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Coxeter groups

 A Coxeter graph    is given by: 
 vertices    (finite)

 edges            with             or 

S
mst mst � 3

�

mst = 1s t

no edge             define mst = 2

Examples:

s t

5

...

m

...

...
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Spherical/finite types



Examples.  Symmetric group     is


Dihedral group:                                       ;


Infinite dihedral group:                              ;


Affine Coxeter group     :  

Sn

D1 = hs, t | s2 = t2 = ei

Dm = hs, t | s2 = t2 = (st)m = ei

..
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W = hs1, s2, s3 | s21 = s22 = s23 = (s1s2)
3 = (s1s3)

3 = (s2s3)
3 = ei
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Coxeter groups

W = hS | (st)mst = ei

                          


                         group


          (  involut°);                              for s 6= tmss = 1 mst = mts 2 N�2 [ {1}

       is the Coxeter system associated to   :(W,S) �
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Examples.  Symmetric group     is


Dihedral group:       is           or              


Infinite dihedral group:       is                   


Affine Coxeter group     :


                                       

Sn ..Sn ..
m (m = 2)

D1

Sn ..

Ã2
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W = hS | (st)mst = ei

                          


                         group


          (  involut°);                              for s 6= tmss = 1 mst = mts 2 N�2 [ {1}

       is the Coxeter system associated to   :(W,S) �

Coxeter groups



any           is a word in the alphabet   ;


Length function                with            and   

w 2 W S

` : W ! N `(e) = 0
`(w) = min{k |w = s1s2 . . . sk, si 2 S}

A word              is a reduced word for    if

                is the set of reduced words for 

s1s2 . . . sk w k = `(w)

Words and Length

Example.       is            ;                                          D3

e s t st ts sts = tst
` 0 1 1 2 2 3

u is a prefix (resp. suffix) of v if a reduced word of u is 
prefix (resp. suffix) of a reduced word of v

Christophe Hohlweg, 2015

Red(W,S) (W,S)

Coxeter Combinatorics of words



Cayley graph of             i.e.
W = hSi
 vertices    

 edges           

W

w wss (s 2 S)

is naturally oriented by the 
(right) weak order:


 if  is a prefix of , i.e.,               
if 
u ≤R v u v

Christophe Hohlweg

w wss `(w) < `(ws)

The weak order
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The weak order
(Right) descent set of : 




w ∈ W

DR(w) = {s ∈ S ∣ ws ≤R w} = {s ∈ S ∣ ws coatom of [e, w]R}
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The weak order
(Right) descent set of : 




w ∈ W

DR(w) = {s ∈ S ∣ ws ≤R w} = {s ∈ S ∣ ws coatom of [e, w]R}
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<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

The weak order
(Right) descent set of : 




w ∈ W

DR(w) = {s ∈ S ∣ ws ≤R w} = {s ∈ S ∣ ws coatom of [e, w]R}



Theorem (Björner 1984). The weak order is a complete meet-
semilattice: For any , there is a unique longest word 

 that is a prefix of both  and .

u, v ∈ W
u ∧ v u v

Christophe Hohlweg
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<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

The weak order



Theorem (Björner 1984). The weak order is a complete meet-
semilattice: For any  bounded ( ) 

there is a unique shortest word  with prefix both  and .

u, v ∈ W ∃g ∈ W, g ≥ u, g ≥ v
u ∨ v u v

Christophe Hohlweg

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>
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The weak order



Theorem (Björner 1984). The weak order is a complete meet-
semilattice: For any  bounded ( ) 

there is a unique shortest word  with prefix both  and .

u, v ∈ W ∃g ∈ W, g ≥ u, g ≥ v
u ∨ v u v

Christophe Hohlweg

The weak order
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s1s2

s2s1

s1s3

s2s3

s3s2
s1s2s1

s1s2s3

s1s3s2

s2s3s1

s2s3s2

s3s2s1
s1s2s3s1

s1s2s3s2

s2s3s1s2

s1s3s2s1

s2s3s2s1 s1s2s3s1s2

s1s2s3s2s1

s2s3s1s2s1

w�

= s2s3s2s1s2 = s3s2s3s1s2

S4

A3



Problem I
Let  such that  and .


