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BDC?EGFIHJC?K�L�MNHNO�P!QRC?H SUTWV!X,Y
n Z

p(x) = anxn + an−1x
n−1 + · · ·+ a0 = 0 ∈ C[x][�MNHJY�X,K]\^H�P_X<Ea`bX<P!cdYN\^V4efEag?\ihNV!X 7_jk+,�.5�lm�	-n�b�,�.-no_pq�4+,
irs@

⇒ t MNERER`:P!\iEaER\^Hu7wv#
I�:x��	5y�?@
ξ1, ξ2, · · · , ξn ∈ C

x��	�!6��_/37��!6�6�1z/2@
p(x) = an(x − ξ1)(x − ξ2) · · · (x − ξn)7:�	50�	{|�	��1n+,�.}~@�`:FK]K]\iPbVbQR`b�_�N\#[sMJHNO�P!QRC?HN\^H

ak/a0 = sk(ξ1, ξ2, · · · , ξn)7�-z��)�+,�.-�+,��1D�I���I�	���4�	�	{�
1n+,1�-n6�����	�
ξk

@
��CI\	�3c^QR\^H�P!\iHNO,�?V:��\iV

ak

X,Y<��MJHNg?QR\^Vb\iH
K := Q{a0,a1, a2, · · · , an−1} ⊂ C

S
an = 1 Z�m\iV:L��,ERERMNHNg?`:O,�?V:��\iV S�g�X,ERC?Qa`:`b�_�N\ Z ���?Vb��\^V:\^V���\iQRPb\^VbMJHNg�SUTWV!X,Y ≤ n Z

K ⊂ N := K(ξ1, ξ2, · · · , ξn) ⊂ C � �	5R���:�?12�	�J/	-n6��efMJP!C,K3C,Vb�N�NQR`bK]\iHI��TWVbMN�J��\
G := {α | α : N → N, (∀a ∈ K) α(a) = a}�_/f�?-z5y1n� t MNEREa`�P!\^ERER\ 7→ t MNEREa`�P!\iEaER\

α(ξi) = ξj

S
j
�NX,`b`:\^HNY Z��+�p��	�

α 7→ σα σα

BD\^V:K#MJP!X<P!QRC?H
7wv�-z�!��
I�&�^@

α(ξi) = σα(ξi)
X,MJL {ξ1, ξ2, · · · , ξn}6^��	�����^
-z)�+,50�	��1

α 7→ σα σα

BD\^V:K#MJP!X<P!QRC?H
α(ξi) = ξα(i)

X,MIL {1, 2, · · · , n}+,5�/�6
G ∼= σ(G) < Sn

�����������	�	��'��%���U$8 ?C?H
p(x)¡�H�P!\^V:g?VbMJ�N��\ ���4QR`b�_�N\iHNO,�?V:��\iV

=
[�QG¢IO,�,Vb��\^V4c^M

G

£	¤ ���%�D¥��^�J¥�¦�§ H < G ↔ K < F < N
7�¨4- ©��_��1�-n6��?@

¡fH�Pb\^Vbg,VbMN�N��\^Hª ?C?H
G ↔ « h�\^V:O,�?V:��\iV¬ ?C?H K

K = F0 < F1 < · · · < Fk < Fk+1 = N ↔
↔ {e} = Hk+1 < Hk < · · · < H1 < H0 = GTWV!X<YªYJ\^V�UV:�*\^QGP!\^V:MNHNg| ,C?H
Fi

X,MJL
Fi+1 = ® HNYN\.¢� ?C?H Hi+1

QaH
Hi

X<EaERg?\^K]\iQaHN\#TWEa\iQa�_�&MNHNg
n
��Pb\^H�T�VbX,YN\i` T�X,EaC,Qa`:g?VbMN�J��\

