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NON-SYMMETRIC HALL-LITTLEWOOD POLYNOMIALS

FRANCOIS DESCOUENS AND ALAIN LASCOUX

A Adriano Garsia, en toute amitié

ABSTRACT. Using the action of the Yang—Baxter elements of the Hecke algebra on polyno-
mials, we define two bases of polynomials in n variables. The Hall-Littlewood polynomials
are a subfamily of one of them. For ¢ = 0, these bases specialize to the two families of
classical Key polynomials (i.e., Demazure characters for type A). We give a scalar product
for which the two bases are adjoint to each other.

1. INTRODUCTION

We define two linear bases of the ring of polynomials in z1, ..., z,, with coefficients in g.

These polynomials, which we call q-Key polynomials, and denote by U,,U,, v € N, spe-
cialize at ¢ = 0 into key polynomials K,,, K,,. The polynomials U, are symmetric polynomials
for v such that v; < --- < wv,. In that case, U, is equal to the Hall-Littlewood polynomial
Py, A being the partition [v,, ..., v1].

Our main tool is the Hecke algebra H,,(q) of the symmetric group, acting on polynomials by
deformation of divided differences. This algebra contains two adjoint bases of Yang—Baxter
elements (Theorem 2.1). The ¢-Key polynomials are the images of dominant monomials
under these Yang—Baxter elements (Def. 3.1). These polynomials are clearly two linear
bases of polynomials, since the transition matrix to monomials is uni-triangular. We show
in the last section that {U,} and {U,} are two adjoint bases with respect to a certain scalar
product reminiscent of Weyl’s scalar product on symmetric functions. We have intensively
used MuPAD (package MuPAD-Combinat [13]) and Maple (package ACE [12]).

When this article was written, the authors were not aware of the work of Bogdan Ion
3, 4], who shows how to obtain, from nonsymmetric Macdonald polynomials, Demazure
characters and their adjoint basis for an affine Kac—-Moody algebra. Hence our own work
should be considered as the part of the theory of nonsymmetric Macdonald polynomials for
type A which is accessible using only divided differences, and not requiring double affine
Hecke algebras.

2. THE HECKE ALGEBRA H,(q)

Let H,(q) be the Hecke algebra of the symmetric group &,,, with coefficients the rational
functions in a parameter q. It has generators T, ..., T, _; satisfying the braid relations

{nmm = T T\ Ti1,

1
T, =TT (| —i] > 1), M)
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and the Hecke relations
(T;+1)(T;—q)=0,1<i<n-1 (2)

For a permutation o in &,,, we denote by T, the element T, = T, ... T; where (iy,. .., i)
is any reduced decomposition of o. The set {T,, : 0 € &,,} is a linear basis of H,(q).

2.1. Yang—Baxter bases. Let s,...,s,_1 denote the simple transpositions, ¢(c) denote
the length of 0 € G,,, and let w be the permutation of maximal length.
Given any set of indeterminates u = (uq, ..., u,), let

Ho(Q)[ur, - .. un) = Hu(q) @ Clug, ..., uy).

One defines recursively a Yang-Bagter basis (Y),es,, depending on u, by

1—
Yy =YY" <T¢ + —q) ,  when {(os;) > (o), (3)

1- u0i+1/u0i

starting with Y, = 1.
Let ¢ be the anti-automorphism of H,,(q)[u1, . .., u,] such that

{ QO(TJ) = Ta—la
Sﬁ(uz) = Un—i+1-

We define a bilinear form <, > on H,(q)[uy,...,u,] by
< hi, hy > := coefficient of T, in hy - p(hs) . (4)
The main result of [8, Th. 5.1] is the following duality property of Yang—Baxter bases.

Theorem 2.1. For any set of parameters u = (uy,...,uy,), the basis adjoint to (Y.')secs,
with respect to <, > is the basis (Y*)ses, = (Yf(u))oegn. More precisely, one has

<Y}!, 1/}1,“ >=0) p foraloveG,.

