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MOMENTS OF INERTIA ASSOCIATED WITH THE LOZENGE
TILINGS OF A HEXAGON

ILSE FISCHER

ABSTRACT. Consider the probability that an arbitrary chosen lozenge tiling of the
hexagon with side lengths a, b, ¢, a, b, ¢ contains the horizontal lozenge with lowest
vertex (x,y) as if it described the distribution of mass in the plane. We compute the
horizontal and the vertical moments of inertia with respect to this distribution. This
solves a problem by Propp [1, Problem 7].

1. INTRODUCTION

Let a, b and ¢ be positive integers and consider a hexagon with side lengths a,b,c,a,b,c
whose angles are 120° (see Figure 1). The subject of our interest is lozenge tilings of
such a hexagon using lozenges with all sides of length 1 and angles of 60° and 120°.
Figure 2 shows an example of a lozenge tiling of a hexagon with a = 3, b = 5 and
c=4.

We introduce the following oblique angled coordinate system: Its origin is located in
one of the two vertices, where sides of length b and ¢ meet, and the axes are induced
by those two sides (see Figure 3). The units are chosen such that the side lengths of
the considered hexagon are v/2a, b, ¢, v2a, b, ¢ in this coordinate system. (That is to
say, the two triangles in Figure 3 with vertices in the origin form the unit ‘square’.)

Let P,p.(z,y) denote the probability that an arbitrary chosen lozenge tiling of the
hexagon with side lengths a,b,c,a,b,c contains the horizontal lozenge with lowest vertex
(x,y) in the oblique angled coordinate system. Note that S = ((a + b)/2, (a + ¢)/2)
is the centre of the hexagon in question. Consider the probability P, .(x,y) as if it
described the distribution of mass. In [1, Problem 7] Propp suggests to compute the
horizontal moment of inertia with respect to S

a+c—1 a+b—1 2

a+b
> Y Paeten) (2 - 50)
y=0 =1

and the vertical moment of inertia with respect to S

a+c—1 a+b—1 2

atc—1 a+b
> Y Paten (2 (v- ) - (s 211)
y=0 =1

of this distribution. (Note that 2(y — “<=1) — (z — 2t2) = 0 is the horizontal line in
the coordinates of the oblique angled system which contains the lowest vertex of the
horizontal lozenge in the centre of the hexagon.) Our theorem is the following.

Theorem 1. Let a, b, ¢ be positive integers and let P,y .(x,y) denote the probability
that an arbitrary chosen lozenge tiling of a hexagon with side lengths a, b, ¢, a, b, ¢
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FIGURE 1

FIGURE 2

contains the horizontal lozenge with lowest vertex (x,y). Then the horizontal moment
of inertia with respect to S is equal to

a+b—1 a+c—1

Z Z Pope(z,y) (x 4 ;— b) = %ab(a2 + b —2) (1.1)

z=1 y=0
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FIGURE 3

and the vertical moment of inertia with respect to S is equal to

a+c—1a+b—1 2
a+c—1 a+b
S Y Pupele,y) (2 (y——)—(x— )) -
2 2
y=0 z=1

1
= Eab(a2 +b% — 2+ 4c + dac + 4bc). (1.2)

In fact Propp [1] has already noticed that the computation of the horizontal moment
of inertia is easy and states the formula for the case a = b = ¢ = n. Furthermore,
he concludes that the vertical moment of inertia is more difficult to compute for the
first few values for the case a = b = ¢ = n do not seem to predict the formula to be a
polynomial of degree 4 as it is the case for the horizontal moment of inertia. However,
this conclusion is based on a miscalculation. The vertical moment of inertia for the case
a=0b=c=2isequal to 18 (not to 20) and thus we obtain the polynomial 7n*/6—n?/6
for the vertical moment of inertia if a = b = ¢ = n. (See (1.2).) Nevertheless the
computation of the vertical moment of inertia seems to be more involved compared to
the computation of the horizontal moment of inertia.

The following section is devoted to the proof of Theorem 1. Our combinatorial proof
is based on the correspondance between lozenge tilings of a hexagon with side lengths
a, b, ¢, a, b, ¢c and plane partitions in an a X b X ¢ box, i.e. plane partitions of shape
b* and with entries between 0 and c¢. Thus we can avoid to use an explicit expression
for the probability P,.(z,y). In Lemma 2 we observe that we are in fact able to
compute the inner sum of (1.1). In order to obtain (1.2), we split up the left hand side
of (1.2) into three double sums and again we compute their inner sums after possibly
interchanging the summation order (Lemma 1 - 3). In Lemma 5 we demonstrate that
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Lemma 3 and thus the computation of the vertical moment of inertia is trivial if we
assume a = b.

