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Brenti Fest

Some selected inspirational readings by Francesco Brenfi
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Adin, Ron M.; Brenti, Francesco; Roichman, Yuval A unified
construction of Coxeter group representations. Adv. in Appl. Math.
37 (2006), no. 1, 31-67.

Brenti, Francesco; Caselli, Fabrizio Peak algebras, paths in the
Bruhat graph and Kazhdan-Lusztig polynomials. Adv. Math. 304
(2017), 539-582.

And many more ...
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https://mathscinet-ams-org.proxy.bibliotheques.uqam.ca/mathscinet/search/journaldoc.html?id=449

Coxeter groups

A Coxeter graph 1" is given by:
o vertices S (finite)

0 edges (EEPP with ™y >3 or my =

Spherical/finite types

Examples:
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Coxeter groups

(W,S) is the Coxeter system associated to I':
@ W =(5]|(st)"st =€) group

® mss = 1 (sinvolut®); ms = mys € N>o U {00} for s £ ¢

\) },wyolL "/\aw S{)OSc'll'thV\.S

Examples. Symmetric group §,, IS
® Dihedral group: D,, = (s,t|s* =t* = (st)" = ¢) ;
@ Infinite dihedral group: Do = (s,t]|s° =t° =e);

@ Affine Coxeter group As:

W = (s1, 85,554 51 - 53 = sg (8182)3 = (5153)3 = (3233)3 —a)
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Coxeter Combinatorics of words

Words and Length

@ any w € W is a word in the alphabet S ;

® Length function /: 1/ — N with Z(e) — () and
V(W) = min{k | W — 5153 v Sk S Ot

N T e TR
. Red(W S) G oF reduced words For (W S) ‘

Example. Ds is ; /

| prefix (resp. suffx) of a reduced word of v |

L st LS sts—tst

CO
et
L

A 3

Christophe Hohlweg, 2015



The weak order

Cayley graph of W = (S) i.e. is naturally oriented by the
(right) weak order:

u <pVvifuis aprefx of v, ie.,
if w=2pws {I(w) < l(ws)

0O vertices W
0 edges Tk s GRS o

L

1 i
Wo= 12(=L1(2 2
l
(”. (13) All ’Zl;s\ A A
123) (132) 12 o v L]
4 3 | s T,_
(12) () £e3) ‘\e

= &
Sym.me_ku‘c_ % (y DMP 63
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The weak order

(Right) descent set of w € W:
Dy(w)=1{s€S|ws<pw}={s €S| ws coatom of [e,w];}

L

1 4
Wo= 12(=L1(2 2
l
(”. (13) All ’Zl;s\ A A
123) (132) 12 o v L]
A g 1. T,_
(12) () £e3) ‘\e

= i
Sym.me_ku‘c. % (p oup 63
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The weak order

(Right) descent set of w € W:
Dy(w)=1{s€S|ws<pw}={s €S| ws coatom of [e,w];}

\

| S1S2S3_S2_ - -
o<~
1

51535251 @ i/

2 ~
N 7
\:\ S
a—
; O 535251 ) o
1
1

§18285352851 O

— 5928535251852 — §352535152

IZ;LES o0 '
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The weak order

(Right) descent set of w € W:
Dy(w)=1{s€S|ws<pw}={s €S| ws coatom of [e,w];}

PNEINITE
CL S
[ D) |< 1823
Yorall weW




The weak order

Theorem (Bjorner 1984). The weak order is a complete meet-

semilattice: For any u,v € W, there is a unique longest word

u Av that is a prefix of both « and v.
EXQIMPIL Ag? | R S?(MAM—LI/ML WOLP

Z 13| o7

312
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The weak order

Theorem (Bjorner 1984). The weak order is a complete meet-
semilattice: For any u,v € W bounded (dg € W, 2 > u,g > v)

there is a unique shortest word u V v with prefix both © and v.
EXQIMPIL AW | e S?(MJ\M-LI/MC— g/\/\’)u’o

y 3212

312
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The weak order

Theorem (Bjorner 1984). The weak order is a complete meet-
semilattice: For any u,v € W bounded (dg € W, 2 > u,g > v)

there is a unique shortest word u V v with prefix both u and v.

