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Introduction : from analytic continuation
to double regularization of polyzetas at negative multi-indices



Polyzetas with complex multi-indices
C()_Z”S_l/mw seN,s>1
$)= T(s) Sy e -1 o

n>1
Riemann extended ((s), on
Hi = {s € C|R(s) > 1},
as a meromorphic function. This series converges absolutely in H;.

In the same vein, for r € N, the polyzeta
1
C(Sl,...75,): Z ﬁ, 51,...,5,6((7.
.o.n;

n>...>n>0 1
converges absolutely in
H, =A{(s1,...,8)€C|Vm=1,....r,R(s51) + ...+ R(sm) > m}.

After a theorem by Abel, it can be obtained as
C(s1y--.y8) = zlinl Lis . s (z)= lim Hy . (N),

N—+oco

where, for any z € C,|z|< 1 and N € N,

. Z z™ Z
L151,~-~,5r(z) = S1 Sp HSl,m,Sr(N) = S1 Sr
ny...n; nt...n;
m>...>n>0 N>n>...>n>0
which are well defined for (s1,...,s,) € C".

To find a structure for {((s1,...,5)}(s,,....s)en, ?



Encoding integer multi-indices by words
Let X*, Y* and Y{ be the free monoids (admitting 1x+, 1y~ and
ly; as units) generated respectively by X = {xo,x1}, Y = {¥k }k>1
and Yo=Y U {yo}
Let LynYy, LynY and LynX denote the sets of Lyndon words
respectively over Yp, Y and X, totally ordered by

Yo >y1>y2, - and  xg < xi.

The length and the weight of w = ys, ...ys € Y* or Y (resp.
Xs, ... Xs, € X*) are respectively |w|=r, for Y* or Y, (resp. X*)
and (w) =s; +...+s,, for Y* and Y§.
> (s1,...,5)EN Sy ..y € Y5
> (s1,-.,8)EN] S ys .y €YF gxgrlxl .. .xg’_lxl c X*
8%

For s; > 1, the associated words in xoX*x; or (Y — {y1})Y*
are said to be convergent.

For r > k > 1, a divergent word is of the following form

k k X k. sk+1—1 s—1
({1} ,5k+1,---,5r)<—>)/1}/sk+1--~Ys,7r—X1X0+ X1...Xy X1
Y



Indexing polylogarithms and harmonic sums by words
For (s1,...,s,) € N,

LiSh...7sr(Z) - Liysl"'ysf (Z) - Lixgliln...xgrilxl (2)7
H517.“7S’(N) - Hysl“'ys’(N) = nglilxy.,xg’iln(lv)a
C(Sla---vsr) = C(ysl...ys,) = C(Xgl_lxl-..XS’_lxl)

Z = QQ-algebra generated by convergent polyzetas.

How can we extend the following isomorphisms of algebras
Lie : (C(X),m, 1x+) — (C{Liw twex»,- 1), u— Li,,
H, : (C{Y), w,1y+) — (C{Hy }wey~,-, 1), u— H,.
respectively over! (C™H(X)), 1, 1x-) and (C=H(Y)), 1, 1y.)?

For (s1,...,s,) € N/,

Li, ,(2) = Lig  s(2) = >  onf..nyzm,
nm>...>n>0
H;slmys,(N) = Hog . —s(N) = Z nit...ny,

N>n;>...>n>0
CWsy oY) = C(=s1,...,—5) < Z n...ny.
n>...>n>0

et (X)) (resp. C™(Y) the closure of C.X (resp. C.Y) by scaling and
{+, conc, *}. They are also shuffle (resp. stuffle) closed.




Continuity over Chen series



Continuity and growth condition (1/2)
For i=1,2, let (K, ||.]|;) be a semi-normed space and g; € Z.
Definition (continuity and indiscernability, HNM, 1990)
Let CI be a class of Ky (X)) (CI C K1{(X))) and S € Ky((X)).
1. S is said to be continuous over Cl if, for any ® € (l, the sum
2wex= (S, [[{®[w) ][, is convergent.
We will denote (S | ®) the sum > . (S|w)(®|w).
Ko (X )CONt = set of continuous power series over (/.
2. S is said to be indiscernable over CI iff, for any ® € Cl, (S | ®) = 0.

