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Tangent numbers, Genocchi numbers

The Genocchi numbers {Ga,,42}n>0 can be defined by the generating function:
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Tangent numbers, Genocchi numbers

The Genocchi numbers {Ga,,42}n>0 can be defined by the generating function:
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Tangent numbers, Genocchi numbers

The Genocchi numbers {Ga,,42}n>0 can be defined by the generating function:

Z(_l)n+1G2n+2ﬁ +t= i,
= (2n +2)! et +1
change the variable:
p2n+2 .
%G%Hm—xtana (x=1-1t)
This implies
Gony2 = 0+ Dlenin +212)TLT2”+1, where tanz = T;)Tznﬂ(;i:i)!.

{T%n+1}n>0: the Tangent numbers.
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Tangent numbers, Genocchi numbers

Here are the first values:

n 0 1 2 3 4 5 6
Tony1 |1 2 16 272 7936 353792 22368256
Gopya |1 1 3 17 155 2073 38227
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Tangent numbers, Genocchi numbers

Here are the first values:

n 0 1 2 3 4 5 6
Tony1 |1 2 16 272 7936 353792 22368256
Gopya |1 1 3 17 155 2073 38227

@ The Genocchi numbers are always odd integers.
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Tangent numbers, Genocchi numbers

Here are the first values:

n 0 1 2 3 4 5 6
Tony1 |1 2 16 272 7936 353792 22368256
Gopya |1 1 3 17 155 2073 38227

@ The Genocchi numbers are always odd integers.

@ There are algebraic ways to prove the fact (Carlitz 1971, Riordan-Stein 1973).
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Tangent numbers, Genocchi numbers

Here are the first values:

n 0 1 2 3 4 5 6
Tony1 |1 2 16 272 7936 353792 22368256
Gopya |1 1 3 17 155 2073 38227

@ The Genocchi numbers are always odd integers.
@ There are algebraic ways to prove the fact (Carlitz 1971, Riordan-Stein 1973).

@ What about a combinatorial proof?
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Increasing labeled binary trees
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Increasing labeled binary trees

Definition: A binary tree whose n vertices were labeled with {1,2,--- ,n}, such
that the label of each vertex is less than that of its descendants.
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Increasing labeled binary trees

Definition: A binary tree whose n vertices were labeled with {1,2,--- ,n}, such
that the label of each vertex is less than that of its descendants.

Hook length h,: the number of descendants of a vertex v (including v).
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Increasing labeled binary trees

Definition: A binary tree whose n vertices were labeled with {1,2,--- ,n}, such
that the label of each vertex is less than that of its descendants.

Hook length h,: the number of descendants of a vertex v (including v).

S1 So 83
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Increasing labeled binary trees

Definition: A binary tree whose n vertices were labeled with {1,2,--- ,n}, such
that the label of each vertex is less than that of its descendants.

Hook length h,: the number of descendants of a vertex v (including v).

S1 So 83

Hvet h”.
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Combinatorial interpretation of the tangent numbers
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Combinatorial interpretation of the tangent numbers

T5,,4+1 counts the number of increasing labeled complete binary trees with 2n 41
vertices.
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Combinatorial interpretation of the tangent numbers

T5,4+1 counts the number of increasing labeled complete binary trees with 2n + 1
vertices.

For example, let 2n +1 =T:

S1 S2 S3 S4 S5
7 7 7 7 7
5 5 11 5 5 3 3
3 1 3 3 1 3
1 1 1 1 1 11 1
1 1 1 1 1 1 1 1

7! 7!

T o— 0 4
7 7><5><3><14>< +7><32><14

= 272.
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Combinatorial interpretation of the tangent numbers

We can partition the set of all complete binary trees with 2n 4+ 1 vertices into
equivalence classes:

S1 S2 S3 S4 S5
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Combinatorial interpretation of the tangent numbers

We can partition the set of all complete binary trees with 2n 4+ 1 vertices into
equivalence classes:

S1 S2 S3 S4 S5

@ s1, 89,83, 84 are equivalent to each other, while s5 is not.
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Combinatorial interpretation of the tangent numbers

We can partition the set of all complete binary trees with 2n 4+ 1 vertices into
equivalence classes:

S1 S2 S3 S4 S5

@ s1, 89,83, 84 are equivalent to each other, while s5 is not.