2. FIVE LEMMAS AND THE PROOF OF THE THEOREM

Lemma 1. Let a, b, ¢ be positive integers and 0 < yo < a + ¢ — 1. Furthermore let
P,pc(x,y) denote the probability that an arbitrary chosen lozenge tiling of the hexagon
with side lengths a, b, ¢, a, b, ¢ contains the horizontal lozenge with lowest vertex (x,y)
i the oblique angled coordinate system. Then

a+b—1
ab

Popelz, = .
; 0., %0) a+c

The main ingredient for the proof is the symmetry of the Schur function.

Proof. For a fixed 0 < yg < a+ ¢ — 1 the sum in question is just the expected value
for the number of horizontal lozenges with its lowest vertex on the line y = y, in the
oblique angled coordinate system. First we show that the sum does not depend on .
For a fixed plane partition in an a X b X ¢ box, let N;(yo) denote the multiplicity of the
entry yo in the ith row of the plane partition. Then the number of horizontal lozenges
with its lowest vertex on the line y = 1 in a given lozenge tiling is equal to

> Ni(yo—a+1i)
=1

in the corresponding plane partition. If we add a — ¢ to every entry in the ¢th row
(1 < i < a) of the plane partition we obtain a plane partition with strictly decreasing
columns. Then the sum above is just the number of y,’s in this plane partition. The
content (p;)i>o of a plane partition is the sequence with

(; = number of i’s in the plane partition.

Fix a sequence (u;);>0 and an integer j > 0. Let v; = p; if ¢ # j,j + 1, v; = pjp
and vj11 = pj. By the bijection in [2, page 152] the number of plane partitions with
decreasing rows, strictly decreasing columns and content (u;);>o is equal to the number
of such plane partitions with content (1;);>0. Thus the expected value in question is
independent of yy. Now the assertion follows since the total number of horizontal
lozenges is equal to ab, i.e.

a+c—1 a+b—1

Z Z Pa:b,C(l'ay) = ab.
y=0 a=1

In our next lemma we compute the inner sum of (1.1).

Lemma 2. Let a, b, ¢ be positive integers and 1 < xog < a+ b — 1. Furthermore let
P,y (x0,Y0) denote the probability that an arbitrary chosen lozenge tiling of the hexagon
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with side lengths a, b, ¢, a, b, ¢ contains the horizontal lozenge with lowest vertex (x,y)
in the oblique angled coordinate system. Then

a+e—1 x 1 < 2y < min(a,b)
Z P.pc(ro,y) = ¢ min(a,b) min(a,b) < zo < max(a,b)
y=0 a+b—1zy max(a,b) <zg<a+b-—1

Proof of Lemma 2: For a fixed 1 < zp < a + b — 1 the sum in question is just
the expected value for the number of horizontal lozenges with its lowest vertex on the
vertical line x = xy. But this number does not depend on the lozenge tiling. OJ

Lemma 3. Let a, b, ¢ be positive integers and 1 < xog < a+ b — 1. Furthermore let
P.pc(x,y) denote the probability that an arbitrary chosen lozenge tiling of the hexagon
with side lengths a, b, ¢, a, b, ¢ contains the horizontal lozenge with lowest vertex (x,y)
in the oblique angled coordinate system. Then

a+c—1
at+c—1
Z Pa,b,c(xm y) (y - T)
y=0

(—a?—ab—ac+bctaxo+bro)x
e
ac(a+b—2x,
R GRS
—b*—ab—bc+ac+axg+bxg)(a+b—x
2(a+g) g Y oh<zy<a+b-1
if a < b and
a+c—1
a+c—1
Z Pupe(r0,9) (y - T)
y=0
(—a?—ab—ac+bctaxo+bro)x
oy 1 <4 <
—b(a+b+c)(a+b—2x
B P S
(P oab-betactantbro)athon) g < gp <a+b— 1
if a >b.
For the proof of Lemma 3 we need the following definition of an (n;ky, ko, ..., ky)-

array and the following lemma. Roughly speaking an (n;ky, ko, ..., k,)-array is the
bottom-left part of a plane partition 7" in an a X b X ¢-box with T'(i,7 4+ n) = k;, which
is dissected along the set of cells {(7,i +n),1 <i < a}.

