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α ∈ R α = a + % &(' a ∈ Z
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0 ≤ % < 1)+*-,��.���/	 & ���10���2 a =: bαc �����
% =: {α}354�6�78359;:=<?> α = a0 + %0 a0 ∈ Z@

%k−1 6= 0 A 1

%k−1

= ak + %k

B �DC
1 ≤ ak :=

⌊

1

%0

⌋

, %k :=
{

1

%k−1

}
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α = a0 +

1

a1 + %1

α = a0 +
1

a1 +
1

a2 + %2
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a0 +

1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

. . .

=: [a0; a1, a2, a3, a4, . . .]

L
k ^ C_���JRa`cb Y84d3;78VFe�9;W83578X-Y αk := [a0; a1, a2, . . . , ak]

α =
p

q

3.f$U;:hg�V8fji L�k �-l ���.0�� ' ��R

p = a0q + r0

p

q
= a0 +

r0

q
= a0 +

1
q

r0

q = a1r0 + r1

p

q
= a0 +

1

a1 +
r1

r0

rk−1 = ak+1rk + rk+1

p

q
= [a0; a1, · · · , (ak+1 +

rk+1

rk

)]

= [a0; a1, · · · , ak+1,
rk

rk+1
]4d786�ih:nm8:n9;X-Y84d3�ocine�g�35:nU;Y8pa7F9 ⇒ 	����[*-,�C�q
	�r

rn−2 = anrn−1 + 0
p

q
= [a0; a1, · · · , an]@ �-0\�10�C

an ≥ 2 A = [a0; a1, · · · , an−1, 1]
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α0 = a0 =

a0

1

p0

q0

=
a0 · 1 + 0

a0 · 0 + 1

α1 = a0 +
1

a1

=
a0a1 + 1

a1

p1

q1

=
a1p0 + 1

a1q0 + 0

α2 = a0 +
1

a1 +
1

a2

=
a2(a1a0 + 1) + a1

a2a1 + 1

p2

q2

=
a2p1 + p0

a2q1 + q0

954dU;��4 p−2

q−2

:=
0

1
78V8m p−1

q−1

:=
1

0� ���j��l C/� ' �F0�qj����q , B ��2
pk = akpk−1 + pk−2

qk = akqk−1 + qk−2qj��M� & ��������C�qj��� α′

k = [a0; a1, · · · , ak−1, a
′

k] a′

k = ak +
1

ak+1

α′

k =
p′k
q′k

=
a′

kpk−1 + pk−2

a′

kqk−1 + qk−2

=

(ak +
1

ak+1

)pk−1 + pk−2

(ak +
1

ak+1

)qk−1 + qk−2

=
ak+1(akpk−1 + pk−2) + pk−1

ak+1(akqk−1 + qk−2) + qk−1& ��M��� ���/��/	�C��
q 0
αk+1 = α′

k = =
ak+1pk + pk−1

ak+1qk + qk−1

=
pk+1

qk+1

L�� � B�B qdR
pk+1qk − pkqk+1 = (−1)k

L � ���j�
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⇒ � � & �����j�����2 ih:nV84�f$3;4Tm8:hgj�8Y�fjV
U.:n9;X-YF4�� ih4d:hX-Y�78VFe�4�V¡ g�ine�4d3;78V8ej4�V+> p

k
↑ 78V8m q

k
↑
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α2k↑, α2k+1↓ 95g]£¤:n4 (α2k+1 − α2k)↓0

L�¥ � '-¦ ,Fqj��C��10�*-,�� ��¦
¦ � 'd§ � B qjC/� ' ��R @
p = pk, q = qk A

∣

∣

∣

∣

α − p

q

∣

∣

∣

∣

<
1

q2
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S 4�U;U.4dV�W83;78X-Y α = [a0; a1, · · ·] ak

@/ª 4�:ni=« A ` 4�V8V84d3
��4�35:hg�m8:n9;X-Y ak = ak+P ¬� 3 k ≥ K + 1

⇒ α = [a0; a1, · · · , aK , α′] = [a0; a1, · · · , aK+P , α′]

α′ := [aK+1; aK+2, aK+3, · · ·]

⇒ α = α′

K+1 =
α′pK + pK−1

α′qK + qK−1

=
α′pK+P + pK+P−1

α′qK+P + qK+P−1

= α′

K+P+1

�
q ,����d2
α = r + s

√
d r, s ∈ Q, d ∈ N® 4�p¯4�356�7FV8e8> Aα2 + Bα + C = 0 A, B, C ∈ Z

1

%0

=
1

α − a0

∈ Q(α) A′%2
0 + B′%0 + C ′ = 0 A′, B′, C ′ ∈ Z

&(' 	���� B2 − 4AC = B′2 − 4A′C ′
L �N1���[*-,�� ¥ �10-l ��� B �D��qj��C_�_R

��������������DNZC[2cS g�4d°P��:n4�V
U;4�V±W�4�95X-Y83 b V86
U L ���M�²q
	�, O ����=³� ' � α
r´R

⇒ V�783�4�V8mFih:nX-Yµ<�:n4�in4 %k ¶ qjN·0 ' 2 �?4d3;:ngMm8:n9;X-Y�¸
¹ :n4 S 4�U;U;4�V�W83;7FX-Y84�V
UJ£¤:nX-6�in78V8e α ∈ R :n95U @ ej4�p¯:h95X-Y
U A �?4d3;:ngMm8:n9;X-Y

⇔ α ∈ Q(
√

d) (d ∈ N)
L_º �Fq
�j�;qjC/�10�*-,�� � ���5qjC/� ' ��qjNZ�DC O C=R

® 4�:n9;�8:n4�in4j>
ejg�ihmF4�V84d3�»MX-YFV8:nU5U 1 : α = α : (1 + α)

@
α2 − α − 1 = 0 A

α =
1 +

√
5

2
= [1; 1, 1, . . .]

@
α = 1 +

1

α
A

&(' 	���� pk+1 = pk + pk−1, qk+1 = qk + qk−1

1

1
=

2

1
=

3

2
=

5

3
=

8

5
=

13

8
= · · · =

Fk+1

Fk

L�¼ �/	 ' ��q�*-*�� ^I½ q ,�N1��� Fn

R
L E ��N1���.0�*-,�� ½ q ,�N R e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, . . .]

L E �MN1���JR
π = [3; 7, 15, 1, 292, 1, 1, . . .]

L l
���D��� k ��M��N%	��-ljqj����C=R
4

π
= 1 +

1

2 +
9

2 +
25

2 +
49

. . .
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