Do we have   ?

When do we have equality? 

u, v, w ∈ W w = u ∨R v u ∧R v = e
dR(w) ≥ dR(u) + dR(v)

e

s1

s2
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s1s2

s2s1

s1s3

s2s3

s3s2
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s1s3s2

s2s3s1

s2s3s2

s3s2s1
s1s2s3s1

s1s2s3s2

s2s3s1s2

s1s3s2s1

s2s3s2s1 s1s2s3s1s2

s1s2s3s2s1

s2s3s1s2s1

w�

= s2s3s2s1s2 = s3s2s3s1s2

S4
Ex.  , v= 132,

, .





       


Problem motivation: a question 
of N. Ressayre (Lyon) on 
Schubert calculus

u = 2132
u ∨R v = w∘ u ∧R v = e
dR(w) = 3

≥ 2 = dR(u) + dR(v)



Problem I

e

s1

s2

s3

s1s2

s2s1

s1s3

s2s3

s3s2
s1s2s1

s1s2s3

s1s3s2

s2s3s1

s2s3s2

s3s2s1
s1s2s3s1

s1s2s3s2

s2s3s1s2

s1s3s2s1

s2s3s2s1 s1s2s3s1s2

s1s2s3s2s1

s2s3s1s2s1

w�

= s2s3s2s1s2 = s3s2s3s1s2

S4
Ex.  , v= 123,

, .





       


Problem motivation: a question 
of N. Ressayre (Lyon) on 
Schubert calculus

u = 2132
u ∨R v = 23123 u ∧R v = e
dR(w) = 2

= dR(u) + dR(v)

Let  such that  and .


Do we have   ?

When do we have equality? 

u, v, w ∈ W w = u ∨R v u ∧R v = e
dR(w) ≥ dR(u) + dR(v)



 act on a quadratic vector space as a reflection group:W V

Christophe Hohlweg

Geometric realization and inversion sets

 reflections in . 


 (projective) root system in 


 Coxeter (hyperplane) arrangement in 


T = {wsw−1 ∣ s ∈ S, w ∈ W} W
ℙΦ = {αt ∣ t ∈ T} ℙV
𝒜 = {Ht ∣ t ∈ T} V*
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 act on a quadratic vector space as a reflection group:W V
 reflections in . 


 (projective) root system in 


 Coxeter (hyperplane) arrangement in 


T = {wsw−1 ∣ s ∈ S, w ∈ W} W
ℙΦ = {αt ∣ t ∈ T} ℙV
𝒜 = {Ht ∣ t ∈ T} V*
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 act on a quadratic vector space as a reflection group:W V
 reflections in . 


 (projective) root system in 


 Coxeter (hyperplane) arrangement in 


T = {wsw−1 ∣ s ∈ S, w ∈ W} W
ℙΦ = {αt ∣ t ∈ T} ℙV
𝒜 = {Ht ∣ t ∈ T} V*
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The length  = number of hyperplanes separating  from .


Ex: , 

ℓ(w) e w ∈ W

w = 1213 ℓ(w) = 4
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The length  = number of hyperplanes separating  from .


Ex: , 


Inversion set of : 

ℓ(w) e w ∈ W

w = 1213 ℓ(w) = 4
w ∈ W Φ(w) = {αt ∣ Ht separate w from e}

Φ(1213)
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3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

Φ(1213)

Inversion set (recursive construction) 

If  with  suffix of  then 
w = su u w Φ(w) = {αs} ⊔ s(Φ(u))

Fact. The map  is injective and .