Let us fix from now on the parameters u to be u = (1,q,4¢°,...,¢" ). Write H,, for
Hu(@)[l,q,. -, q" '], ~

In that case, the Yang—Baxter basis (Y;),cq, and its adjoint basis (Y, )sce, are defined
recursively, starting with Y, =1 = ﬁd, by

Yoo = Yo (T4 1/[K]y)  and Yo, =Y, (Ti+4"/[ky) ), tos;) > (o), (5)

with k = 0,11 — 0y and [k], = (1 — ¢")/(1 — q).
Notice that the maximal Yang—Baxter elements have another expression [2]:

Y, = Z T, and ?w = Z (—q)g("“’) T, .
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Example 2.2. For Hs, the transition matriz between {Y, }oes, and {Ty}ses, is

1 1
12 1111 5 =71
132 -1 - 1 == 1
e
213 |- - 1 44 1 1 7
231 | - - - 1 1
312 | - - - : 1 1
321 1
writing © - © for 0. Fach column represents the expansion of some element Y,.

2.2. Action of H, on polynomials. Let Bol be the ring of polynomials in the variables
x1,...,x, with coefficients the rational functions in q. We write monomials exponentially:
V=t al v = (vy,...,v,) €Z". A monomial z¥ is dominant if vy > ... > v,.

We extend the natural order on partitions to elements of Z" by

u <wv if and only if 2:(11Z —u;) >0 forall k> 0.
i=k

For any polynomial P in Pol, we call leading term of P all the monomials (multiplied by their
coefficients) which are maximal with respect to this partial order. This order is compatible
with the right-to-left lexicographic order, that we shall also use. We also use the classiccal
notation n(v) = O0vy + lvg + 2v5 + - - - + (n — 1)v,,.

Let i be an integer such that 1 <7 < n—1. As an operator on ol, the simple transposition
s; acts by switching z; and x;,1, and we denote this action by f — f®. The i-th divided
difference 0; and the i-th isobaric divided difference m;, written on the right of the operand,
are the following operators:

— Si xl — xl Si
ai:foﬁi::L , ﬁi:frﬁfﬂizzg.
Li = Liy1 Ti = Tit

The Hecke algebra H,, has a faithful representation as an algebra of operators on ol given

by the following equivalent formulas [2, 10]:

T, = U-1 = (—qui1)0i—1 = (1—quip/z)m—1,
5;% = 0 = (9131 - q$i+1) 0; = (1 - ql’z’ﬂ/xi)m )
Y, =V, = 0= (1+g9) = 0 (g1 — quy).

The Hecke relations imply that
02 =(1+q0, Vi=—(1+4¢)V; and O,;V; = V;,[J; =0 .
One easily checks that the operators R;(a,b) and S;(a,b) defined by
b—a—1], b—a—1],
[b— al, [b— alg
satisfy the Yang-Baxter equation
Ri(a,b) Riy1(a,c) Ri(b,c) = Riy1(c,b) Ri(a,c) Riyi(a,b). (6)

We have implicitly used these equations in the recursive definition of Yang-Baxter elements

(5).

Ri(a,b) =0; — ¢ and S;(a,b) =V,;+q
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This realization comes from geometry [5], where the maximal Yang—Baxter elements are
interpreted as Euler—Poincaré characteristic for the flag variety of GL,(C). This gives in
particular another expression for the maximal Yang—Baxter elements:

Y, = H (i — qxj) O, , Y, =0, H (xj; —qux;). (7)

1<i<j<n 1<i<j<n

Example 2.3. Let 0 = (3412) = $9535152. The elements Yzq12 and 573412 can be written as

q q q+¢
Yauro = Op (5 — —2— ) (O, - 2 ) (O, - 2% )
12 2( ’ 1+q)< : 1+q)( i 1+q+f)

S q q q+¢
Vair = Vo Vst —— ) (Vidt——) Vot L) |
e 2( ’ 1+q)( ' 1+Q)( ? 1+q+q2)

We shall now identify the images of dominant monomials under the maximal Yang—Baxter
operators with Hall-Littlewood polynomials. Recall that there are two proportional families
{P\} and {@,} of Hall-Littlewood polynomials. Given a partition A = [A;, Ay,..., \] =

(0mo 1™ .. ™), with mg=n—r=n—mj —---—m,, then
m;
=1 [Ia-4) P
1<i<n j=1

Let moreover dy(q) = [[o<i<, [[=1[j]s- The definition of Hall-Littlewood polynomials
with raising operators [9], [11, II1.2] can be rewritten, thanks to (7), as follows.

