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Abstract. We establish the existence of an involution on tabloids that is analogous
to Schiitzenberger’s evacuation map on standard Young tableaux. We find that the
number of its fixed points is given by evaluating a certain Green’s polynomial at g =
—1, and satisfies a "domino-like" recurrence relation.

Résumé. Nous montrons l'existence d"une involution sur les tabloids qui est analogue
a l'application évacuation de Schiitzenberger sur les tableaux de Young standards.
Nous trouvons que le nombre de points fixés par cette application est égal a la valeur
d’un certain polyndome de Green pour q = —1, et il satisfait une récurrence analogue a
celle des dominos.
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1 Introduction

This extended abstract concerns an analogue for the affine symmetric group of the op-
eration called evacuation (or Schiitzenberger’s involution) associated to the finite symmet-
ric group &,. We begin by summarizing a few combinatorial highlights of the finite
story. Evacuation is an involution on standard Young tableaux of a given shape, which
corresponds, under the Robinson-Schensted bijection, to a natural involution on the
symmetric group of permutations. There are many combinatorial algorithms to com-
pute evacuation, none of which is completely straightforward. However, for certain nice
shapes (notably, rectangles), it can be described in very simple terms. Evacuation also
has interesting enumerative properties: its fixed points are counted by an instance of
Stembridge’s q = —1 phenomenon and are in bijection with domino tableaux of the same
shape. This story is recalled in more detail in Sections 2.1 and 4.1.
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Our project is to construct a parallel story for the affine symmetric group &,. This
group is an infinite analogue of the symmetric group, and much of the beautiful combi-
natorics and representation theory of the symmetric group can be extended to the affine
setting. We give its formal definition in Section 2.2. The analogue of the Robinson-
Schensted correspondence for &, is the affine matrix ball construction (AMBC) described
by Chmutov-Pylyavskyy—Yudovina [2], based on the work of Shi [18], associating to
each affine permutation two tabloids and some additional data. Our first main theo-
rem (Theorem 3.1) establishes the existence of an affine analogue of evacuation, in the
following sense: there is a natural involution on &, which corresponds, via AMBC, to
an involution on tabloids. This involution agrees with the usual evacuation map when
restricted to tabloids that happen to be tableaux, and it has a particularly simple form
when computed on tabloids of rectangular shape. We give a combinatorial algorithm by
which the map may be computed in general (Theorem 3.6).

In Section 4, we consider the fixed points of the affine evacuation map. Our sec-
ond main result (Theorem 4.2) establishes that the fixed points of affine evacuation are
counted by an evaluation of a Green’s polynomial at g = —1, and (using results of the
third-named author) that they satisfy a recurrence with a domino flavor. One of the
key steps in the proof is an evaluation of the Kostka—Foulkes polynomials at 4 = —1
(Theorem 4.6). We mention some open problems in Section 4.3.

The proofs of our results can be found in [1], of which this is an extended abstract. For
more discussion of the representation-theoretic aspects of this work, see the companion
paper [7] by the third-named author.

2 Background

2.1 Finite symmetric group

We begin by describing the story that we hope to emulate in the affine setting. For
turther background, we recommend [20, Ch. 7].

2.1.1 Finite permutations

There are many ways to represent permutations in the symmetric group &,. One may
write them in one-line notation, that is, as words containing each element of [n] :=
{1,...,n} exactly once; as n x n permutation matrices; or as the elements of the Coxeter
group of type A,_1, having generators {sy,...,s,_1} and relations s? = 1, SiSjSi = SjSiS;
if i —j = +£1, and s;s; = s;s; otherwise. As a permutation, s; is the simple transposition
that exchanges i and i 4 1. It is convenient to represent the relations among the s; by the
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associated Dynkin diagram:

° e @& < <. —¢
51 52 53 Sn—1

The longest element wy in &, is the permutation with one-line notation n(n —1)--- 1.
Conjugation by wy is an involution on &, that may be realized by sending the word
w1 - - - Wy to its "reverse-complement” (1 +1 —wy) - - - (n + 1 — wy); by rotating the per-
mutation matrix by 180 degrees around its center; or by substituting s; <— s,,_; in any
expression for a permutation as a product of simple transpositions. This last description
corresponds to the unique nontrivial automorphism of the Dynkin diagram.

