod p

y 7=@+&56�>z�|{;}Zt~6�&(2 (a, pi) = 1, pi ≥ 3 s�#.>?t
m =

∏

i pi

( a

m

)

:=
∏

i

( a

pi

) EM� q�o�q�o�q L � O�����o H �GT

PB�Di5�mrz�S� (ab

m

)

=
( a

m

)( b

m

)

,
(r2

m

)

= 1,
(a + km

m

)

=
( a

m

)

� #):
s�s�!�<�!�#~/s�#.>?t�!+*g1�9;:87=<�#"7=�)>?-.@BA�!+*�Cl!�-.�"!
{a | a ≡ r2} =: Q∗

m < (Z∗
m, ·) �D>4@BAK�"#.!+-.�)! N∗

m := Z
∗
m \ Q∗

m/ Z
∗
p 1 [Z∗

p:Q
∗
p] = 2, N∗

p = rQ∗
p / a2 = (−a)2 1
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	���������������;�;�����dg�;�m	��
	��+WX�Z���;	�� � I(H����Z������EMu�H r�P LB��h PMiZP�j J(L PGT
p, q ≥ 3

(p

q

)(q

p

)

= (−1)
p−1

2
·

q−1

2

(−1

p

)

= (−1)
p−1

2 P L ����P L�� #)�5�(*�,+:
*��5-)-)�=�",�!0�+��P��m��P L (2

p

)

= (−1)
p
2
−1

8

(p

q

)

=
( q

p

)

⇐ p ∨ q ≡ 1(4) p ≡ q ≡ 3(4) ⇒
(p

q

)

= −
( q

p

)

(−1

p

)

= 1 ⇐ p ≡ 1(4) p ≡ 3(4) ⇒
(−1

p

)

= −1

(2

p

)

= 1 ⇐ p ≡ ±1(8) p ≡ ±3(8) ⇒
(2

p

)

= −1

$e#.>?t�,�7=A�2?-)7=�",��5&(*��R>4#)>4@BA�24!�� E.�= K¡8� T / (a, b) = 1 1� -%�5>46
�l:�*�!+*
<�2?>4@BA¢��>4!+24!£$e#.>?t�,�7=A�2?!�*�<�!�#l¤X&(#)t an + b¥ � P)�+� I r ¦ I rmr 4k ± 1 (pi ≡ −1 mod 4) p+�mr J P 4p1p2 · · ·pn − 1EGI j I r�q.i0� H�uvHK§ rz� J T (pi ≡ 1 mod 4) p+�mr J P (2p1p2 · · · pn)2 + 1
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P��mj�ÃRP���P���� E Ä q�j Ä �SP�r�P�j5T ���[�8�[���
	�����=�[���������;�Å����dX�;�m	��
	���Wg���+�K	��
ÆXÇ�ÈÅÉ|Ê�ËxÌeÍ)Î;ËBÏ�ÏgÐMÏ
Ñ?Ò.Ò�Ë�ÓÕÔÖÇ�×;ÑmËDØ0Ù(Ò.ÒBÚ�Û
Ë�Ë"Ñ?Ï�Ë"ÒxÆ
Ú
ÐMÜ�ËBÒ~Ý�Þ�È4È?ÑUÛ�Ù(Ï�ËBÍ�Ô�Ú�Í�ÐGË�ÐÑ4Ò�Ð%Ù(Ï�×ßÇ�Ê�ÏgËáà�Ù=ÒBÚ=â�â�ËBÏ�Ê8Ú=Ï
Ûãâ�ÑMÐ�×�ËBÍlä8ÍBÚ�Û
ËBÒ+ÐGËBÈ4ÈMÙ(Ï
ÛãÒ�ËBÈSå=Ò+ÐæË"Í)Ò�É|ÊgËBÑ4Ï�ÐGÓ