@ All trees in the same equivalence class share the same product of all hook
lengths.
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Combinatorial interpretation of the tangent numbers

0 2" | Thpyq;

Jingyi Liu (Beijing Normal University) Why the Genocchi Numbers are Integers? September 12, 2017 7/21



Combinatorial interpretation of the tangent numbers

0 2" | Thpyq;
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Combinatorial interpretation of the tangent numbers

0 2" | Thpyq;

By exchanging the two subtrees of one vertex v, we get another labeled tree.
Since one tree has n non-leaf vertices, it can be changed to 2" different
trees. Thus we have this divisibility.
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Combinatorial interpretation of the tangent numbers

0 2" | Thpyq;

By exchanging the two subtrees of one vertex v, we get another labeled tree.
Since one tree has n non-leaf vertices, it can be changed to 2" different
trees. Thus we have this divisibility.

While the shapes of these 2 trees are all equivalent, this divisibility actually
holds in each equivalence class s.

2" | T(3).

where T'(5) stands for the number of increasing labeled trees whose shapes
arein 5.
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;

We still restrict this divisibility in one equivalence class 5: 22" | (n + 1)T'(5).
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;
We still restrict this divisibility in one equivalence class 5: 22" | (n + 1)T'(5).

Let H(3) denote the product of all hook lengths of one tree in 5, H(3) is odd.
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;
We still restrict this divisibility in one equivalence class 5: 22" | (n + 1)T'(5).

Let H(3) denote the product of all hook lengths of one tree in 5, H(3) is odd.

& 227+ | (2n + 2)T(5)H (3)
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;
We still restrict this divisibility in one equivalence class 5: 22" | (n + 1)T'(5).

Let H(3) denote the product of all hook lengths of one tree in 5, H(3) is odd.

& 22+ (2n +2)T(5)H(5) = (2n + 2)! - #3.
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Combinatorial interpretation of the tangent numbers

(] 22n | (Tl+ 1)T2n+1;
We still restrict this divisibility in one equivalence class 5: 22" | (n + 1)T'(5).

Let H(3) denote the product of all hook lengths of one tree in 5, H(3) is odd.

& 22+ (2n +2)T(5)H(5) = (2n + 2)! - #3.

58 2 6 1 710 3
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nocchi numbers: odd integers
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Genocchi numbers: odd integers

1+ )T, +1)T(3
a0 s 5 04070

f(n) = Z (n+ 1)T(.§)H(§).

2271
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Genocchi numbers: odd integers

1+ )T, +1)T(3
a0 s 5 04070

f(n) = Z (n+ 1)T(.§)H(§).

2271

Since H(S) is an odd integer, Gap12 = f(n) (mod 2).
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Genocchi numbers: odd integers

1+ )T, +1)T(3
a0 s 5 04070

f(n) = Z (n+ 1)T(.§)H(§).

2271

Since H(S) is an odd integer, Gap12 = f(n) (mod 2).

f(n) (the weighted Genocchi number) is more convenient for us to study, for it
has an explicit simple expression:
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Genocchi numbers: odd integers

1+ )T, +1)T(3
a0 s 5 04070

f(n) = Z (n+ 1)272’7(15)H(§).
Since H(S) is an odd integer, Gap12 = f(n) (mod 2).

f(n) (the weighted Genocchi number) is more convenient for us to study, for it
has an explicit simple expression:

f(n)=02n—-DI-(2n+ 1)L
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Genocchi numbers: odd integers

22n
5
(2n 4+ 2)! x #5
a Z 22n+1
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Genocchi numbers: odd integers

f) = Z (n+ 1)27;5)}1(5)