2.1.2 Tableaux, Robinson-Schensted, and evacuation

A partition A = (Aq,...,A4) of n is a finite, weakly decreasing sequence of positive
integers such that Ay + ...+ A; = n. To indicate that A is a partition of n, we write
A F n, or |A| = n; to indicate that A has d parts, we write /(A) = d. A partition may be
represented visually by its Young diagram, a left-aligned array of boxes having A; boxes
in the ith row from the top. A standard Young tableau of shape A is a filling of the Young
diagram of A with the numbers 1, ..., |A|, each used once, such that numbers increase
down columns and from left to right across rows.

The Robinson—Schensted correspondence (abbreviated RS in this paper) is a combinato-
rial bijection between &,, and pairs (P, Q) of standard Young tableaux of the same shape
A = n. It plays a central role in both the combinatorics and representation theory of the
symmetric group.

While RS does not interact well with the group operation of &, in general, in the
case of conjugation by wy its behavior is well-understood: there is an involution e on the
set of standard Young tableaux of any fixed shape A such that if w in &,, corresponds to
(P, Q) under RS, then wyww, corresponds to (e(P),e(Q)). Schiitzenberger named this
map evacuation, and showed that it may be computed by using his jeu-de-taquin promotion
operation to successively "evacuate" the entries of T. Alternatively, evacuation may be
computed by rotating T 180 degrees, replacing each entry i with n + 1 — i, and restoring
the resulting tableau to its original shape using jeu de taquin.

2.2 Affine symmetric group

In this section, we describe the affine analogues of permutations, tableaux, and RS.

2.2.1 Affine permutations

Abstractly, the affine symmetric group &, is the Coxeter group of affine type A,_1, having
generators {sg,s1,...,5,—1} and relations s? = 1, s;s;5; = s;s;5; if i —j = £1 (mod n),
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and s;s; = s;s; otherwise. The corresponding Dynkin diagram is

51 52 53 Sp—1

The group elements may be represented as certain periodic bijections of the integers [13,
4]: we say that a bijection w : Z — Z is an affine permutation' if w(i +n) = w(i) +n
for all i € Z. We will typically write w; in place of w(i). Such permutations may be
represented in window notation, that is, as words [wq, wy, ..., w,| of length n containing
one representative of each equivalence class of integers modulo n. They may also be
represented as infinite periodic permutation matrices, having rows and columns indexed
by Z, one nonzero entry in each row and column, and periodicity under translation by
(n,n). We identify the (finite) symmetric group with the subgroup of &, generated
by si,...,5,—1, or equivalently, with the affine permutations whose representation in
window notation is a permutation of 1, ..., n.

Because &, is infinite, there is no longest element by which to conjugate. However,
there is a natural group automorphism r : &, — &, that may be characterized in several
equivalent ways. In terms of the Dynkin diagram, it is the extension of the diagram
automorphism interchanging the simple generators s; <— s,_; for i € [n — 1] and fixing
so. In terms of the window notation, it is "reverse-complement™: [wy, ..., w,] becomes
m+1—wy,...,n+1—wi]. In terms of the permutation matrix, it is the rotation by 180
degrees that preserves the square [n] x [n]. Note that the restriction of this automor-
phism to the symmetric group agrees with conjugation by wy.

