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Operads of decorated cliques II: Noncrossing cliques
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ABSTRACT. A complete study of an operad NCJf of noncrossing configurations of
chords introduced in previous work of the author is performed. This operad is
defined on the linear span of all noncrossing Jf-cliques. These are noncrossing
configurations of chords with arcs labeled by a unitary magma Jf. The magmatic
product of Jf intervenes for the computation of the operadic composition of -
cliques. We show that this operad is binary, quadratic, and Koszul by considering
techniques coming from rewrite systems on trees. We also compute a presentation
for its Koszul dual. Finally, we explain how NC . allows one to obtain alternative
constructions of already known operads like operads of formal fractions and the
operad of bicolored noncrossing configurations.
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17 INTRODUCTION

Noncrossing configurations of chords on regular polygons are combinatorial
objects appearing in various contexts (see for instance [FN99; CP92; DRS10; PR14]).
A simple generalization of these consists in allowing several colors for the arcs of
the configurations. This has been considered in previous work [Gir20] of the author,
where the arcs are labeled by elements of a unitary magma Jf. More precisely,
given a unitary magma J1, Gy is the set of regular polygons p where all possible
arcs of p are labeled by elements of Jf. When an arc is labeled by the unit 1 4 of
M, it is considered as missing, so that the notion of noncrossing configurations
makes sense. More precisely, noncrossing configurations have no diagonals
labeled by elements different from 1 5 crossing another such diagonal. These
objects have been named noncrossing Jf-cliques and are the main combinatorial
objects studied in the present article.

The linear span CJf of all Jf-cliques (by relaxing the noncrossing condition)
over any field of characteristic zero forms an operad with rich algebraic and
combinatorial properties, introduced and studied in [Gir20]. The operad structure
added on these objects allows one to compose two Jf-cliques p and q by gluing
a special arc of g (called the base) onto a selected edge of p. The magmatic
product of Jf encodes how to relabel some edges of the resulting Jf-clique. We
showed in this previous work that the subspace NC I of CJf generated by all
noncrossing Jf-cliques forms a suboperad of CJf. The purpose of the present
paper is to perform a complete study of this operad. A first particularity of NC 1
motivating this objective is that it has a special status among all the suboperads
of CJL. Indeed, if Jf is nontrivial, then CJ1 is not a binary operad, and NC ¥ is
precisely the biggest binary suboperad of C.

Let us now give an overview of the main properties of NCJf and the main
results contained in this article. First, by considering the dual trees of noncrossing
M-cliques, we can view each noncrossing Jf-clique of NCJf as a Schrdder tree
(an ordered tree where all internal nodes have two or more children) with edges
labeled by JI satisfying some conditions. Under this point of view, NCI is an
operad of such Schroder trees endowed with a composition operation which is
essentially a grafting operation with a relabeling of edges or a contraction of
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edges. As a consequence of this alternative combinatorial realization of NCJJ,
we obtain a formula for its dimensions involving Narayana numbers [Nar55]. To
complete the study of NCJJf, a natural and important question is to exhibit one of
its presentations by generators and relations. In order to compute the space of
relations of NC 1, we use techniques of rewrite systems of trees [BN98]. Thus, we
define a convergent rewrite rule — and show that the space induced by — is the
space of relations of NCJ1, leading to a presentation by generators and relations
of NCI. As an important consequence, this proves that NCJf is always quadratic,
regardless of Jf. The existence of such a convergent orientation of the space of
relations of NCJf implies also by [Hof10] that this operad is Koszul.

We also study some structures related with NCJf. This includes the sub-
operads of NC I generated by some finite families of bubbles (the latter being
noncrossing Jf-cliques with no diagonals). Under some conditions on the consid-
ered sets of bubbles, we can describe the Hilbert series of these suboperads of
NCJZ by a system of algebraic equations. We give two examples of suboperads of
NCJI generated by some subsets of triangles, including one which is a suboperad
of NCDy (Dy is the multiplicative monoid on {0,1}) isomorphic to the operad
Motz of Motzkin paths defined in [Gir15]. Moreover, since NCJf is a binary and
quadratic operad, its Koszul dual NC 7' is well-defined (cf. [GK94]). We compute
its presentation, present an algebraic equation for its Hilbert series, give a formula
for its dimensions, and establish a combinatorial realization of NC ' as a graded
space involving dual Jf-cliques, which are Jf*-cliques with some constraints for
the labels of their arcs.

Furthermore, by selecting appropriate unitary magmas J, it is possible to
provide alternative constructions of already known operads as suboperads of NC 1.
We hence construct the operad NCT of based noncrossing trees [Cha07; Ler11],
the suboperad &%, of the operad of formal fractions &% [CHN16], and the operad
of bicolored noncrossing configurations BNC [CG14]. As a consequence of this
last construction, all the suboperads of BNC can be obtained from the construction
NC. This includes for example the operad of noncrossing plants [Cha07], the
dipterous operad [LRO03; Zin12], and the 2-associative operad [[LRO6; Zin12].

This text is organized as follows. Section 2 sets our notations about trees,
syntax trees, rewrite rules on trees, free operads, and Koszul duality of operads.
In Section 3, we perform the aforementioned study of the operad NCJf and in
Section 4, of NC7'. Finally, in Section 5, we use the construction NC to provide
alternative definitions of some known operads.

This paper is an extended version of [Gir17], containing the proofs of the
presented results. It is also a sequel of [Gir20].
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GENERAL NOTATIONS AND CONVENTIONS. All the algebraic structures of this article
have a field of characteristic zero K as ground field. For a set S, K(S) denotes
the linear span of the elements of S. For integers a and c, [a,c] denotes the set
{b e N:a <b <c}, and [n] is short for the set [1, n]. The cardinality of a finite
set S is denoted by #S. For a set A, A* denotes the set of finite sequences, called
words, of elements of A. For an integer n > 0, A" (respectively A>") is the set of
words on A of length n (respectively at least n). The word of length 0 is the empty
word denoted by €. If u is a word, its letters are indexed from left to right from 1
to its length |u|. For i € [|u]], u; is the letter of u at position i. If a is a letter and
n is a nonnegative integer, a" denotes the word consisting in n occurrences of a.
For a letter a, |u|, denotes the number of occurrences of a in u.

20 ELEMENTARY DEFINITIONS AND TOOLS

The main purposes of this section are to provide tools to compute presentations
and to prove Koszulity of operads. For this, it is important to have precise
definitions about free operads, trees, and rewrite rules on trees at hand.

24" TREES AND REWRITE RULES

Unless otherwise specified, we use in the sequel the standard terminology
(i.e., node, edge, root, child, etc.) about ordered trees [Knu97]. For the sake of
completeness, we recall the most important definitions and set our notations.

2.1.4 TrEES. Let t be an ordered tree. The arity of a node of t is its number
of children. An infernal node (respectively a leaf) of t is a node with a nonzero
(respectively null) arity. Internal nodes can be labeled, that is, each internal node
of a tree is associated with an element of a certain set. Given an internal node x
of t, the children of x are by definition totally ordered from left to right and are
thus indexed from 1 to the arity ¢ of x. For i € [{], the ith subtree of t is the tree
rooted at the ith child of t. Similarly, the leaves of t are totally ordered from left
to right and thus are indexed from 1 to the number of its leaves. In our graphical
representations, each ordered tree is depicted so that its root is the uppermost
node. Since we consider in the sequel only ordered rooted trees, we shall call
these simply frees.

2.4.2. SYNTAX TREES. Let G := [ |, G(n) be a graded set. The arify of an element
x of G is n provided that x € G(n). A synfax tree on G is a tree such that its
internal nodes of arity n are labeled by elements of arity n of G. The degree
(respectively arity) of a syntax tree is its number of internal nodes (respectively
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leaves). For instance, if G := G(2) U G(3) with G(2) := {a,c} and G(3) := {b},
¢ a (2.1.1)

is a syntax tree on G of degree 5 and arity 8. Its root is labeled by b and has
arity 3.

A syntax tree s is a subfree of a syntax tree t if it is possible to fit s at a certain
place of t, by possibly superimposing leaves of s and internal nodes of {. In this
case, we say that t admits an occurrence of (the pattern) s. Conversely, we say
that t avoids s if there is no occurrence of s in t.

2.4.3 REWRITE RULES. Let S be a set of trees. A rewrite rule on S is a binary
relation — on S which has the property that, if s —» s’ for two trees s and s’, then
s and s have the same number of leaves. We say that a tree t is rewritable in
one sfep into t' by — if there exist two trees s and s’ satisfying s - s’ and t has a
subtree s such that, by replacing s by s’ in t, we obtain t. We denote this property
by t= t, so that = is a binary relation on S. If t = t' or if there exists a sequence
of trees (t;,...,t,_1) with k > 1 such that t=t;, = --- = t,_y = t, we say that t is
rewritfable by = into t, and we denote this property by t = t.. In other words,
= is the reflexive and transitive closure of =. We write - for the reflexive
and transitive closure of —, and we write <& (respectively &) for the reflexive,
transitive, and symmetric closure of — (respectively of =). The vector space
induced by — is the subspace of the linear span K(S) of all trees of S generated
by the family of all t — ¢ such that t & ¢

For instance, let S be the set of trees where internal nodes are labeled by
{a,b,c} and consider the rewrite rule — on S satisfying

L T (2.1.2a) A N (2.1.2b)

We shall use the standard terminology (ferminating, normal form, confluent,
convergent, etc.) about rewrite rules [BN98]. Let us recall now the most important
definitions. Let — be a rewrite rule on a set S of trees. We say that — is

L 5/46 _



™ § Evaluations Operads of decorated cliques 1II S. Giraudo |

ferminating if there is no infinite chain t = t; = t, = ---. In this case, any tree
t of S that cannot be rewritten by — is a normal form for —. We say that — is
confluent if for any trees t, t;, and t, such that t = t; and t = t,, there exists a
tree ' such that t; = t' and v, = t. If — is both terminating and confluent, then
— is convergent.

2.9 FREE OPERADS AND KOSZUL DUALITY

All notations and conventions about operads come from Section 1.1 of [Gir20].

2.2.4 FREE OPERADS. Let & := (P, ., &(n) be a graded vector space. In particular,
& is a graded set so that we can consider syntax trees on &. The free operad
over & is the operad Free(®) wherein, for n > 1, Free(®)(n) is the linear span
of the syntax trees on & of arity n. The labeling of the internal nodes of the
trees of Free(®) is linear in the sense that if t is a syntax tree on & having an
internal node labeled by x + Ay € &, A € K, then, in Free(®), we have t = t, + At,,
where t, (respectively t;) is the tree obtained by labeling by x (respectively y) the
considered node labeled by x + Ay in t. The partial composition s o; t of Free(®)
of two syntax trees s and t on & consists in grafting the root of t on the ith leaf of
s. The unit L of Free(®) is the tree consisting in one leaf. For instance, by setting
® := K(G) where G is the graded set defined in the previous example, in Free(®)
we have

/a\ o C _ a \/b + a \/b (221)
a b 5 a+c c ) c o o
;N ,\a l\C

We denote by ¢ : & — Free(®) the inclusion map, sending any x of & to the
corolla labeled by x, that is, the syntax tree consisting in a single internal node
labeled by x attached to a required number of leaves. In the sequel, if required
by the context, we shall implicitly view an element x of & as the corolla c(x) of
Free(®). For instance, given two elements x and y of &, we shall denote the syntax
tree c(x) o; ¢(y) simply by x o; y, for all valid integers i.

Free operads satisfy a universality property. Indeed, Free(®) is the unique
operad (up to isomorphism) such that for an operad O and a linear map f : & — O
respecting the arities, there exists a unique operad morphism ¢ : Free(®) — O
such that f = ¢poc.

2.2.2 EVALUATIONS AND TREELIKE EXPRESSIONS. Let us first fix a notation. If O is
an operad, the complete composifion map of O is the linear map

0:0(n)®0(m;) ®---®0(m,) - Olmy +---+ my), (2.2.2)

L 6/46 _



[ § Koszul duality Operads of decorated cliques 1II S. Giraudo |

defined, for x € O(n) and y4,...,y, € O, by
X o [yi; . :yn] = ( .. ((x On yn) On—1 yn—i) .. ) o1 Y1. (223)

For an operad O, by viewing O as a graded vector space, Free(O) is by definition
the free operad on O. The evaluation map of O is the linear map

ev : Free(O) — O, (2.2.4)
defined recursively, for any syntax tree t on O, by
1€0, if t=1,
ev(t) := ! (2.2.5)
xolev(y),...,ev(ty)], otherwise,
where x is the label of the root of t and ¢4, ..., t, are, from left to right, the

subtrees of t. This map is the unique surjective operad morphism from Free(O) to
O satisfying ev(c(x)) = x for all x € O. If S is a subspace of O, a freelike expression
on S of x € O is a tree t of Free(O) such that ev(t) = x and all internal nodes of t
are labeled by S.

