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Vorwort

Die vorliegende Arbeit basiert grofitenteils auf Arktikeln die von D. B. A. Epstein,
J. Mather, R. P. Filipkiewicz und A. Banyaga zwischen 1970 und 1988 publiziert
wurden.

Das erste Kapitel geht im wesentlichen auf D. B. A Epstein zuriick. Hier wird
gezeigt, dafl die Kommutatorgruppen gewisser Homoéomorphismengruppen einfach
sind (vgl. Theorem 1.3). Dieses eher allgemein gehaltene Resultat 148t sich auf
Diff. (M), anwenden, und so hat Diff. (M), eine einfache Kommutatorgruppe (vgl.
Corollary 1.17).

In den Kapiteln 2&3 wird ein Resultat von J. Mather prasentiert, das besagt:
Diff[ (M), ist einfach, falls r # dim(M) + 1. Eigentlich wird nur gezeigt, daf$§
Diff] (M), perfekt ist, und dann das Ergebnis des ersten Kapitels verwendet. Fiir
dim(M) + 2 < r < oo ist dies im zweiten Kapitel (vgl. Corollary 2.44), und fiir 1 <
r < dim(M) im dritten Kapitel (vgl. Corollary 3.5) ausgefithrt. Ob Diff )+ (1)
auch perfekt ist, ist meines Wissens noch nicht geklart, der hier prasentierte Beweis
versagt jedenfalls vollig bei r = dim(M) + 1.

Im vierten Kapitel wird gezeigt, dafl jeder Gruppenisomorphismus zwischen ge-
wissen Diffeomorphismengruppen von einem Diffeomorphismus der zugrundeliegen-
den Mannigfaltigkeiten induziert wird. Insbesondere stammen isomorphe Diffeo-
morphismengruppen von diffeomorphen Mannigfaltigkeiten. Auch hier wird zuerst
ein allgemeineres Resultat bewiesen (vgl. Theorem 4.14), das dann auf Diff. (M),
angewandt wird (vgl. Theorem 4.17). Die Beweise dieser Sitze gehen auf R. P. Fil-
ipkiewicz und A. Banyaga zuriick. Die Methoden und Ergebnisse aus Kapitel 2 &
3 werden dabei nicht benotigt, und daher kann das vierte Kapitel auch unmittelbar
nach dem ersten Kapitel gelesen werden.

Der Anhang behandelt das “diskrete Analogon” zu Theorem 4.17. Die Mannig-
faltigkeiten werden durch endliche Mengen, und die Diffeomorphismengruppen durch
Permutationsgruppen ersetzt. Sind die Mengen nicht sechselementig, wird wieder
gezeigt, dal ein Gruppenisomorphismus zwischen Permutationsgruppen von einer
Bijektion der zugrundeliegenden Mengen induziert wird (vgl. Corollary A.8). Fiir
sechselementige Mengen stimmt das nicht (vgl. Theorem A.10). Im Anhang werden
nur elementare gruppentheoretische Methoden verwendet, er kann also unabhéangig
von den anderen Kapiteln gelesen werden.
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Abstract

Mainly this work is based on articles that were published by D. B. A. Epstein,
J. Mather, R. P. Filipkiewicz and A. Banyaga between 1970 and 1988.

The first chapter is essentially due to D. B. A. Epstein. Here it is shown
that the commutator groups of certain groups of homeomorphisms are simple (cf.
Theorem 1.3). This result can be applied to Diff. (M), and thus Diff’ (M), has a
simple commutator group (cf. Corollary 1.17).

In chapter 2 & 3 a result of J. Mather is presented, that says: Diff] (M), is simple,
provided r # dim(M) + 1. Actually it is shown that Diff, (M), is perfect, then the
result of the first chapter is used. For dim(M) + 2 < r < oo this is carried out in
the second chapter (cf. Corollary 2.44), and for 1 < r < dim(M) in the third one
(cf. Corollary 3.5). As far as I know it is not yet known whether Diffim@®D+1(pr),
is simple as well. However, the proof presented here fails completely in the case
r=dim(M) + 1.

In the fourth chapter it is shown, that every isomorphism of groups between
certain groups of diffeomorphisms is induced by a diffeomorphism of the underlying
manifolds. Especially isomorphic groups of diffeomorphisms come from diffeomor-
phic manifolds. First the more general result Theorem 4.14 is proved, then it is
applied to Diff’(R"), (cf. Theorem 4.17). The proofs of these theorems are due to
R. P. Filipkiewicz and A. Banyaga. The methods and results of chapter 2 & 3 are not
required for chapter 4, and thus it can be read immediately after the first chapter.

The appendix deals with the discrete analogon of Theorem 4.17. The manifolds
are replaced by finite sets and the groups of diffeomorphisms by groups of permuta-
tions. If the sets do not consist of six elements, it is again shown that an isomorphism
of groups between two groups of permutations is induced by a bijection of the un-
derlying sets (cf. Corollary A.8). If the sets do consist of six elements this is not true
(cf. Theorem A.10). In the appendix only elementary group theoretic methods are
used, hence it can be read independently of the other chapters.

vi



1. The Simplicity of [Diff..(M),, Diff.(M),]

1.1. Definition. Let G be a group and g,h € GG. The commutator of g and h is
lg.h] :== g~ 'h~'gh. If E, F are two arbitrary subsets of G then (E). denotes the
subgroup of G generated by F, and welet [E, F| := ({[e, f] :e € E, f € F}),. |G, G]
is called the commutator subgroup of GG, it’s a normal subgroup of G. The normalizer
of a subgroup U C G is Ng(U) := {g € G : g7'Ug = U}. Tt’s the largest subgroup
of G that contains U as normal subgroup. If N is a normal subgroup of G' we write
N < G. A group G is said to be simple iff it has no normal subgroups except {e}
and G. G is called perfect iff [G,G] = G.

If X is a topological space, and g : X — X a homeomorphism then the support
of g is

supp(g) == {z € X : g(x) # x}.

1.2. Definition (Epstein’s Axioms). Let X be a paracompact Hausdorff space,
U a basis of open subsets of X and G a group of homeomorphisms of X. The triple
(G, X,U) is said to satisfy Epstein’s Azioms iff the following holds:

Axiom 1: U eld = ¢g(U) € U.
Axiom 2: G acts transitively on U.

Axiom 3: Let g € G, U € U and let V C U be a covering of X. Then there exists an
integer n, elements ¢,...,g, € G and Vi,...,Vh € V such that g = g, --- g1,
supp(g;) € Vi and supp(g;) U gi—1--- g1 (U) # X for 1 <i <n.

1.3. Theorem (Epstein). [3] Let (X, G,U) satisfy Epstein’s Azxioms and let {1} #
N C G be a subgroup such that [G,G] C Ng(N). Then [G,G] C N.

Proof. Obviously we may assume G # {Id}.

Claim 1. X s connected, and no open subset of X is finite.

Proof of Claim 1. X is connected, for suppose conversely X = U UV where U and
V are disjoint open subsets of X. Then W :={W e U : W CUorW C V}isa
covering of X, and hence by Axiom 3, G is generated by elements g € GG supported
on W € W. Therefore GG is generated by elements supported either in U or in V.
It follows, that each element of G maps U to U and V to V, but this contradicts
Axiom 2 and hence X is connected.