\
N
\
N\
\
\
\
\
518 S\‘O
15281
/, AS
// \\
,,' O 5281
51535251 @ ;
1

¥
O 515285381
1

525352 O \

518528535251 O

1

— 8592835985189 — 5352835152
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Problem 1

Let u,v,w € W such that w =u Vpv and u Apv = e.

Do we have dp(w) = dp(u) + dp(v) ?

When do we have equality?

sls:/
Ex. u= 2132, v=132, N
Uu VR V = Wol U /\R V. — S1S%S20 / Slsz \
5152535 O 515253 b
dR(W) — 3 ‘ . OS3S2 \\ 81szS1o
= do(u) + d,(v ° ' “os;m
r(u) + dp(v) \ smo«/of
l,' O 525351
Problem motivation: a question 20 S sisasasis:
of N. Ressayre (Lyon) on IS

Schubert calculus = 5253525159 = 5352535152

hamand




Problem 1

Let u,v,w € W such that w =u Vpv and u Apv = e.

Do we have dp(w) = dp(u) + dp(v) ?
When do we have equality?

e— Sy

Ex. u= 2132, v=123,

N
\ 4/\0(06
U VR 1 & — 23123' U /\R ) — Ch SlS%SZO ; //z’s1szx“\\\
N O 52
¥ S125352

N
\

dR(W) -9 / Osm o /\

o R(u) + dR(v) 51535251 O O S1S2S3S1

5152535251 O

O 5253
* $25352 O/

Problem motivation: a question

of N. Ressayre (Lyon) on N et
Schubert calculus = 5283528152 = 535283812
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Geometric realization and inversion sets

W act on a quadratic vector space Vas a reflection group:
Do — {wsw‘1 | s €S, we W} reflections in W.
0O PO = {a,|te€ T} (projective) root system in PV

0D of ={H, |t&€ T} Coxeter (hyperplane) arrangement in V*
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Geometric realization and inversion sets

W act on a quadratic vector space Vas a reflection group:

O — {wsw‘1 |s €S, we& W} reflections in W.

0O PO = {a,|te€ T} (projective) root system in PV

0D of ={H, |t&€ T} Coxeter (hyperplane) arrangement in V*

| [DZZ>:. Z(J()

_—.
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Geometric realization and inversion sets

The length £(w) = number of hyperplanes separating e from w € W.
Ex: w= 1213, f(w) =4
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Geometric realization and inversion sets

The length £(w) = number of hyperplanes separating e from w € W.
Ex: w= 1213, f(w) =4

Inversion set of w € W: ®(w) = {a, | H, separate w from e}

-
55&&{&)

®(1213)
E {032,)
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Geometric realization and inversion sets

Inversion set (recursive construction)

If w = su with u suffix of w then ®(w) = {a,} LI s(D(u))

Fact. The map w € W > @(w) is injective and £Z(w) = | D(w) | .
Moreover: u <, v < PD(u) C O(v).

-
HMZ)

®(1213)
| {&;}
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Geometric realization and inversion sets

Inversion set and join in weak order :

DO(u Vi v) = convg (O(u), P(v))

" B
\o/oe

S1S2
$15352 ()
i 81S2S382
SlS2Sl ()
O S3S2 \\
$1535251 O 7
1
X\\ O S1S2S351
y

SzS3S2 G)

$152835251 O

[e] \
§253515251 O
— 8592835928189 — 53525835152 H
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Geometric realization and inversion sets

W act on a quadratic vector space Vas a reflection group:

Do — {wsw‘1 | s €S, we W} reflections in W.

0O PO = {a,|te€ T} (projective) root system in PV

0D of ={H, |t&€ T} Coxeter (hyperplane) arrangement in V*

,} = 3CH,)

i/ 3e 3121 2 l / \

3

1 (**;J /é('i) 3)(,)
/ .

’L(T‘J)-’ L(/l)

Christophe Hohlweg



Geometric realization and inversion sets

W act on a quadratic vector space Vas a reflection group:

Do — {wsw‘1 | s €S, we W} reflections in W.