2:2.3 PRESENTATIONS BY GENERATORS AND RELATIONS. Let G := | |, ., G(n) be a
graded set. Setting & := K(G), we denote the operad ideal of Free(®) generated
by the subspace R of Free(®) by (R). Given an operad O, the pair (G,%R) is a
presentation of O if O is isomorphic to Free(®)/x). In this case, we call & the
space of generators and R the space of relations of O. We say that O is quadratic
if there is a presentation (G, R) of O such that R is a homogeneous subspace of
Free(®) consisting in syntax trees of degree 2. Furthermore, we say that O is
binary if there is a presentation (G, R) of O such that & is concentrated in arity 2.
Furthermore, if O admits a presentation (G, R) and — is a rewrite rule on Free(®)
such that the space induced by — is R, we say that — is an orientation of ‘A.

2.2.. KoszuL pDUALITY AND KoszuriTy. In [GK94], Ginzburg and Kapranov ex-
tended the notion of Koszul duality of quadratic associative algebras to quadratic
operads. Starting with an operad O admitting a binary and quadratic presentation
(G, ) where G is finite, the Koszul dual of O is the operad O, isomorphic to the
operad admitting the presentation (G,SRL) where R is the annihilator of R in
Free(®), ® being the space K(G), with respect to the bilinear map

(—, —):Free(®8)(3) @ Free(®)(3) —» K (2.2.6)
defined, for all x,x’,y,y’ € &(2), by

1, ifxr=x,y=y,andi=1i =1,

(xojy,x'opyyi=1 -1, ifx=x,y=y,andi=1i =2, (2.2.7)

0, otherwise.
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Then, with knowledge of a presentation of O, one can compute a presentation
of O
Recall that a quadratic operad O is Koszul if its Koszul complex is acyclic [GK94;

LV12]. Furthermore, if O is Koszul and admits an Hilbert series, then the Hilbert
series of O and of its Koszul dual O' are related [GK94] by

FCo (—For(—1)) = t. (2.2.8)

Relation (2.2.8) can be either used to prove that an operad is not Koszul (this is
the case when the coefficients of the hypothetical Hilbert series of the Koszul dual
admit coefficients that are not nonnegative integers) or to compute the Hilbert
series of the Koszul dual of a Koszul operad.

Here, to prove the Koszulity of an operad O, we shall make use of a tool
introduced by Dotsenko and Khoroshkin [DK10] in the context of Grébner bases
for operads, which in our context can be reformulated in the following way by
using rewrite rules.

» Lemma 2.2.1 — Let O be an operad admitting a quadratic presentation (G, fR).
If there exists an orientation — of R such that — is a convergent rewrite rule,
then O is Koszul.

If — satisfies the conditions contained in the statement of Lemma 2.2.1, then
the set of normal forms of — forms a basis of O, called Poincaré-Birkhoff-Witt
basis. These bases arise from the work of Hoffbeck [Hof10] (see also [LV12]).

2.25 ALGEBRAS OVER OPERADS. An operad O encodes a category of algebras
whose objects are called O-algebras. An O-algebra A is a vector space endowed
with a linear left action

:0(n) @ AG" — Ao, n>1, (2.2.9)

satisfying the relations imposed by the structure of O, which are

(x O; y) * (al DI ®an+m—1)
=X (@ RA4 QY- (AR @ Ajrmat) ® Qs @+ @ Apam-1), (2.2.10)
forall x € O(n), ¥y € Olm), i €[n], and a1 @ - -+ @ Apym-1 € AF ™1,

Notice that, by (2.2.10), if G is a generating set of O, it is enough to define the
action of each x € G on flf_; Il to wholly define -. In other words, any element x
of O of arity n plays the role of a linear operation

x: AG" — Ay, (2.2.11)

taking n elements of A as inputs and computing an element of Ay. By a slight but
convenient abuse of notation, for x € O(n), we shall write x(ay,...,a,), or aj; xas
if x has arity 2, for the element x-(a; ®---®a,) of Ay, forany a; ®---®@a, € AG".
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Observe that by (2.2.10) an associative element of O gives rise to an associative
operation on Ay.

3 OPERADS OF NONCROSSING DECORATED
CLIQUES

We use all the notations and definitions of Sections 1.2 and 2 of [Gir20] about
decorated Jf-cliques and the Jf-clique operad C 1. We perform here a complete
study of the suboperad Croy 1 of noncrossing Jf-cliques defined in Section 3.1.3
of the aforementioned paper. For simplicity, this operad is denoted in the sequel as
NCJZ and called the noncrossing Ji-clique operad. The process which produces
from a unitary magma Jf the operad NCJJ is called the noncrossing clique
construction.

31 | GENERAL PROPERTIES

As shown in [Gir20], NCJI is an operad defined on the linear span of all
noncrossing Jf-cliques and can be seen as a suboperad of CJf restrained on J1-
cliques with 0 as crossing number. By definition of NCUJ, the partial composition
p o; q of two noncrossing Jl-cliques p and q in NCJI is equal to the partial
composition po;q in CJf. Recall that the partial composition po;q is the noncrossing
J-clique obtained by gluing the base of q onto the ith edge of p and by relabeling
the common arcs between p and q, respectively the arcs (i,i + 1) and (1, m + 1),
by p; * qo, where x is the magmatic product of Jf. For instance, in CZ, we have

o L 172 = ;%1 N (3.1.1)

We call fundamental basis of NCJI the fundamental basis of CJI restricted
to noncrossing Jf-cliques. Observe that the fundamental basis of NCJf is a
set-operad basis.

To study NCJ1, we begin by establishing the fact that NCJf inherits some
properties of CJf. Then we shall describe a realization of NCJJf in terms of
decorated Schroder trees, compute a minimal generating set of NC_Jf, and compute
its dimensions.

3-4.4 | FIRST PROPERTIES.

» Proposition 3.1.1 — Let Jf be a unitary magma. Then,

(i) the associative elements of NC I are the ones of CJ1;
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(ii) the group of symmetries of NCJf contains the map ref (defined by (2.2.1.4)
in [Gir20]) and all the maps CO where 6 are unitary magma automor-
phisms of Ji;

(iii) the fundamental basis of NCJI is a basic set-operad basis if and only if
JI is right cancelable;

(iv) the map p (defined by (2.2.16) in [Gir20]) is a rotation map of NCJ
endowing it with a cyclic operad structure.

<« Proof — First, since NCJJ is a suboperad of CJf, each associative element
of NCJY is an associative element of CJf. Moreover, since all Jf-bubbles are
in NCJI and, as shown in [Gir20], all associative elements of CJf are linear
combinations of Jf-bubbles, each associative element of CJf belongs to NC.J1.
This shows Item (i). Moreover, since for any noncrossing Jf-clique p, ref(p)
(respectively p(p)) is still noncrossing and ref belongs to the group of symmetries
of C I (respectively p is a rotation map of CJf), Item (ii) (respectively Item (iv))
holds. Finally, again since NCJf is a suboperad of CJf, since the fundamental
basis of CJf is a basic set-operad basis, and since NCJ1(2) = CJ1(2), Item (iii)
holds. |

3.4.2 TREELIKE EXPRESSIONS ON BUBBLES. Let p be a noncrossing Jf-clique of
arity n > 2, and (x,y) be a diagonal or the base of p. Let {z,...,z,} be the set
of vertices of p such that x =2y < --- <z, =y and, for alli € [k — 1], z;,4 is the
greatest vertex of p such that (z;, z;,1) is a solid diagonal or a (not necessarily solid)
edge of p. The area of p adjacent to (x,y) is the Jl-bubble q of arity k whose
base is labeled by p(x,y) and q; = p(z;, z;,1) for all i € [k]. From a geometric point
of view, q is the unique maximal component of p adjacent to the arc (x, y), without
solid diagonals, and bounded by solid diagonals or edges of p. For instance, for
the noncrossing Z-clique

2
p={ \\ (3.1.2)
1) .

—]—"
the path associated with the diagonal (4,9) of p is (4,5,6,8,9). For this reason, the
area of p adjacent to (4,9) is the Z-bubble

N

3
Y. (3.1.3)

» Proposition 3.1.2 — Let JI be a unitary magma and p be a noncrossing
M-clique of arity greater than 1. Then there is a unique Jf-bubble q with a
maximal arity k > 2 such that p = qo[vy,...,tx], where each v;, i € [k], is a
noncrossing Jl-clique with a base labeled by 1 j.
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<« Proof — Let g’ be the area of p adjacent to its base and k' be the arity of ¢'.
By definition of the partial composition of NC_JZ, for all Jf-cliques u, v, 1y, and
ug, if u = u o;uy = u o; up and uy and uy, have bases labeled by 1 4, then 1y = u,.
This implies in particular that there are unique noncrossing Jf-cliques t;, i € [k'],
with bases labeled by 1 4 such that p = q' o [¢},...,t},]. Finally, the fact that ¢  is
the area of p adjacent to its base implies the maximality for the arity of q'. The
statement of the proposition follows. |

Consider the linear map
bt : NCJL — Free (K(%4)) (3.1.4)

defined recursively by bt(--¢) :=1 and, for a noncrossing Jf-clique p of arity
greater than 1, by

bt(p) := c(q) o [bt(ry), ..., bt(ty)], (3.1.5)
where p = qofry,..., ;] is the unique decomposition of p stated in Proposition 3.1.2.
We call bt(p) the bubble tree of p. For instance, in NCZ,

L 2,1,
\/(\ ( " T~ ER
/ 2 o
\4\ /1 \ / & \ £ pd \ - (3.1.6)
RN / \ / ’:—1—:
/ I\

» Lemma 3.1.3 — Let Jf be a unitary magma. For a noncrossing Ji-clique p,
bt(p) is a treelike expression on 9By of p.

<« Proof — We proceed by induction on the arity n of p. If n = 1, since p = --- and
bt(--¢) =1, the statement of the lemma immediately follows. Otherwise, we have
bt(p) = c(q) o [bt(ty), ..., bt(ty)] where p uniquely decomposes as p = qo[ty,..., g
under the conditions stated by Proposition 3.1.2. By definition of area and of the
map bt, q is an Jf-bubble. Moreover, by induction hypothesis, any bt(t;), i € [k], is
a treelike expression on B of v;. Hence, bt(p) is a treelike expression on 9B
of p. |

» Proposition 3.1.4 — Let Jf be a unitary magma. Then the map bt is injective
and the image of bt is the linear span of all syntax trees t on 9B such that

(i) the root of t is labeled by an J#f-bubble;

(ii) the internal nodes of t different from the root are labeled by Ji-bubbles
whose bases are labeled by 1 j;
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(iii) if x and y are two internal nodes of t such that y is the ith child of x,
the ith edge of the bubble labeling x is solid.

<« Proof — First of all, since by definition bt sends a basis element of NCJJ to a
basis element of Free (K(% j)), it is sufficient to show that bt is injective as a map
from Gy to the set of syntax trees on 93y to establish that it is an injective linear
map. For this, we proceed by induction on the arity n. If n = 1, since bt(--¢) =1
and NCUZ(1) is of dimension 1, bt is injective. Assume now that p and p’ are two
noncrossing Jf-cliques of arity n such that bt(p) = bt(p’). Hence, p (respectively

p’) uniquely decomposes as p = qo[ty,..., ] (respectively p’ = q o [t},...,t},]) as
stated by Proposition 3.1.2 and
bt(p) = c(q) o [bt(ry), ..., bt(rg)] = c(q’) o [bt(t]), ..., bt(x})] = bt(p’). (3.1.7)

Now, because by definition of area, all bases of the v; and ¢}, i € [k], are labeled
by 1 4, this implies that q = q". Therefore, we have bt(r;) = bt(t}) for all i € [k], so
that, by induction hypothesis, v; = t; for all i € [k]. Hence, bt is injective.