Suppose F'is a finite open subset of X. Choose x € F. Since X is Hausdorff {x}
is an open and closed subset of X, and hence X = {z}, but this is a contradiction
to the assumption G # {Id}. O
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Claim 2. Let U,V C X be open subsets and let g,h € G be homeomorphisms with
supp(h) CV, UnNsupp(h) =0 and g(U) = V. Then

171 -1
_J gth™tg on g7 (supp(h))

lg,h] = { h elsewhere (1.1)
FEspecially we have supp([g, h]) C supp(h) U g~ (supp(h)) CV UU.

Proof of Claim 2. On g~'(supp(h)) (1.1) follows from g~!(supp(h)) Nsupp(h) = 0,
on supp(h) it follows from g(supp(h)) Nsupp(h~!) = @ and elsewhere it’s obvious. O

Claim 3. [G, G| acts transitively on U.

Proof of Claim 3. Let Uy,Usy € U and choose g € G with ¢g(U;) = Uy (Axiom 2).
We have to find ¢ € [G,G] with ¢'(U;) = U,. By Axiom 3 there exist n € N,
Vi,..., Vo €U and hy, ..., h, € G with g = h,, -+ hq, supp(h;) C V; and

K; :=supp(h;)) Uh;_y---hi(U)) # X V1 <i<n.

Choose W; € U with W; C X \ K; and ¢; € G with ¢;(W;) = V; (Axiom 2). Since
W; Nsupp(h;) = 0 we can apply Claim 2 and obtain

1,1 ~1
Cp1— ) Yi h; g on g; (supp(h;))
9> hi] = { h; elsewhere (1.2)

From g; ' (supp(h;)) Nhi_1---hi(U;) CW; N K; =0 and (1.2) we get

(965 hilln,_yona @y = Pl om o)

and thus inductively

[gm hn] T [91, hl](Ul) = [Qm hn] T [92, h2]h1(U1)
€[G,G]

== hn M hl(Ul) = g(U1) = UQ.
O

Claim 4. Let U € U, h € G with supp(h) C U. Then there exists g € N with
glv = hlu.

Proof of Claim 4. Since N # {Id} we can choose a € N,a # Id and v € X,

a(zr) # z. Further we choose U € U with z € U and U Na~'(U) = 0. Slnce
a paracompact Hausdorfl space is normal we find V.W € U such that x € V,
VAW =0 and VUW C U. By Axiom 2 there exists g € G with g(W) =V, and
by Claim 3 we find k € [G,G] with k(V) = U. Let h := k~'hk and p := [a,[g, ]].
We have supp(h) C V and p € [N, [G,G]] C N, for [G,G] C Ng(N). From Claim 2
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we obtain [§,h]|y = hly and [« [7, E]]\U = [g, 71]][7, since supp([§,h]) € U. Hence
plv = hly. Since k € [G,G] C Ng(N) we have g := kpk™' € N and

gl = kpk Yy = khk Yy = kk™'hkk™Y )y = hly.
O

Claim 5. The orbits of N are the same as the orbits of G. In particular they are
dense by Azxiom 2.

Proof of Claim 5. Let z € X and y € G(x). Choose n minimal with respect to
the condition that there exist ¢1,...,9, € G, Uy,...,U, € U with supp(g;) C U;
and y = ¢,,---¢1(x). By Claim 4 we obtain h; € N with h;|y, = ¢;|y,. Since n is
minimal g;_1---g1(z) € U;, 1 < i < n, for otherwise we could omit g; and this would
contradict the minimality of n. Thus we obtain inductively

Y=0n - -91(x) = hpgn-1---g1(z)

Claim 6. Let hy,hy € G, V € U, supp(h;) C V. Then [hy, hy] € N.

Proof of Claim 6. Let x € X. By Claim 5 we find oy, ap € N with z, a7 (), a3 (z)
distinct. Now choose U € U with # € U and U, a; ' (U), a3 ' (U) disjoint and choose
91,92 € G such that x,g_l_l(x),ggl(x) are distinct elements of U. Further we select

Vel withz € V and V, g7 {(V), g (V) disjoint subsets of U. By Claim 3 we find
k € |G, G] with k:(V) = V. Aswedid in Claim 4, we let h; := k='h;k. Whereas h; are
supported in an arbitrary V' € U, h; are supported in the suitable Vel. Suppose
we have [hy, he] € N then [hy, ho] = kk71[hy, holkk™' = K[k~ hik, k= hok]k™" =
k[hy, ho)k™" € N, since [G,G] C Ng(N).

So it remains to show [hy, hs] € N. Let p; == [as, [, hi]] € [N,[G,G]] € N. As
in Claim 4 it follows p;|c = E2|§ and hence

[ov, pa]l7 = [, ]l (1.3)

pi|X\‘7 is supported on ¢;}(V) U o; Y (U). Because of the choice of the sets U and V,
supp(p1 ) N supp(pz|x\7) = 0 and hence

[

vl = Il = o ol (14)
From equations (1.3) and (1.4) we obtain [hy, he] = [p1, pa] € N. O
Claim 7. There exists a coveringV C U of X, such that the following holds:

Vi,VoeV,VinVo 40 = U el : VUV, CU.
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Proof of Claim 7. Since X is paracompact, we can choose {Ux}rea C U, {[7,\},\€A cu
with U, C Uy and such that {Uy}aea is a locally finite cover of X. For every z € X
we choose V, € U, x € V,, such that V, intersects only finitely many U,,,...U,,, .
We can assume x € U—Al C U,,, 1 <1 <n,, by shrinking V, if necessary. Let V,, € U,
x €V, and
V, CV,.n (U,
i=1
Let V := {V, }.ex. Obviously V is a covering of X and V C Y. Furthermore we have

VeV,VnU,# 0=V Cl, (1.5)

Now take Vi,V € V with Vi NV, # (). Since {Ux}xen is a covering of X we find Uy
intersecting Vi and V5. By (1.5) we obtain V; C U, and Va C U,. Since Uy, € U, we
are done. O

Let V be the covering constructed in Claim 7, and consider
E:={h e G:3V €V withsupp(h) C V}.

E generates G by Axiom 3. Let hq, hy € FE and choose Vi, Vo € V with supp(h;) C V;.
If ViNVy =0 then [hy,hy] = Id € N. If Vi NV, # () then by Claim 7 there exists
U € U with V; UV, C U and by Claim 6 we obtain [hy, hs] € N too. Summing up
we have

[h1,ho] € N Vhy, hy € E. (1.6)
In general [E, E] need not generate [G, G], so we are not finished yet.
Claim 8. g c G, hl,hg S g[hl,hg]gil €N.