ÊXÚ
å�Ë"Ï¢Ñ4â�âçË"Í~ÔeÑmË+×
ËBÍx×;ÑmËáèlË�Ô%Ù(Ï�×�Ë"Í�Ù(ÏZÛ¢×�Ë"ÍRé�Ú
ÐMÊ�Ë"âãÚ
ÐMÑ4Î�Ë"Í�Ë"Í)Í�Ë)ÛXÐ)ê
Cl!�>?*
A�&524<�C%!+t�t�!+#|��ëX$'!��"!�#Rìl2?24#)>4@BAÂë u r�P�o�P�j8� I(L Páí I O�r�P�j8�mO8PBq L �SP�î�ï5ð(ñ

�(&5242?-|�B�(*�<
>?�5!�-xC%!+-|�"-.}�-|�"!+tò/ p s
#)>4tç1 0,±1,±2, · · · ,± p−1
2

r 7→ ar ë (a, p) = 1 $'!�#)t~:
�B7=�)>?&(*¢�5&(* Z
∗
p −r 7→ −ar

{1, 2, · · · , p−1
2

} → {ε11, ε22, · · · , ε p−1

2

p−1
2

} εi = ±1I ró��q a · 2a · · · p−1
2

a = (ε11) · (ε22) · · · (ε p−1

2

p−1
2

) q J P L
/ ε(a) := ôÂ7(A�2Â<�!�# εi(a) t�>4� εi(a) = −1 1

a
p−1

2 (p−1
2 )! ≡ (−1)ε(a)(p−1

2 )! mod p ⇒

V ��`õ`ö�ø÷gdgYúùç�8�[û
a

p−1

2 ≡ (−1)ε(a) mod p� :�24!+#.-)@BA�!�-áüá#)>U�"!�#)>4:�t (a

p

)

≡ a
p−1

2 ⇒ ýaþÕÿ ��Wg��Y��;��Y�Wg�����
	��
J P�j8jg� εr(2) = −1 ⇔ (p − 1)/4 < r ≤ (p − 1)/2

�����8�[���
	���������������;�;�����dg�;�m	��
	��+WX�Z���;	�� / � 7(:��çî��(ï5ñ�1
p, q ≥ 3 s�#.>?t (p

q

)(q

p

)

= (−1)
p−1

2
·

q−1

2

E ÃRP���P����B� § �4�B��PGT E j I NBO�� L q(p�P�j8� H ��� í�P�rmr�P L �= 8�	�5�Õu ����P�j
���GP��mj �= �
�
 T
εr(a) = −1 ⇔ (∃k) − p−1

2
≤ ar − kp ≤ −1 ⇒ k < a r

p
+ 1

2

0 < r ≤ p−1
2

⇒ 1 ≤ k < a+1
2E pB�"i5r� p T εr(q) = −1 ⇔ (∃s) s ≤ q−1

2 −p−1
2 ≤ qr − sp ≤ −1E pB�"i5r� q T εs(p) = −1 ⇔ (∃r) r ≤ p−1

2
− q−1

2
≤ ps − rq ≤ −1E�� k%PBNBO���PBN §�� T 1 ≤ r ≤ p−1

2 ∧ 1 ≤ s ≤ q−1
2 ⇔ : (r, s) ∈ R

εr(q) = −1 ∨ εs(p) = −1 ⇔E���� � I iZq�j I r�P � T −p−1
2 ≤ qr − sp ≤ q−1

2 ⇔ : (r, s) ∈ DE � I(H�� ��NBO8PB� h P�o�o I T ⇒
(q

p

)(p

q

)

= (−1)ε(q)+ε(p)

I ró��q£� H ��P��UiZP�jg� ε(q) + ε(p) ≡ p−1
2

q−1
2 mod 2 ⇔ |R \ D| iZP L.IKJ P

R \ D >?-|�l-.}�t�t�!��"#.>?-.@BA�� p�P)���(i5rz�SNBO ((p + 1)/4, (q + 1)/4)E�� IKI(L p+�mr J(H j;i+T (r, s) ↔ ( p−1
2 + 1 − r, q−1