The definition of bt together with Proposition 3.1.2 leads to the fact that, for a
noncrossing Jf-clique p, the syntax tree bt(p) satisfies (i), (ii), and (iii). Conversely,
let t be a syntax tree satisfying (i), (ii), and (iii). We show by structural induction on
t that there is a noncrossing Jf-clique p such that bt(p) = t. If t =1, the property
holds because bt(--) =1. Otherwise, we have t = s o [uy,...,u,] where s is a
syntax tree of degree 1 and the u;, i € [k], are syntax trees. Since t satisfies (i), (ii),
and (iii), the trees s and u;, i € [k], satisfy the same three properties. Therefore, by
induction hypothesis, there are noncrossing Jf-cliques q and t;, i € [k], such that

bt(q) = s and bt(r;) = u;. Now define p as the noncrossing Jf-clique qo [ty, ..., tg].
By definition of the map bt and the unique decomposition stated in Proposition 3.1.2
for p, one obtains that bt(p) = t. [ |

Observe that bt is not an operad morphism. Indeed,

| aN

bt<,_"_\_‘ B ,_"_\_‘) =4 / =bt<,_"_\_‘>oi bt<,_f‘_\_,). (3.1.8)

Observe that (3.1.8) holds for all unitary magmas Jf since 1 j is always idempotent.

3.4.3 | REALIZATION IN TERMS OF DECORATED SCHRODER TREES. Recall that a
Schroder tree is a tree such that all internal nodes have at least two children. An
Ji-Schroder tree tis a Schréder tree such that each edge connecting two internal
nodes is labeled by J7, each edge connecting an internal node and a leaf is labeled
by Jf, and the outgoing edge from the root of t is labeled by Jf (see (3.1.9) for an
example of a Z-Schroder tree).
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From the description of the image of the map bt provided by Proposition 3.1.4,
any bubble tree t of a noncrossing Jf-clique p of arity n can be encoded by an
JI-Schroder tree s with n leaves. Indeed, this JI-Schroder tree is obtained by
considering each internal node x of t and by labeling the edge connecting x and
its ith child by the label of the ith edge of the Jf-bubble labeling x. The outgoing
edge from the root of s is labeled by the label of the base of the Jf-bubble labeling
the root of t. For instance, the bubble tree of (3.1.6) is encoded by the Z-Schroder
tree

2/0\1\/C\
/é So\js , (3.1.9)

{ \ {
A

where the labels of the edges are placed in their centers, and where unlabeled
edges are implicitly labeled by 1 5. We shall use these drawing conventions in
the sequel. As a side remark, observe that the JI-Schrdder tree encoding a
noncrossing Jf-clique p and the dual tree of p (in the usual meaning) have the
same underlying unlabeled tree.

This encoding of noncrossing Jf-cliques by bubble trees is reversible, and
hence one can interpret NC_Jf as an operad on the linear span of all J{-Schréder
trees. Hence, through this interpretation, if s and t are two Jf-Schréder trees and
i is a valid integer, the tree s o; t is computed by grafting the root of t to the ith
leaf of s. Then, by writing b for the label of the edge adjacent to the root of t
and a for the label of the edge adjacent to the ith leaf of s, we have two cases
to consider, depending on the value of c := a xb. If ¢ # 14, we label the edge
connecting s and t by c. Otherwise, if ¢ = 1 5, we contract the edge connecting
s and t by merging the root of t and the direct ancestor of the ith leaf of s (see
Figure 1). For instance, in NCN3 we have the two partial compositions

2 i 1/%\
171N %2 /™M = /7 2 , (3.1.10a)
/i ?x\ 7, f?i}zz A

2
- 1 1/(1)\
o5 Ay = . (3.1.10b)
AR R AN

In the sequel, we shall indifferently view NC_Jf as an operad on noncrossing
M-cliques or on JI-Schrdder trees.
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a
1

i
(a) The expression s o; t to com-

pute. The displayed leaf is the
ith one of s.

TANEE ty

(c) The resulting
(B) The resulting tree if axb = 1 .
treeif axb + 1 4.

FIGURE 1. The partial composition of NCJf realized on Jf-Schrdder trees. Here,
the two cases (b) and (c) for the computation of s o; t are shown, where s and t are
two JI-Schroder trees. In these drawings, the triangles denote subtrees.

2.4.4 MINIMAL GENERATING SET.

» Proposition 3.1.5 — Let Jf be a unitary magma. The set I y of all JI-triangles
is a minimal generating set of NC L.

<« Proof — We start by showing by induction on the arity that the suboperad
(NCUL)7# of NCJE generated by I 4 is NC 1. This is immediately true in arity 1.
Let p be a noncrossing Jf-clique of arity n > 2. Proposition 3.1.2 says in particular
that we can express p as p = qo[ty,..., ] where q is an Ji-bubble of arity k > 2
and the v;, i € [k], are noncrossing Jf-cliques. Since q is an Jf-bubble, it can be
expressed as
q= :;;le\ o4 ,,'51%31 0f -0y ,:\:13,\ o4 /m_/\fq% . (3.1.11)
Observe that, in (3.1.11), brackets are not necessary since oy is associative. Since
k > 2, the arities of each v;, i € [k], are smaller than the one of p. For this reason,
by induction hypothesis, each t; belongs to (NCJ£)7#. Moreover, since (3.1.11)
shows an expression of q by partial compositions of Jf-triangles, q also belongs to
(NC )7 . This implies that this is also the case for p. Hence, NC 1 is generated
by g Nig
Finally, due to the fact that the partial composition of two Jf-triangles is
an Jf-clique of arity 3, if p is an Jf-triangle, p cannot be expressed as a partial
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composition of Jf-triangles. Moreover, since the space NCJ£(1) is trivial, these
arguments imply that I j; is a minimal generating set of NC_J1. [ |

Proposition 3.1.5 also says that NCJf is the smallest suboperad of C.Jf that
contains all Jf-triangles and that NCJf is the biggest binary suboperad of CUJ.

3.4.5 DiMENSIONS. We now use the notion of bubble trees introduced in Sec-
tion 3.1.2 to compute the dimensions of NC .

» Proposition 3.1.6 — Let Jf be a finite unitary magma. The Hilbert series
Flncu(t) of NCUIL satisfies

t+ (m® —2m” + 2m — 1) t* + (2m®t — 3mt + 2t — 1) Flyc (1)
+(m —1)Feun(t)? =0, (3.1.12)
where m := # 1.

<« Proof — By Proposition 3.1.4, the set of noncrossing Jf-cliques is in one-to-one
correspondence with the set of syntax trees on 93y that satisfy (i), (ii), and (iii).
We call T(t) the generating series of these trees and S(t) the generating series
of these trees with the extra condition that the roots are labeled by J7-bubbles
whose bases are labeled by 1 5. Immediately from its description, S(t) satisfies

S(t)=t+ ((m—1)S(t) + )", (3.1.13)
n>2
and T(t) satisfies
T(t) =t + m(S(t) — t). (3.1.14)

As the set of noncrossing Jf-cliques forms the fundamental basis of NC.J1, we
have HFnc.y(t) = T(t). We eventually obtain (3.1.12) from (3.1.13) and (3.1.14) by a
direct computation. |

From Proposition 3.1.6, we deduce that the Hilbert series of NC I satisfies

1 - (©2m? -3m + 2)t — /1 — 2(2m?2 — m)t + m?2{2

%NCﬂ/ﬂ(t) = Q(m _ 1) ’

(3.1.15)

where m := #J1 + 1.

By using Narayana numbers, whose definition is recalled in Section 3.1.6
of [Gir20], we can state the following result.

» Proposition 3.1.7 — Let JI be a finite unitary magma. For all n > 2,

dimNCJL(n) = Y m"*(m —1)"* nar(n, k), (3.1.16)

0<k<n-2

where m := # 1.
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< Proof — As shown by Proposition 3.1.4, each noncrossing Jf-clique p of NC_#f(n)
can be encoded by a unique syntax tree bt(p) on 9 satisfying some conditions.
Moreover, Proposition 3.1.5 shows that a noncrossing Jf-clique can be expressed
(not necessarily in a unique way) as partial compositions of several Jf-triangles.
By combining these two results, we obtain that a noncrossing Jf-clique p can be
encoded by a syntax tree on I j obtained from bt(p) by replacing each of its
nodes s of arity £ > 3 by left comb binary syntax trees s’ on I j satisfying

¢ i=c(q) ore(g?) op o e (g ), (3.1.17)

where the ¢!, i € [£—1], are the unique Jf-triangles such that, for every i € [2, ¢ —1],
the base of q' is labeled by 1 j, for every j € [¢ — 2], the first edge of ¢/ is labeled
by 14, and ev(s’) = ev(s). Observe that, in (3.1.17), brackets are not necessary
since o, is associative. Therefore, p can be encoded in a unique way as a binary
syntax tree t on I j satisfying the following restrictions:

(i) the Jf-triangles labeling the internal nodes of t which are not the root have
bases labeled by 1 4;

(ii) if x and y are two internal nodes of t such that y is the right child of x, the
second edge of the bubble labeling x is solid.

To establish (3.1.16), since the set of noncrossing Jf-cliques forms the fun-
damental basis of NCJZ, we now have to count these binary trees. Consider a
binary tree t of arity n > 2 with exactly k € [0, n — 2] internal nodes having an
internal node as a left child. There are m ways to label the base of the Jf-triangle
labeling the root of t, m* ways to label the first edges of the JJf-triangles labeling
the internal nodes of t that have an internal node as left child, m™ ways to label the
first (respectively second) edges of the Jf-triangles labeling the internal nodes of t
having a leaf as left (respectively right) child, and, since there are exactly n —k — 2
internal nodes of t having an internal node as a right child, there are (m —1)" %2
ways to label the second edges of the Ji-triangles labeling these internal nodes.
Now, since nar(n, k) counts the binary trees with n leaves and exactly k internal
nodes having an internal node as a left child, and a binary tree with n leaves can
have at most n — 2 internal nodes having an internal node as left child, (3.1.16)
follows. |

We can use Proposition 3.1.7 to compute the first dimensions of NCJf. For
instance, depending on m := # .1, we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (3.1.18a)
1,8, 48,352, 2880, 25216, 231168, 2190848, m =2, (3.1.18b)

1,27, 405, 7533, 156735, 349263, 81520425, 1967414265, m=3, (3.1.18¢)
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1,64,1792,62464,2437120,101859328, 4459528192, 201889939456. m = 4,
(3.1.18d)
The second one forms, except for the first terms, Sequence A054726 of [Slo]. The
last two sequences are not listed in [Slo] at this time.

3-2 PRESENTATION AND KOSZULITY

The aim of this section is to establish a presentation by generators and relations
of NCJI. For this, we will define an adequate rewrite rule on the set of syntax
trees on IJ 45 and prove that it admits the required properties.

3.2.4 SPACE OF RELATIONS. Let Ryc  be the subspace of Free (K(J 4)) (3) gener-
ated by the elements

c<}3£}32\> oic</c|1/\q2\> —c</t1;332\> oic<ﬂ1/\qz>, if pyxqgo =11 xvg # 1y, (3.2.1a)
[ g /oo A

—CIO—

R A A A .
c<£;§3\> oic<g1q§lf\> —c</q%0t2\> 020<22p2\>, if py*xqo=to*xtg =14, (3.2.1b)

AN N N VAN .
C <£;§f\> 02(:(210(;!%) —cC <Z;Off\> 09 C </Q_1°I2>, if poxqo =rtoxtg + 1y, (3.2.1¢)
where p, q, and ¢ are Jf-triangles.

» Lemma 3.2.1 — Let Jf be a unitary magma, and s and t be two syntax trees
of arity 3 on I y. Then s — t belongs to Rycy if and only if ev(s) = ev(t).