Proof of Claim 8. Choose W; € V with supp(h;) € W; for i = 1,2. We can assume
Wiy N Wy # 0, for otherwise [hy, he] = Id. Let U € U with W, UW, C U. By
Axiom 3 we obtain ¢1,...,9, € G, Vi,...,V, € U with supp(g;) C Vi, g = g+ 1
and K; := supp(g;) Ugi_1---g1(U) # X. Now choose U; € U with U; C X \ K; and
choose f3; € G with 3;(U;) = V;. From Claim 2 we get

~1 -1

Vi = [Bi, g1 = { SZ 9 b gi )U(Z\UZ (1.7)

We will show
glhn, halg™ = v - -mlhy, haly -t (1.8)
for we are done then since y; € [G, G] C Ng(N) and [hy, hy] € N by (1.6). To see (1.8)
notice that supp(gi—1 - - - g1[h1, h2]91_1 -+-g:4) € gic1 - g1(U) since supp([h1, ho]) C

U and hence
gio1- - glha, halgr - g v, = Tdly, (1.9)

for we have U; N g;_1---1(U) = 0 by the choice of U;. Since ¢;(U;) = U; and
v:(U;) = U; by (1.7) we obtain from (1.9)

v, = Yigi-1- - gilhe, halgr - gy o (1.10)

v, = Id

gigilhi, holgy - gt
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From (1.10) and since g;|x\v, = V| x\vi by (1.7), we have

g gilh, halgr 97t = Yigia - galba, halgr g

and thus (1.8) follows inductively. O

Consider S := ({g[h1,ha]g™" : g € G, h1,hy € E}),. Obviously this is a normal
subgroup of G and by Claim 8 we have S C N. Since G is generated by E, G/S
is generated by {hS : h € E}. Since [hy, ho| € S for h; € E the generators of G/S
commute and hence G/S is abelian. Consequently

lg,h]S = [gS,hS] =S Vg,h € G
and hence [G,G] C S C N. This completes the proof of Theorem 1.3. O
1.4. Corollary. Let (G, X,U) satisfy Epstein’s Azioms, then [G,G] is simple.

Proof. Suppose {Id} # N<|G, G| then [G,G] € Ng(N). By Theorem 1.3 [G,G] C N
and hence [G, G] is simple. O

1.5. Corollary. Let (G, X,U) satisfy Epstein’s Azioms, then every nontrivial normal
subgroup of G contains [G,G|. Thus |G, G] is the unique minimal normal subgroup

of G.

Proof. Let {Id} # N < G. This implies [G,G] € Ng(N) = G, and hence by
Theorem 1.3 [G,G] C N. O

1.6. Definition. Throughout the text a smooth manifold is a connected, paracom-
pact, separable, boundaryless C*-manifold, 1 < dim(M) < oo. Suppose M, N
are smooth manifolds and 0 < r < oo, then C"(M, N) denotes the space of C'-
mappings M — N equipped with the Whitney topology (cf. Proposition 1.7). Fur-
ther Diff" (M) resp. Diff’ (M) denotes the group of C"- resp. compactly supported
Cr-diffeomorphisms of M. If A is a fixed subset of M we let Diff’, (M) be the group of
C"-diffeomorphisms supported on A. We equip these groups with the Whitney- or C"-
topology i.e. the initial topology with respect to the inclusions Diff" (M) C C"(M, M),
Diff (M) C C"(M, M) and Dift", (M) C C"(M, M).

If GG is a topological group we denote by (G, the component containing Id. Further
we let B (z) := {y € R" : ||z — y|| < r}, the open ball in R" with radius r and
center x, and B" := B7(0), the open unit ball.

1.7. Proposition. We list some facts concerning the Whitney- or C"-topology. For
details see [6] and [9].

(1) Diff"(M) is open in C"(M, M) for 1 <r < oco.

(2) The set Emb"(M,N) C C"(M,N) of C"-embeddings of M in N is open for
1 <r <.
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(8) LetCl.. (M,N) C C"(M,N) denote the subspace of proper mappings (f : M —

prop

N s proper iff K C N compact = f~1(K) is compact). Then

C"(N,P) x C.._(M,N) — C"(M,P)

prop

(9,h) — goh
15 continuous for 0 < r < oo.
(4) The following mapping is continuous for 0 < r < oco:

CT<M, Nl) X CT(M, Ng) — CT(M, N1 X Ng)
(f17f2> = (f17f2>

(5) If 0 <r < oo and E = M is a finite dimensional, smooth vector bundle over
M, then T.(E = M), the set of compactly supported C"-sections of E = M
equipped with the Whitney-topology, i.e. the initial topology with respect to the
inclusion T(E 5 M) C C"(M, E), is a locally convex vector space. (compact
support is essential here, for otherwise scalar-multiplication won’t be continuous
if M is not compact!)

(6) If 0 <r < s < oo then C°5(M,N) C C"(M,N) is a dense subset. Further if
f e C(M,N), N a neighborhood of f € C"(M,N), A C M closed, and f is
already C* on a neighborhood of A, then there exists g € N N C5(M, N) with
gla= fla.

(7) Diff" (M) is a topological group for 0 < r < oo. Since Diff.(M) and Diff, (M),
are subgroups of Dift" (M) equipped with the initial topology, they are topological
groups too.

(8) We have
C*(M,N) =lim C"(M, N),

where the projective limit is over all 0 < r < oo and the inclusions C"(M, N) —

CK(M,N) forr > k.

(9) Given a locally finite family of charts ® = (u;, U;)ier on M, a family of compact
subsets K = (K;)ie; with K; C U;, a family of charts ¥ = (v;,V;)ier on N
with f(K;) € V; and a family of positive numbers € = (€;)icr, then we define

N7(f; ®,W, K €) to be the space of g € C"(M,N) with g(K;) CV; Vi € I and

1D (vi fui ) (@) — DX (vigui ) (@) < e

Vie I, Vo € u(K;) and V0 < k <r. The sets N"(f; ®,V, K,¢) as ®, ¥, K, ¢
vary form a neighborhood basis of f € C"(M,N) for 0 <r < oo.
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(10) For 0 < r < oo consider the vector bundle of r-jets J"(M, N) —— M and the
canonical injective mapping

§": C"(M,N) — C%(M,J" (M, N)).

If we put the graph topology on C°(M,J"(M,N)) then the Whitney-topology
on C"(M,N) is the topology induced by the inclusion j". In other words the
Whitney-topology is the coarsest topology on C"(M,N) such that j™ becomes
continuous.

(11) If 0 < r < o0 and d, is a metric on J" (M, N) generating the topology, then a
neighborhood basis for f € C'(M,N) is given by:

N(fir.€):=={g € C"(M,N) : d(j" f (), ) g(x)) < e(x)}

where € varies over C(M, (0,00)).

1.8. Remark. We have:

Diff” (M), < Diff" (M), Diff’(M), < Diff"(M),,  Diff%(M), < Diff’ (M)
Diff’(M) < Diff" (M),  Diff" (M), <t Diff" (M)

Proof. If f,g € Diff"(M), then supp(gfg~') = g(supp(f)). Hence if f is com-
pactly supported, then so is gfg~!. Now everything follows from the continuity of
conj, : Diff"(M) — Diff"(M), conj,(f) := gfg~* and the fact conj,(Id) = Id €
Diff’(M),. O

1.9. Definition. Let M be a smooth manifold and 0 < r < co. A C"-diffeotopy of
M is a C'-mapping H : M x I — M such that H, :== H( - ,t) € Diff"(M). H; is
said to be C"-diffeotopic to the identity through H. The support of a diffeotopy H is

supp(H) :={x € M : 3t € I with H(z,t) # z}.