Definition (growth condition, HNM, 1990)
Let x1 and x2 be real positive morphisms over X*. Let S € K;((X)).

1. S satisfies the x1—growth condition of order gy if it satisfies
JK e Ry, Ine N,Vw € X2, [|(S|w)|, < Kxa(w) [w]ie,
We denote by K{**€) (X)) the set of formal power series in Ky (X))
satisfying the x;—growth condition of order gj.

2. If S is continuous over Kgxz’gz)«X» then it will be said to be
(x2, &)-continuous. The set of formal power series which are

(X2, 8)-continuous is denoted by K{¥*8) (x)cont,



Continuity and growth condition (2/2)

Lemma
Let x1 and x» be real positive functions over X*.

Let gy and g» € Z such that g1 + g < 0.

1. Let S € K8 (X)) and let P € Ky (X).
The right residual of S by P belongs to KgXI’gl)«X ).

2. Let R e K& (X)) and let Q € Kp(X).
The concatenation QR belongs to K& ((X).

3. X1, X2 are morphisms over X* satisfying . x1(x)x2(x) < 1.
IF Fy € KO8 (XY (resp. Fy € KO € (X)) then Fy (resp. F») is
continuous over K& (XY) (resp. K{"8)((X)).
Lemma
Let CI C K1 (X)) be a monoid containing {e™}
Let S € Ky((X))cont,

tekK;
xeX -

1. If S is indiscernable over Cl then for any x € X, x<S and S > x
belong to Ko (X)€" and they are indiscernable over Cl.

2. S is indiscernable over Cl if and only if S = 0.



Iterated integrals and Chen series
Q : simply connected domain in C. X ={xi}i=0,..m <> {wi}i=0,..,m-
An iterated integral associated to w = xj, - - - x;, € X™, with respect to
{wi}i=o,..,m along the path z ~» z in Q, is defined by aZ (1x~) = 1q and

oz (w) = /w,-l(s)ag(x,-z...x,-k):/Zw,-l(zl).../Zkilw,-k(zk),

Zp p4)
Z0~Z
where (20,21 ..., 2k, Z) is a subdivision of zy ~ z.
For any u,v € X*, o (umv) = o (u)aZ (v) (Chen’s lemma, 1954).

For any R,S € C™((X)), one has (subjected to be convergent)
% (R)= Y (RIw)az,(w),  af(RmS) = aZ,(R)az,(S).

weX*
Chen series? :  Cyony = Z az (w)w = H exp(az, (S1)Pr).
weX* leLynX
(DE)  dCpyny = M(2)Cpyrz, where® M(z) = (wo(2)x0 + - - - + Win(2)Xm)-
Lemma

Let R € C™'((X)) of linear representation (p, j1,v) of dimension n. Then,
for any w € X*, one has | (R|w)|< n?||pl|" | u(w)||"" |||

2AHI Czowz = Lzgez & Czowz-

3AmM(z) = M(z) ® 1x+ + 1x+ @ M(z).




Set of exchangeable power series, Cex. (X))

Here, X = {x0, -, Xm}. The power series S belongs to Cey. (X)), iff
(Vu,v e X*,x € X, |ulx =|v|x) = (<5| > (SIv)),

; . xo)’° .oz (x,,,)"m
— Io 1 )
S= E Si,eeeyimXg M. . IIX = a E iy

i0yeeeyim>0 o >0 iol ... im!
(Fliess, 1972).
Let (Cg)ttc << >> = Crat <<X>> ﬂ (Cexc <<X>> It is shuffle closed.

Lemma

L CELX) = C*(xohmr. .. mC* ((xm)).
2. For any x € X, one has* C™((x)) = spanc{(ax)*mC(x)|a € C}.

3. The family {x3,...,x%} is algebraically independent over
(C(X), 1, 1x+) within (C**({(X)), m, 1x+).

In particular, for X = {xp, x1}, the module (C(X),mx, 1x+)[x5, %7, (—x0)"]
is C(X)-free and {(x¢)™kur(x; )W} (NEZXN forms a C(X)-basis of it.