< Proof — Assume first that s —t belongs to finc ;. Then s—t is a linear combination
of elements of the form (3.2.1a), (3.2.1b), and (3.2.1c). Now, observe that, if p, g,
and v are three Jf-triangles,

(a) if 6 :=p1 *xqo = vy xtp # 14, we have
A AN I_q27| N AN
ev <c <£}Jf§> o1 ¢ (ghgf\)) = qlzl;so_plz =ev <c </Eipff\> o1 ¢ </Q_1toqf\>> , (3.2.2)
(b) if py * g0 = to xt9 = 14, we have
N N I_q2_| AN N
ev(c( pp)oc ( a1 g2 ) =d p=ev(c| W% |oycC ( a2 P2 > , (3.2.3)
Lo Lqo |_p0_| [ po- L g
(c) if 6:=po*qo = to *x vy + 1 4, we have
AN VAN qui_l N AN
ev(c| PP |ogc < q1 dz > =pisd=ev(c| P JogcC ( q1 dz > . (3.2.4)
/o Lo NN L o> VAN

This shows that all evaluations in NCf of (3.2.1a), (3.2.1b), and (3.2.1¢) are equal
to zero. Therefore, ev(s — t) = 0, and hence we have ev(s) — ev(t) = 0 and, as
expected, ev(s) = ev(t).
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We now assume that ev(s) = ev(t) and let v := ev(s). As s is of arity 3, v also is
of arity 3 and thus,

A e KM _

TE {d &P, At P, Pt S AP, qET gy, 66 M. (3.2.5)
lzpo—l l—Po— l—Po\—‘l

Now, by definition of the partial composition of NCJJ, if ¢ has the form of the first

(respectively second, third) noncrossing Jf-clique appearing in (3.2.5), s and t are

of the form of the first and second syntax trees of (3.2.1a) (respectively (3.2.1b),

(3.2.1¢)). Hence, in all cases, s — t is in Ryc - |

» Proposition 3.2.2 — Let JI be a finite unitary magma. Then the dimension
of the space Rnc y satisfies

dim Rye g = 2m® — 2m°® + m?, (3.2.6)
where m := # 1.

< Proof — For x € J1, let f(x) be the number of ordered pairs (y,z) € J£? such
that x = y * z. Since Jf is finite, f : JL — N is a well-defined map.

Let = be the equivalence relation on the set of syntax trees on I j of arity
3 satisfying s = t if s and t are two such syntax trees satisfying ev(s) = ev(t). Let
also C be the set of noncrossing Jf-cliques of arity 3. For v € C, we denote the
set of syntax trees s satisfying ev(s) = v by [t].. Proposition 3.1.5 says in particular
that any v € C can be obtained by a partial composition of two Jf-triangles, and
hence all [t]- are nonempty sets and thus, are =-equivalence classes.

Moreover, by Lemma 3.2.1, for syntax trees s and t, we have s = t if and only
if s —t is in Rnc . For this reason, the dimension of fRyc y is linked with the
cardinalities of all =-equivalence classes by

dim Rneyr = Y | (#[t]- —1). (3.2.7)
teC
We now compute (3.2.7) by enumerating each =-equivalence class [t]-.

Observe that, since t is of arity 3, it can be of three different forms according
to the presence of a solid diagonal.
(a) If

t=d & (3.2.8)

/g

for some po, P2, q1,q2 € S and S € 7, to have s € [t]=, we necessarily have
s=c <p;sa2 > oy ) (329)
Lo Lo

where p1,q0 € I and py * qo = 6. Hence, #[x]= = f(S).
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(b) If
i
T=4a1 P (3.2.10)
| py

for some po, P2, q1, g2 € S, to have s € [t]-, we necessarily have

7\ /\ VAN N\
5 € {c <£§3§f\> o1C<,ﬂiq§|f\> ,C <g;0tf\> OQC(EQJE\)} (3.2.11)

where py, qo,to, to € I, p1 *x qo = 1, and vy *x tg = 1 4. Hence, #[t]= = 2f(1 4).
(c) Otherwise,

t= 5 (3.2.12)

I—POSI

for some po, p1,q1,q2 € S and S € L, and to have s € [t]-, we necessarily have
5=C<£}J§f\> oQC(’ch?f\) (3.2.13)
where py, qo € S and py x qo = 6. Hence, #[t]- = f(S).
Therefore, by using the fact that
Y f(8) = m?, (3.2.14)
seM
from (3.2.7) we obtain

Po.p2,q1,92€ L Po.p2,q1,92€ L Po.p1,q1,92€ JL
se 6eM

m* | 23 [(f(6) — 1) + 2f(Ly) — 1
seJg
=2m® —2m® + m*,
(3.2.15)

establishing the statement of the proposition. [ |

Observe that, by Proposition 3.2.2, the dimension of PRyc i only depends on
the cardinality of Jf and not on its operation *.

3.2.2 REWRITE RULE. Let — be the rewrite rule on the set of syntax trees on I 4
satisfying
C <}3£332\> o1 ¢C </q1;\%\> —C </6;3°2\> o1 ¢C ( q(\qz> , if qo + 14, where &6 := p; x qo,
/o o L po - VAR
(3.2.16a)

c<}3£}32\> oic</l11;\t12\>-—>c<fl1/\\\> 02c<q2/332>, if prxqo =14, (3.2.16b)
g o £-13

_po_

L 19/46 _



[T § Rewrite rule Operads of decorated cliques 1II S. Giraudo |

c <y£?32\> o9 C </q1;\qg\> —c <}3£\6\> 09 C (q{\qz> , if qo # 14, where & := py * qo,
/g2 o /g VARNIE
(3.2.16¢)
where p and q are Jf-triangles.

» Lemma 3.2.53 — Let Jf be a unitary magma. Then the vector space induced
by the rewrite rule — is Ryc .

<« Proof — Let s and t be two syntax trees on I 45 such that s — t. We have three
cases to consider depending on the form of s and t.

(a) if s (respectively t) is of the form described by the left (respectively right) side
of (3.2.16a), we have
_q2_

ev(s) = Cl:i/é/P:Q = ev(t), (3.2.17)

_po_
where 6 := P1 * Jo-
(b) If s (respectively t) is of the form described by the left (respectively right) side
of (3.2.16b), we have
ev(s) = q:1 )3:2 = ev(t). (3.2.18)
_po_
(c) Otherwise, s (respectively t) is of the form described by the left (respectively
right) side of (3.2.16¢). We have
|iq1—|
ev(s) = p s 4 = ev(t), (3.2.19)
l—P0§|
where 6 := Po * qo-

Therefore, by Lemma 3.2.1 we have s — t € Rycy for each case. This leads to the
fact that s & t implies s — t € Rncyr, and shows that the space induced by — is a
subspace of Rne .

We now assume that s and t are two syntax trees on I j such that s — tis a
generator of Ryc i among (3.2.1a), (3.2.1b), and (3.2.1¢c).

(a) If s (respectively t) is of the form described by the left (respectively right) side
of (3.2.1a), we have by (3.2.16a),

s5c </6;¥z\> o ¢C </q{\q2\> and t5c <;S;¥z\> o1 ¢C </q(\q2\> : (3.2.20)
-Je AN ~Po - AN
where & := p; xqo and & := vy *ro. Since, by (3.2.1a), we have § = &, we obtain that
5 St

(b) If 5 (respectively t) is of the form described by the left (respectively right) side
of (3.2.1b), we have by (3.2.16b) and by (3.2.16¢),

VA N
5—>c</q1 > 02c<q2'332> and ti>c</q1 > o2c<q2'\pz>. (3.2.21)
o £223 o £223
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We obtain that s < t.

(c) Otherwise, s (respectively t) is of the form described by the left (respectively
right) side of (3.2.1c). We have by (3.2.16¢),

* A\ N * N, N
55C <g;06_\> oy C </q1_i1§> and t—c <£;06_\> o0y C <,‘“_f’f\> , (3.2.22)

where & := py * o and & := ty * ty. Since by (3.2.1¢c), 6 = &, we obtain that 5 & t.

Hence, for each case, we have s <> t. This shows that Ryc y is a subspace of the
space induced by —. The statement of the lemma follows. |

» Lemma 3.2.4 — For a unitary magma M, the rewrite rule — is terminating.

< Proof — Writing T, for the set of syntax trees on J j; of arity n, let ¢ : T, — N?
be the map defined in the following way. For a syntax tree t of T,, ¢(t) := («a, B),
where «a is the sum of the number of internal nodes in the left subtree of x taken
over all internal nodes x of {, and B is the number of internal nodes of t labeled
by an Jf-triangle whose base is not labeled by 1 4. Let s and t be two syntax trees
of T such that s — t. Due to the definition of —, we have three configurations to
explore. In what follows, n: #f — N is the map satisfying n(a) := 0 if a = 1 54 and
nla) := 1 otherwise.

(a) If s (respectively t) is of the form described by the left (respectively right) side
of (3.2.16a), writing < for the lexicographic order on N? we have

¢ <C <Ppp> o1 ¢ (qqq)> = (1, n(po) +1)
> (1,n(po)) = ¢ <C <,_5;Z’§> 01C<,fli_/\flf\>> ,

(b) If 5 (respectively t) is of the form described by the left (respectively right) side
of (3.2.16b), we have
¢ (c <z;§g> orc (f_’;gg)) = (L, nlpo) + nlap))
> 0t} = ¢ (< (300, ) eac (38 ) ).
~Po- {_-3

(c) Otherwise, s (respectively t) is of the form described by the left (respectively
right) side of (3.2.16¢). We have

¢ <C <p;§2> % C (qqq2)> = (0,n(po) +1)
> (0,n(po)) = ¢ <C <,f{);5_\> Op C <fl1_/\flf\>> ,
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where 6 := py * qo.

Therefore, for all syntax trees s and t such that s — t, ¢(s) > ¢(t). This implies that,
for all syntax trees s and t such that s + t and s->t, we have ¢(s) > ¢(t). Since
(0,0) is the smallest element of N? with respect to the lexicographic order <, the
statement of the lemma follows. |

» Lemma 3.2.5 — Let Jf be a unitary magma. The set of normal forms of the
rewrite rule — is the set of syntax trees t on I y such that, for any internal
nodes x and y of t where y is a child of x,

(i) the base of the JI-triangle labeling y is labeled by 1 4;

(ii) if y is a left child of x, the first edge of the Ji-triangle labeling x is not
labeled by 1 4.

< Proof — By Lemma 3.2.4, — is terminating. Therefore, — admits normal forms,
which are by definition the syntax trees on I j that cannot be rewritten by —.

Let t be a normal form of —. The fact that t satisfies (i) is an immedi-
ate consequence of the fact that t avoids the patterns appearing as left sides
of (3.2.16a) and (3.2.16¢). Moreover, since t avoids the patterns appearing as left
sides of (3.2.16b), one cannot have p; xqo = 1 4, where p (respectively q) is the label
of x (respectively y). Since, by (i), we have qo = 1 5, we necessarily get p; + 1 4.
Hence, t satisfies (ii).

Conversely, if t is a syntax tree on Iy satisfying (i) and (ii), a direct inspection
shows that one cannot rewrite t by —. Therefore, t is a normal form of —-. W

» Lemma 3.2.6 — Let JI be a finite unitary magma. The generating series of
the normal forms of the rewrite rule — is the Hilbert series $(yc g ) of NC L.

<« Proof — First, since by Lemma 3.2.4, — is terminating, and since for n > 1, due
to the finiteness of Jf7, there are finitely many syntax trees on I 4 of arity n, the
generating series T(t) of the normal forms of — is well-defined.

Let S(t) be the generating series of the normal forms of — such that the bases
of the Jf-triangles labeling the roots are labeled by 1 5. From the description of
the normal forms of — provided by Lemma 3.2.5, we obtain that S(t) satisfies

S(t) = t + mtS(t) + (m — 1)mS(t)%. (3.2.26)
Again by Lemma 3.2.5, we have
T(t) =t + m(S(t) — t). (3.2.27)
A direct computation shows that T(t) satisfies the algebraic equation

t+ (m®-2m®+2m —1) > + (2m*t —3mt + 2t — 1) T(t) + (m — 1) T(t)* = 0.
(3.2.28)
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Hence, by Proposition 3.1.6, we observe that T(t) = $Cnc.)- [ |

» Lemma 3.2.7 — For a finite unitary magma J1, the rewrite rule — is confluent.

<« Proof — Arguing by contradiction, assume that — is not confluent. Since
by Lemma 3.2.4, — is terminating, there is an integer n > 1 and two normal
forms t and t of — of arity n such that t + ¢ and t & ¢. Now, Lemma 3.2.1
together with Lemma 3.2.3 implies that ev(t) = ev(t'). By Proposition 3.1.5, the
map ev : Free (K(T 4)) - NCU is surjective, leading to the fact that the number
of normal forms of — of arity n is greater than the number of noncrossing
J-cliques of arity n. However, by Lemma 3.2.6, there are as many normal forms
of — of arity n as noncrossing Jf-cliques of arity n. This leads to a contradiction
and proves the statement of the lemma. ]

3.2.3 PRESENTATION AND KoszurLiTv. The results of Sections 3.2.1 and 3.2.2 are
finally used here to provide a presentation of NCJf and prove that NCJ1 is a
Koszul operad.