Sn
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Ü {�-z1UÝ%-z�_���	5m
I���3Þ�-z�m�b+,5zß²HNQR�_��PÌER�?`:h�X,V^àá×âJV:L�\^EG ?\iVbYNC,�N��\iEaMJHNgã7�Øä�	5y-0/�o_p��_/f���!6,Û^50�	{å@
3
√

a ∈ N ⇒ æ P!\iQaEGPÌT�VbX,Yç M�X<YNV!X<PbMNV4YN\^`��WVb\iQa`:\^`ià
7�Þ�-z����	{3+,���è9<;�;?>A@

π
Qa`�P�PbV!X,HJ`bc^\iHNYN\iH&P^é ⇒ π,

√
π, 1/π, · · · :

⇔ (∀p ∈ C[x]) p(π) 6= 0
T�VbX,Y�HNQR�_�&Pf\^HJYNEaQR�_�

á×QRHNO<\^ERYNVb\iQRPb\^QREaMNHJg SkT�VbX,Y� ?C,H
sin ϕ/3

âNh�\^V
sin ϕ ZV:\^g?\iEaK3�,ê,Qag?\i`

n
��\^�_O 7_�4+,
	rë9Iìwíî.@

O<C?HN`�P!VbMJQa\iVbh�X,V ⇔ n = 2kp1p2 · · · pm pi = 2s(i) + 17�lD�	�.{3+,1�/�o_p��f�*�	-z{dx�+�p50�	�?@
3, 5, 17, 257, 65537 p = 22s

+ 1
72+,5z50�Iïn@

7nð�+,10x#),6���ËWÛ	�	5 @ t QR\^ER`fñf\^HJVbQRO�eÌh�\^EòS2ó�ô�õ,ö Z÷ÌQR\8+,5z5Ú�I�	{|�	-z�m�dTWEa\iQa�_�&MNHJg
n
��Pb\^H�TWV!X,YN\i`�S

n ≥ 5 ZQa`�PfHJQa�_��PfYNMNVb�_��ø�X,YNQRO<X<Ea\�ER�?`bh�X<V^é

ùú�?`:MNHNg3YNMNV:�_��ø�X,YNQRO<X<Ea\
m

√

· · · n

√· · ·
↔ [sC,Eag?\å ,C?H��_�	-z�m�	�qT�ER\^QR�_�&MNHNg?\iH

xn − a = 0 û xm − b = 0 û . . .TWVbMJHNYNO,�,Vb��\^V
K = Q(a, ζn) ζn

UQaHJ�N\^QGP!`��4MNVbci\^E
T�X,ERC?QR`bg?V:MN�N��\� ,C?H

K < K( n

√
a) Cn

c	FOERQR`b�_�üS�O<C?K]K#MJP!X<P!QG  Z
ζn, ζm, a ∈ K, b ∈ F1 := K( n

√
a), F2 := F1(

m

√
b)

7�x^Í��	-�ý�+��,-0�,+,50�2@
K = F0 < F1 < F2 ⇔ G1 < G0

7�þNÛ	�	�
K
@

(∀α, β ∈ G0) ⇒ αβα−1β−1 ∈ G1
7���6�{�{�
1�+,1¹6��¹@

��+�p��	�i�Ì[�C?ERg?\å ,C?HÿUV���\iQRPb\^VbMJHNg?\^HÿYNMNVb�_��ø�X,YNQRO<X<Ea\ ⇒
G1 < G2 < · · · < Gn−1 < Gn = Sn{�-z1

G1
O,C?K]K�MJP_X<PbQR 

+�Û	�	�i�Ì÷f\^V��fC?K]K�MJP_X<PbC?V4YN\^V�÷ÌV:\^QR\^V:ciFO&Ea\iH�\^H�P!�N�,ERPÌX,EREa\�÷fVb\^QR\^V:ciFO&Ea\iH
L�âJV

Sn (n ≥ 5)
7�ý4�_��
I�!/	-n6��?@ ⇒ G1

\iH�P!���,EGPfX,EREa\d÷ÌV:\^QR\^Vbc	FOER\^H
⇒ G1

Qa`�PfHJQa�_��PfO,C?K]K#MIP_X<PbQR  v�-���	�!/¹���.
�o_p��
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