0O PO = {a,|te€ T} (projective) root system in PV

0D of ={H, |t&€ T} Coxeter (hyperplane) arrangement in V*

,} = 3CH,)

w A / \

2 (oks) /j(-i) 314, \
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Geometric realization and inversion sets

Inversion set (recursive construction)
If w = su with u suffix of w then ®(w) = {a,} U s(P(u))

Fact. The map w € W > @O(w) is injective and Z(w) = |D(w) | .
Moreover: u <, v < D(u) C O(v).

chamber ., | 2 (Hs) = 3¢H))

2131

2@—-’04)

’L(fll)-’ L(/l)
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Geometric realization and inversion sets

Descent-roots
o (Left) Ol (w) = la, | £(sw) < wi;
o (Right) Of(w) = tws(a,) | s € Dp(w)} .

By )= 148 ) T ()= 136, 3/.2,)f] @“(mzfzi 5 N ws) = 1o el
Pk: [BlzJ)

fﬁ((ﬁ)

@(1213)
! &ia)

'L(f‘l): L('(l)




Problem I: a conjecture

Let u,v,w € W such that ®(w) = O(u) LI (V). Show:
(%) dr(w) = dp(u) + dp(v)

EXT =127y — 318
w = 12321. We have:
O(w) = O(u) U D(v)
And () is verified.

Proven in type A, type B
in progress (CH, V. Pons)
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The Bruhat order

Cayley graph of W = (T) i.e. IS naturally oriented by the
Bruhat order:

; u<v if u is a subword of
B sy o ALk [ e, W = 1W if £(w) < £(tw)

O vertices: W

L

:-(}hc";\‘t\_i> ;1 ¢/ / 'Ll:LlL}

o= J2=LI2 BrUhar

‘~ a e

2|72
Z | [Z
7A 1\ v |

4_\ l?, /L.‘\e )
4
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Problem II: join & Bruhat graph
Let u,v € W, a (u, v)-Bruhat path is a path in the Bruhat
graph starting at e and labelled by {7 | a, € ®(u) U O(v)}.

Ex: W= li N = 3L
IBE f""/ '(”‘Ag
@(’)-'{"(3/3(0!&)5

dle ,£ (u/v)IBrul\J‘ Val‘[zs




Problem II: join & Bruhat graph

Conjecture (Dyer ~ 2010)
O(u Vpv) =1{a,| tis in a (u,v)-Bruhat path}

Ex: W= li N = 3L
b(w)= f""/ '(”‘AK
@(’)-—{"(3/3&!;)5

UV, v [2%L ]

D lov,v) = {«,/ozj/ 14, 304,)
lZ(O(g)g




Problem II: join & Bruhat graph

Conjecture (Dyer ~ 2010)
O(u Vpv) =1{a,| tis in a (u,v)-Bruhat path}

Original motivation:

« To understand the join in
relation to Initial sections
(Kazhdan-Lusztig theory)

KN
Slszs},.\

.

« Extend inversion sefs to a - |
lattice in infinite Coxeter 65525351 |
groups (Dyer, recent works 5152835251
by Viard, Speyer, ...)

/

O 5283

~
~

Y
§2853515251 O

— §2853525159 — 5352535152
;




Short inversions and Bruhat order

Short inversion set of w € W:
Dl(w) = o, | 2(tw) =2¢(w) — 1} = {a, | tw coatom of [e, w]}

(ool B [Le, 1232(]

e V3L, 1235 lzﬁl/ D3| _

[ LLVI @ /LJ); {OJ,/ ‘(3/ [(o(&\/}/ /\\ _/)\’f,;SzS’s \

\
y S1S2S3_S2_ 4
o«""

323

(@) S3S2\\\

51535251 Q

$152535281

S15728381S
OV\12312

(0]
\ /O $28535152
§2853515251 O

— §2853525159 — 5352535152
;
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Short inversions and Bruhat order

Short inversion set of w € W:
Dl(w) = o, | 2(tw) =2¢(w) — 1} = {a, | tw coatom of [e, w]}

(oa\’omS (W & IZBZC]
s N3 AL |23l p 32| _

T hew '/U / 3/ [(4,) 3/.,(})} f

Theorem (Dyer 1993) The
short inversions of w € W are

the vertices of conv (®(w)).
In particular:

d(w) = conve (D' (w)).
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Short inversions and Bruhat order

Short inversion set of w € W:
Dl(w) = o, | 2(tw) =2¢(w) — 1} = {a, | tw coatom of [e, w]}

Theorem (Dyer 1993) The
short inversions of w € W are

the vertices of conv (D(w)).
In particular:

Dd(w) = convg (D' (W)).
We have:
D (w), D(w) C D'(w)

To understand ®(w),
study @' (w)!
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Problem III (with a solution)

Infinite-depth in root system (Brink-Howlett 1993, Fu 2012):

dp_ () is the number of parallel distinct H, that separates

i[‘(;): L(/,)
o




Problem III (with a solution)

Infinite-depth in root system (Brink-Howlett 1993, Fu 2012):

dp_ () is the number of parallel distinct H, that separates

H, from e.