» Theorem 3.2.8 — Let Jf be a finite unitary magma. Then NCJf admits the
presentation (T g, Rnc.y)-

<« Proof — First, since by Lemmas 3.2.4 and 3.2.7, — is a convergent rewrite rule,
and since by Lemma 3.2.3, the space induced by — is fRnc i, we can regard the
underlying space of the quotient operad

O := Free (K(T 1)) /19xc) (3.2.29)

as the linear span of all normal forms of —. Moreover, as a consequence of
Lemma 3.2.1, the linear map ¢ : O — NCJ[ defined for any normal form t of —
by ¢(t) := ev(t) is an operad morphism. Now, by Proposition 3.1.5, ¢ is surjective.
Moreover, by Lemma 3.2.6, the dimensions of the spaces O(n), n > 1 are the
ones of NCf(n). Hence, ¢ is an operad isomorphism and the statement of the
theorem follows. |

We use Theorem 3.2.8 to express the presentations of the operads NCN, and
NCDy, where Nj is the cyclic monoid Z/2Z and D, is the multiplicative monoid on
{0,1}. The operad NCN, is generated by

n N " N //\\ /\\ ,/\ N
T, = { LA NERNAN Ly /11_\' /_11_\' /111_\ } ’ (3.2.30)
and these generators satisfies only the nontrivial relations
7\ ZAS VAN VAN
/ bz 0y b11b2 = 1Db; 04 biby, a,bq, by, bs € Ny, (3.2.31a)
—a-= {4 —a—= [
N N " FaN n P2y AN VAN
1bs of biby = ,/bs 04 byby = b1\ 09 bybs = by 1 0y babs, a,b1,b2,b3€Ng,
L a= £ 1= a—= {__ La-= {2 a= { 1=
(3.2.31Db)

L 23/46 _



[T § Treelike expressions Operads of decorated cliques 1II S. Giraudo |

b\ O byby = bi1 Oy byb;,  a,by, by, bse Ny (3.2.31¢)
a— {1 a- (-
On the other hand, the operad NCD), is generated by
n N n VAt 1/\\ /\\ //\ N
T, = { S L L0 s Loy /_09\' /90(_)\ } ’ (3.2.52)
and these generators satisfies only the nontrivial relations
s 0y biby = 0 bs 0q biby = 0 bs 04 bi by, a, by, by, bz € Dy, (3.2.3361)
Ay 0= La= 0= La= L3
n n n N
/bs 01 byby = by 09 bybs, a,by, by, bz € Dy, (3233b)
a -3 L a= A
b O bsbs = b 0 0y bobs = by 0 0y bybs,  a,by, by, bs e Dy. (3.2.33¢)
£ a— iy a= 0= La= £ -2

» Theorem 3.2.9 — For a finite unitary magma M, NC 1 is Koszul and the set
of normal forms of — forms a Poincaré-Birkhoff-Witt basis of NC 1.

<« Proof — By Lemma 3.2.3 and Theorem 3.2.8, the rewrite rule — is an orientation
of the space of relations Ryc i of NC L. Moreover, by Lemmas 3.2.4 and 3.2.7,
this rewrite rule is convergent. Therefore, by Lemma 2.2.1, NCJf is Koszul.
Finally, the set of normal forms of — described by Lemma 3.2.5 is, by definition,
a Poincaré-Birkhoff-Witt basis of NC . [ |

33 SUBOPERADS GENERATED BY BUBBLES

In this section, we consider suboperads of NCJf generated by finite sets of
JI-bubbles. We assume here that J7 is endowed with an arbitrary total order so
that JL = {xo,x1,... } with xg = 1 4.

If p is an Jf-clique, the border of p is the word bor(p) of length n such that,
for i € [n], we have bor(p); = p;.

334 TREELIKE EXPRESSIONS ON BUBBLES. Let B and E be two subsets of Jf. We
write %%E for the set of JJf-bubbles p such that the bases of p are labeled by B and
all edges of p are labeled by E. Moreover, we say that Jf is (E, B)-quasi-injective
ifforallx,x’ e Eandy,y € Bxxy =x"xy + 14 impliesx =x"andy =y’

» Lemma 3.3.1 — Let JI be a unitary magma, and B and E be two subsets of
M. If M1 is (E, B)-quasi-injective, then any Ji-clique admits at most one treelike
expression on %%E of minimal degree.

<« Proof — Assume that p is an Jf-clique admitting a treelike expression on %ﬁf.
This implies that the base of p is labeled by B, all solid diagonals of p are labeled
by Bx E, and all edges of p are labeled by E. By Proposition 3.1.2 and Lemma 3.1.5,
the tree t := bt(p) is a treelike expression of p on 9B of minimal degree. Now,
observe that t is not necessarily a syntax tree on %%E as required since some of
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its internal nodes may be labeled by bubbles that do not belong to %ﬁf . Since
J1 is (E, B)-quasi-injective, there is a unique way to relabel the internal nodes of
t by bubbles of %ﬁ’f to obtain a syntax tree on %?f such that ev(t) = ev(t). By
construction, t' satisfies the properties of the statement of the lemma. |

332 DIMENSIONS. Let G be a set of Jf-bubbles and & := {&,,,&,,,... } be a set
of noncommutative variables. Given x; € J1, let B,, be the series of N((&)) defined
by

Bxi (gxo' gxu .o ) = E l—l sp,-: (331)
pe®BS, i€llpl]
pFe--

where B9, is the set of Jf-bubbles that can be obtained by partial compositions
of elements of G. Observe from (3.3.1) that a noncommutative monomial u € 522
appears in B,, with 1 as coefficient if and only if there is an Jf-bubble with a base
labeled by x; and with u as border in the suboperad of NC_Jf generated by G.

Moreover, for x; € J1, let the series F,, of N((t)) defined by

F.(f) := By, <t + B (t), t + By (t), .. ) , (3.3.2)
where, for x; € 1,
Fro(t)i= Y Fylt). (3.3.3)
XjEﬂ/[
xl*xj%—ﬂﬂ

» Proposition 3.3.2 — Let JI be a unitary magma and G be a finite set of
Ji-bubbles such that, writing B (respectively E) for the set of labels of the bases
(respectively edges) of the elements of G, Jf is (E, B)-quasi-injective. Then the
Hilbert series Hnc ) (t) of the suboperad of NCJL generated by G satisfies

Foncano(t) = t+ Y | Fy(t). (3.3.4)

xieM

< Proof — By Lemma 3.3.1, an Jf-clique of (NCZ)® admits exactly one treelike
expression on Jf-bubbles of (NCJ£)® of minimal degree. For this reason, and as
a consequence of the definition (3.3.3) of the series F,,(t), x; € Jf, the series F,,(t)
is the generating series of all Jf-cliques of (NCJ£)¢ different from - -- and with a
base labeled by x; € Jf. Therefore, the expression (3.3.4) for the Hilbert series of
(NC L)€ follows. [ |

As a side remark, Proposition 3.3.2 can be proved by using the notion of bubble
decompositions of operads developed in [CG14]. This result provides a practical
method to compute the dimensions of some suboperads (NC£)¢ of NCJL by
describing the series (3.3.1) of bubbles of $BG,. If G satisfies the requirement of
Proposition 3.3.2, this result also implies that the Hilbert series of (NC1)C is
algebraic.
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333 FIRST EXAMPLE : A CUBIC SUBOPERAD. Consider the suboperad of NCE,
generated by

G:= { e, e } : (3.3.5)

Computer experiments show that the generators of (NCE,)® do not satisfy any
nontrivial quadratic relation and that they satisfy the only four nontrivial cubic
relations

"\ N\
’ ’
/& o9 ( 61 0y ei> = /& oy ( 62 oy ey > , (3.3.6a)
—€1 - ceq ~ey —€1 - ~ep rep
/\ "\ 7aN /\ A\ /\
/&1 o9 < /€ oy / e2> = /® o ( /& 0y e2> , (3.3.6b)
e e T e Leg regn T ey
/\ "\ 7aN /\ /\ /\
/€2 09 ( /€1 oy e1> = /' ® o ( € 0 , e1>, (3.3.6¢)
Lep e e ez- ep ey
laN \
/I 62 O9 ( /I ei Og e2 > = /€ O9 < /I 62 O9 /€2 > . (3-3-6d)
Lep Cep Lep Lep e Lep

Hence, (NCE,)€ is not a quadratic operad. Moreover, it is possible to prove that
this operad does not admit any other nontrivial relations between its generators.
This can be performed by defining a rewrite rule on the syntax trees on G,
consisting in rewriting the left patterns of (3.3.6a), (3.3.6b), (3.3.6¢), and (3.3.6d)
into their respective right patterns, and by checking that this rewrite rule admits
the required properties (like the ones establishing the presentation of NC I by
Theorem 3.2.8). The existence of this nonquadratic operad shows that NC.f
contains nonquadratic suboperads even if it is quadratic.

One can prove by induction on the arity that the set of bubbles of (NCE,)®
the set B; LI B, where B; (respectively B,) is the set of bubbles whose bases are
labeled by e, (respectively e,) and the border is 1e; (respectively 1ey), or 111%ey,
or 111*e,. Hence, we obtain

By (€1, &, &) = 0, (3.3.7a)
&

Be, (€1, &0 €e0) = 1= 57 £, (£ + £1&6,) = Be, (€1, &ey0 &ey) (3.3.7b)

Moreover, one can check that G satisfies the conditions required by Proposi-
tion 3.5.2. We hence have

Fi(t) = Fe,(t) + Fo,(t), (3.3.8a) Fo, (t) = Fy(t) = Fo,(t), (3.3.8b)
and
Fy(t) =0, (3.3.9q)
Feo,(f) = Be,(t + Fe,(t) + Fo,(t), t,t) = Bo,(t + Fo,(f) + Fe,(t), t, t) = Fe,(t), (3.3.9b)
By Proposition 3.3.2, the Hilbert series of (NCE,)¢ satisfies
Fncry)e(t) = t + Fr(t) + Fe, (t) + Fe,(t) = t + 2F, (1), (3.3.10)
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and, by a straightforward computation, we obtain that this series satisfies the
algebraic equation

t+ (t —1)FCnerye(t) + (2t + 1)FCnerye(t)? = 0. (3.3.11)
The first dimensions of (NCE,)¢ are
1,2,8,36,180, 956, 5300, 30316, (3.3.12)

and form Sequence A129148 of [Slo].

3.3:4 SECOND EXAMPLE : A SUBOPERAD OF MOTZKIN PATHS. Consider the subop-
erad of NCIDy generated by

A |_O_
G:= { . } . (3.3.13)
Computer experiments show that the generators of (NCID,)€ satisfy the only four

nontrivial quadratic relations

N\ N\ N\ N\

SN (e7] SN =N O9 PR y (3.3.146)

|_O_| Y R |_O_|

: : Ol /l \\ - ’ \ 02 : : 7 (3.3.14b)
R |_0_| |_O_| Y

SN0 = 100 SN (3.3.14c)

|_O_| |___O___| |___0___| |_O_|

Coori =1 losi L. (3.3.14d)

It is possible to prove that this operad does not admit any other nontrivial relations
between its generators. This can be performed by defining a rewrite rule on the
syntax trees on G, consisting in rewriting the left patterns of (3.3.14a), (3.3.14b),
(3.3.14¢c), and (3.3.14d) into their respective right patterns, and by checking that
this rewrite rule admits the required properties (like the ones establishing the
presentation of NC_Jf by Theorem 3.2.8).

One can prove by induction on the arity that the set of bubbles of (NC]DO)G is
the set of bubbles whose bases are labeled by 1 and borders are words of {1,0}>2
such that each occurrence of 0 has a 1 immediately to its left and a 1 immediately
to its right. Hence, we obtain

1

By (&1, &) = T2 — 6.8,

& — &,
(3.3.15a) Bo (&1, &) = 0. (3.3.15b)

Moreover, one can check that G satisfies the conditions required by Proposi-
tion 3.3.2. We hence have

Fu(t) = Folt), (3.3.16a) Fo(t) = Fy(t) + Folt), (3.3.16b)
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and

Fi(t) = By (t, t + Fy(t)), (3.3.17a) Fo(t) = 0. (3.3.17b)
By Proposition 3.3.2, the Hilbert series of (NCD,)€ satisfies
%(NCDQ)G(t) =1+ Fﬂ(t), (3318)

and, by a straightforward computation, we obtain that this series satisfies the
algebraic equation

t+ (t —1)FCnepy)o(t) + tFCneny)e(t)* = 0. (3.3.19)
The first dimensions of (NCIDy)¢ are
1,1,2,4,9,21,51,127, (3.3.20)

and form Sequence A001006 of [Slo]. The operad (NCD)¢ has the same pre-
sentation by generators and relations (and thus, the same Hilbert series) as the
operad Motz defined in [Gir15], involving Motzkin paths. Hence, (NCDy)¢ and
Motz are two isomorphic operads. Note in passing that these two operads are
not isomorphic to the operad Mot Dy constructed in Section 3.2.4 of [Gir20] and
involving Motzkin configurations. Indeed, the sequence of the dimensions of this
last operad is a shifted version of the one of (NCID)® and Motz.