1.10. Remark. Given a compactly supported, time dependent C"-vector field X on
M, one obtains a compactly supported C"-diffeotopy H : M x I — M by integrating
X, i.e. the unique mapping H : M x I — M with Hy = Id and %LJ—IS(:@ =
X(Hy(x),t) is a C"-diffeotopy.

Conversely, given a compactly supported C'-diffeotopy H : M x I — M, one
obtains a compactly supported, time dependent C"~!-vector field Hon M given by
H(z,t) = 4|, Hy(H; ' (x)). Clearly these two constructions are inverse to each other.

1.11. Lemma. Let M be a connected, smooth manifold, o : I — M a smooth
path in M and let U be an open neighborhood of Im(c) C M. Then there exists
f € Diff7 (M), with f(o(0)) = o(1). In particular Diff.(M), acts transitively on M
for1l <r <oo.
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Proof. First we choose a smooth path & : I — M joining x = ¢(0) and y = o(1), such
that & is an embedding and Im(5) C U. Hence there exists a C*®-vector field X on
M with supp(X) C U and X (5(t)) = L[;5(s). By Remark 1.10 FI* : M x I — M is

a compactly supported C®-diffeotopy and thus FIi* € Diffe?(M),. Finally we have
FI(2) = y since & : I — M is an integral curve of X. O

1.12. Lemma. If1 < r < ococand H: M x I — M is a compactly supported
C"-diffeotopy then H : I — Diff’(M) is continuous. Especially we have H : I —
Diff’(M), since H(0) = Id.

Proof. For finite r this follows easily from the description of the Whitney-topology
given in Proposition 1.7(11) and for r = oo it follows from Proposition 1.7(8) and
the universal property of the projective limit. O

1.13. Proposition. [9] Let M be a smooth manifold, exp : TM — M the exponential
mapping obtained from a Riemannian metric on M and let 1 < r < oo. Then there

exists a convez, open neighborhood U’ of the zero section in TL(TM = M) and an
open neighborhood U of Id € Diff}(M), such that the map

o:UNT"(TM 5 M) — UnNDiff"(M)
o >  expoo
1s well defined and a homeomorphism.

Proof. Tt is well known that there exists an open neighborhood V"’ of the image of the
zero section in "M, and an open neighborhood V' of the diagonal diag(M) C M x M
such that

TMOV ™D v c s M

is an C*>*-diffeomorphism. Now let

U = {oeli(TM 5 M):o(M)CV'},
U = {feC.(MM):(Id, f)(M)CV},

define ¢ : U’ — U like above and let
v Lo
fo= (mexp)~to(ld, f)

Clearly everything is well defined, U and U’ are open, 0 € U’ and Id € U To see
that ¢(f) is a section of TM - M compute as follows:

mot(f) =mo(mexp)” o (Id, f) = pri o (m exp) o (m,exp)”" o (Id, f) = Id.

Since

o(h(f)) =expo (mexp) o (Id, f) =pryo(mexp)o (mexp) to(ld, f)=f
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and
b(p(0)) = (m,exp)~ o (Id, exp 0 7) = (m,exp) ' o (m,exp) 0 0 = o,

¥ is the inverse to ¢. By Proposition 1.7(3)&(4) both, ¢ and %, are continuous.
Using Proposition 1.7(1)&(5) we can shrink U and U’ such that the proposition
holds. O

1.14. Corollary. Let M be a smooth manifold and 1 < r < co. Then Diff. (M),
1s locally contractible and consists of exactly those C"-diffeomorphisms that are dif-
feotopic to the identity through a compactly supported C"-diffeotopy.

Proof. Let f € Diff_(M),. Then f, : Diff.(M), — Dift.(M),, f.(g9) := fg is a home-
omorphism by Proposition 1.7(3). Hence with the notation from Proposition 1.13
feop : U — f.(U) is a homeomorphism onto an open neighborhood of f. Since
U’ is a convex subset of a topological vector space it is contractible, and thus the
neighborhood f.(U) of f is contractible.

By Lemma 1.12 Diff., (M), contains all C"-diffeomorphisms that are diffeotopic
to the identity through a compactly supported C"-diffeotopy. Conversely if f € U C
Diff] (M), we have a compactly supported C"-diffeotopy with Hy = Id and H, = f
given by H(z,t) := ¢(tp~'(f))(z). Since Diff,(M), is generated by U it remains
to show that ’being C"-diffeotopic to Id’ is compatible with composition. Therefore
consider two compactly supported C"-diffeotopies F' resp. G with Fy = Gy = Id.
Then

H(z,t) = F(G{HG(x,1 —1)),1)
is a compactly supported C"-diffeotopy from FiG7! to Id. O

1.15. Example. Consider M = R" and the exponential mapping obtained from the
usual Riemannian metric on R™. Via the homeomorphism (cf. Proposition 1.7(3))

I"(TR" & R") =T"(R" x R"™ R") 5 C(R",R")

O — proooc
(here o € CL(R",R") means: ¢ € C"(R™, R") and o is zero outside a compact set)
the mapping ¢ defined in Proposition 1.13 is given by ¢ : CL(R",R") D U — U C
Diff (R"),, 0 +— o + Id.

We have Diff(R") = Diff(R"),, since for arbitrary f € Diff.(R") we have a
compactly supported C"-diffeotopy H : R™ x [¢, 1] — R", given by H(x,t) := tf(%as).
By choosing ¢ sufficiently small we can achieve, that H, € Diff’(R"), and hence there
is a prolongation H : R" x I — R" that is a C%-diffeotopy from f to Id with H, = Id
Vt € [0, §]. Since C’-mappings are dense in C"-mappings and since H is already C”
on R™ x (][0, %e] U [e, 1] we find a compactly supported C"-diffeotopy H from f to
Id, and thus f € Diff’(R"),. Moreover, if supp(f) C B", then H can be chosen
such that supp(ﬁ ) € B™. To see the last assertion let H be a diffeotopy from f to

Id like above, choose 1 < D € R with supp(H) C B} (0) and assume that H; = f
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vt e [3, 1]. If we choose A € C>([0, 1], [1, D]) with A 1 =D and A(1) = 1, then
G(z,t) := < H(A(t)z, t) is a C"-diffeotopy from f to Id and supp(G) C B

1.16. Lemma. [3] Let M be a smooth manifold, 1 <r < oo, n =dim(M) and
U (M) :={oB") :R" 5 M  C"—embedding}.
Then (Diff_ (M )., M,U"(M)) satisfies Epstein’s Azioms.

Proof. Obviously (Diff. (M), M,U"(M)) satisfies Axiom 1.