       Moreover: .                                          

w ∈ W ↦ Φ(w) ℓ(w) = |Φ(w) |
u ≤R v ⟺ Φ(u) ⊆ Φ(v)
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Geometric realization and inversion sets
A gain: Inversion set and join in weak order :



Φ(u ∨R v) = convΦ (Φ(u), Φ(v))

e

s1

s2

s3

s1s2

s2s1

s1s3

s2s3

s3s2
s1s2s1

s1s2s3

s1s3s2

s2s3s1

s2s3s2

s3s2s1
s1s2s3s1

s1s2s3s2

s2s3s1s2

s1s3s2s1

s2s3s2s1 s1s2s3s1s2

s1s2s3s2s1

s2s3s1s2s1

w�

= s2s3s2s1s2 = s3s2s3s1s2

S4
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H1
<latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit>

H2
<latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit> H3

<latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit>
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1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

Geometric realization and inversion sets

 act on a quadratic vector space as a reflection group:W V
 reflections in . 


 (projective) root system in 


 Coxeter (hyperplane) arrangement in 


T = {wsw−1 ∣ s ∈ S, w ∈ W} W
ℙΦ = {αt ∣ t ∈ T} ℙV
𝒜 = {Ht ∣ t ∈ T} V*



Christophe Hohlweg
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H1
<latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit>

H2
<latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit> H3

<latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit>
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1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

Geometric realization and inversion sets

 act on a quadratic vector space as a reflection group:W V
 reflections in . 


 (projective) root system in 


 Coxeter (hyperplane) arrangement in 


T = {wsw−1 ∣ s ∈ S, w ∈ W} W
ℙΦ = {αt ∣ t ∈ T} ℙV
𝒜 = {Ht ∣ t ∈ T} V*



Christophe Hohlweg
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H1
<latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit><latexit sha1_base64="HYamIn8j0x4tH1slARdEVUOgfV0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ1Jb2u6KbrqsaB/QDiWTZtrQTGZIMkIZ+gluXCji1i9y59+YTiuo6IELh3Pu5d57/FhwbRD6cNbWNza3tnM7+d29/YPDwtFxR0eJoqxNIxGpnk80E1yytuFGsF6sGAl9wbr+9Hrhd++Z0jySd2YWMy8kY8kDTomx0m1ziIeFInKrqFQt1yFySxiXSxmpVS4rdYhdlKEIVmgNC++DUUSTkElDBdG6j1FsvJQow6lg8/wg0SwmdErGrG+pJCHTXpqdOofnVhnBIFK2pIGZ+n0iJaHWs9C3nSExE/3bW4h/ef3EBDUv5TJODJN0uShIBDQRXPwNR1wxasTMEkIVt7dCOiGKUGPTydsQvj6F/5NOycXIxTflYuNqFUcOnIIzcAEwqIIGaIIWaAMKxuABPIFnRziPzovzumxdc1YzJ+AHnLdPNg+NwA==</latexit>

H2
<latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit><latexit sha1_base64="Jck+GdDMWWf2bfzWzb9/A08bBg8=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CklsaXsreumxov2ANpTNdtsu3WzC7kYooT/BiwdFvPqLvPlv3KYVVPTBwOO9GWbmBTFnSjvOh7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJptcLv3NPpWKRuNOzmPohHgs2YgRrI902Bt6gUHTsiuNVSjXk2J7rlryMVMuX5RpybSdDEVZoDgrv/WFEkpAKTThWquc6sfZTLDUjnM7z/UTRGJMpHtOeoQKHVPlpduocnRtliEaRNCU0ytTvEykOlZqFgekMsZ6o395C/MvrJXpU9VMm4kRTQZaLRglHOkKLv9GQSUo0nxmCiWTmVkQmWGKiTTp5E8LXp+h/0vZs17Hdm1KxfrWKIwencAYX4EIF6tCAJrSAwBge4AmeLW49Wi/W67J1zVrNnMAPWG+fN5ONwQ==</latexit> H3

<latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit><latexit sha1_base64="CE2srPLczjvRQHJl2NgfIrjRzTk=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTlra7opsuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ptMKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6aookYR2SMQj2fexopwJ2tFMc9qPJcWhz2nPn10v/d49lYpF4k7PY+qFeCJYwAjWRrptjcqjYgnZNeTWKg2IbNdxKm5G6tVytQEdG2UogTXao+L7cByRJKRCE46VGjgo1l6KpWaE00VhmCgaYzLDEzowVOCQKi/NTl3AC6OMYRBJU0LDTP0+keJQqXnom84Q66n67S3Fv7xBooO6lzIRJ5oKsloUJBzqCC7/hmMmKdF8bggmkplbIZliiYk26RRMCF+fwv9J17UdZDs3lVLzah1HHpyBc3AJHFADTdACbdABBEzAA3gCzxa3Hq0X63XVmrPWM6fgB6y3TzkXjcI=</latexit>
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1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

Fundamental chamber

chamber

Inversion set (recursive construction) 

If  with  suffix of  then 
w = su u w Φ(w) = {αs} ⊔ s(Φ(u))

Geometric realization and inversion sets

Fact. The map  is injective and .

       Moreover: .                                          

w ∈ W ↦ Φ(w) ℓ(w) = |Φ(w) |
u ≤R v ⟺ Φ(u) ⊆ Φ(v)
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Descent-roots

• (Left)        ;

• (Right)      


ΦL(w) = {αs ∣ ℓ(sw) < w}
ΦR(w) = {ws(αs) ∣ s ∈ DR(w)} .

Geometric realization and inversion sets

Christophe Hohlweg
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Φ(1213)



Ex.  , ,


. We have:





And ( ) is verified.


Proven in type A, type B 
in progress (CH, V. Pons)

u = 12 v = 321
w = 12321
Φ(w) = Φ(u) ⊔ Φ(v)

⋆

Problem I: a conjecture
Let  such that . Show:


( )  

u, v, w ∈ W Φ(w) = Φ(u) ⊔ Φ(v)
⋆ dR(w) = dR(u) + dR(v)



Ex.  , ,


. We have:





And ( ) is verified.


Proven in type A, type B 
in progress (CH, V. Pons)


u = 12 v = 321
w = 12321
Φ(w) = Φ(u) ⊔ Φ(v)

⋆

Problem I: a conjecture
Let  such that . Show:


( )  

u, v, w ∈ W Φ(w) = Φ(u) ⊔ Φ(v)
⋆ dR(w) = dR(u) + dR(v)



Cayley graph of  i.e.
W = ⟨T⟩
 vertices:    


 edges:  ( )   

W
w tw t ∈ T

is naturally oriented by the 
Bruhat order:

         if    is a subword of  

 i.e.,  if w tw ℓ(w) ≤ ℓ(tw)
u  v u  v

Christophe Hohlweg

The Bruhat order

t t

Bruhat 
graphs



Problem II: join & Bruhat graph

e
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s2s3s2s1 s1s2s3s1s2

s1s2s3s2s1

s2s3s1s2s1

w�

= s2s3s2s1s2 = s3s2s3s1s2

S4

Let , a -Bruhat path is a path in the Bruhat 
graph starting at  and labelled by .

u, v ∈ W (u, v)
e {t ∣ αt ∈ Φ(u) ∪ Φ(v)}



Problem II: join & Bruhat graph
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w�

= s2s3s2s1s2 = s3s2s3s1s2

S4

Conjecture (Dyer  2010)

 is in a -Bruhat path

≃
Φ(u ∨R v) = {αt ∣ t (u, v) }



Problem II: join & Bruhat graph

e
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= s2s3s2s1s2 = s3s2s3s1s2

S4

Conjecture (Dyer  2010)

 is in a -Bruhat path

≃
Φ(u ∨R v) = {αt ∣ t (u, v) }

Original motivation: 


• To understand the join in 
relation to initial sections 
(Kazhdan-Lusztig theory)


• Extend inversion sets to a 
lattice in infinite Coxeter 
groups (Dyer, recent works 
by Viard, Speyer, …)



