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(R, +, ◦) ����� �"!�#%$&�(')$+*�,.-�/102$4365 798(:;:=<=> � 8�? �A@��9BC���A�D


(R, +) E�!�FGFIHJ';�K'"$4*�,MLN-"H6OJOP, ����Q6QJ$4'"$4*R/
0 ∈ R STH6U4UV,%UV,%FG,.3
' ��36,%HJ')-"��UXW6#.5�U�Y + /

(R \ {0} , ◦) ZT��UVWJ5�-"H6OJOP, STHJUVU4-"$4365 {0}
r ◦ (a + b) = r ◦ a + r ◦ b ��U4$V3JE��9["/\Q6$V�]')- $VW6H^')$+*
(a + b) ◦ r = a ◦ r + b ◦ r ��- ,._;`
')�9["/aQJ$V�]')-"$4W6HJ'"$4*� : 
��Ab ?dc 0 ◦ r = r ◦ 0 = 0 (∀r)

r ◦ s = 0 ⇒ r = 0 ∨ s = 0 3�HJUVU+'),%$VU4,.-]ef-",.$
(∀r) r ◦ 1 = 1 ◦ r = r 02$4365GFg$+'Thi$V36� ,.U4,.FG,.3
'

(∃r′) r ◦ r′ = r′ ◦ r = 1 r � �����
r′ /jhk$436`6,%$4' (r′ := r−1)

R la3
'),.5�-"$+';mK'"�"W�,.-",%$V_;` : ⇔ R E�!�FGFnH^';�K'"$4*�,.-o3DH6U4U+'),.$4U4,.- ef- ,.$4,.-T0p$4365
R q^_;`6$4,%efEKr�-"O�,.- : ⇔ :;s ��tvu���b4�

(R \ {0} , ◦) $V�]'w7 �R� >;x�?As
<(yMy � ?\8�? �A@��9B Lz- H6O6O�,
R {Tr�- OP,%- : ⇔ (R \ {0} , ◦) $4� 'T��W�,.U4�"_;`J,CLN-"H6OJOP, u���b4�

7 ⇒ | �A� : ��b&� y ��� ?�} �R�^� | �A� x ��� ? ����B~ `6��-)��E
'",.-"$4� '"$VE char F 7;7d��>;x �d�f����B��M�(�\�R���
F

B
char F := ord 1 e���U4U4� < ∞

char F := 0 e���UVU4� n · 1 = 0 ⇒ n = 0

|k: 
��Ab ?dc char F $V�]'pO6-"$4F
(n ∈ Z) 0 · r := 0, n · r := (n − 1) · r + r 7��2<(? ����� }�8 	���b :=>;x B

ord r = min{n > 0 | n · r = 0} ��-"Q63DH6365g$43 (R, +)

(∀r) ord r = ord 1 ��02$V365gFG$4' 1 /
02,.�]')EDUV���"� ,.36- $V365 (Zm, +, ·) 7�� �^bAb ? ���Ab&��� r y � ? (r, m) 6= 1

B
02,.�]')EDUV���"� ,.36EKr�-"O�,.- (Zp, +, ·) 7 p ����� y B
F ,%36Q6U4$V_;`6,%-C��q^_;`6$4,%e�[ /9{Tr�-"O�,.- �dLz��U4!�$4�][9�R,%UVQP/

char F = p H636Q |F | = ps 7 p
����� y B

� :�?��k,%E
')!�- -)��H6F (F, +) ∼= Cs

p
∼= (Zp)

s 7 ���A�)� s(? � :�� � < ��� s(? B�����
F \ {0} = 〈x〉 #%��EDUV$4�"_;`�798 b :=<ns
<(yMy � ?d8�? �A@)B
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­�� <(? �d��� ? ��� s �(�\�R��� ���������
® ,.Q6,%-pla3
'",.5�- $4')mK')� WP,%-",.$4_;`¯�fFg$+'Thi$V36��/jEK�K363°798 ���2
^��� 8 �±���A�²�T³o� ? B