To see, that Axiom 2 is satisfied, consider C"-embeddings ¢1, p2 : R™ — M. We
have to find f € Diff] (M), with and f(¢1(B")) = ¢2(B"). Since Diff] (M), acts
transitively on M we can assume ¢1(0) = ¢2(0), and since we can shrink ¢;(B™) by
elements of Diff’ (M), we can additionally assume that ¢;(B™) C U, where (u,U)
is a chart of M centered at ¢1(0) = ¢2(0). So it suffices to find f € Diff,(R"),
with f(p(B")) = B" for all embeddings ¢ : R" — R™ with ¢(0) = 0. Besides we
may assume that det(D¢(0)) > 0, for if we define o : R" — R" by o(xy,...,2,) =
(—x1,22,...,x,), we have pog(B") = ¢(B") and det(D(po00c)(0)) = —det(Dp(0)).

Claim 1. There exists a C"-isotopy from ¢ to Id, i.e. a C"-mapping H : R"xI — R"
such that Hy := H(-,t) : R" — R"™ is an embedding ¥t € I, Hy = Id and H, = .

Proof of Claim 1. Consider the following C"~!-isotopy from Dp(0) to ¢:

R"x] — R"

To(tx) ift#0
(z.1) = { De(0) -2 ift=0

Since Dyp(0) € GL™(n,R) and GLT(n,R) is connected, we find a C"!-isotopy
from Id to Dyp(0) and by composing and reparametrizing we obtain a C"~!-isotopy
G:R"xI — R"with G, = Id Vt € [0,3] and Gy = ¢ Vt € [3,1]. Finally, we
approximate G by a C"-mapping H that equals G on R" x |0, i] UR™ x [%, 1]. This
is possible, since G is already C™ on R" x [0, ) UR™ x (2, 1]. Choosing H sufficiently
near G we can achieve that H; remain embeddings (cf. Proposition 1.7(2)) and hence
H is a C"-isotopy. a

Now consider the locally defined, time dependent C"~!-vector field on R" given by
H(z,t) = 41,H,(H; "(z)). We then have 4|, H,(z) = H(H,(z),t). The domain of H
is (H, pr;)(R™x I). Hence we can find a compactly supported, globally defined, time
dependent C"~'-vector field G' on R™ such that G equals H on (H,pr;)(B2(0) x I).
Thus, integrating G we obtain a compactly supported C"~!-diffeotopy G with Gy =
Id and GlBy(0)xr = H|By(0)xr1, especially G is C" on By(0) x I. By approximation
we find a compactly supported C’-diffeotopy G with G’\an[ = G|nxs and thus
G1(B") = G1(B") = H,(B"). Since G, € Diff’(R"),, we have verified Axiom 2.
Claim 2. (cf. (3.1) Lemma in [11]) Let f € Dift’(M),, V C U be a cover of M.
Then there exists an integer n, Vi,...,V, € V and f; € DiffL(M),, 1 < i < n, with
supp(fi) € Vi and f = fu--- f1.
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Proof of Claim 2. Choose a partition of unity (););en subordinated to the cover V
and choose V; € V with supp(\;) C V;. Let ¢ : U' — U as in Proposition 1.13 and
define W' C T"(TM = M) by

n n

Wi={ocelU : O N)oeU,o(O_N)o)(supp(M+1)) C Vo1 Vn € N}

=1 =1

W’ is an open neighborhood of the zero section and hence W := ¢(W’) is an open
neighborhood of Id € Diff,(M),. We can assume that f € W, for W generates
Diff](M),. Since f is compactly supported there exists n € N such that

supp(\i) Nsupp(e™'(f)) = 0 Vi>n. (1.11)

Now define g; := o(( ;:1 M) Y(f)) € Diff,(M), and let f; := g;g;, € Diff’,(M).,
i=1,...,n. Using (1.11) we then have

=Id
=0~ 1(f)

Further, since g;|a\supp(ni) = Gi—1|am\supp(r,) We Obtain

supp(f;) = supp(gig;_1) € gi-1(supp(Xi)) C V.
This finishes the proof of Claim 2. O

Claim 3. Let U,V € U, f € Diffi(M), and supp(f) C V. Then there exist
fi, f2 € Diff(M)s with supp(f;) €V, f = fofi, supp(f1) UU # M and supp(fa) U

fU) # M.

Proof of Claim 3. Suppose we have neighborhoods N; of z; € N; C M\ U, i = 1,2
and f; € DiffL(M), with supp(f1) C V, fily, = fln, and fi|n, = Id. We then
let fo := ff;" and obtain f, € Diff.(M),, supp(fz) € V, f = fof1. Since x, ¢
supp(f1) U U, we have supp(f1) UU # M. Further we have fofi|n1 = flnv, = film
and thus fa|f, v,y = Id. Hence fi(z1) ¢ supp(fs), and since f1(z1) ¢ f1(U) we obtain
supp(f2) U f1(U) # M. So it remains to find z;, N; and f; presumed above.

By Example 1.15 we can choose a C"-diffeotopy H : M x I — M with Hy = Id,
H, = fand supp(H) C V. In the case n = 1 we think of V as V' C R via a chart, and
let H(z,t) :=tf(z)+(1—t)x Vo € V,t € I, extended trivially on M\ V. We have U #
M and thus we find z; and Ny with z; € Ny € M\ U, such that H(N, x I) 2 M\U.
If n > 1 this is possible since H({z1} x I) is compact and M \ U is open, in the case
n = 1 the existence of x; and N; follows from our special choice of H. Now choose
xy and Ny such that zy € Ny € M\ (UUH(N; x 1)), A € C°(M,R) with |y, =0,
Muixn = 1, let H(x,t) = 41,H,(H; (z)) and define G(z,t) == Nx)H(x,1).
Integration of G gives rise to a C"-diffeotopy G : M x I — M supported on V
with Gy|n, = Id ¥Vt € I and G|n,x1 = H|n,x7- Hence we can approximate G by
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an C"-diffeotopy G, supported on V, which equals G on (Nl U NQ) x I, where N;
are smaller neighborhoods of ;. Thus we have G € Diffl(M),, supp(Gy) C V,
1|ﬁ2:fdand G1|ﬁ1:G1|ﬁ1:H1|ﬁ1:f|ﬁ1' O
Now let f € Diff.(M),, V C U a cover of M and let U € U. By Claim 2 we obtain
Vi,...,Vu € Vand f; € Diff.(M),, 1 <i <n with supp(f;) CV; and f = f, - fi1.
Since f;_1- fl( ) € U we obtain from Claim 3 f}, f? € Diff,(M), with Supp(ff) C
Vi, fi = f2fi, supp(fi) U fior -+ f1(U) # M and supp(f7) U fi fior -+ f1(U) # M.
Since f; -+ fi = fAf}--- f2fl we have verified Axiom 3. O

1.17. Corollary. Let 1 <r < oo and let M be a connected smooth manifold. Then
[Dift(M)o, Diff’.(M),] is simple, [Diff.(M),, Diff(M),] < Dift" (M) and every non-
trivial, normal subgroup of Dift" (M) contains [Diff..(M )., Diffl(M),]. Consequently
[Dift? (M), DiffL(M),] is the unique minimal, normal subgroup of Diff"(M). The
same s true when Diff" (M) is replaced by Diff, (M), Diff" (M), or Diff](M)..