2 + 1 − s)
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� j8��P�j J(H j;i;� ��� �Zj��+� H�L ¦ � P L�� P�r�P � O8q�j � �����������
	����������������	��
�R7(-R$e#.&(�"&��=&5242 E� P L ¦ I O L P�j
� Ä q L ��NBO L � ¦»�UT"!�7=*�:
!+2$#�24:�t î�ï5ð�%
/Gî=1'& �)(�O�rz� ��� �Zj���P � � *
!+*�*K� n

p ≡ q ≡ 3 mod 4 s�#)>4t E i L q �+* TKë n = pq

/�%;1 *�!+*
*;� y , � �e� L ¦»� � ��j���P �
y ≡ a2 mod n / (a, n) = 1 1

/.-�1'& L ((�S� � w�q � ¦ � q J P L/� � J r�P L��
-"7(�=� +1 q J P L −1

/10Z1'2a&5-)!�*;�)-)@BA�!�>?<3� ( a

n

)

= ±1 / y 7(@�&56�>z�|{�}�t~6�&52m1
ül&5*K�"#.&52?24!4� E P15ö�+�SP�j8� J(H�L NBO»¦6�KO L p I(L�* T
<
:�#)@BA7,�� <�:�#.@BA8&8�
a2 ≡ y mod n 9 n = pq, p ≡ q ≡ 3 mod 4 s�#)>4t:9
#v!+t�!+#;��:
*��<� E��vL q���q § q�rmrÂ�����e���SNBO8P L T
&=��7(*�*�2?3(-)!+*3� ,>�(!+*
*;���
x2 ≡ y mod p /?%@2a35-):
*��5!+*g1
x2 ≡ y mod q /�%A2a35-.:�*��5!�*�1

⇒ x2 ≡ y mod n /.0B2a35-):�*
�5!+*�1
±a :�*�< ±εa ±a

t�>U�	� (±a
n

) = −(±εa
n

) ( a
n
) = (−a

n
)

C *�D�!�*�<�:�*����
n � t�7(2?>4�5! C *�Dv!+*�<
:�*��<� n ,�:�E�(242?>4�5!"#�>U�"-£/�F
ë4î=1 → ô_:�E7(2424-),�7=A�2 0 ≤ 2n − 1

/7�1)Gö:
#),+!�2?*3� x2 ≡ 1 mod pq ⇔ x2 ≡ 1 mod p ∧ x2 ≡ 1 mod q

⇒ x ≡ ±1 mod p ∧ x ≡ ±1 mod q

0:2a35-):
*��5!+*3� 1,−1, ε,−ε mod pq ε = pq−1 − qp−1

/Å6�1 y 7(@+&(6�>U�G{�}�t£6g&52.� ��PMiZP�j p ≡ q ≡ 3 mod 4 �����
(−1

p ) = (−1
q ) = −1 ⇒ (−1

n ) = (−1
pq ) = (−1

p )(−1
q ) = (−1) · (−1) = 1

��q��e�SP ( ε
p ) = ( 1

p ) = 1
H j J

( ε
q ) = (−1

q ) = −1 ⇒

( ε
n
) = ( ε

pq
) = ( ε

p
)( ε

q
) = 1 · (−1) = −1

/Å@�1 a2 ≡ (εa)2 mod pq ⇒ (a − εa)(a + εa) ≡ 0 mod pq

⇔ pq/(a − εa)(a + εa)
I ró��q(� (a + εa, n) ����� p &Z<�!�# qJ 4O� G :�#),�!+24,+>4!+A�!�*�>?-|�l!+6g!+*�-.&ã-.@BAHDv!+#ID%>?!~¤X74�K�"&5#.>?-.>?!�#)!�*ß�(&5* n J¨z©"©�ª «|¬55® ¯�°S± ²´³'µ �¶%·S¸LK ¹»º|·.¼B½ ¾|¿�ÀBº�ª�ª «ÂÁ