2.2.2 Tabloids and AMBC

Let [71] be the set of equivalence classes of integers modulo 7, and for an integer i let
i denote the class containing i. Given a partition A + 7, a tabloid of shape A is an
equivalence class of fillings of the Young diagram of A with [71] (with each element used
exactly once), where two fillings are considered equivalent if they differ only in the
arrangement of elements within rows. Thus, tabloids are equinumerous with row-strict
tableaux filled bijectively with [n], in which entries are required to increase along rows
(but there is no column condition).

The analogue of RS for S, is the affine matrix ball construction (AMBC) [2], which
sends each affine permutation to a triple (P, Q,p) where P and Q are tabloids of the
same shape A F n, and the weight vector p is an integer vector of length ¢(A) satisfying
certain inequalities. The reverse map ¥ : (P,Q,p) — w € &, is defined on all triples

Technically, the objects defined here are the extended affine permutations; the elements of the affine

symmetric group satisfy the extra condition /' ; w(i) = Y.!' i = @ This distinction is not important

in what follows.



Affine evacuation 5

(P, Q, p) consisting of two tabloids of the same shape and an integer weight vector of the
correct length; when restricted to weight vectors satisfying the appropriate inequalities,

it is the inverse of AMBC. In particular, if w = ¥(P, Q, p), then we have w AMBC (P,Q,p")
for some weight vector p’. The weight vector does not play a role in this abstract.

3 Affine evacuation

Given the nice interaction of conjugation by wy with the RS correspondence, it is natural
to ask whether the involution r interacts with AMBC in a similar way. Our first main
result shows that this is indeed the case.

Theorem 3.1. There is an involution e on the set of tabloids of shape A such that if w AMEC

(P,Q,p) then r(w) AMBC (e(P),e(Q),p") for some weight p’.

We call this involution affine evacuation. In the remainder of this section, we discuss
an algorithm, based on the combinatorial R-matrix, for computing affine evacuation. In
this context, we think of a tabloid as a tuple of its rows, and the combinatorial R-matrix
gives a natural way to re-order the rows. We now define the combinatorial R-matrix,
starting with the two-row case. (Our definition allows the rows to have repeated entries,
although we do not need this generality in the tabloid setting.)

A semistandard Young tableau of shape A is a filling of the Young diagram of A with
positive integers so that the result is strictly increasing down columns and weakly in-
creasing across rows. The content of a semistandard Young tableau is the integer vector
(a1,ay,...), where a; is the number of i’s in the tableau. Let B¥ denote the set of semis-
tandard Young tableaux of shape (k) with entries in [n].

Definition 3.2. The combinatorial R-matrix is the map
R:B% x BM — BM x B2

that sends (a,b) — (da’,0’), according to the following algorithm:

Write the multiset of entries in a and b horizontally, in increasing order. Below each
entry of a (respectively, b), place a right (resp., left) parenthesis. For a given number,
the right parentheses should occur before the left parentheses. Recursively remove pairs
of the form ( ) until there remain « right parentheses, followed by B left parentheses.
Replace these remaining symbols with B right parentheses, followed by « left parenthe-
ses. Add back the removed parentheses, and let a’ (resp., b’) be the multiset of numbers
above a right (resp., left) parenthesis.

Example 3.3. Let

a=[2]3]4]5[5][5]7]€ B, b=[1]1]1]2]4][5]5]6]6]€ P’.
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Carrying out the algorithm, we obtain
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so two 5’s are "transferred" by the combinatorial R-matrix to produce the pair (a’,b’):

~—

o' =[2]3]4][5]5]5]5]5]7]€ B, v =[1]1]1]2]4]6]6]€ B".

Remark 3.4. The combinatorial R-matrix of Definition 3.2 is a special case of an isomor-
phism coming from affine crystal theory. The algorithm for R given above is due to
Nakayashiki and Yamada [15, Rule 3.11]. Shimozono has observed that the combinato-
rial R-matrix can also be described in terms of jeu-de-taquin [19, Ex. 4.10].