_Z (2n + 2)! x #5

22n+1
2n +2)! _
22n+1 Z #s.
While Z#E equals to the Catalan number C,,, we can calculate that
5

fy =2t g,

C2n+2)! 1 (2
T 220+l n+1\n

= (@2n— DI (2n+ DI
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Generalizations to k-ary trees
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Generalizations to k-ary trees

Let Liyp41 be the number of increasing labeled complete k-ary trees with kn + 1
vertices, and
xkn-l—l

¢(z) = Z LanW

n>0

be the exponential generating function of Ly, 1.
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Generalizations to k-ary trees

Let Liyp41 be the number of increasing labeled complete k-ary trees with kn + 1

vertices, and
xkn-l—l

d’(m) = Z Lini1 (

|
= kn + 1)!
be the exponential generating function of Ly, 1.
Let M2, pnix defined as

(k®n — kn + k)! Linaq

M2y bnak =
REn—kntk (KDL (kn + 1)!
and .
k- n—+
= E M2, —_—
¢(3¢) k2n—kn+k (an _ If’n, + k)'

n>0

be the exponential generating function of M2, gpik-
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Generalizations to k-ary trees

It's not difficult to calculate that

¢'(x) =1+ ¢"(x).

)= (xk,) |

And
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Generalizations to k-ary trees

It's not difficult to calculate that

¢'(x) =1+ ¢"(x).

)= (xk,) |

Compare with our original problem:

And

the exponential generating function of 75,11, y = tanx, satisfied the differential
equation ¢ = y? + 1;

and the exponential generating function of Ga,,2, satisfied that
x2n+2 T

= ni2 e = - tan =
g9(x) ;Gz Pn ) = PG
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Generalizations to k-ary trees

(a) For each integer k > 2, the integer

(k*n — kn 4+ k)! Lgnta
(kn+1)!

is divisible by (k!)*n+1,
(b) Moreover, the quotient

(kn— kn 4 K)1 L L (mod k), k=p,
n —kn ! Ly,
Mk2n—kn+k = futd =41 (mOd pz)’ k= pta t>2,

EDkrn+1(kn 4+ 1)!
(K1) (kn +1) 0 (mod k), otherwise,

wheren > 1 and p is a prime number.
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Proof of (a)
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Proof of (a)

@ Partition the set of all complete k-ary trees with kn 4+ 1 vertices into
equivalence classes, and restrict the divisibility in one equivalence class 7;

(k?n — kn + k)!

(k!)kn+1 | (kn+ 1)'

L(#).
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Proof of (a)

@ Partition the set of all complete k-ary trees with kn 4+ 1 vertices into
equivalence classes, and restrict the divisibility in one equivalence class 7;

277,7 n .
iy e )
o (k— 1)thntl | W since
(Fn—kntk)l o0 Pl ik —1) — 1
o+ ik = penrt — (= knt k) 1;[1 ( k—2 >
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Proof of (a)

@ Partition the set of all complete k-ary trees with kn 4+ 1 vertices into
equivalence classes, and restrict the divisibility in one equivalence class 7;

277,7 n .
iy e )
o (k— 1)thntl | W since
(Fn—kntk)l o0 Pl ik —1) — 1
o+ ik = penrt — (= knt k) 1;[1 ( k—2 >

(k*n — kn + k)!L(F)

kn+1
o K e D = 1y
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Proof of (a)

@ Partition the set of all complete k-ary trees with kn 4+ 1 vertices into
equivalence classes, and restrict the divisibility in one equivalence class 7;

(k1)kn+ | Mu;)

(kn+1)!
o (k— 1)tkntl W since
(Fn—kntk)l o0 Pl ik —1) — 1
o+ ik = penrt — (= knt k) 11 ( k—2 >

i=1

(k*n — kn + k)!IL(r)
(kn +1)!(k — 1)kn+1’

o khn+l| while H(7) =1 (mod k), it's equivalent to

L(r)H(r)
(kn+1)!1(k — 1)tkn+1"

EFt ) (K2n — kn 4+ k) -
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Proof of (a)

L(r)H(r)

ENFPHL | (K20 — kn + E)! -
& e =k W )
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Proof of (a)

LOHT) _ g2, o 4 -

ENFPHL | (K20 — kn + E)! - =
& e =k W )
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Proof of (a)

LOHT) _ g2, o 4 -

ENFPHL | (K20 — kn + E)! - =
& e =k W )

@ Analog of the original proof: use leaf-labeled trees.
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Proof of (a)

LOHT) _ g2, o 4 -

ENFPHL | (K20 — kn + E)! - =
& e =k W )

@ Analog of the original proof: use leaf-labeled trees.