Proof. The simplicity of [Diff.(M),, Diff’(M),] follows immediately from Corol-
lary 1.4 and Lemma 1.16. To see the second assertion notice, that if G is an arbitrary
group and H <1 G then [H, H| < G, since glhy, ho]lg™ = [ghig™t, ghag™']. By Re-
mark 1.8 we thus obtain [Diff.(M),, Diff] (M),]|<Diff" (M). Let {Id} # H<iDift"(M).
We'll show

H N [Dift] (M), DiffL(M),] # {Id}, (1.12)

for we are done then, since we have
H n [Dift’(M),, Dift,(M),] < [Diff. (M), Diff.(M),]

and [Diff’ (M), Diff,(M),] is simple. To see (1.12) choose h € H, U € U and
fi, fa € DiffL(M),, such that U N h(U) = 0, supp(f;) C U and [fi, fo] # Id. We
have g; := [h, fi] € H N Diff, (M), since H < Dift"(M) and Dift] (M), < Dift"(M).
Hence [g1,92] € H N [Diftl(M),, Diff.(M),], but we have g;|lv = filp : U — U
(cf. Claim 2 on page 2) and hence [g1, 92|l = [f1, fo]lv # Id by the choice of f;.
This shows (1.12).

Nothing essential in the proof changes, when Diff" (M) is replaced by Diff, (M),
Dift" (M), or Diff(M),. To see the last case one could also apply Corollary 1.5. O
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2.1. Definition. A modulus of continuity is a continuous, strictly increasing function
a:]0,00) — R, such that a(0) = 0 and a(tz) < ta(z), Vo € [0,00) Vi > 1.

Consider two metric spaces (X, dx) and (Y, dy), a modulus of continuity «, and
a mapping f : X — Y. f is said to be a-continuous, if there exist C' > 0 and € > 0,
such that

x1, 29 € X, dx(x1,22) < € = dy (f(x1), f(22)) < Caldx(z1,x2)).

f is called locally a-continuous if each point has a neighborhood U, such that f|y is
a-continuous.

2.2. Remark. Id is a modulus of continuity and a mapping is Id-continuous, iff it
is Lipschitz. If 0 <t < s then a(s) = a(t7) < ja(t), hence t — ﬁ is an increasing
function, and thus Id : (X,d) — (X, d) is a-continuous for all moduli of continuity
a. If a, o are moduli of continuity that equal on a neighborhood of 0 then a mapping
is a-continuous iff it is o/-continuous.

2.3. Lemma. Let X and Y be two metric spaces, each of them equipped with two
metrics which are equivalent in the following sense: there exist positive constants
mx, Mx, my, My, with
mydx(z1,25) < dx(zi,72) < Mxdx(z1,2s)
< <

mYdY(yla yz) JY(yh 3/2) MYdY(yla ZJ2>

for all x1,29 € X and y1,y2 € Y. Then a mapping f : (X,dx) — (Y,dy) is a-
continuous, iff f:(X,dx) — (Y,dy) is a-continuous.

Proof. Suppose f : (X,dx) — (Y,dy) is a-continuous and choose C' > 0 and € > 0
with
dy (f(21), f(22)) < Caldx(x1,22))  Vdx(21,22) <e.

We assume my < 1 and let € := emy. If Jx(xl,.flfg) < € we have dx(x1,22) < €,
hence

dy (F(21), f(2)) < MyCaldy (a1, 22)) < Mycmix o(dx (1, 22),

C:=

and thus f : (X,dx) — (Y,dy) is a-continuous. The second implication is proven
similarly, but now the constants my and Mx have to be used. d

2.4. Lemma. Let (X,d) be a metric space and (V.|| -||) a normed vector space. If
frg: X — V are a-continuous and A\, € R then A\f + pg is a-continuous too.

13
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Proof. Choose €f,¢, > 0 and Cy, C, > 0, such that

[f(x1) = f(z2)|| < Cra(d(zy,72))  Vd(x1,72) < €
lg(z1) — g(@2)[| < Cyald(w1,22))  Vd(21,72) < €4,

and let € := min{es, e, }, C := |ACf + |p|Cy. If d(x1,22) < € then we have

IS+ ng)(x) = (f + ) (@) < [MIIf(21) = fl@)]l + [ulllg (1) = g(za)]
< (Cr + |plCyald(zy, x2)).

and this shows Lemma 2.4. O

2.5. Lemma. Let (X,dx) EN (Y,dy) 2 (Z,dz) be mappings of metric spaces, and
let o, B be moduli of continuity. If f is a-continuous and g is B-continuous then go f
s 3 o a-continuous.

Proof. We choose €¢,¢e, > 0 and Cy, C, > 1 analogously to the proof of Lemma 2.4,
let C':= CyC} and choose 0 < € < e, such that Cra(e) <e¢,. If dx(z1,22) < € then

dy (f(21), f(22)) < Cra(dx(1,22)) < Crale) <

hence
dz((go f)(x1), (g0 f)(x2)) < CyBdy(f(21), f(22)))
< CyB(Cra(dx(z1,72)))
< CyCr(Boa)(dx (w1, T2)).
and thus Lemma 2.5 is proven. O

2.6. Remark. From Remark 2.2 and Lemma 2.5 we obtain, that every f : (X,dx) —
(Y, dy) that is Lipschitz, is a-continuous for all moduli of continuity «. Especially a

Cl-mapping R* D U LRm s locally a-continuous for all moduli of continuity .

2.7. Lemma. Let f; : (X,dx) — (Yi,dy,) be a-continuous mappings, 1 < i < n,

and let d((yry - Yn), (21, -+, 20)) = S0 dy, (yi, z). Then (f1,..., fn) + (X,dx) —
(Y1 x+--xY,,d) is a-continuous. By Remark 2.3 d can be replaced by many common

metrics on Y1 X --- x Y, (e.g. max{dy,,...,dy,} or \/d%l + -+ di)).

Proof. Let € := min{ey,, ..., €5}, C:= 3", Cf, and dx(x,72) < e. Then we can
estimate

n

d((fla SRR fn)(‘rl)v (fh AR fn>(x2)) ;de(fz(xl)a fz(‘rQ))

n

< (; Cr)aldx (21, 22)),

and this is Lemma 2.7. O
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2.8. Lemma. Consider a multi linear mapping B : Vi x -+ x V,, — W of finite
dimensional, normed vector spaces, and a-continuous mappings f; : (X,d) — V;. If
the images of f; are bounded, then Bo (f1,..., fn) is a-continuous.

Proof. Since B is C! it is locally Lipschitz, and since K := Im(f;) x --- x Im(f,,) is
compact we B| is Lipschitz. Thus by Lemma 2.5 and Lemma 2.7 Bo(fy,..., fu)
Blk o (fi1,--., fn) is a-continuous.

a |l

2.9. Lemma. Let f: (X, ||-])) — (Y, d) be a continuous map from a compact, convex
subset of a normed vector space to a metric space. Then there exists a modulus of
continuity «, such that f is a-continuous.