Problem: the restriction of
dp_ on ®!(w) is maximal on

O (w).




Problem III (with a solution)

Answer: the short inversion poset. It is e transibive <lasire

,;é_ H\L r{ﬁal';ov\ : 0(s<w e '.j the is @ ook & w  Hh
ﬁ & @“VCN/X>

1 @
AN ' i
| —R
3 2 // Q (WB
/
w=>l212132] y 1(ag)
s y 1(as O(L’L"(é
4
/ s1(a) v 12(ay) T
| 312(a.1) é@} + 2(a) 0(3 O/(

32(.011) O(L+°(3 <U ﬁ

O
ag + a3




Problem III (with a solution)

Answer: the short inversion poset. It is e transibive <lasire

v’é H\L r{gal';ov\ : 0(s<w B '.j the is @ ook & w  Hh
ﬁ & &«M\VCO(/X>

Ey. wa 1280225140 )
@R(U)= fﬁ=l23‘t723£l(o(4)f - ? y

L ((
=« Lt ean g ns
0 @ () ’3 b Je raboes V= 1234232(«;)
Theorem (Dyer, CH, Fishel, Mark ‘23)
Let w € W, for any ff € ©'(w), 1(a4)
there is a € ®X(w) and y € O (w)
such that a <, f <, 7.
2
™
3 Q

4

1

4



Problem III (with a solution)

Answer: the short inversion poset. It is e transibive <lasire

ﬂ’é H\L r{gal';ov\ : 0(s<w B '.j the is @ ook & w  Hh
ﬁ & @“Vcd/X>

Theorem (Dyer, CH, Fishel, Mark ‘23) B =123Y323¢ (<)

Let w € W, for any ff € dl(w), -
: L R
there is a € ®“(w) and y € O (w) = 1342324
such that a <, f <, 7.
1(ca)

Theorem (Dyer 2021)
If a <, B thendp (a) <dp_(f)

/Mak/'ma/ ok j%) E

4

1

2
4
3 0’

5\0 vaool jf‘(w\



Problem III fo Shi arrangement

Infinite-depth in root system:

dp_ () is the number of parallel distinct H, that separates

H, from e.

L IN IV Y N/ N
NN N/
NN 4N 2N
D\ I N\
VD AN AN
\FT N AL HBV

m-Shi arrangement:
(‘Sjm - {Hz | dPOO(OQ) < m]}

Theorem (Dyer, CH, Fishel,
Mark ‘23): &', is gated
(each region has a unique
minimal element) and the
Join of two bounded gates
IS a gate.



Problem III fo Shi arrangement

Infinite-depth in root system:

dp_ () is the number of parallel distinct H, that separates
H, from e.

m-Shi arrangement:

S, = (H,|dp_(a) < m}

Theorem (Dyer, CH, Fishel,
Mark "23): &', is gated

(each region has a unique
minimal element) and the

Join of two bounded gates
IS a gate.

(gat’ei h 69{;)\'- : ﬂ(‘/“ ’I’tn.z/)




Problem III to Shi arrangement

Infinite-depth in root system:

dp_ () is the number of parallel distinct H, that separates

H, from e.
m-Shi arrangement:

YAV s g

<Wi&'€" L, S, =1{H|dp_(a) < m}

Theorem (Dyer, CH, Fishel,
Mark ‘23):

&'y has the

(conj. by <H, Naveav, wiecansl

Xy

AKX
VAN ‘/
“1 g

=%

TP
X
/>

e Affine case, &, has de

convexity property
(Yoshinaga ‘04, Thiel '14)

(Shi &9 Yoo & im a%?*\l )

\),

T
S
\




Problems 1V

Study Shi arrangement in general (enumeration, classification

L’m\ :% ﬁa‘“ 4’3 :‘Lg

of &, with the convexity property)




Problems V

Study short inversion posets.