Next, we extend this definition to the case of d rows. Let ky,...,k; be a sequence of
positive integers, and set Bkar-ki = Bka x ... x B&1, Fori=1,...,d — 1, define

R; : Bkarkivr ki ki _y BRaskikivr ki

to be the map that applies the combinatorial R-matrix to the factors BXi+1 x B and leaves
the other factors alone. Remarkably, these maps generate an action of the symmetric

group.

Proposition 3.5 (see [19, Prop. 4.7 and Thm. 4.8]). The maps R; satisfy the relations RZZ =
id, RiR; = R;R; if |i —j| > 1, and RiR;1R; = Riy1R;R; 1. Thus, for any permutation
o € &, there is a well-defined map Ry : Bkark1 s BRotKer), Moreover, if (kg, ... k1) =
(ko(ay, - -+ ko)), then Ry is the identity.

A composition of n is a sequence y = (p1,...,H ) of positive integers such that n =
p1+ -+ -+ pug. We extend the definition of Young diagram from partitions to compositions
in the natural way. Consequently, we may speak of the set 7 (i) of tabloids of shape u
for any composition yu. We identify 7 (i) with the set of elements of B!d~#1 of content
(1") by treating each row of a tabloid as a one-row tableau with entries in [n]. For each
o € S, this identification induces a map R, : 7 (¢) — 7T (¢(u)), which we also call the
combinatorial R-matrix. We now state our algorithm for computing affine evacuation.

Theorem 3.6. Given a tabloid T € T (u), the affine evacuation e(T) may be computed as follows:

1. reverse the order of the rows of T, thus obtaining a tabloid in T (wo(u));
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2. replace each entry i with n +1 — i;
3. apply Ry, to restore the tabloid to its original shape.

Remark 3.7. By Proposition 3.5, the action of the combinatorial R-matrix on tabloids of
rectangular shape is trivial, so for tabloids of rectangular shape, affine evacuation simply
reverses the order of the rows and replaces each i with n +1 —i.

Remark 3.8. Given a tabloid T, let T be the associated row-strict  tableau. If Tis a
standard Young tableau (i.e., if it has increasing columns), then e(T) is equal to the
ordinary evacuation of T [1, Prop. 3.9]. This validates our repetition of the symbol e for
both finite and affine evacuation.

Remark 3.9. Two other methods of computing affine evacuation are discussed in [I,
§3.4-5]. The first uses RSK, ordinary evacuation, and Lascoux and Schiitzenberger’s
symmetric group action on semistandard Young tableaux [12]; the second is based on a
description of AMBC as an asymptotic version of RS.

4 Enumeration of self-evacuating tabloids

Given any group action on a set, it is natural to ask about the fixed points of the action.
In the case of evacuation, this is to ask about the self-evacuating tableaux and tabloids.
In the finite case, these fixed points have a fascinating enumeration, which we recount
in Section 4.1. In Section 4.2 we present and discuss Theorem 4.2, our affine analogue,
which gives the enumeration of self-evacuating tabloids of a given shape. We conclude
in Section 4.3 with some open problems.

4.1 Self-evacuating tableaux, domino tableaux, and g = —1

When |A| is even, a domino tableau of shape A is a division of the cells of the Young
diagram of A into pairs of adjacent cells ("dominoes") that are numbered by the integers
1,...,]A|/2 in such a way that for each k, the union of the dominoes numbered 1,...,k
is again a Young diagram. For example, the three domino tableaux of shape (4,2) are

NN

1 | 2 | 1 | 3 |
3 ’ 2 ’

If |A] is odd, the definition is the same except that the box in the top-left corner forms a
one-cell "monomino."
The number f* of standard Young tableaux of shape A is given by the hook-length

formula: f* = o Here c runs over the cells of the Young diagram of A and A, is the
ceAfie
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hook-length of c, i.e., the number of boxes that are in the same row as c and weakly to its
right or in the same column and weakly below it. This number has a natural g-analogue

R L
F0) = oy
where for a nonnegative integer k we define [k]; := 1+qg+...+¢ ! and k]!, :=
(1], - [2]4 - - - [K]q, so that f*(1) = f*. It is not clear from this definition, but in fact f*(q)
is a polynomial in g whose coefficients are positive integers. (It is the generating function
for tableaux by a statistic called comaj [10]; see also [14, p. 243].)