Proposition 2.4. Let A be a partition of n. Then one has
:E)\ Ywd/\(q>_1 :P)\(xla"'axn;Q)' (8)

The family of the Hall-Littlewood functions {@,} indexed by partitions can be extended
to a family {Q, : v € Z"}, using the following relations due to Littlewood ([9], [11, II[.2.Ex.
2]):

Q(...,ui,uiJrh...) = _Q(...,uiJrl—l,ui-‘,-l,...)+q Q(...,ui+1,ui7...)+q Q(...7ui+1,ui+1—1,...) if Ui < Uiy, (9)

Q(Ul,m,un) =0 if wu,<0 . (10)

By iteration of the first relation, one can write any (), in terms of Hall-Littlewood functions

indexed by decreasing vectors v such that |v| = |u|. Consequently, for any v with |u| = 0,

(), must be proportional to Qg o = 1, i.e., @, is a constant that one can obtain as the
specialization @,(0) (i.e., the specialization of @, at 1 = --- =z, = 0).

The final expansion of @, after iterating (9) many times, is not easy to predict. In partic-
ular, one needs to know whether (), # 0. For that purpose, we shall isolate a distinguished
term in the expansion of @,. Given a sum ) et ex(t)@y, call top term the image of the
leading term ) ¢,(t)Q, after restricting each coefficient c,(t) to its term in highest degree
in £.

Given u € Z", define recursively p(u) € Part U {—oo0} by

o if u #[0,...,0] then p(u) = —oc;
o if ug > uz > -+ > wu, > 0 then p(u) is the maximal partition of length < n, of weight
|u| (eventual zero terminal parts are suppressed);
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e p(u) = p(up([UQ, . ,un])).
Lemma 2.5. Let u e Z"™. Then

e ifu}0,...,0] then @, =0,
o ifu>10,...,0], let v=yp(u). Then Q, # 0 and its leading term is " Q, .

Proof. Given any decomposition u = «’.u”, one can apply (9) to v” and write @, as a linear

combination of terms @, with v decreasing, with |v| = |u”|. Therefore, if |u"| = 0, the last
components of such v are negative, all ()., are 0, and @, = 0.
If u>10,...,0] and u is not a partition, write u = [...,a,b,...], with a,b the rightmost

increase in u. We apply relation (9), assuming the validity of the lemma for the three terms
on the right-hand side:

Q...,a,b,... = _Q‘..,bfl,aJrl,... + q@..‘,b,a,... + qQ...,aJrl,bfl,...

Notice that the first two terms have not necessarily an index > [0,...,0], but that [...,a +
1,b—1,..]>10,...,0].

In any case, it is clear that p([...,6 —1L,a+1,...]) =p1 < v, p([...,b,a,...]) = p2 < v,
and p([...,a+1,0—1,...]) =v.

Restricted to top terms, the expansion of the right-hand side in the basis ()5 becomes

— ((qn(u)+a+1—b—n(v) +-4) Qv) + q((qn(u)+a—b—n(v) +--4) Qy) + q<(qn(u)—1—n(v) +-4) Qy) ,

where one or two of the first two terms may be replaced by 0, depending on the value of py,
or po. Finally, the top term of the right-hand side is ¢"®—"®)Q,, as desired. 0

Example 2.6. For v = [-2,3,2], we have

Qos2=(" -+ (" +¢" - -2 +1)Qu + (¢ — ¢* — ¢+ ¢9)Quu1,
and the top term is ¢*Q11, since 4 = (0(=2) + 1(3) + 2(2)) — (0(1) + 1(1) + 2(1)) and
[1,1,1] > [2,1], [1,1,1] > [3]. Notice that the coefficient of Qa1 is of higher degree.