Hence, {wm(xg )™ <m(x; )m’}vfe/X%ZXN is a C-basis of it.

*Am(ax)* = (ax)* ® (ax)*.



lterated integrals and power series over X = {xg, x }
Q:=C— (] —0,0]U[1,+00[) and wy(z) := dz/z,w:1(z) := dz/(1 — z).
Let () and ~1(e) be the circular paths of radius ¢ encircling 0 and 1
clockwise, respectively. In particular, vo(c, 3) = ce'® ~ ce' C 7(2)
and 71(e, 8) =1 — g ~ 1 — et C 74(c), where B = 1 — So.
Setting z = ce'” and using (DE), one has

dC=p) . cetfx dCy,(-.5) [ eefx
dﬁ - <X0 + 1_ eiﬁ) CVO(Eﬁ)’ dlﬁ =1 1 — ceif +x C"Yl(f;/a’)'

Lemma
For any i = 0,1 and w € X*, one has | (C,,(- g)|w) |< elhs | w11,
Therefore, C., (- 5) = €7 + o(c) and C,, (o) = e*™ + o(c).

Theorem (HNM, 1995)
Let R € C™((X)) of linear representation (p, u,v). Then

05 (R) = (R Cow) = T eplaz(SutP))

leLynX

Example

aZ (Chg x5 (—x0)*]) C spanc{z"(1—2)~
(Chg X, (—x0)*ITIC(x1)) C spanc{z(1 — 2)~ log™ (1 — 2)~ 1)} A=,
(ChG ) (—x0)*JIIC(X)) C spanc{zX(1 — 2) ' Liy ()} S5

I UNEZXN _. ¢

a
oz



Double regularization of polyzetas at negative multi-indices



First global renormalization of divergent polyzetas

= Z Li, w = H elis Pr_ Zy = H &SSP

weX* leLynX leLynX—X
= E H,w= IZ[ er/n’, Ziy = H eC(Z/)l‘l/.

wey* leLynY 1eLynY —{y1}
L, Zy, are group-like, for Ay, and H, Z ., are group-like, for A 4.

Theorem (Abel like theorem, HNM, 2005)
1 :|7TyL(Z) = I|m exp {ZHW
—Z k>1

For any w € Y*, there exists a;, b;j € Z and vy, «j, Bi,j € Z[7] such that
(Costermans, Enjalbert, HNM, 2004)

lim exp {—yl log } H(N) = 7y Zy.
z—1 1

. log'(1 -z
Lir,w(z Z a; log' (1 — 2) + (Zy|mxw) + Z bi’j(gl(—z)i)’
I€N+aJEN,
and H,, Za Iog + Z Bi |0g
N~>+oo i Tw iJj
ijENL

Example
Lip1(z) = ((3)+(lfz)|og(lfz)717l(lfz)logz(lfz)nL(l72)2[7llog2(172)+%Iog(lfz)]+.4.,
Hy 1 (N) = ¢(3) — (log(N) + 1+ )/N + log{N)/2N + ... '
Liy o(z) = 272((3)7C(2)|og(172)72(17z)|og(lfz)+(lfz)log (1) el=a)  leloa)y
Hia(N) = ¢(2)7 — 2¢(3) + ¢(2) log(N) + (¢(2) +2)/2N + .

C(2)~ .94948171111498152454556410223170493364000594947366 . . .



Euler-Mac Laurin constants associated to {¢(w)}wey, v+
The map 7, : (C{Y), w,1y.) = (C,.,1) is a character and its graph

Z, = E YwW,

weyY*

as generating series, via w-extended Friedrichs criterion, is group-like.
Abel like theorem and s -extended Schiitzenberger factorization yield

Z, = B(y1)myZu, or equivalently, w = B'(1)ryZy  (HNM,2009),

where
_ (—y)* )
B(y1) = exp|vy1 — Y _ (k) | and B'(y1) = exp| - ST ¢k)
k>2 k>2
Hence, for k € N, w € Y™, one has (Costermans, HNM, 2005)
Ky _ (D o S\ S\
(Zy) = > M(—/)l(—z S Gl B

5k>0,514.. +ksk k .
1

<Zw\y1kW>:ZCXO[ ) el

where the B;;'s are Bell polynomials.