Let x* denote the irreducible character of the symmetric group indexed by A. We
will denote by Xﬁ the result of evaluating x* on a permutation of cycle type u. Let
p2(n) be the cycle type of wy in &, that is, pp(n) is the partition (2"/2) if n is even and
(2(n=1)/2 1Y if 1 is odd. Finally, for a partition A, let b(A) = ¥;(i — 1)A,.

The following theorem shows how these objects are bound together with fixed points
of evacuation.

Theorem 4.1 ([22, Thm. 4.3] and [21, Thm. 3.1]). For any partition A, there is a bijection
between self-evacuating standard Young tableaux of shape A and domino tableaux of shape A.
Moreover, the number of these tableaux is equal to both (—1)b() . X22 (m) A1 fA(-1).

This theorem provides an example of the g = —1 phenomenon (and more generally
the cyclic sieving phenomenon), whereby a natural enumerating polynomial for a set gives,
upon substitution of —1 (or a root of unity) for the variable, the number of fixed points
of the set under a natural involution (or cyclic action).

4.2 Self-evacuating tabloids

In this section, we present our main enumeration theorem; it is an affine analogue of
Theorem 4.1, giving the enumeration of self-evacuating tabloids of a given shape A. We
begin with some background definitions necessary for the statement of the theorem.

For partitions A and p, the Kostka—Foulkes polynomials Kj,(q) are defined to be the
transition coefficients between the Schur and Hall-Littlewood bases of the ring of sym-
metric functions [14, §IIL.6]. They appear in a variety of combinatorial, representa-
tion theoretic, and algebro-geometric contexts (see [3] for a nice survey). Lascoux and
Schiitzenberger proved that K, (q) is the generating function over SSYT(A, i) (the set of
semistandard Young tableaux of shape A and content y) with respect to a statistic called
charge [11].

Green'’s polynomials were introduced by Green in his study [5] of the representation
theory of the finite general linear groups. Following [14, §IIL.7], we take as their defini-
tion the formula

Q(q) = ;xéﬁww),



Affine evacuation 9

where K au(q) = "WK Au(q71) is the generating function over SSYT(A, i) with respect to
cocharge. Springer and Hotta showed that Qz (q), viewed as a function of p, is the graded
character of the symmetric group action on the cohomology of the type A Springer fiber
associated to the partition p (up to tensoring with the sign character) [6].

We now state our enumeration theorem.

Theorem 4.2. Suppose that A = (A", Ay, ..., Al%) is a partition of n having k distinct part-

sizes. For 1 <i <k, let Mgf)_z)

one of size A; — 2, and let /\L&'_A i) A1) be the partition formed by replacing two parts of A of size
A; with two parts of size A; — 1. Then for n > 2, the number t(A) of self-evacuating tabloids of

shape A satisfies the recurrence relation

be the partition formed by replacing a part of A of size A; with

k

— () mi (AiAi)
) = 3 () R (G )
it A>2, i=1
m; is odd
Moreover, t(A) is given by the evaluation of a Green’s polynomial at g = —1:
A
HA) = Q5 m (= 1), (4.1)

where as above, py(n) is the cycle type of wy € Sy,

Remark 4.3. Although we do not have an affine analogue of domino tableaux, it is tempt-
ing to view the first sum in the recurrence relation as removing a horizontal domino (i.e.,
two cells in a single row) from A, while the second sum removes a vertical domino (i.e.,
two cells in adjacent rows).