3-4 | ALGEBRAS OVER THE NONCROSSING CLIQUE OPERADS

We begin by briefly describing NC Jf-algebras in terms of relations between
their operations and the free NC_Jf-algebras over one generator. We continue this
section by providing two ways to construct (not necessarily free) NC_ff-algebras.
The first one takes as input an associative algebra endowed with endofunctions
satisfying some conditions, and the second one takes as input a monoid.

344 RELATIONS. From the presentation of NCJf established by Theorem 3.2.8,
any NC f-algebra is a vector space A endowed with binary linear operations

N
et AR A - A, peT y, (3.4.1)
satisfying, for all ay,as, as € A, the relations

N\ A N\ N\ .
<a1 ez a2> P as = <a1 i a2> Ak as, ifprxqo =t rxvo+ Ly, (3.42a)

A A A A .
<a1 an(?i ClQ) f;)gi az = aq 2;;& <(12 Eztgi (13> , if P1*x o = Tta*xty = ]lﬂ, (3421))

A A A A .
ay P (az R as) =ay e <a2 aua as) , ifpakgo=toxto £ Ly, (34.2¢)

where p, q, and v are Jf-triangles. Observe that Jf has to be finite because
Theorem 3.2.8 requires this property as premise.
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342 FREE ALGEBRAS OVER ONE GENERATOR. From the realization of NC Jf coming
from its definition as a suboperad of CJf, the free NC._Jf-algebra over one
generator is the linear span NCJI of all noncrossing Jf-cliques endowed with the
linear operations

N

pibe NCf(n) @ NCHL(m) — NCHL(n + m), pET y,n,m>=1, (3.4.3)

defined, for noncrossing Jf-cliques q and t, by

q PP i= <P;§2 o t> o1 4. (344)

In terms of Jf-Schréder trees (see Section 3.1.3), (3.4.4) is the Jf-Schroder tree
obtained by grafting the Jf-Schrdder trees of q and ¢ as left and right children of
a binary corolla having its edge adjacent to the root labeled by p, its first edge
labeled by p; * g9, and second edge labeled by p, * vy, and by contracting each of
these two edges when labeled by 1 4. For instance, in the free NCNx-algebra, we
have

5
2 - - (3.4.5a)

2 AR~
A 11 1;32 g 3.45b
/1;211\ Pl N ﬁ; } /Q;\ ?}2\ ’ ( )
5 P /é\
AN 20 1 = 1= A2y
/1/% 1. 20 /Fg 2 ,18\7\ /?2‘ , (3.4.5¢)
1, ) )
5 P 1
AN . 177 1@2 (3.4.5d)

3.4.3 NCI-ALGEBRAS FROM ASSOCIATIVE ALGEBRAS. Let A be an associative
algebra with associative product denoted by ©, and

wy: A — A, x e J, (3.4.6)

be a family of linear maps, not necessarily associative algebra morphisms, indexed
by the elements of Jf. We say that A together with this family (3.4.6) of maps is
J-compatible if

wy, =1dg (3.4.7)
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where Id 4 is the identity map on A, and
Wy © Wy = Wxiy, (348)

for all x,y € JI. We now use Jf-compatible associative algebras to construct
NC Jf-algebras.

» Theorem 3.4.1 — Let Jf be a finite unitary magma and A be an Jf-compatible
associative algebra. The vector space A endowed with the binary linear
operations

mpz tARA > A, pET gy, (3.4.9)
defined for each Ji-triangle p and a;,a, € A by

a1 f;gi Ay 1= Wy, (Wy, (A1) © Wy, (@g)), (3.4.10)

is an NCI-algebra.

< Proof — We prove that the operations (3.4.9) satisfy Relations (3.4.2a), (3.4.2b),
and (3.4.2c) of NC.f-algebras. Since Jf is finite, this amounts to showing that
these operations endow A with an NC./f-algebra structure. For this, let ay, ay,
and az be three elements of A, and p, q, and ¢ be three Jf-triangles.

(@) If p1 x qo = vy xto # 1 4, then, since by (5.4.8) we have w,, o wy, = w;, © Wy, we
obtain

(a1 g ag) PP as = wyowg, (1) © wg,(as)) PLP2 as
(as))) © wy,(as))

= o (00 (e, [y, (1) © Wy, @s))) © wpyas)

= Wy, (Wp, (Wg, (g, (a1) © wg,(a (3.4.11)

— T
= (a3 o) 5 a,

Hence (3.4.2a) holds.
(b) If py xqo = ta *tg = 1 4, then, since by (3.4.7) we have w,, o wy, = Wy, 0wy, = Id g
and since © is associative, we get

VAN
(ar 547 as) 732 as = wg,(wg,(a1) © wg, (@) 12 as

Il
g

(
o (@, (Wgo (W, (@1) © wg,(ag)))) © wy,(as))
o (wCI1(a1) © Wg, (aZ) © wy, (a?)))
wo(Wg, (@1) © (wg,(az) © wy,(as)))

(g, (

Po wlh (11) © Wy, (wto(wcm(ag) © Wy, (a?)))))

I
e

(3.4.12)

Il
e

I
g

Hence (3.4.2b) holds.
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(c) If poxgqo = to xv9 # 1 4, then, since by (3.4.8) we have w,, 0 wy, = W, 0 Wy, We
obtain

A N\ A
ay Fik (az e 03> = ay P wg (0 (az) © wgylas))

= Wy, (wy, (@1) © Wy, (Wg, (W, (@2) © wg,(az))))

(3.4.13)
= wPo (wm (ai) © wtz (wto (wq1(a2) © qu (QS))))
=ay E;,Ag’i <<12 Efg‘i 03> :
Hence (3.4.2¢) holds.
Consequently, A is an NC Jf-algebra. |

By Theorem 3.4.1, A has the structure of an NC_Jf-algebra. Hence, there is a
left action - of the operad NCJZ on the tensor algebra of A of the form

-:NCUL(n) @ A" —» A, n>1, (3.4.14)

whose definition comes from the ones of the operations (3.4.9) and Relation (2.2.10).
We describe here an algorithm to compute the action of an element of NC L of
arity n on tensors a; ® --- ® a, of A®". First, if b is an JI-bubble of arity n,

b-(@®--@an) =wy | | oy (@) ], (3.4.15)

i€[n]

where the product of (3.4.15) denotes the iterated version of the associative product
® of A. If p is a noncrossing Jf-clique of arity n, then p acts recursively on
a®---®a, as follows. We have

p-rag =aq4 (3416)

if p=-+-5 and

prla1®---@ay)
=b- (<t1 . ((11 - ® am])) K- (l’k . (a]q]+...+|tk4]+1 (SRR an))) , (3.4.17)
where, by setting t as the bubble tree bt(p) of p (see Section 3.1.2), b and 1y,
..., tp are the unique J7-bubble and noncrossing Jf-cliques such that t = c¢(b) o
[bt(ty),..., bt(ry)].
Here are a few examples of the construction provided by Theorem 3.4.1.

Noncommutative polynomials and selected concatenation: Let us consider the
unitary magma S, of the subsets of [¢] with the union as product. Let A := {a;:j €
[€]} be an alphabet of noncommutative letters. On the associative algebra K(A) of
polynomials on A, we define the linear maps

ws : K(A) — K<A>, Ses,, (3418)
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as follows. For u € A* and S € S, we set

(3.4.19)

) u, if |ul, >1foralljes,
ws(u) :=
° 0, otherwise.

Since, for all u € A* wy(u) = u and (ws o ws)(u) = wsys(u), and @ is the unit of
Se, we obtain from Theorem 3.4.1 that the operations (3.4.9) endow K(A) with an
NCSy-algebra structure. For instance, with ¢ := 3 we have

A
(a1 + ayas + asay) Z{;Q}f}{ (1 + as + asay) = ajasasay, (3.4.20a)

AN
(a1 + aijasz + agag) Z{{ii} ?)g}\l (1 + asz + agai) =2 a,as + aiasas + a;azaqsdy. (34201))

Moreover, to compute the action

(1} T-fofefefofeofefaf), (3.4.21)

where f := a; + as + az, we use the above algorithm and (3.4.15) and (3.4.17).
By presenting the computation on the bubble tree of the noncrossing Ss-clique
of (3.4.21), we obtain

(ai + az + as)aiasazaias(aias + asas)

A
{1{1,2}
/ fo
(a1 + ag + as)ajazasasasy, +\a2 + asz)?
W s
““ {/3/} /_/'__ _:\ , (3.4.22)
S ‘ /\
17 aidsaglas +as +as f f f
/ A ’ TR \ / \
{1}{2} 2} ",
VRN {_. X
/ / \
f f f f
/ \ / \

so that (3.4.21) is equal to the polynomial (a4 + as + az)ajasasajas(aias + asay).
Noncommutative polynomials and constant term product: Let us now
consider the unitary magma Dy. Let A := {aj,ay,...} be an infinite alphabet
of noncommutative letters. On the associative algebra K(A) of polynomials on A,
we define the linear maps

wy, W : K(A) —» K(A), (3.4.23)
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as follows. For u € A*, we set wy(u) := u, and

1, ifu=c¢,
wolu) := pu=ec (3.4.24)
0, otherwise.

In other terms, wy(f) is the constant term, denoted by f(0), of the polynomial
f € K(A). Since w; is the identity map on K(A) and, for all u € A*,

(wo 0 wo)(f) = (£(0))(0) = £(0) = wo(f), (3.4.25)

we obtain from Theorem 3.4.1 that the operations (3.4.9) endow K(A) with an
NCDy-algebra structure. For instance, for all polynomials f; and f, of K(A), we

have
fr 1k fo = fifo (5.4.26a) fi 51 fo = £1(0) fa, (3.4.26¢)
fi 41 fo = (if2)(0) = £1(0) £2(0), )
(3.4.26b) fi 1,0 fo = f1 (f2(0)). (3.4.26d)
If £1(0) = 1 = f,(0), we obtain from (3.4.26¢) and (3.4.26d) that
fi (00 + 10 ) fo= fl0) fo + fi (5(0) = fi + o (3.4.27)

3:4:4 NCJI-ALGEBRAS FROM MONOIDS. If Jf is a monoid, with binary associative
operation = and unit 1 4, we write K(J1*) for the space of all noncommutative
polynomials on Jf, viewed as an alphabet, with coefficients in K. This space can
be endowed with an NCf-algebra structure as follows.

For x € Jf and a word w = wy ... w, € JI7 let
X kW= (X xWy)... (X% W) (3.4.28)
This operation * is linearly extended on the right to K({Jr*).

» Proposition 3.4.2 — Let JI be a finite monoid. The vector space K({JL*)
endowed with the binary linear operations

e K(I) @ K(IL) - K(IET),  pe Ty, (3.4.29)
defined for each JI-triangle p and fy, fo € K(JL*) by
fi 22 fo = pox ((p1 * f1) (pa *fo)), (3.4.30)

is an NCI-algebra.

<« Proof — This follows from Theorem 3.4.1 as a particular case of the general
construction it provides. Indeed, K(J*) is an associative algebra for the concate-
nation product of words. Moreover, by defining linear maps w, : K(J1*) — K(JL*),
x € M, by we(u) := x xu for a word u € J* we obtain, since Jf is a monoid, that
this family of maps satisfies (3.4.7) and (3.4.8). Now, since the definition (3.4.30) is
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the specialization of the definition (3.4.10) in this particular case, the statement of
the proposition follows. [ |
Here are a few examples of the construction provided by Proposition 3.4.2.

Words and double shifted concatenation: Consider the monoid N, := Z/,; for
an ¢ > 1. By Proposition 3.4.2, the operations (3.4.29) endow K (N}) with the
structure of an NCN-algebra. For instance, in K (Nj}) we have

0211 20 312 = 3100023. (3.4.31)

Words and erasing concatenation: Consider here the monoid D, for an ¢ > 0
defined in [Gir20]. By Proposition 3.4.2, the operations (3.4.29) endow K(Dj) with
the structure of an NCI;-algebra. For instance, for all words u and v of D}, we

have
u Lllglg vV =uv, (3.4.32a) u gtgg v = ol (3.4.32¢)
u }S_Ig v = (uv)g,, (3.4.32b) u gfdi v = Ug, Vg (3.4.32d)

4

where, for a word w of D7 and an element d; of Dy, j € [£], wy, is the word obtained
from w by replacing each occurrence of 1 by d; and each occurrence of d;, i € [£],
by 0.