3. -KEY POLYNOMIALS

In this section, we show that the images of dominant monomials under the Yang-Baxter
elements Y, (respectively Y,), o € &,, constitute two bases of Pol, which specialize to the
two families of Demazure characters.

We have already identified in the preceding section the images of dominant monomials
under Y, as Hall-Littlewood polynomial, using the relation between Y, and 0,,. The other
polynomials are new.

3.1. Two bases. The dimension of the linear span of the image of a monomial z” under all
permutations depends upon the stabilizer of v. We meet the same phenomenon when taking
the images of a monomial under Yang—Baxter elements.

Let A= [A1,..., \u], At > ... >\, >0, be a partition (adding eventual parts equal to 0).
Denote its orbit under permutations of components by O(\). Given any v in O(\), let ((v)
be the permutation of maximal length such that A {(v) = v, and let n(v) be the permutation
of minimal length such that An(v) = v. These two permutations are representatives of the
same coset of &,, modulo the stabilizer of \.
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Uzio = 2
U120 — IL’120 + IE210 U201 — 201 + IQIO
Ua—q/(1+q) Ui—q/(1+q)
__ 102 111 1 120 201 _ 021 111 1 201 120 1 210
Uroz =2 +( T Te® + 1t Uonn == T Tt
U012 +x102 —q— q+ 2 111 + :12120 _|_ x201 + leO

FIGURE 1. ¢-Key polynomials generated from ',

Definition 3.1. For all v in N", the ¢-Key polynomials U, and Uv are the following poly-

nom'éals.'
(Jv T;q ( xk) v ’ LAU T;q _Z)\)Anv )

where X\ is the dominant reordering of v.

In particular, if v is (weakly) increasing, then ((v) = w and U, is a Hall-Littlewood
polynomial.

Lemma 3.2. The leading term of U, and (71, 1s V. Consequently, the transition matriz
between the U, (respectively the U,) and the monomials is upper unitriangular with respect
to the right-to-left lexicographic order.

Proof. Let k be an integer and u be a weight such that u; > uxy;. Suppose by induction
that x* is the leading term of U,. Recall the the explicit action of [J;, is (concentrating only
on the two variables xy, Tj41)

20, = 2+ (1— t)(xﬁ—l,aﬂ 4t xa—l—l,ﬂ—l) +2*° 3>a
0, = (1+t)2”
PO, = t% 4 (t - 1)<xﬁ—1,a+1 R xa+1,571) Ft, a<f.

From these formulas, it is clear that for any constant ¢, the leading term of z* (Oy + ¢) is
(x™), and, for any v such that v < wu, all the monomials in 2V ({J;, 4 ¢) are strictly less (with
respect to the partial order) than (z*)%. O

Example 3.3. Forn = 3, Figures 1 and 2 show the case of a reqular dominant weight x*'°,

and Figures 3 and 4 correspond to a case, £?°°, where the stabilizer is not trivial. In thzs
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7 210
U210 =z

U201 — .’E201 o quIO

_a_ _a_
Votig Vitog
75 _ 102 111 201 q% 120 ¢° 210 73 _ o021 111 120 q% 201 >
Ue=a"+1-qz  —q - gz~ + = Ui =2 +(1-qz " —qz ™ — Jga™ + fqw

O

(7012 =(14¢)B— qf?mo

FIGURE 2. Dual ¢-Key polynomials generated from z2'.

2*/(1+q)

)

Ch

A Usoo = 22%°
L—q/(1+q) Lh—q/(1+4q)
Uozo = %% — qz°* + (1 — g)2***

th

)
2(g—1) e e
Usos = (1 — ¢)z®! + (1 — q)z°t + 2%°2 + a (g 110 _ 2020 _ 2200
002 = (1 —q) (1= q+1 q+1 1+gq

FIGURE 3. ¢-Key polynomials generated from z2°/(1 + ¢).
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Uzpo =

200
Va
Vi1
1
2200 0

qg+1

Tozo = (1 - q)a™® 4+ 2°% 4

lvz+q/(1+q) Vit+q/(1+q)

0
A
0

FIGURE 4. Dual ¢-Key polynomials generated from 2%,

200

lAfooz =(1- q)xon +(1- q)xml + 2% 4 (1- q)gtt110 + 2% 4 ¢
Vi

last case, the polynomials belonging to the family are framed, the extra polynomials denoted
A, B do not belong to the basis.