Christophe Hohlweg

Short inversions and Bruhat order
Short inversion set of : 




w ∈ W

Φ1(w) = {αt ∣ ℓ(tw) = ℓ(w) − 1} = {αt ∣ tw coatom of [e, w]}

e
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s2
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w�

= s2s3s2s1s2 = s3s2s3s1s2

S4



Christophe Hohlweg

Short inversion set of : 




     

w ∈ W
Φ1(w) = {αt ∣ ℓ(tw) = ℓ(w) − 1} = {αt ∣ tw coatom of [e, w]}

Theorem (Dyer 1993) The 
short inversions of  are 
the vertices of . 
In particular: 


.

w ∈ W
conv (Φ(w))

Φ(w) = convΦ (Φ1(w))

Short inversions and Bruhat order



Christophe Hohlweg

Short inversion set of : 




     

w ∈ W
Φ1(w) = {αt ∣ ℓ(tw) = ℓ(w) − 1} = {αt ∣ tw coatom of [e, w]}

Theorem (Dyer 1993) The 
short inversions of  are 
the vertices of . 
In particular: 


.

w ∈ W
conv (Φ(w))

Φ(w) = convΦ (Φ1(w))

Short inversions and Bruhat order

We have:





To understand , 
study !

ΦR(w), ΦL(w) ⊆ Φ1(w)
Φ(w)

Φ1(w)



Problem III (with a solution)
Infinite-depth in root system (Brink-Howlett 1993, Fu 2012):


 is the number of parallel distinct  that separates 
 from e.

dp∞(αt) Hr
Ht
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2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>



Problem III (with a solution)
Infinite-depth in root system (Brink-Howlett 1993, Fu 2012):


 is the number of parallel distinct  that separates 
 from e.

dp∞(αt) Hr
Ht

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="XjjzUJ21USXiYWOMLaw5qL6yJBY=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4NeCpg9FuIBLuIYAbuAOHqABLRCA8AJv8O49ea/ex6qugrfu7Rz+yPv8AWp9i2M=</latexit><latexit sha1_base64="Ac3s19ZxksPZfdSQscPy0EQ//8g=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXott9K4zeMowgVcwjV4cAMNuIcmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w964Yyy</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>
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dp∞ Φ1(w)
ΦR(w)



Problem III (with a solution)
Answer: the short inversion poset.




Problem III (with a solution)
Answer: the short inversion poset.


Theorem (Dyer, CH, Fishel, Mark ’23) 
Let , for any , 
there is  and  
such that .

w ∈ W β ∈ Φ1(w)
α ∈ ΦL(w) γ ∈ ΦR(w)

α ≺w β ≺w γ
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Answer: the short inversion poset.


Theorem (Dyer, CH, Fishel, Mark ’23) 
Let , for any , 
there is  and  
such that .

w ∈ W β ∈ Φ1(w)
α ∈ ΦL(w) γ ∈ ΦR(w)

α ≺w β ≺w γ

Theorem (Dyer 2021)

 If  then α ≺w β dp∞(α) ≤ dp∞(β)



Infinite-depth in root system:


 is the number of parallel distinct  that separates 
 from e.

dp∞(αt) Hr
Ht

m-Shi arrangement:


𝒮m = {Ht ∣ dp∞(αt) ≤ m}

Theorem (Dyer, CH, Fishel, 
Mark ’23):  is gated 
(each region has a unique 
minimal element) and the 
join of two bounded gates 
is a gate.
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Infinite-depth in root system:


 is the number of parallel distinct  that separates 
 from e.

dp∞(αt) Hr
Ht

m-Shi arrangement:


𝒮m = {Ht ∣ dp∞(αt) ≤ m}

Theorem (Dyer, CH, Fishel, 
Mark ’23): 


•  has the convexity 
property;


•Affine case,  has de 
convexity property 
(Yoshinaga ‘04, Thiel ‘14)

𝒮0

𝒮m

Problem III to Shi arrangement



Problems IV
Study Shi arrangement in general (enumeration, classification 
of  with the convexity property)
𝒮m



Problems V
Study short inversion posets.
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Study short inversion posets.
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