#.H´,.$436,.Fµ�fE�U4,.$436�]'),.3�/1{pr�-"O�,.-
7 ­�� <(? �d��� ? ��� s �(�\�R���aB ,.- ¶j,.$+'),%- 'p¶·,%-"Q6,%3�Y

R la3
'),.5�-"$+';mK'"�"W�,.-",%$V_;`¸��FG$4' 1 / 7 � <(? t·�������+
 c �R��bAb ? ���Ab&���A���)����¹ºB
� F {pr�-"O�,.-�/ R ⊂ F ⇒ Q = 〈R〉

Q =
⋂{G | R ⊂ G ⊂ F} 7 G » � ? ��� s �(�\�R���aB

» � ? ��� s �(�\�R��� Q
@ < � R

�A�
F

��� �(����
 ?
{p!�36�]')-"HJED'"$V!�3¼*�!�3 Q 798 bAb½
^� y ���A� c �R� >;x�?¿¾ ���Ab����A�²� : �M�(�\�R��� : ¹ºBÀ <(? �A@ 8�? � < � c (r, s) ↔ sx = r (s 6= 0) 7 ���A������� ? �+
^�9BnÁÂ� : ���D

� s(x − x′) = r − r / sx = 0 (s 6= 0) ⇒ x = 0 ⇔ �R�^bAb ? ���Ab&���A���;���

sx = r H63JQ (ts)x = (tr)

�b&��� >;x ��ÁÂ� : ���D


R × (R \ {0}) (r, s) + (r′, s′) := (rs′ + r′s, ss′) 7�Ã%Ä ��Å >;x �(Æ�¹ºB
(r, s)(r′, s′) := (rr′, ss′) 7�Ã � 8(:�? Æ2Ç2�A�D
.B

{p!�365�- H6,.3J#.-",%U&�(')$4!�3È��H^e R × (R \ {0}) 7 N = {(0, r) | r ∈ R} B
(r, s) ≡ (r′, s′) : ⇔ rs′ = r′s (s, s′ 6= 0)É H6!K')$4,.3
'),%36E�r�- OP,%- Q := R × (R \ {0})/≡ 7 R × (R \ {0})/N B

��hi$V3DW�,%'"'"H6365g*�!�3 R / 7jÊ":=<(yw< �\� x � :�y � : R → ι(R)
B

ι : R → Q
r 7→ (r, 1)

� ~ `R��-"��E
'),.- $V� $V,%-"H63J5^/® ,%Q6,Ihk$43DWP,�'"'"H6365 ϕ : R → F 7 ϕ �A�.Ë=� s(? �A@ } F
�M�(�\�R���aB

E(��3J3¼#%H¼,%$V36,%-ohi$43DWP,�'"')HJ365 ϕ : Q → F 7 ���A������� ? �+
.B
,%- ¶j,.$+'),%- 'o¶j,.- Q6,.3²Ì ϕ ◦ ι/R = ϕ, ϕ(Q) = 〈R〉

Ä ��� : ���d��b&� c Z → Q -)�K'"$V!�3R��U4,¿Í���`6U4,.3
(a ∈ N) Z(

√
a) → Q(

√
a) 79Î � 8 ��� 8�? � :=>;x �NÏ 8(x b s �(�\�R���aB

: �R�"�.�d��bAb c Z(
√
−1) ⊂ Q(

√
−1) ⊂ CÐ !�U+�^3J!�FMefH636E
')$4!�36,%3 → -"�K')$4!�3R�KUV,¿�RH636E
')$4!�36,%3
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Ê ��� 8 b&�z����� ¾ ���Ab4	 8 � s ��� ? ���������
Ñ �PÒ���ÓÔÓ(����� ��,.$436,%�o02$V3J5�� (R, +, ◦) / : �6	.���A�D