3.2. Specialization at ¢ = 0. The specialization at ¢ = 0 of the Hecke algebra is called the
0-Hecke algebra. The elementary Yang-Baxter elements specialize in that case to

Y.,

k2

YV, =T,=V: — i1 =7 (12)

Definition 3.4 (Key polynomials). Let v € N". The Key polynomials K, and l?v are
defined recursively, starting with K, = x* = K, if ¥ dominant, by

Ky, = K, 7; : Ky, = K, 7, fori such that v; > vy .

In particular, the subfamily (K,) for v increasing is the family of Schur functions in
x1,...,2T,. Demazure [1] defined Key polynomials (using another terminology) for all the
classical groups, and not only for the type A,_; which is our case.

Lemma 3.2 specializes to the following lemma.

Lemma 3.5. The transition matrixz between the U, and the K, (respectively from [/J\'v to I/(\},)
15 upper unitriangular with respect to the lexicographic order.
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Example 3.6. For n = 3, the transition matriz between {U,} and {K,} in weight 3 is
(reading a column as the expansion of some U,)

300 |1 - - - . . —q
210 | - 1 - - . . .
201 | - - 1 - . ) . _—q_
120 |- - - 1 - =1 g . .
mr{- - - -1 —q : -q  —q(g+1) ¢
02 |- - . . . 1 . . . .

030 | - - - . . . 1 .

021 | - . . . . ) . 1 . .

012 |- . . . . ) . . 1 —q
003 | - - - . . . . . . 1

and the transition matriz between {U,} and {K,} is

300 |1 - - . . —q : . (;gl)
210 1 ¢ ¢ R
: B R e B B CEaY 4 (a+ D)

201 . 1 . . —q . (;fn q> —q
2 9 3
A A
mj- - - -1 =g - —q q@+1) ¢
102 | - - . . . 1 . . —q —q
_ 2

030 | - - - . . 1 . . ﬁ
021 | - - . . . . . 1 —q —q
012 |- - - . . . . 1 —q
003 | - - - . . . . . 1

4. ORTHOGONALITY PROPERTIES FOR THE q-KEY POLYNOMIALS

We show in this section that the ¢-Key polynomials U, and [71, are two adjoint bases with
respect to a certain scalar product.

4.1. A scalar product on Pol. For any Laurent series f = oo, f;z*, we denote by CT,(f)
the coefficient fj.

Let
1—x;/x;
O := H 1# _
1<i<j<n = qzi/;
Therefore, for any Laurent polynomial f(zy,...,x,), the expression

is well defined. Let us use it to define a bilinear form (, ), on Pol by

<f,g>q=oT<fg* I1 i) (13)

1—qx;/xz;
1<i<j<n q ’/ J

where & is the automorphism defined by z; — 1/x,11_; for 1 <i <n.
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Since © is invariant under &, the form (, ), is symmetric. Under the specialization ¢ = 0,
the previous scalar product becomes

(f.9)=(f.9)|_,=CT (fg"‘ IT a- xi/%’)) : (14)

1<i<j<n
We can also write (f, g); = (f, gQ) with Q =[], (1 = qr;/z;) L

Notice that, interpreting Schur functions as characters of unitary groups, Weyl defined
the scalar product of two symmetric functions f, g in n variables as the constant term of

1
mfg"' 1T =i/
1,7:1F£]
Essentially, Weyl takes the square of the Vandermonde, while we are taking the quotient of
the Vandermonde by the ¢g-Vandermonde.
We now examine the compatibility of [J; and V; with the scalar product.