Definition 1. For every two positive integers a and n define the following set of cells:
Fa,n: {(Z7j)|1 Szﬁa,l S.] §Z+n}

(See Figure 4.) Let (ki, ks, ..., ky) be a decreasing sequence of positive integers smaller
or equal to c. Then an (n; ki, ka, ..., kq)-array is an assignment T' of integers to the
cells in Iy, such that
(i) T(i,i+n) =k; for 1 <i<a,
(i) T(i,j) < c for all (i,5) € F,,, and
(iii) rows and columns are decreasing.
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FIGURE 4. F,, for a =12 and n = 6.

The norm of an (n;ky, ke, ..., ky)-array T is defined as
n(T)= Y T(ij).
(4,3)€Fan
Let A, (ky, ko, ..., kq) denote the number of (n; ky, ko, ..., kq)-arrays and

Sk, koo k) =Y > T(ij),

(i,)€Fam,
i+n#j

where the outer sum is taken over all (n;ky, ko, ..., kq)-arrays T.

Lemma 4. Let a and n be positive integers and let (ki, ko, ..., k,) be a decreasing
sequence of positive integers smaller or equal to c. Then

Sn(kl,kg, .. .J{a) 1 a
= — _1 ) )
Ap(ky ko, ka) 2 nac+(a+n—1)) k

=1

Proof: First we describe a bijection between (n; ki, ka, . . . , k,)-assignments and semi-
standard tableaux of shape (¢ — k4, ¢ — kq_1,...,c — k1) with entries between 1 and
a-+n.

Let T be an arbitrary (n; ki, ks, ..., k,)-assignment. In order to obtain the corre-

sponding semistandard tableau replace every entry T'(i,j) of T with ¢ — T'(i,7). We
obtain an assignment with increasing rows and columns. Every row of this assign-
ment is a partition, where the parts are written in reverse order. We conjugate these
partitions and write them right justified and in increasing order among each other.
Clearly the rows are weakly increasing but the columns are stricly increasing. If we
rotate this assignment by 180° we obtain a reverse semistandard tableau of shape
(¢ —kayc—ka—1,...,c—ky) with entries between 1 and a +n. Finally we replace every
entry e of this reverse semistandard tableau by a +n + 1 — e and obtain the desired
semistandard tableau 7”. This procedure is obviously reversible.
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The norms of the two corresponding objects are related as follows
(a+Da - :
n(T) =c an—i—T —(a+n+1) ac—Zki +n(T"),
i=1

where n(7") is the sum of the parts of 7".
Note that the statement in the lemma is equivalent to

Sa(T) .
T21 =3 (nac+(a+n+1)zki>’

where the sums are taken over all (n;ky, ko, ..., k,)-arrays T. Thus we have to show
that

2 n(T")

X 1 -
T =glac=Y k)(a+n+1),
;1 2 p

where the sums are taken over all semistandard tableaux T" of shape (¢ — kq,c —
ko_1,...,c— k) with entries between 1 and a + n or, equivalently, that

Y
TT=§<Z/\1) (a+1),

where the sums are taken over all semistandard tableaux T” of shape (Ay, Ao, ..., \)
with entries between 1 and a.
By Stanley’s hook-content formula [3, Theorem 15.3] we have

T

/ PIR2Y 1 —qgoter
n(T') _ = R
d "M== ] i (2.1)
T’ PEX
where the sum is taken over all semistandard tableaux 7" of shape A := (Ay, Ay, ..., \,)

with entries between 1 and a and the product is taken over all cells p in the Ferrer
diagramm of shape A. Furthermore h, denotes the hooklength and ¢, the content of
cell p. We observe that

!
S n(T) (z qn<T’>)
r iz 7
1 S @)

T T
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With the help of (2.1) we compute the derivative of >~ ¢™™")
T/

! r r

: . (Y id)—1yp 1 — g+  Yin
n(T") — . i= - - i=
(;q ) - (ZMZ>Q 1 11 =g 17

i=1 PEA

3 et @)1 g 4 (L gy
(1 —g")(1 —q*te)

PEA
_ qotcy
1L
Jex L—av
Thus
(an(T’))/ .,
T .
(lglir% S~ ) = Zz)\ + Z(a+0p—h)
T i=1 PEA
- ST -1y
=1
1 i + DA » NN = 1)
2 <Z 2 Z
=1 7j=1
(a—i—l)
=1
for
T 2N+ 1)
2)\1':
, 2
=1 7=1

are two ways to express the norm of the tableau of shape A\ and with constant entry ¢
in every cell in the ith row and