4 KOSzZUL DUAL

Since, by Theorem 3.2.8, the operad NC.Jf is binary and quadratic, this operad
admits a Koszul dual NCJf'. We end the study of NC by collecting the main
properties of NC 1’

41 |  PRESENTATION

Let Ri 4 be the subspace of Free (K(T 4)) (3) generated by the elements

N\ /\ =
Z C <£§3§E\> O1C<21qglf\>, Po, P2, 91,2 € J,6 € L, (4116)
p1,90€ L
p1*qo=6
N\ /\ \ /\
Z (C <,‘j£§> o1¢ (,ﬂg:’%) —-cC <,ﬂ;§i\> ogC <22qff\>> Po, P2, a1, q2 € JL,
LqQoEMN
Pﬂit?(?gﬂﬂ
(4.1.1D)
N\ /\ -
Z c <£;§f\> 020<21q(§43\>, Po,P1, 1,90 € I, 6 € I, (4.1.1¢)
p2.qo€ M
paxqo=6

where p and q are Jf-triangles.
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» Proposition 4.1.1 — Let JfI be a finite unitary magma. Then the Koszul dual
NCJ1' of NCJL admits the presentation (T g, Ryc 4 )-

<« Proof — Let

fi= )t (4.1.2)

teTs
be a generic element of R ;, where Ts is the set of all syntax trees on T 4 of
arity 3 and the A, are coefficients of K. By definition of Koszul duality of operads,
(r,f) = 0 for all r € Ryc g, where (—, —) is the scalar product defined in (2.2.7).
Then, since Rnc g is the subspace of Free (K(T 4 )) (3) generated by (3.2.1a), (3.2.1b),
and (3.2.1c), we have

AR -A A Ay =0, pixqo=tikrg#E 1Ly, (41.3a)
<P1P2 oic<¢l1q¢l2> C<t1pp2>01C<q
0 0

A A A + A A AR =0, p1 X (o = Ta*x Ty = 1y, (413b)
C<}31P2\>01C<CI1C|2\> C</CI1Y2\>OQC<CI2P2\>

A A A — A A A =0, Pox o = Ta x T 7+— 1y, (413C)
o[ )eela) el )oe(2%)
0

where p, q, and v are Jf-triangles. This implies that f is of the form

f= Z P0P2q1€I25 Z <p1p2>oic<q1fl(?2>

po.,p2.q1,92€ JL p1.90€ L
seJt p1xqo=6
E P E pi b qi d a1 P a2 po
+ 0,92,q1,92 ¢ Lo 01 € Lqo) ¢ Lo 02 C Lo
Po.p2,q1,92€ L p1,90€ I
prxgo="1 4
p p ai g
+ Z P0P1q1q25 Z 1 A OQC(/_qug ’
Po.p1.91,92€ L p2.90€ L
set poxqo=6
(4.1.4)
2)
where, for Jf-triangles p and q and & € Jf, the Apo Po.00,00,67 P0p2.a1.000 AN )‘m Po.01.02.6

are coefficients of K. Therefore, f belongs to the space generated by (4.1.1a),
(41.1b), and (4.1.1c). Finally, since the coefficients of each of these relations
satisfy (4.1.3a), (4.1.3b), and (4.1.3c), the statement of the proposition follows. M

We use Proposition 4.1.1 to express the presentations of the operads NCN,
and NCDj. The operad NCN;}, is generated by

N /\ R
T, = {;’_-:' _1__‘:' /__1_, 1 1 RPN 11_\,/_ 1_\ ,}1{\}, (4.1.5)
and these generators satisfy only the nontrivial relations
ab3 01 !)1 b2 + 1 b3 01 b1 b2 =0, a, by, by, bz € Ny, (4.1.6a)
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at N A A Pal R A n
1bs0y4 biby + ,/bs0y byby = by 09bybs + by 1 0y babs, a,by, by, bz € Ny, (4.1.6b)
L a= { 1= —a= VAR a— {_ - La= { 1=
VAY N\ N\ VAN
by '\ 09 /b2153\ + by 1 09 bybs = 0, a,by, by, bz € Ny. (4.1.6(3)
a-= A q- VAR

On the other hand, the operad NCDj is generated by

R R AR A A A A VA
GJ.]IDO= {,’, \\’/O \\'/I 0,0 0\’/0\’ 0, /0,00 }’ (417)

oy e LgD

and these generators satisfies only the nontrivial relations

N

n n PaN al A
/ bz 04 PiObQ\ + 0bs 01 biby + 0bs 0y byby, = 0, a, by, by, bz € Dy, (4.1.8a)
() — A — — () — —a = / \

—a-— a 0 AWK
/ bs o bﬁ)g = b1\ 0Oy bﬁ)s ) a,by, by, bz € Dy, (418b)
La (-3 Ca= £223
n " ZaN 7\ ZAN VAN
b1\ 09 babs + by 0 0y babs + b1 0 0y bybs = 0, a,bq, by, bz € Dy. (4.1.8¢c)
La= /_O_\ /_a_\ /_O_\ /_a_\ JANN

» Proposition 4.1.2 — Let JI be a finite unitary magma. Then the dimension
of the space Ry 4 is given by

dim Ry 5, = 2m° — m*, (4.1.9)
where m := # 1.

< Proof — To compute the dimension of the space of relations Ry ;, of NCJf',
we consider the presentation of NCJf' provided by Proposition 4.1.1. Consider
the space R, generated by the family consisting in the elements (4.1.1a). Since
this family is linearly independent and each of its element is totally specified by a
tuple (po, P, q1,qe, 8) € JL* x I, we obtain

dim %y = m*(m —1). (4.1.10)

For the same reason, the dimension of the space is generated by the ele-
ments (4.1.1¢c) satisfies dim9Rs = dimR;. Now, let R, be the space generated
by the elements (4.1.1b). Since this family is linearly independent and each of its
elements is totally specified by a tuple (po, P2, q1, q2) € JL*, we obtain

dim R, = m*. (4.1.11)

Therefore, since
Rucs = R & Ry & Rs, (41.12)
we obtain the stated formula (4.1.9) by summing the dimensions of RR;, Ry, and
Rs. |

Observe that, by Propositions 3.2.2 and 4.1.2, we have
dim Rycy + dim Ry g = 2m° - 2m° + m* + 2m° — m*
= 2m° (4.1.13)

= dim Free (K(T 4)) (3),
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as expected by Koszul duality, where m := # 1.

4.2 HILBERT SERIES AND DIMENSIONS

An algebraic equation for the Hilbert series of NCJf' is described and a
formula involving Narayana numbers to compute its coefficients is provided.

» Proposition 4.2.1 — Let Jf be a finite unitary magma. The Hilbert series
FCnc g (t) of NCIT' satisfies
t+ (m —1)t* + (2m*t — 3mt + 2t — 1) Flyc (1)
+ (m® —2m”* + 2m — 1) Fyc yp(t)” = 0, (4.2.1)
where m := #JJf.

< Proof — Let G(t) be the generating series such that G(—t) satisfies (4.2.1).
Therefore, G(t) satisfies

—t+ (m —1)t* + (-2m*t + 3mt - 2t — 1) G(t) + (m® - 2m* + 2m — 1) G(t)* = 0,

(4.2.2)
and, by solving (4.2.2) as a quadratic equation where t is the unknown, we obtain
1+ (2m? - 3m + 2)G(t) - /1 +22m® — m)G(t) + m>G(t)?
a 2(m —1) '
Moreover, by Proposition 3.1.6 and (3.1.15), by setting F(t) := $nc_u(—t), we have
1+ (2m? -3m + 2)G(t) — /1 + 22m? — m)G(t) + m>G(t)
B 2(m —1)

showing that F(t) and G(t) are the inverses of each other for series composition.

t (4.2.3)

F(G(1)) =t, (4.2.4)

Now, since by Theorem 3.2.9, NC_Jf is a Koszul operad, the Hilbert series of
NCJZ and NCJZ' satisfy (2.2.8). Therefore, (4.2.4) implies that the Hilbert series
of NC ' is the series F(yc y (t), satisfying the stated relation (4.2.1). [ |

From Proposition 4.2.1 we deduce that the Hilbert series of NCJf' satisfies

1 -(©2m? -3m + 2)t — /1 - 2(2m3 — 2m? + m)t + m2¢2
2(m5 — 2m? + 2m — 1)

Fncn (t) = ,  (4.25)

where m := #1 + 1.

» Proposition 4.2.2 — Let JI be a finite unitary magma. For all n > 2,
dim NCU1'(n) = Z m" ' m(m —1) + 1)¥m(m — 1)) * 2 nar(n, k). (4.2.6)
0<k<n-2

<« Proof — The proof consists in enumerating dual Jf-cliques, introduced in the
upcoming Section 4.3. Indeed, by Proposition 4.3.1, dim NC_#f'(n) is equal to the
number of dual Jf-cliques of arity n. The expression for dim NC #f'(n) claimed
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by (4.2.6) can be proved by using similar arguments as the ones intervening in
the proof of Proposition 3.1.7 for the expression (3.1.16) of dim NC.f(n). [

We can use Proposition 4.2.2 to compute the first dimensions of NC 1'. For
instance, depending on m := # 1, we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (4.2.7a)
1,8,80,992, 13760, 204416, 3180800,51176960, m = 2, (4.2.7h)

1,97,1053, 51273, 2795715, 163318599, 9994719033, 632496651597,  m = 3,
(4.2.7¢)

1,64, 6400, 799744, 111923200, 16782082048, 2636161024000, 428208345579520,
m = 4. (42.7d)

The second one is Sequence A234596 of [Slo]. The last two sequences are not
listed in [Slo] at this time. It is worthwhile to observe that the dimensions of
NCJ1' for # 1 = 2 are the ones of the operad BNC of bicolored noncrossing
configurations (see Section 5.2).

4-3 | COMBINATORIAL BASIS

To describe a basis of NCf', we introduce the following sort of J#f-decorated
cliques. A dual Ji-clique is an Jf’-clique such that its base and its edges are
labeled by pairs (a,a) € 472, and all solid diagonals are labeled by pairs (a, b) € J1?
with a # b. Observe that a non-solid diagonal of a dual Jf-clique is labeled by
(14, 1 4). All definitions about Jf-cliques given in [Gir20] remain valid for dual
M-cliques. For example,

— (4.3.1)

is a noncrossing dual Nx-clique.

» Proposition 4.3.1 — Let JI be a finite unitary magma. The underlying graded
vector space of NCJ1' is the linear span of all noncrossing dual Ji-cliques.

<« Proof — The statement of the proposition is equivalent to the fact that the
generating series of noncrossing dual Jf-cliques is the Hilbert series Flyc s (t)
of NCJ1'. From the definition of dual J#f-cliques, we obtain that the set of dual
Ji-cliques of arity n, n > 1, is in bijection with the set of Jf?>-Schréder trees
of arity n having the outgoing edges from the root and the edges connecting
internal nodes with leaves labeled by pairs (a,a) € J#% and the edges connecting
two internal nodes labeled by pairs (a,b) € Jf? with a # b. The map bt defined
in Section 3.1.2 (see also Section 3.1.3) realizes such a bijection. Let T(t) be the
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generating series of these JI?-Schrdder trees, and let S(f) be the generating series
of the J7?-Schréder trees of arities greater than 1 and such that the outgoing
edges from the roots and the edges connecting two internal nodes are labeled by
pairs (a,b) € J1? with a # b, and the edges connecting internal nodes with leaves
are labeled by pairs (a,a) € J?. From the description of these trees, we have

B (mt + S(t))?
where m := # 1. Moreover, for m + 1, T(t) satisfies
S(t)
T(t) = —_—, 4.3.
(f) =t + po— (4.3.3)

and we obtain that T(f) admits (4.2.5) as solution. Then, by Proposition 4.2.1,
for m # 1, this implies the statement of the proposition. If m = 1, it follows
from Proposition 4.1.1 that NCJf' is isomorphic to the associative operad As
(see for instance [LV12] for the definition of this operad). Hence, in this case,
dimNCJf1'(n) = 1 for all n > 1. Since there is exactly one dual Jff-clique of arity
n for n > 1, the statement of the proposition is satisfied. |

Proposition 4.3.1 gives a combinatorial description of the elements of NC 1.
Nevertheless, for the time being we do not know a partial composition on the
linear span of these elements providing a realization of NC 1’

5  CONCRETE CONSTRUCTIONS

The clique construction provides alternative definitions of known operads.
We explore here the cases of the operad NCT of based noncrossing trees, the
operad &%, of formal fractions, and the operad BNC of bicolored noncrossing
configurations.