Lemma 4.1. For i such that 1 <i <n—1, O; (respectively V;) is adjoint to O,_; (respec-
tiwely V,,_;) with respect to (, ),

Proof. Since m; (respectively ;) is adjoint to m,_; (respectively 7,_;) with respect to ()
(see [7] for more details), we have

(sz'; g)q = <f7 g Q 7Tn—z‘(1 - qxn—i+1/xn—i>>
(1 — qTp—; 1/iUn—z')
= <f7 g = Q
(1= qrp_iy1/7p)
Since the polynomial Q/(1 — qz,_;11/%,—;) is symmetric in the indeterminates z,_; and
Tn_it1, it commutes with the action of m,_;. Therefore

(f|:|’L7 g)q = (fa g (1 - qxn—i-i—l/xn—i) Tn—3 Q) = (fa g Dn—i)q .
This proves that [J; is adjoint to [l,,_;, and, equivalently, that V; is adjoint to V,,_;. O

71-n—i(l - qxn—i-l-l/xn—i))-

We shall need to characterize whether the scalar product of two monomials vanishes or
not. Notice that, by definition,

(‘TU, x’l}) — (xufvw’ 1)7
so that one of the two monomials can be taken equal to 1.

Lemma 4.2. For any u € Z", we have (z", 1), # 0 if and only if [u| =0 and u > [0,...0].
In that case, (2, 1), = Qy(0).

Proof. Let us first show that the scalar products (2", 1), satisfy the same relations (9) as
the Hall-Littlewood functions @),,.

Let k be a positive integer less than n. Write z;, = y, x,+1 = 2. Any monomial " can be
written as a! y?2°, with 2! of degree 0 in x, x341. The product

2yt + )z —aqy) ]

1<i<j<n

1— ZEZ‘/?L‘]'
1 —qx;/z;
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is equal to

1—y/z
a. b b.a

yzr+yz)z—qy)—
( e

with Fy symmetric in y,z. The constant term CTy, . ...CT,, (z'(y*2° + y*2%)Fy) = Fy is
still symmetric in xy, x51. Therefore

CT, <C’TZ((2 — y)F2)>

By = (y*2" + 42 (2 — y) F,

is null, and finally

CcT (:L’t(y“zb + 42 (2 — qu) H il/xj) =0.

1<i<j<n 1 — qu/x;
This relation can be rewritten as
(yazbJrlxt7 1)q + <yb+1za+1xt, 1)q o q(berlZaiL't, 1)q - q<ya+lszt’ 1)q — 0 ’

which is indeed relation (9).
On the other hand, if u,, < 0, then there is no term of degree 0 in x,, in

I O =wifa) (1 —quifa)~,
1<i<j<n

and (z%,1) = 0, so that rule (10) is also satisfied.

As a consequence, the function u € Z" — (2%, 1) is determined by the values (z*,1), A
a partition, as the function u € Z" — @, is determined by its restriction to partitions.
However, for degree reasons, (2*,1) = 0 if A # 0. Since (2°,1) = 1, one has finally that

(z",1) = Qu(0). 0
Example 4.3. For v =[1,0,3] and v = (0,1, 3],
(@19, 2%0), = (@77 1) = Q2 -13(0) = (1 —g)(1 — ¢%) .

A~

4.2. Duality between (U,),en» and (U,)yenn. Using that O; is adjoint to O, _;, we are
going to prove in this section that U, and lz, are two adjoint bases of ol with respect to
the scalar product (, ),.

We first need some technical lemmas, to allow an induction on the ¢-Key polynomials,
starting with dominant weights.

