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A quiver is a finite directed graph.

Multiple edges are allowed.

Oriented cycles of length 1 or 2 are forbidden.
Two types of vertices: “frozen” and “mutable.”
lgnore edges connecting frozen vertices.

Lauren K. Williams (Harvard) Cluster Algebras, Talk 1 @ ICERM workshop February 2021 6/23



Quiver Mutation
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Let kK be a mutable vertex of Q.

Quiver mutation uy : Q — Q' is computed in 3 steps:

1. For each instance of | — k — £, introduce an edge j — /.
2. Reverse the direction of all edges incident to k.
3. Remove oriented 2-cycles.

Mutation is an involution, i.e. u%(Q) = Q for each vertex k. J

Lauren K. Williams (Harvard) Cluster Algebras, Talk 1 @ ICERM workshop February 2021 7/23



Let F be a field of rational functions in m independent variables over C.
A seed in F is a pair (Q,x) consisting of:

@ a quiver Q on m vertices

@ an extended cluster x, an m-tuple of algebraically independent (over
C) elements of F, indexed by the vertices of Q.

coefficient variables < frozen vertices

cluster variables < mutable vertices

Cluster = {cluster variables }

Extended Cluster = {cluster variables, coefficient variables}

Lauren K. Williams (Harvard) Cluster Algebras, Talk 1 @ ICERM workshop February 2021 8/23



Seed mutation

Let kK be a mutable vertex in Q and let xx be the corresponding cluster
variable. Then the seed mutation uy : (@, x) — (Q’,x’) is defined by

0 Q' = uk(Q)

o X' =xU{x; }\ {x«}, where

Xk X), = H Xj + H X; (is the exchange relation) & \

Jj—k

Remark: Mutation is an involution.
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Cluster Algebras, Talk 1 @ ICERM workshop
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Definition of cluster algebra

Let (Q,x) be a seed in F, where @ has n mutable vertices.

Consider the n-regular tree T with vertices labeled by seeds, obtained by
applying all possible sequences of mutations to (Q, x).

Let x be the union of all cluster variables which appear at nodes of T.
Let the ground ring be R = C[x,11,--.,Xm], the polynomial ring
generated by frozen variables. (Alternatively let R = (C[Xniﬂ, . xE])
The cluster algebra A(Q) := R[x] C F is the R-subalg generated by .
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