Proof. Let 5(t) == sup d(f(z1), f(z2)). Since X is compact, §: R — R is well
llz1—z2]|<t
defined and ( < oco. Obviously 3(0) =0, t; <ty = [(t1) < B(t2) and
d(f(z1), f(x2)) < B(lor —22l) Yoy, 25 € X, (2.1)

It remains to find a modulus of continuity o with 8 < a. First, in order to show
that 3 is continuous, let ¢ > 0. For X is compact, f is uniformly continuous, and
thus there exists § > 0 with

d(f@), f@) <5 Vle—a| <8

If [ta—t1| < 6§ and ||z1 —z2|| <ty we find 2, 2}, € X with ||z, —2)|| <6, ||za—2]] <0
and ||z} — a%|| < t; (here we used the convexity of X). We then have

d(f(x1), fx2)) < d(f(w1), f(2h) +d(f (), f(5)) + d(f (w5), f(x2))

)
€
<3

< et d(f(2h), f(ay))

This shows
s dif(n) fe) < s d(fe), fm)| <S¢ Vil <6
T1—w2||<t2 r1—x2||<t1

and hence (3 is continuous.
Since X is compact there exist C' and N, such that §|jy.) = C. In the sequel
we will construct a sequence {f, }nen with the following properties:

(1) By :[0,00] — [0, 00] is continuous, increasing and 3, |y = C

(2) lim £,(0)=0

(3) Bn(tz) <tB,.(x) Vo € [0,00]V1 <t
(4) B< B,
(5) 180 — Buzillo < &, where || - [|o denotes the sup-norm.
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Suppose we have such a sequence, then « := lim [, + Idgr exists and is continuous,
n—oo

since the sequence converges uniformly by (5). From the other properties we obtain,
that a is a modulus of continuity, and § < a.

So it remains to show the existence of the sequence {3, }nen. Let 5y := C. There
exists 21 with 3(z1) = §. We let

C

C
51\[931,00] = 50|[m1,oo], Bi(x) = 35 +$2—x1 V€ [0, zq].

Inductively we choose z,, with B(z,) = & and let

C " C
ﬁn’[xn,oo} = ﬂn—l [xn,00]» ﬁn<x> = 2_n + x(z _21 ) Vr € [071'”]
i=1 411
It is easily seen, that this sequence has all the desired properties. O

2.10. Definition. Let f € C"(U,R™), where U is an open subset of R". Then
Drf .U — L"(R",R™) denotes the r-th derivative of f, where L"(E, F) denotes
the vector space of r-linear mappings £ x --- x E — F. We say f is of class C"?,
iff it is C" and D" f is locally a-continuous. By Remark 2.3 this doesn’t depend on
the choice of a norm on L"(R", R™). C*® will mean C*. A mapping of smooth
manifolds f: M — N is of class C"®, iff for every x € M and for every chart (V,v)
on N with f(z) € V, there exists a chart (U,u) on M with x € U, f(U) C V and
vo foutis C"*. We define

Cr*(M,N):={f: M —-N:fisC"} CC'(M,N)

equipped with the initial topology with respect to the inclusion. By Remark 2.6 we
have C™(M, N) c C»*(M, N) for all moduli of continuity @ and V0 < r < oo. If
E 5 M is a smooth vector bundle over M we denote by

(B 5 M) :=I"(E 5 M) C(M, E)
the set of all C™-sections of £ = M.

2.11. Lemma. Let M be a smooth manifold, E = M be a smooth vector bundle
over M and V a finite dimensional vector space. Then C™*(M,V) and T™*(E 5 M)
are vector spaces.

Proof. Everything follows immediately from Lemma 2.4. a

2.12. Lemma. Let 1 <r < oo, M, N, P be smooth manifolds, g € C"*(M,N) and
f e C*(N,P). Then foge C"(M,P).

Proof. Obviously we may assume g € C"*(U, V') and f € C»*(V,RP), where U resp.
V' are open subsets in R™ resp. R". Recall the formulas

D(fog)=(Dfog)-Dg (2.2)
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D'(fog) = (D'fog)-(Dgx---xDg)+(Dfog) D'y
+ > Cij.j(Difog)-(Dgx---x Dig)  (23)

1.<’L.<T‘, 1§gs

J1tetig=r
where Cj;, ; are positive integers independent of f and g. In the case r = 1, we
have Dg and D f o g are locally a-continuous (cf. Lemma 2.5). Since the dot in (2.2)
is bilinear, we obtain from Lemma 2.8, that D(f o g) is locally a-continuous, and
hence f o g is C"*.

In the case r > 1 we use (2.3). By similar arguments one sees, that D" f o g, Dg,
Df og and D"g are locally a-continuous. Hence by Lemma 2.8 we have (D" o g) -
(Dg x -+ x Dg) and (Df o g) - D"g are locally a-continuous, for the dots in (2.3)
are multi linear. Each of the remaining summands of (2.3) is C! and hence locally
a-continuous by Remark 2.6. Thus, by Lemma 2.4, D"(fog) is locally a-continuous,
and hence f o g is C"*. O

2.13. Lemma. If1 <7r, f € C(M,N), and if f has a C! inverse, then f~1 €
Cr*(N, M).

Proof. We assume once again, that f € C»*(U, V'), where U and V' are open subsets
of R™. Recall that we have

D(fYY=InvoDfo f!, (2.4)

where Inv is the inversion of linear mappings, which is known to be C*. Since f~!
is C", f~1is C" b and Df is C""1*. So we obtain from (2.4), Lemma 2.12 and
Lemma 2.5 (r = 1), that D(f~!) is C""1*, and thus f~! is C". O

2.14. Definition. Let M be a smooth manifold, £ = M a smooth vector bundle,
a a modulus of continuity, 1 <r < oo and K C M an arbitrary subset. We then we
define

and equip each of these spaces with the initial topology. (Here [c|[K] means: option-
ally ¢, K or nothing)

2.15. Lemma. [In the situation of Definition 2.14 Diff;*(M) is a subgroup of

Diff,(M) and T2*(TM = M) is a linear subspaces of T.(TM = M). The homeo-

morphism ¢ : U — U of Proposition 1.13 restricts to a homeomorphism
0:U'NT"(TM 5 M) — U nDiff"™(M).

Further Diff;*(M) is locally contractible, and Diff*(M), consists exactly of those
Cr*-diffeomorphisms that are compactly supported C™“-diffeotopic to Id.

Proof. Using Lemma 2.11, Lemma 2.12 and Lemma 2.13 we obtain the first two
assertions. To see that ¢ : U’ — U restricts to C™* mappings as stated above,
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notice that ¢ = exp,, exp is C* and use Lemma 2.12. The proof of Corollary 1.14
is exactly the same in the C"“-case and hence we obtain the remaining assertions of
Lemma 2.15 O

2.16. Example. Since Diff?*(R") is locally contractible and since Diff,™(R"), =
Diff’” " (R") (cf. Example 1.15) is dense in Diff>*(R") (cf. Proposition 1.7(6)), we
obtain Diff*(R™), = Diff*(R™). Similarly we have Diffgs (R"), = Diffga (R").