Let  be a complete k-ary tree with kn + 1 vertices. Add a new sheaf of leaves to
r and put labels {1,2, - ,k?n — kn + k} on these new leaves. Since such a
leaf-labeled tree is totally determined by the order of labels as well as the shape of
the original tree, we have the number of leaf-labeled trees is exactly

(K*n — kn + k)! - 47

September 12, 2017 15 /21
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Proof of (a)

& (EN)*" 1 (K2n — kn 4+ k)! - m = (k*n — kn + k)! - #7.

@ Analog of the original proof: use leaf-labeled trees.

Let  be a complete k-ary tree with kn + 1 vertices. Add a new sheaf of leaves to
r and put labels {1,2, - ,k?n — kn + k} on these new leaves. Since such a
leaf-labeled tree is totally determined by the order of labels as well as the shape of
the original tree, we have the number of leaf-labeled trees is exactly

(K*n — kn + k)! - 47

While this leaf-labeled tree has kn + 1 non-leaf vertices, and each time of subtree
exchanging will make a difference on the order of labels, we can conclude that

(ENFPHL | (K20 — kn 4 k)! - #7.
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Proof of (b)

@ Construct the weighted function

= My2p—gnyr  (mod k).

k*n — kn + k)! L(7)H (7
f(n) ::Z( (k1)knt1 (k)n—l—(l))' v

(Notice that H(7) =1 (mod k).)
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Proof of (b)

@ Construct the weighted function

n—kn VL(T T
f(n):zz(k kn + k)! L(r) H ()

(kNknt1 (kn 4 1)! = Mp2p—knir  (mod k).

(Notice that H(7) =1 (mod k).)
o Calculate f(n):

k*n — kn 4+ k) L(7)H (7
f(n) ZZ( (k!)knt1 (k)n+(1))! .

(K2n — kn + k) x #F
=2

(k)Fn+1
k*n — kn + k)!
= ((k!)lm—r)ck(n)’
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Proof of (b)

@ Ci(n) is the number of all (unlabeled) complete k-ary trees, which is equal
to the Fuss-Catalan number

(kn)!

Cr(n) = nl(kn —n+ 1)
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Proof of (b)

@ Ci(n) is the number of all (unlabeled) complete k-ary trees, which is equal
to the Fuss-Catalan number

kn)!
Ci(n) = n'(kn( T>L + 1"
(k?n — kn + k)! (kn)!

fn) = (kDkn=—n+1(kn —n + 1)! (k:')”n'

_’“i—[”<m+k—1> ”1:[ (]k—&-k—l).
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Proof of (b)

o If k =p, we have

(ip+p—1) _@p+1)@Ep+2)---(lp+p—1)
p—1 ) Ix2x--x(p—1)

=1 (mod p).

Thus f(n) =1 (mod p).
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Proof of (b)

o If k =p, we have

(w+p—1)_(w+iﬂw+2%~ﬁp+p—U
p—1 ) Ix2x--x(p—1)

=1 (mod p).