H ⊂ R $4� 'TÕT3
'",.-"- $V3J5g*�!�3 R (H < R)

Ì ⇔ (H, +, ◦) $V�]'T0p$4365
⇔ H − H ⊂ H H636Q H ◦ H ⊂ HÖ9× ����Ø�Ù�Ú.Û)Ü.ÝÂ�DÞRß

H : ⇔ H − H ⊂ H, R ◦ H ⊂ H
����� 8 b

� R E�!�FGFnH^';�K'"$4*�à�FG$4'¿áC/
hi$436`6,%$4'",.365�- H6O6O�, R∗ := {e ∈ R | (∃e′) e′e = 1} 7 �A�R@���� ? �d���%	 8 �aB

r ∈ R∗ ⇔ R = rR (= 〈r〉)
{NUV���"� ,.36,%$V3
'",.$4UVH63J5 r ∼ s : ⇔ s ∈ rR∗ ��� �"!�#%$V$4,.-]'
ZT��H6OJ'"$VQJ,���Uj��FG!�3J!�5�,.3�/ I = aR = 〈a〉 7 @ < � a

��� �(���K
 ? B
(a ∼ b ⇔ a/b ∧ b/a) a/b ⇔ bR ⊂ aR 7.¾ ���Ab4	 8 � s ��� ? B
ZT��H6OJ'"$VQJ,���U4-"$4365 R : ⇔ ® ,.QJ,.�2laQ6,��KU�$4� 'TZT��H6OJ'"$VQ6,.��U 7 �A� Z c 
=
 ¾ ¹ºB
π

Ð -"$4Fg$4Q6,.��U : ⇔ R/π la3
'",.5�- $4')mK')� WP,%-",.$4_;`
S Fg�(â^$4Fg��UV,%�TlaQJ,���U : ⇔ ⇔ R/S {Tr�-"O�,.-
S 6= R H636Q S ⊂ H ⊂ R ⇒ (H = S) ∨ (H = R) 7 H Ê ��� 8 b B
p

Ð -"$4FG,.U4,.FG,.3
' : ⇔ p/ab ⇒ p/a ∨ p/b ⇔ pR
Ð -"$4FG$VQJ,���U

q $4-"- ,.Q6H6#%$VW�,.U : ⇔ q = rr′ ⇒ r ∈ R∗ ∨ r′ ∈ R∗ ⇔ pR yg8�ã � yg8 b
�fO6-"$4F ⇒ $V- -",.QJH6#.$4WP,%Uf/ 8 b :�äN8 �Ô� ? ����� 8 b

02$4365K[9Zp!�FG!�FG!�-"OJ`6$V� FnH6� ϕ : R 7→ S

{N,%-"3å*�!�3 ϕ kerϕ := ϕ−1{0} / R 7 	������ : ��� ? �+
^� : B Ê ��� 8 b
{p!�365�- H6,.3J# a ≡ b (mod kerϕ) ⇔ ϕ(a − b) = 0 kerϕ / (R, +)Ð - !Kæ],.E
')$4!�3 ϕ1 : R → R/ kerϕ, r 7→ r + ker ϕ �"H6-fæ],.E
')$+*

ϕ2 : R/ kerϕ → S, r + ker ϕ 7→ ϕ(r + ker ϕ) = ϕ(r) $V3Kæ],%E
')$+*
hi$43DWP,�'"')HJ365 R/ kerϕ ∼= ϕ(R) < S

ç´è�éêè�éêè Ó(ë¡ì�����Ù.ÞJÒ�í �Aefî6-202$V365�,(/ �fEK�K36!�36$4�"_;`6,nÍ²,.- UV,%5�H6365�/
R
↓ ↘

R/ kerϕ → S
ϕ = ϕ1 ◦ ϕ2

Zp!�FG!�FG!�-"OJ`6$V� FnH6� ϕ : R → R/I, r 7→ r + I ⇔ I
	������ : ��� ? �+
^� :TÊ ��� 8 b
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