Bis(—C(2).2(3). . .)),

j=1



{Li, }wey; and {H, }wecy; as polynomials
Theorem (Bui, Duchamp, HNM, Ngd, 2014)
L. {Lij, }k>o (resp. {H;, }x>0) are linearly independent.
2. Forwe Y§, Li,(z) € Z[(1 — z) "} € C and H,,(N) € Q[N] of

degree |w| +(w). Hence, there exists B,, € N, C,, € Q s.t.
H,(N) o Co N and - iy, (2) =3 B, (1 —2) M=),

Co= I +IvD™ and B, =(w|+(w))C,.

w:uv,v;élyo*

Example
Hyo, (N) = N(N? —1)(12N° + 15N + 2)/120,
HoL(N) = N(N—1)@2N + 1)(2N — 1)(5N + 6)(N + 1)/360,
Y2
(M) = NN —1)(N+ 1)(30N* 4 35N3 — 33N2 — 35N + 2)/840,
e (N) = N(N — 1)(N +1)(63N° + 72N* — 133N — 138N + 49N + 30)/2520.
Liy(z) = —(1-271+51-272-71-2)"3+301-2)7"%
Y1
Lip,(z) = (1-2)7 1 11(1—2)72 4311 —2) 73 =331 — 2) " + 12(1 — 2) 75,
Lip (2) = (1—271-91-272+231-2"3-231-2)""+81-2)""
1Y2
w Cy B, w Co B,
1 1 m+n+1
Yoo | wpx | ™ YmYn Gr(mEnt2) ntmi ("1
v 1 1 Vayays . 12960
v I 1 Yay10Y2 [ 0686476800
Vi i 3 | Vdyaysyn - 4167611825465088000000




Second global renormalization of divergent polyzetas

’:ZLi;W, H*::ZHVT,W, C’::ZCV;W.

weYy we Yy weYy
Theorem (Second Abel like theorem)
lim A L((1 - 2z) ) ®Li(z) = lim T (N)oH (N)=C",

z—1 N—+oc0
where
AE) = > (w)+ w1 M and T(2) = )Y eIt

we Yy we Yy
Moreover, H= and C~ are group-like, respectively, for A ., and Ap.

Theorem (Section orbit theorem)

1. The following maps are surjective morphisms of algebras
Hy (Q<Y0>7 uu) — (Q{H;}WGYo*ﬂ')ﬂ w >—>H;,
Li;, @ (Q(Yo), T) — (Q{Li,}wevy,-), wi— Li
where T is a law of algebra in Q(Yy) not dualizable.

Moreover, ker Hy = ker Li; = Q{w — wTlys|w € Y{}.

2. Let T : Q(Yo) x Q(Yy) — Q(Yo) be a law such that Li, is a
morphism for T' and (1y: T'Q(Yo)) Nker(Li, ) = {0}.

Then T' = go T, where g € GL(Q(Yp)) such that'Li, og =-Lij .




Bi-integro- dlfferentlal algebra C Liy }wex
Let \(z) := z(1 — z)~!. Let us equip C{Li, }wex- with the basis
B = (Z Llwq( )LIX (z ))(k,n,u)erNxx*

U (=2 Livs, (2) Lisg(2)) 1m0 )N xx:

U (2" Lie(2)(kmezxn U (1 — Z) "Lise (2)) 1, myen+ xiv
and let us define ind : B — Z by ind(z%(1 — z)~ ’L1X0 (z)) = k and
ind(zK(1 — z) 7' Liyg (2) log"(2)) = k + |uxy|.

Lemma
Let us consider the following operators over C{Li,, } yex~
d d z z
h=(-2T b=z u(f) :/0 F(E)wr (1), o F) = / F(s)wo(s).
where, zo = 0 if ind(b) > 1 and zy = 1 if ind(b) < 0. Then
1. C{Liy }wex~ is closed under the action of {6y, 01, t0,t1}.

