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A-matroids and PfafRan Forms

Walter Wenzel, Bielefeld

In analogy to the fact that represenfable matroids may be defined in terms of
Grassmann-Plucker maps we want to describe representabillty of A-matroids by
skew-symmetrlc matrices in terms of Pfaffian forms. In the sequel we assume
n e N, 5':={1,..., ". }, and K denotes some commutative field.

Definition 1 (cf. [Bl, §6] or [B2, §1]):
Assume F C P(5). The pair (5, ^) is a A-matrold, if F satisfies

For Fi, ̂ 2   ^~ and e G FiAF2 there exists some

/ G FiAFa with FiA{eJ} G ^.

For T C 77(5) and T C 5 we put ̂ AT := {FAT \F ^F}.

Definition 2 (cf. [B2, §4]):

A A-matrold (5, ^) is representable over K by a skew-symmetric matrix

A = (aij)t, jes; i^ for some T c S \ve have

^-AT = ^(A) := {5' C 5 | A' := (a^),, jes' is nonsmgular},

where (a, ^), ^-g0 is considered to be nonsingular. A is then called a presentation
of (5, ^).

Theorem 3: A A-matroid (5', Jr) is representable over K by a skew-symmetric
matrix if and only if there exists some map P : P{S) -> K and some T ^ F such
that

(PO) For 1C S we have P(J) 7^ 0 if and only if JAT   J17.

(Pl) VICS and #1 = 1 mod 2, then P(J) == 0.

(P2) If h, l2 ̂  S and IiAJs = {?i,... , u} with ij < ij+i for 1 ^j ^ fc-1, then
k

^(-lV. P(JiA{., }). P(J2A{z, })=0.
i=i

If (5', Jr) is representable by A = (a^-),, j65, then P may be choosen to be the corre-
spending Pfaffian form, which may be defined by P(I) := 0 for
#J = 1 mod 2, P(0) := 1, P({?, j}) := a, j for 1 ^z <J ^n, and

2m

P({^1, . . . , ̂ 2nz}) := E(-1)' . p(^'l' ̂ -}) . p(^2' . . . 't2m^ \ ^^)2-^
J=2

n

for 2 <m ̂  - and ij < zj+i for 1 < j < 2m - 1.
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Vice versa, if P satisfies (PO), (Pl), (P2), then (S, ^) is representable by the matrix

A = (a^),, jgs given by a,, := Oforl ^ z ^ ?^, a^ = -aji = P({t, j}) for
1 ^? <J ^"-

Corollary: A A-matroid (5', jr), representable by some skew-symmetric matrix,

satisfies the following strong exchange property:

For I?i, i<2 £ .?" and 6 G -FiAjF^ there exists soine

/ 6 (FiAFs) \ {e} with FiA{e, /}   ^ and F^^eJ] e ^-.

Furthermore, Theorem 3 suggests

Definition 4: Assume F ^ P(5').

i) (S, y~) is an orientable A-niatroid, if there exists some T £ ^~ and some

map P : -P(5) -^ {0, 1, -1} satisfying

(OPO) For 1C S we have P(J) £ {1, -1} if and only if ZAT G ^-.

(OP1) For 1C S with #1 = 1 mod 2 we have P(J) = 0.

(OP2) If h, l2C S, JiAJs = {^'i,..., U-} with z^ < z^+i forl <j < ^-1, and if
for some w G {!, -!} we have ̂  := w(-l)-?-P(7'iA{^-})-P(Jr2A{^}) ^
0 for 1 ^ j <^ k, then KJ = 0 for every j.

ii) Assume P : T'(S} ^ R+ U {0} is some map. (5', JC', P) is a valuated A-
matroid, if for some T £ jz- we have

(VPO) For 1C S we have P(J) > 0 if and only if IAT £ ^.

(VP1) For 1C S with #7 = 1 mod 2 we have P(J) = 0.

(VP2) If Ji, 2"2 C 5 with #Ii ^ #J2 = 0 mod 2, then for every z G JiAZz there

exists some j G (JiAJz) \ {i} with

PW . PW < ^iA{z, j}) . P(J2A{z, j}).
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