(A + DA
ZM’ ;72

are two way to express the norm of the tableau of shape A\ and with constant entry j
in every cell in the jth column. This concludes the proof of the lemma. 0

In the following FE(i,j) denotes the expected values of the entry in cell (i,7) of a
plane partition in an a x b X ¢ box.
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Proof of Lemma 3. If a < b we have

> (BEll,x—a+i)+a—i) 1<z<a
atc—1 i=lta—z
Z Pupe(z,y) y=1< 2 (E(i,z—a+i)+a—1i) a<x<b
o
S (Bli,z—a+i)+a—i) b<z<a+b—1
\ =1

. (BEi,xr—a+i)+a—i) 1<xz<b

Zpa,b,c(xay)y: Z (E(z,x—a+l)+a—z) ngéa

a+b—x
. (B(h,x—a+i)+a—i) a<z<a+b-1

\ =1

Thus, by Lemma 2, we have to show that

- b
Y E(ix—a+i)= cz
i=14+a—x a+
for 1 <z < min(a,b) and
a+b—x
h—
a+b

i=1
for max(a,b) < x < a+b— 1. Furthermore, if a < b we have to show that

a

ZE(i,x—a—i—i) =
i=1

for a <z < b and if b < a we have to show that

ac(la+b—x)
a+b

a+b—zx ber
Y Eli,x—a+i)= ;
i=14a—x a+

for b <z <a.
In the following we will only consider the case a < b for the other case is similar. Let

> E(l,x—a+i) 1<z<a
1=14+a—2zx

D(z) = ;E(i,x—a+i) a<zx<b

a+b—z
> E(i,x—a+i) b<z<a+b-1

. =1

Let 1 <x < a and G, be the following set of cells
Ge={(i,j)1 <i<a,1<j<bI\{(lhy—a+i)[l<y<z,l+a—y<i<a}l.
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(See Figure 5.) An z-partial plane partition in an a X b X ¢ box is an assignment
of the cells in G, with integers between 0 and ¢ such that rows and columns are
decreasing. Let (ky, ks, ..., k;) be a decreasing sequence of integers in {0,1, ..., ¢} and
let U(ky, ko, ..., k;) be the number of z-partial plane partitions 7" with T'(i,x —a+1) =
ky_qvi for all 4. Furthermore let N(a, b, c) denote the number of plane partitions in an
a X b x ¢ box. Then

1 X
D(z) = Nad) > 140(k1,k2,...,km)l](kl,kg,...,k$)zzzkg
(k1,k2,. k) i=1
for 1 <z <a. (See Figure 5.)
Thus
Hx)— ! > 2 So(ky, k ko) Uk, k ka)
x x _N<Cl,b,0) :L_(a:_1> O\N1y N2y e v vy g 1y 2y e v vy g
(k1,k2,..., kz)
x—1
1
D(y)

- @ y=1
D(x)

for 1 < < a by Lemma 4. By induction we obtain that the fraction == is independent

of x for 1 < x < a. By symmetry ail(i)m is independent of z for b < x < a+b—1. Thus
D(z) =z D(1) (2.2)

for 1 < <g and
D(z)=(a+b—xz)D(a+b—1) (2.3)

forb<zr<ag+b-—1.
Let a <z < b and G, be the following set of cells.

G, ={(,))1<i<a,1<j<b}\
{iy—a+ill<y<alta-y<i<aV(e<y<zl<i<a)
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(See Figure 6.) An z-partial plane partition is defined in the same way as above. Let

(k1,ka, ..., kq) be a decreasing sequence of integers in {0,1,...,c} and U(ky, ko, ..., kq)

the number of z-partial plane partitions 7" with T'(i,x —a +1i) = k; for 1 <i < a.
Then, by Lemma 4, we have (see Figure 6)

1
D(z) = — Apa(kr, by oo ) Ul Koy .| k;
(I’) N(CL, b, C) " kz:k | ( 1, 2 ) 1, 2 Z
158250 T
B 1 Z 28, a(ky, kay .o k) — Ap_a(k1, ko, .. ko) (x —a)ac
(a, b, c) o) (x —1)
XU(]{? ]fg,..., )
2 x_lD (r—a)ac
Cor—1 (x—1)