2. The operators {0, 01, 10,11} satisfy in particular,
Vk =0,1,0kx =1d and 601+ 6y = g&l,oog] = 62,
[90L1,91L0] =0 and (90L1)(91L0 = ( 1L0)(90L1) = Id.
3. Oty and 611o are scalar operators within C{Li,, }wex+, with
eigenvalues \ and 1/, i.e. (6pu1)f = Af and (0100)f = F /.
Let 3, © be the algebra morphisms C(X) — Endc(C{Liy }wex~) defined
by S(1xw«) = O(1ly-) =1Id and S(vx:)) = (v and ©(vx:) = O(v)0:.



Towards indexing polylogarithms by rational series

Theorem (extension of Li,)
Lie : (Clxg JmC[(—x0) JmClxq JmC(X), m, 1x- ) —  (C{Liwbwex-, %, 1),
T — S( T)].Q.
Li, is surjective and ker Li, is the ideal generated by xjmx; — x;" + 1.
By linearity and continuity, Li, can be extended over C™*((X)) as follows

with S =Y "(Sgg+>. Y. (Sw)w

n>0 k21 we(xgxu)kxg
S
02(5) =3 T8 (1og(2) ~tog(z) + D T (Slwaz,(w).
n>0 : k>1we(xgxi)oxg
one defines . <S|x0 )
Lis(z) = Z 2)+> > (SIw)Liw(2).

if convergent
( g ) n>0 k>1 we(xgx1)kxg

As an orbit operator, & can be extended over CI2 (X)) and the previous

extension of Li, is valid for C(X)mC[x§]mC[(—xo)*]mC[x;] and
CX)mCE (X)) -

S(C(X)mC[xg JmC[(—x0)*JmC[x{])1q = spang {za(l — z)*bLiW(z)}
= C{LiW}WEX*S
S(C(X)mCEE (X)) 1q = spang {z?(1+ 2)>Liy(2)}

exc

acZ,beN
weX*

a,beC
WEX* ~



Examples

For any a, b € C, one has of((axp)*) = z? and of((bx1)*) =

Then®

L Lig(2) = S(xg)1la(z) = 2,
Lixl*(z) =S(x)la(z) =(1-2z

/\v
,_.

Dio(2) = (v ) Yle) — 2(1— 2)
2. Forany i € Ny and x € X, since (x*)™ = (ix)* then
Ligm(2) = S()")az) = 2
Li(xymi(2) = ( x.l*)m’)lg.(z) = (1 — z)_’..
Liggymimegym(2) = S((g)Ym(q)")le(z) = Z(1-2)7"

3. Forae C,x € X,i € Ny, since (ax)* =

i—1

Li(axo)*i(z) = (\\S:((BXO =2z Z

k=0

Li)(2) = 3((2) ") 1a(z) = (1_12) i(;%(

®For any ¢, c1 € C, one also has (coxo + c1x1)* =

(1-2)"b

(ax)*m(1 + ax)'~! then

(e

(CoXo)*Ul(Cle)*.




Example

51 S1+so—ky (5(511::5:)771) s s + s k
. 1 1 2 — A1
o = 5 By aeaay
ki=0 k=0 k=0
S]+...+Sr7k17...7kr_]_ k k,
( . ).,

\z), if k=0,
k:
1 l N P
EZSQ(/(,‘,])]!()\(Z))J, if k>0,
=

where Sy(k;, j) denote the Stirling numbers of second kind.
Hence, Li = Lir = $(F)1lq, where F is the following exchangeable

OoMz) =

. 1Y
rational series

((51+»-»+57)*) r r—1

51 sits—k kp+..tkp—q - .