Remark 4.4. The third-named author has shown that when A corresponds to a nilpotent
conjugacy class in the Lie algebra of type B, or C,, the number Q;}; (n) (—1) is the Euler
characteristic of the associated (type B, or C,) Springer fiber [8, Main Thm. 2]. For
comparison, it follows from the above-mentioned result of Hotta and Springer that the
Euler characteristic of the type A,_1 Springer fiber associated to A is equal to Qé\l”) (1).

Remark 4.5. The evaluation of the Green’s polynomial in (4.1) is not an instance of the
g = —1 phenomenon, because Q?z (n) (q) has both positive and negative coefficients, and

so does not count tabloids by a statistic. In fact, the evaluation of this polynomial at
g = 1 is often zero [14, §IIL.7, Ex. 6].

The recurrence relation in Theorem 4.2 is deduced from (4.1) using a recurrence
relation for Green’s polynomial evaluations at —1 established by the third-named author
[8, Prop. 10.3]. Equation (4.1) is proved by using RSK and Theorem 4.1 to reduce to an
evaluation of the Kostka—Foulkes polynomials at 4 = —1, which we now explain.
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Lascoux and Schiitzenberger defined a shape-preserving, content-permuting action
of the symmetric group on semistandard tableaux [12]; this action was later found to co-
incide with the Weyl group action on type A crystals generated by root string reflections.
Let e, be the usual (semistandard) evacuation on tableaux with entries at most d, and let
7; be the Lascoux—Schiitzenberger action of wy € &; on such tableaux (these maps are
described in more detail in [1, §3.4]). Define e; = 7;0e; = ¢; 0 1.

Theorem 4.6. The number of elements of SSYT(A, ) fixed by e (where d is the number of parts
of ) is given by (—1)PM Ky, (—1).

The key tool in the proof of Theorem 4.6 is Kirillov and Reshetikhin’s bijection be-
tween semistandard tableaux and rigged configurations [9], which sheds light on the rela-
tionship between the cocharge of a tableau and its image under e;.

Remark 4.7. In contrast to the Green’s polynomial evaluation (4.1), Theorem 4.6 is an
example of the g = —1 phenomenon. In the case where all part multiplicities of u are
even, the result of the theorem can be pieced together from results of Stembridge and
Lascoux-Leclerc-Thibon, as explained in [1, Remark 4.8].

4.3 Open problems
4.3.1 Other symmetries

Rhoades proved that when A is a rectangular partition, the g-analogue of the hook-length
polynomial f*(g) exhibits the cyclic sieving phenomenon with respect to promotion of
standard tableaux [17]. In our setting, the analogue of promotion is the map which
increases all entries of a tabloid by 1 mod n. This cyclic action on tabloids is one of the
original examples of the cyclic sieving phenomenon (using the obvious g-analogue of
the multinomial coefficient) [16, Prop. 4.4].

One can also consider the involution obtained by composing the cyclic action on
tabloids with affine evacuation. When n is odd, this map is conjugate to affine evac-
uation, and thus has the same number of fixed points. When 7 is even, however, this
involution has a different number of fixed points. We conjecture that the number of fixed
points of this involution also satisfies the recursion of Theorem 4.2 (with different initial
conditions), and that it is equal to a different Green’s polynomial evaluated at g = —1
[1, Conj. 5.2].

For more on these symmetries and their connection to AMBC, see [1, §5.2].

4.3.2 Domino tabloids?

The major enumerative problem suggested by our work is to give a direct bijective proof
of the recurrence relation in Theorem 4.2. Unfortunately, we have been able to give
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such a proof only in the cases that /(A) = 1 (trivial) or 2. One possible route to such a
proof would be to define a notion of "domino tabloids," whose enumeration satisfies the
recurrence, and which can be put in bijection with the fixed points of affine evacuation.
One might expect these (hypothetical) domino tabloids to play a role in combinatorics
or representation theory similar to the role played by domino tableaux (for more on this,
see [1, §5.1] and the references therein).
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