=1

<

_ 2 IZ_E D(y)+D(1)a(a+1) (x—a)ac

r—1 r—1 -1
y=a-+1

and therefore, by induction,
D(z)=xzD(1)— (z—a)c (2.4)
for a <z <b. On one hand we have
DOb)=bD(1)—(b—a)c
by (2.4). But on the other we have
D®b)=aD(a+b—-1)
by (2.3). Furthermore we have

D(1)+D(a+b—1)=E(a,1)+ E(1,b) = ¢
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by the involution on the set of plane partitions in an a x b x ¢ box with 7'(i,j) =
c—T(a+1—1i,a+1—j), where T(i,7) denotes the entry of the cell (i, 7). Thus

be
D(1) =
(1) a+b

and
ac

a+b
and the assertion follows by (2.2), (2.3) and (2.4).

D(a+b—-1) =

The proof of the following lemma shows that Lemma 3 is nearly obvious if we assume
a=b.
Lemma 5. Let m, n be positive integers and 1 < xo < 2n — 1. Then

nt+m—1 ( n+m—1) { %(mo—n)xo 1<z <n
e A
2

Z Pn,n,m(xm y) 2
y=0

Proof of Lemma 5: By Lemma 2 we have

ntm—1 1-n—m
n+m-—1 T 1<2<n
E Pn,n,m(x(]ay) <_ 9 ) = { ° 0
y=0

— (2n —xp) n<xy<2n-—1
Thus we have to show that

n+m—1 _
P ( ) _ %ml T 1<zy<n
nn,m\L0,Y) Y
y=0

%(271—%) n<zyg<2n-1

This sum is equal to

n

n+m—1 Z (E(Z,IO—H+Z)+H—Z) 1§x0§n
> Ponmlwoy) y =13 5.0 :
y=0 > (E(i,zg —n+1i)+n—1) n<zy<2n-1

i=1
where E(1, 7) is the expected value of the entry in cell (7, j) in a plane partition in an
n X n X m box. Therefore we have show that

. 1
Z E(i,xo—n+i):§xom if 1<z9<n
i=n+1l—xg

and
2n—xg

1
Z n—i= 5(2n—x0)m if n<wzy<2n-—1.
i=1
But this is obvious since E(i,j) + E(n+1—j,n+1—14) = m by the involution on the
set of plane partitions in an n X n X m box with T'(i,j) =m —-T(n+1—j,n+1—1),
where T'(7, j) denotes the entry of cell (i, 7). O

Finally we combine Lemma 1 — 3 in order to prove Theorem 1.
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Proof of Theorem 1: In order to calculate the horizontal moment of inertia we use

Lemma 2.

bl (ailp@b,e@,y)) (-2

=1

max(a,b)—1

Zi: ( “+b>+ 3 min(a,b)(w—a;b)Q

z=min(a,b)+1

a+b—1 2
b
+ E (a+b—x)(x—a;— )

r=max(a,b)

1 2
= Eab(a + b —2)

The vertical moment of inertia splits into 3 sums.

a+c—1 a+b—1 2
a+t+c—1 a+b
> Y Padten) (2(v- ) - (+-57)
y=0 z=1
at+c—1 [fa+b—1 2
at+c—1
45 (X o) (55
= =1
a+b—1 [a+tc—1
at+c—1 a+b
P> (z o (5= 25571 ) (- 25)
a+b—1 [a+c—1 2
a+b
S k) (-2 2
=1 y=0

The last sum is equal to the horizontal moment of inertia.
In order to compute the first sum in (2.5) we use Lemma 1.

at+c—1 [a+b—1 _1 2
4 Z < Z Pa,b,c(xvy)> (y - %)
y=0 =1
—4a+i1 < _a+c—1>2
a—+c 2

y_

1
:§ab(a—|—c—1)(a—|—c—|—1)

For the second sum in (2.5) we use Lemma 3.

4“*2”:1 (“il wbe (25 Y) (y—%c_l» (x— ‘“2”’)

1
= gab(—l +a® + ac — be)
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Thus
a+c—1a+b—1 2
a+t+c—1 a+b
> Y Paten) (2 (v- ) - (o= 25)
2 2
y=0 z=1

1 a+b—1 [a+c—1 a+b 2
= gabc(a +b+c)+ Z Z Pope(x,y) (37 - >
y=0

r=1

and the assertion follows. O
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