1 S1tS2—Ki s 51—|—52—k1 ZS, Zk,
F = E E C E K K o=t i=1

k=0 k=0 k,—0 1 2 kr
Fklﬂl N H_IFk,7

Xf —1x*, if k,'ZO,

ki
P = xm S Salk )06 — 1 )™, i k> 0.
j=1



Double regularization of {((—s1,..., —5/)}(s.....5)enr
Li_y(z) = Li,(z) = Lig(z2) =2(1 —2) >~ (1 —2) 2, for z— 1.
H_1(N) = H,, (N) = Hpy(r))(N) = N(N+1)/2 ~ N2/2, for N — +oo.
Then Li_; can be encoded by Ry = (2x1)* — X7

More generally, for any k > 1, there exists Rx € C[x;] such that
Li_x(2) = Li;k(z) = Lig, (2) ~ k!/(1 — 2)k*1 for z— 1.
H_((N) = Hy (N) = Hy\(g,)(N) ~ N*1/(k + 1), for N — +oc.

Let CUJ : ((C<X>7H17 1X*) - ((C771) and Yo - ((C<Y>7 e, 1Y*) - ((Ca X 1)

be the morphisms, satisfying (u(/) = vy = ¢(/), | € LynX — X, and
Cu(x) = f.p.o 5 Liy(2) 0, {(1- ZI)J"" log®(1/(1 — 2))}aezben

Iy = f'p'N—>ooH}’1(N) Vs {Na log N}GEZJ?EN'

How to extend (i and e respectively over (C(X)mC[x;], 1, 1x~) and
(C(Y) = Cly], w, 1y-)?

—t n
my(ta)" =Y (1) and Hey(q)r = > Hyt" =exp <— ZHY(,,)>

k>0 n>0 n>1

Theorem (Double regularization at negative multi-indices)

(00} =1 10 oy =00 = LX) =

n>2



Euler-Mac Laurin constants {7_s, .. s }(s,.....5,)eN"
Since

Li_17_1 = - lel* +5 Li(le)* —7 Li(3><1)* +3 Li(4x1)*7
Lis 1= Lix* —11 Li(2X )* +31 Li(3X1) -33 Li(4X1) +12 Li(le)*7
Liy 5= le* =9 Li(2x) +23 Li(3x)» —23 Li(45,)« +8 Li(s,,)*,

Hoq 1= —Hzy () + 5Hry ((2x)%) = THay ((34)) + 3Hary ((40)*);
v () — 11Hry ((2)7) T 31 Hay ((3x)%) — 33Hry ((4x0)7) + 12Hz, ((50)-
Ho1 2=Hzr, () = WMy ((20)7) T 23Hay ((3)%) = 23Hry ((4x1)7) + 8Hay ((5%)%)-

As a consequence,

Y11 = —T7H2)+5M4(3) —7r~1(4) +3r-1(s)
= 11/24,

Yoo1 = T7Y2)—11r~*(3) +31r—1(4) — 33r—(5) + 12r ()
= —73/120,

Y12 = T7H2)—or—%(3) +23r—1(4) — 23r—*(5) + 8r-*(6)

= —67/120.



One more extension of Li,

Theorem
L S(CEL(XN)1a = spanc{z°(1 - 2)°}a pec-
2. The family {z3(1 — 2)’}  (<mp<nju is a linear basis.

(Ry)>0 and o<m)<1}
3. The following map is surjective and its kernel contains the ideal
generated by xjmx{ — x{" + 1,
Lie : (C(X)mCEL(X),m, 1x:) = (C{z(1 - 2) Liw},
T — (\\S( T)].Q.

a,beC
weEX* ) 7 l)a

4. The family {Li, }wex- is free over C{z?(1 — 2)b}, hec.

5. C{z*(1 - 2)b Liw}a"bEC is closed under the action of {6, 01, Lo, t1}.

weX*
For any s;,...,s, € C", one has
LO(Llsl, .5, ) Lisﬁ—l,...,sr and Ll(Lisl,...,s,) Liy S1yeeesSrd
Oo(Lis,,...s,) = ALis,...s, and 61(Lis,.. ) =Lis, s, if s =1,
Oo(Lis,,...s) = Lig 1,5 and 01(Lis ) =Lig-1..s /X ifsi#L

THANK YOU FOR YOUR ATTENTION