Lemma 4.4. Let i be an integer such that 1 <1 <n —1, let fi, f2, g1 be three polynomials
and b be a constant such that

fo=f0+0), (fi,91)e=0 and (f2, g1)g=1.
Then the polynomial go = g1(Vy,_; — b) is such that

(fla g2)q =1 5 (f27 g2)q =0.
Proof. Using that V,,_; is adjoint to [J; and that [1;V; = 0, one has
(fa, 92)g = (i (@ +0), 91 (Vi = 0))g = (f1 (i +0) (Vs =), g1)q
= (fi(=b(1+q) — b2)agl)q =0.
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Similarly, we have

(f1,92)g = (f1, 91 (Vi = ))q
=(f1, 91 (0ni =1 —q—10))q
=(i@i+b—1—qg—2b), g1)g=(f2, 1) = 1.
O
Corollary 4.5. Let i be an integer such that 1 <i < n—1, let V' be a vector space such that
V=Vaoc< f1, f2 > with fo = f1(0; + b) and V' stable under O;, and let g1 be an element
with
(fi,91)g=0 and (fo, g1)g=1 and (v, ¢1), =0, forallve V'

Then the element go = g1(V,—; — b) satisfies

(f2, 92)g=0 and (fi, g2)g=1 and (v, g2)g =0, forallveV

Lemma 4.6. Let u and )\ be two dominant weights, and let v and p be two permutations of
u and N, respectively. If (zV, 2*) # 0 and (z*, 2*) # 0 then

u=X\ , v=>M and pU=uw.

Proof. Using Lemma 4.2, the conditions (2%, z*), # 0 and (2%, 2#), # 0 imply two systems
of inequalities:

)\17 Hn
)\1 + )\2, Hn, + Mn—1

Un,
(%% + Un—1

Uy ,

>
Z U1+U2,

>
>

and

UL+ ...+ Uy .

M+ A M+

Up + ...+ 1

The first inequalities of the systems give v,, > Ay > u, > uy > v,. Consequently u; = A\ =
Up = U,. By induction, using the other inequalities, one gets the lemma. 0

Corollary 4.7. Let v be a weight and \ be a dominant weight. Then,
(Umx)\)q - 51},)\w .

Proof. Let u be the decreasing reordering of v, and let o be the permutation such that
U, = 2"Y,. By Lemma 4.6 and the fact that the leading term of U, is x", the condition
(Y, ,x), # 0 implies (xV, 2*), # 0. By writing A, for the adjoint of Y, with respect to
(, ), we have (zvY, , 21), = (2%, 22, ), # 0. As the leading term of z*/A, is 27 | where
Mo’ is a permutation of \, we obtain that (%, 22 ), # 0. Using Lemma 4.6 we conclude
that v = \w. OJ

Our main result is the following duality property between U, and 171,.

~

Theorem 4.8. The two sets of polynomials (Uy,)penn and (Uy)yenn are two adjoint bases of
Pol with respect to the scalar product (, ),. More precisely, they satisfy

(U’U ) fj’uw)q = 5v,u .
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Proof. Let A\ be a dominant weight, and let V' be the vector space spanned by the U, for
v in O(A). The idea of the proof is to build by iteration the elements (U,),co() , starting

with 2* = U A. By definition of the ¢-Key polynomials, there exists a constant b such that
Urno = Uxws, (01 +b). One can write the decomposition V' = V'@ < Uny, Unos; >, with
V' invariant under the action of (J;. Using the previous lemma, we have that (Uy, , 2), =

(Urw (7)\)(1 =1 and (Unpo, s 70)g = (Urwoy ﬁA)q = 0. Consequently, by Lemma 4.5, the
function 2*(V,_; — b) = Uy, satisfies the duality conditions

(Unw ﬁxsl)q =0 , (Unoy, f]\,\sl)q =1 and (v, (7,\81)(1 =0 forallveV.
By iteration, this proves that for all u,v, one has (U, , ﬁuw)q = Oy - O

This theorem implies that the space of symmetric functions and the linear span of dominant
monomials are dual of each other, the Hall-Littlewood functions being the basis dual to
dominant monomials.

We finally mention that in the case ¢ = 0, one has a reproducing kernel, as stated by the
following theorem of [6], which gives another implicit definition of the scalar product (, ).

~

Theorem 4.9. The two families of polynomials (K,)penn and (K,)yenn satisfy the Cauchy
formula

S KR = [ —— (15)

1—zy;
ueN” i+j<n+1 iYj
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