Thus f(n) =1 (mod p).
o If k =pt, then

ipt +pt —1
pr—1

t1+pt1 1
tl_l

=1 (mod p*) (p=3),

ip+p—1
p—1
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Proof of (b)

o If k =p, we have

ip+p—1\
p—1 )

Thus f(n) =1 (mod p).

o If k =pt, then

(ipt +pt—1

pr—1

20+ 2t —1
2t —1

)=(

)

(ip+1)@p+2)---(ip+tp—1)

I1x2x---x(p—

t1+pt1 1
tl_l

1)

=1 (mod p*) (p=3),

B t1+2t1 1
= ot—1 _
=21+

(mmi® (p=

=1 (mod p).

ip+p—1
p—1
1-2+2-1
2-1
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Proof of (b)

o If k =p, we have

(ip+p—1) _p+)lp+2)---(p+p—-1)

=1 .
p—1 1x2x - x(p—1) (mod p)

Thus f(n) =1 (mod p).

o If k =pt, then
,Lpt_|_pt_1 t1+pt1 1
pt—1 pt=1 -1
=1 (mod p*) (p>3),

,L‘2t+2t71 B t1+2t1 1 B
2t—1 )~ 2t-1
=2+

1 (mod 4) (p=2).

Il I
Il M
7N RS
~. ~.
. =
[\ ™ 4
[\
| + I =
_ N =
\ —
— ~
N———

|
8
S
&
i

In both cases we can conclude that f(n) =1
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Proof of (b)

@ Suppose that k£ has more than one prime factors. Let ¢ be one prime factor,
write k = bg"™ with b > 2 and (b, ¢) = 1. Notice that f(n) | f(n+ 1), we
only need to show

(k?)!

fay) = (kl)k+1 =0 (mod ¢™).
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Proof of (b)

@ Suppose that k£ has more than one prime factors. Let ¢ be one prime factor,
write k = bg"™ with b > 2 and (b, ¢) = 1. Notice that f(n) | f(n+ 1), we
only need to show

(k?)!

fay) = (kl)k+1 =0 (mod ¢™).

@ This divisibility can be checked by Legendre’s formula. O
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Proof of (b)

@ Suppose that k£ has more than one prime factors. Let ¢ be one prime factor,
write k = bg"™ with b > 2 and (b, ¢) = 1. Notice that f(n) | f(n+ 1), we
only need to show

k2 m
F() = e =0 (mod ™)
@ This divisibility can be checked by Legendre’s formula. O

Lemma (Legendre's formula)

Suppose that p is a prime number. For each positive integer k, let a(k) be the
highest power of p dividing k! and B(k) be the sum of all digits of k in base p.
Then,

- 2|42
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Further questions
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Further questions

@ One may assume that f(n) =1 (mod p') when k = p'. Unfortunately this is
wrong. For example, when k = 23 we have

My sk =1,1,5,5,1,1,5,5,-- (mod 2%).
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Further questions

@ One may assume that f(n) =1 (mod p') when k = p'. Unfortunately this is
wrong. For example, when k = 23 we have

My sk =1,1,5,5,1,1,5,5,-- (mod 2%).

Actually, computer calculations show that the M-sequences always seem to
be periodic mod k. This fact can be proved by studying the congruence
properties of the binomial coefficients.
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Further questions

@ One may assume that f(n) =1 (mod p') when k = p'. Unfortunately this is
wrong. For example, when k = 23 we have

My sk =1,1,5,5,1,1,5,5,-- (mod 2%).

Actually, computer calculations show that the M-sequences always seem to
be periodic mod k. This fact can be proved by studying the congruence
properties of the binomial coefficients.

@ Except for the generating functions, the Genocchi numbers have many other
definitions: continued fraction, Gandhi polynomials, Seidel triangle,
combinatorial model, etc. Can these definitions/properties be translated to
the M-sequence?
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Further questions

@ One may assume that f(n) =1 (mod p') when k = p'. Unfortunately this is
wrong. For example, when k = 23 we have

Myzp gk =1,1,5,5,1,1,5,5,-- (mod 2%).

Actually, computer calculations show that the M-sequences always seem to
be periodic mod k. This fact can be proved by studying the congruence
properties of the binomial coefficients.

@ Except for the generating functions, the Genocchi numbers have many other
definitions: continued fraction, Gandhi polynomials, Seidel triangle,
combinatorial model, etc. Can these definitions/properties be translated to
the M-sequence?

Remains to be solved.
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Thank you all for your attention!
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