5.4  RATIONAL FUNCTIONS AND RELATED OPERADS

We use here the noncrossing clique construction to interpret a few operads
related to the operad RatFct of rational functions of Loday [Lod10] (see also
Section 2.2.8 of [Gir20]).

5-4.4 DENDRIFORM AND BASED NONCROSSING TREE OPERADS. The operad of based
noncrossing frees NCT is an operad introduced in [ChaO7]. This operad is
generated by two binary elements < and > satisfying one nontrivial quadratic
relation. The algebras over NCT are L-algebras and have been studied in [Ler11].
We do not describe NCT in detail here because this is not essential for the
sequel. We just explain how to construct NCT through the clique construction
and interpret a known link between NCT and the dendriform operad through the
rational functions associated with Z-cliques (see Section 2.2.8 of [Gir20]).
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Let Oner be the suboperad of CZ generated by
{ 1 ,_/"\H%} . (5.1.1)
By using Proposition 3.3.2, we find that the Hilbert series Ho,.,(t) of Oncr satisfies
t = Foger (t) + 2Foyer (1) = Floyen ()° = 0. (5.1.2)
The first dimensions of O are
1,2,7,30,143,728,3876, 21318, (5.1.3)
and form Sequence A006013 of [Slo]. Moreover, one can see that

"\ VAY VAY N\
SHop 1N = 1N o S, (5.1.4)

is the only nontrivial relation of degree 2 between the generators of Oycr.
» Proposition 5.1.1 — The operad Oycr is isomorphic to the operad NCT.

< Proof — Let ¢ner : Oner(2) — NCT(2) be the linear map satisfying

oner (/1) = <, (5.1.50) oner (A4 ) = >, (5..5b)

¢

where < and > are the two binary generators of NCT. In [Cha07], a presentation
of NCT is described wherein its generators satisfy one nontrivial relation of degree
2. This relation can be obtained by replacing each Z-clique appearing in (5.1.4) by
its image by ¢ncr. For this reason, ¢ncr uniquely extends to an operad morphism.
Moreover, because the image of ¢ner contains all the generators of NCT, this
morphism is surjective. Finally, the Hilbert series of NCT satisfies (5.1.2), so
that Oner and NCT have the same dimensions. Therefore, ¢ner is an operad
isomorphism. |

Loday as shown in [LLod10] that the suboperad of RatFct generated by the
rational functions fi(uy, up) := u;' and fyo(uy, uy) := u;! is isomorphic to the
dendriform operad Dendr [LLod0O1]. This operad is generated by two binary
elements < and > satisfying three nontrivial quadratic relations. An isomorphism
between Dendr and the suboperad of RatFct generated by f; and f, sends < to fy
and > to f;. The map Fj4 introduced in [Gir20] is an operad morphism from CZ
to RatFct. Hence, the restriction of Fjq on Oycr is also an operad morphism from
Onct to RatFct. Moreover, since

Fiq (Z_i‘_\:‘) _ u% — 1, (5.1.6a) Fiq <,_/"\—%> — u% — 1y, (5.1.6b)

the map Fyq is a surjective operad morphism from Oycr to Dendr.
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5.4.2 | OPERAD OF FORMAL FRACTIONS. The operad of formal fractions % is an
operad introduced in [CHN16]. Its elements of arity n > 1 are fractions whose
numerators and denominators are formal products of subsets of [n]. For instance,

{1,3,4}{2}{4,6} (5.1.7)
{2,3,5}{4}
is an element of arity 6 of F%. We do not describe the partial composition of this
operad since its knowledge is not essential for the sequel. The operad % admits
a suboperad %, defined as the binary suboperad of &% generated by

1 1 1 1
{ {1}1,2}" {2}{1,2}" {1,2} {1}{2}} ' (5.1.8)

We explain here how to construct %, through the clique construction.

Let Oz, be the suboperad of CZ generated by
{—1\1 11, 11 —i\—i} : (5.1.9)

LAY LY gD g
By using Proposition 3.3.2, we find that the Hilbert series 9:’{;(95@4(1‘) of Oz, satisfies
t+ (2t = 1)Fo,,, (1) + 2FCo,, (1)* = 0. (5.1.10)
The first dimensions of Oz, are
1,4,24,176, 1440, 12608, 115584, 1095424, (5.1.11)

and form Sequence A156017 of [Slo]. Moreover, by computer exploration, we
obtain the list

7\ /\ VAN 7\ 7\ VAN VAN
Apter st = siee Syt B2 e Ll = e 1 (5142¢)

, (5.1.42b)  —1-1oy ~1-1 = -1 0y ~1-1, (5.1.12f)
1.\ a _1_\ /_1_\

L1

p__
-
o)

S
-
-
Il

~N
-
-
)

[\
-
—~

N\ /\
A A op At =11 0y 11, (5.1.12¢) A-top f-1= 1-10y-1-1, (5.1.12g)
—1 —1 —1 1 —1 —1 -1 1
/\ /\ /\ / /\ 7\ /\ /\
1 11\ o1 1 I-% =1 11 09 111\, (5.1.12d) 7111_\ 01 7_11~__1\L = 2111_\ 09 7111_\, (5.1.12h)

of all nontrivial relations of degree 2 between the generators of Ozg,.
» Proposition 5.1.2 — The operad Oz, is isomorphic to the operad F%,.

< Proof — Let ¢57, : Oz, (2) » FF,(2) be the linear map satisfying

A 1 A 1
b7, <[111_\> = m (5.1.13a) b5, </_1_11_\> = 1,2} (5.1.13c)
A 1 A 1

L 41/46 _


http://oeis.org/A156017

|_ § Noncrossing configurations Operads of decorated cliques I1 S. Giraudo |

In [CHN16], a presentation of F%, is described wherein its generators satisfy eight
nontrivial relations of degree 2. These relations can be obtained by replacing each
Z~clique appearing in (5.1.12a)-(5.1.12h) by its image by ¢z5,. For this reason,
¢z, uniquely extends to an operad morphism. Moreover, because the image
of ¢z, contains all the generators of F%,, this morphism is surjective. Finally,
again by [CHN16], the Hilbert series of F%, satisfies (5.1.10), so that Oz, and
FF, have the same dimensions. Therefore, ¢#4, is an operad isomorphism. M

Hence, Proposition 5.1.2 shows that the operad %%, can be built through
the construction C. Observe also that, as a consequence of Proposition 5.1.2, all
suboperads of FF, defined in [CHN16] that are generated by a subset of (5.1.8)
can be constructed by the clique construction.

5.2  OPERAD OF BICOLORED NONCROSSING CONFIGURA-
TIONS

The operad of bicolored noncrossing configurations BNC is an operad defined
in [CG14]. Let us describe this operad.

A bicolored noncrossing configuration is a noncrossing configuration ¢ where
each labeled arc is either thick (drawn as a thick line) of dotfed (drawn as a dotted
line) and such that all dotted arcs are diagonals. For instance,

A (5.2.1)
e’

is a bicolored noncrossing configuration of size 9. For n > 2, BNC(n) is the linear

span of all bicolored noncrossing configurations of size n. Moreover, BNC(1) is

the linear span of the singleton containing the only polygon of size 1 where its

only arc is unlabeled. The partial composition of BNC is defined graphically as

follows. For bicolored noncrossing configurations ¢ and ? of respective arities n

and m, and i € [n], the bicolored noncrossing configuration ¢ o; ? is obtained by
gluing the base of 0 onto the ith edge of ¢, and then,

(a) if the base of 0 and the ith edge of ¢ are both unlabeled, the arc (i,i + m)
of ¢ o; 0 becomes dotted;

(b) if the base of d and the ith edge of ¢ are both thick, the arc (i,i + m) of
¢ 0; 0 becomes thick;

(c) otherwise, the arc (i,i + m) of ¢ o; 0 is unlabeled.

For example,

/" \\/ RS (5.2.2q)
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\/ 05 E/ = \/\/ , (5.2.2b)
<\|/ 03 \/\/ = \<\2 (5.2.2¢)

We now consider the unitary magma JMgne := {1,a,b} wherein operation
is defined by the Cayley table

* 1 a

b
1 1 a b
(5.2.3)

1

a a a

bl b 1 b

In other words, Mgyc is the unitary magma wherein a and b are idempotent, and
a*b =1 = bxa. Observe that Jlgyc is @ commutative unitary magma, but, since

(bxa)xa=1xa=a#b=bx1=>bx(axa), (5.2.4)

the operation * is not associative.

Let ¢gne : BNC — NCgne be the linear map defined in the following way.
For a bicolored noncrossing configuration ¢, ¢gne(c) is the noncrossing Mpne-
clique of NCIgne obtained by replacing all thick arcs of ¢ by arcs labeled by a,
all dotted diagonals of ¢ by diagonals labeled by b, all unlabeled edges and bases
of ¢ by edges labeled by b, and all unlabeled diagonals of ¢ by diagonals labeled by

1. For instance,
/_b]\
</> AN (5.2.5)

» Proposition 5.2.1 — The linear span of --- together with all noncrossing
Mpne-cliques without edges nor bases labeled by 1 forms a suboperad of
NCIgne isomorphic to BNC. Moreover, ¢gne is an isomorphism between these
two operads.

<« Proof — We denote the subspace of NCfgnc described in the statement
of the proposition by Ognc. First of all, it follows from the definition of the
partial composition of NC Mgnc that Ogne is closed under the partial composition
operation. Hence, and since Ogyc contains the unit of NC #gne, Opne is an operad.
Second, observe that the image of ¢gne is the underlying space of Ogye and,
from the definition of the partial composition of BNC, one can check that ¢gne
is an operad morphism. Finally, since ¢pnc is a bijection from BNC to Ogye, the
statement of the proposition follows. |
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Hence, Proposition 5.2.1 shows that the operad BNC can be built through the
noncrossing clique construction. Moreover, observe that, in [CG14], an automor-
phism of BNC called complement is considered. The complement of a bicolored
noncrossing configuration is an involution acting by modifying the labels of some
of its arcs. Under our setting, this automorphism translates simply into the map
CO : Ogne — Opne Where Ogne is the operad isomorphic to BNC described in
the statement of Proposition 5.2.1 and 6 : Mgye — Mpne is the unitary magma
automorphism of Mgyc satisfying 6(1) = 1, 6(a) = b, and 6(b) = a.

Moreover, it is shown in [C(G14] that the set of bicolored noncrossing configu-
rations of arity 2 is a minimal generating set of BNC. Thus, by Proposition 5.2.1,
the set

[~

—a—

{ /a,db,ba,bb,da,db, ba b/\b]» (5.2.6)

ai\’ [ a LaN LaN LpN LpN LpN Lp2

is @ minimal generating set of the suboperad Ognc of NC Mgy isomorphic to BNC.
As a consequence, all the suboperads of BNC defined in [CG14] which are generated
by a subset of the set of generators of BNC can be constructed by the noncrossing
clique construction. This includes, among others, the magmatic operad, the free
operad on two binary generators, the operad of noncrossing plants [Cha07], the
dipterous operad [LRO3; Zin12], and the 2-associative operad [[LRO6; Zin12].

¢) CONCLUSION AND PERSPECTIVES

In this article we have completed the study of the clique construction in-
troduced in [Gir20] by focusing on the suboperad NC I of Cf of noncrossing
J-cliques. As noticed in the previous sections, NCJf has a particular status
among the suboperads of CJf because NCJY is the smallest suboperad of C L
that contains all elements of arity 2 (the Jf-triangles) and is the biggest binary
suboperad of CJf. This operad is also a Koszul operad when Jf is a finite unitary
magma.

An open question concerns the Koszul dual NC ' of NC_Jf. Section 4 contains
results about this operad, such as a description of its presentation and a formula
for its dimensions. We have also established the fact that, as graded vector space,
NCJ1' is isomorphic to the linear span of all noncrossing dual Jf-cliques. To
obtain a realization of NC ', it is now enough to endow this last space with an
adequate partial composition. Finding such a composition is worth to obtain.
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