2.17. Lemma. Let M be a connected, smooth manifold and let 1 < r < oo. Then

Diff" (M), = | Diff2* (M), (2.5)

where the union is taken over all moduli of continuity o.

Proof. This is trivial for » = oo, and hence we may assume r < co. One inclusion
(D) is obvious, so it remains to show the other one.

Let f € Diff (M), and let U" (M) be the covering from Lemma 1.16. By Claim 2
on page 10 we obtain m € N, Uy,..., U, € U" (M) and fi,..., f,, € DiffL(M),
with supp(f;) € U; and f = f,,--- f1. Using the charts ¢; belonging to U;, we have
fi == pio fiop ! € Diffly, (R™), (cf. Example 1.15). Hence there exist C"-diffeotopies

H;, 1 <i < m, supported on B" with H;(-,1) = f;.
D'(H):R"xI—L'(R"xI,R")

is continuous and supported on the convex, compact set B™ x [. Thus, using
Lemma 2.9, we obtain moduli of continuity «;, such that D"H; is «a;-continuous,
1 <7< m. Now let a := >} 7", ;. This is again a modulus of continuity and
D"H; is a-continuous V1 < ¢ < m. Consequently H is a C"“-diffeotopy and hence
fi € Diff3%(R™),. So f; € Diff (M), and thus f € Diff**(M).. O

2.18. Remark. In the next Chapter we will need the following improvement:
Lemma 2.17 remains valid, if the union is only taken over all moduli of continu-
ity satisfying

a(tr) < Vta(z) Vt > 1Vx € [0, 00).

To see this let @ := /o, where « is the modulus of continuity constructed in
Lemma 2.17. Then & is a modulus of continuity and

a(tz) = \Ja(tr) < \Jta(z) = Via(z) ¥t > 1¥z € [0, 00).

Since o < & in a neighborhood of 0 D"H; are locally a-continuous, hence ﬁ €
Diffgz (R™),, and thus f € Diff*(M)..

2.19. Theorem (Mather, Epstein). [7] [{] Let M be a smooth manifold, n =
dim(M), n+2 <r < oo and let a be a modulus of continuity. Then Diff* (M), is
perfect, i.e. equals its own commutator group.
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It will take us the rest of this chapter to prove this theorem. We start with:

2.20. Definition. Let ¢ : G — G be a homomorphism of groups. We define
Hi(G) = G/|G,G], and let Hyi(¢) : Hi(G) — Hi(G') be the induced homomor-
phism. H; is a covariant functor from the category of groups to the category of
abelian groups.

2.21. Lemma. Let M be a smooth manifold, p : R" — M a C*-embedding,
1 <r < oo, and a a modulus of continuity. We define homomorphisms of groups
ol DIff 1 (R™), — DIt (M), by

1d elsewhere

f,_){ pofop™  onyp(R")

Then H1<T;’[a]) . Hy(Diff "l (R™),) — Hy(Diff»l(M),) is surjective.

Proof. Clearly everything is well defined, and T:;[a] is a homomorphism of groups.
Let f € DiHZ’[a](M )o- By Claim 2 on page 10, which is proven similarly in the C"-
case, we obtain m € N, Vi,....V,, € U"(M) and f1,..., fm € Diff?l(M),, with
supp(fi) € V; and f = f,,--- fi. Choose g1,...,gm € Diff>?(M), with g;(V;) C
¢(R™). Thus we have g;fig; ' € Im(T;’[a]) (cf. Example 2.16), and hence

1=l 1] = gmSmgn'] - 9119 '] € Im(Hl(T;’[O‘])).

|

2.22. Remark. By Lemma 2.21 it suffice to show Theorem 2.19 in the case M = R".
For then we have Hi(Diff”(R"),) = {e}, and hence using the surjectivity of T;’[a]

Hy (Diffl*}(M),) = {e}, but this is the perfectness of Diffl*/(M)..
Moreover it suffices to find a compact set K C R" with K° # () and

Diff 7 (R™), C [Diff7 I (R™),, Diff 7 (R™),].

For then given f € Diff"(R"), and a compactly supported C"ll-diffeotopy F from
f to Id, we choose g € Diff°(R"), with g(supp(F)) C K° and obtain gfg~' €
Diff7*)(R™), since (z,t) — g(F(g~'(z),t)) is a C™l)-diffeotopy from gfg~' to Id,
supported on K. Hence

gfg”" € Dift" (R"), C [Diff,1I(R")., Dift " (R").],
and thus Diff"l®)(R"), is perfect since

/1= 10lg) ™" = [9f97"] = [1d] € Hy(Diff™/(R™).).

2.23. Definition. Let A > 1. Choose p4 € C*(R, [0, 1]) with supp(pa) = [-24 —
1,2A + 1] and palj—2424) = 1. We define py : C*(R",[0,1]) by pa(z1,...,2,) 1=
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pa(z1) - pa(zn). Then supp(pa) = [-2A — 1,24 + 1]" and palj—2a24p» = 1. Let
7;.4 := FI{*% € Diff*(R"),, and
{reR":|z;| <24+1,j#£i} 24 R"
©ialx1,. .., x,) = Flg;“a"(xl, o0,y

Here 0; denotes the unit vector field on R™ in the direction of the ith coordinate,
and FI¥ denotes the flow of the vector field X. Further we denote by T} the unit
translation in the direction of the ith coordinate, i.e. T; := FI1%.

2.24. Lemma. [In this situation we have
(1) pial{zi} x - xR x - x{z,}) C{x1} x -+ xR x -+ x {z,}.
(2) iali—2a2am = 1d
(3) @ia € Diff*(dom(p; 4), (w24 — 1,244+ 1)")
(4) ©;a(pad;) = 0;
(5) Tiao@ia=@iaoT;.
(6) |priopii(z)| > |pri(z)] Vo€ (—24—-1,24+1)"
(7) prioiaopr, =priopia Vo €[-24,24)71 x R x [-24,24]""

Here pr; : R® — R and pr; : R" — R" are given by pri(zy,...,x,) = z; and
pri(xy, .. x) = (0,...,2;...,0).
Proof. (1) and (2) are obvious. To see (3), recall that ¢; 4 is C*, supp(pa) =

[—2A —1,2A+1]", and thus by the uniqueness of integral curves ¢; 4 : dom(y; 4) —
(—2A — 1,2A + 1)" is bijective.

—8“5;“ = 8%@- xFlgfa" (x1,...,0,...,2,)
= (pad)(F122% (21,0, ) = palpia(e))d, (2.6)

From (2.6) we obtain %‘x(pri o i) = pri(palpia(x))0;) = paleia(x)) and thus,

since prj o p; 4 = prj, j # i, we have det(Dy; 4)(z)) = pa(pia(x)) # 0. Hence
w4 € Diff**(dom(p; 4),(—2A4 — 1,24 4+ 1)"). (4) follows from (2.6) and (5) is an
immediate consequence of (4). From 0 < p4 < 1 we obtain (6). Because of the
special choice of p4 we have ps o pr, = pa on [—2A4,2A]"1 x R x [-2A4,2A]"" and
this implies (7). O

2.25. Definition. Let U be an open subset of R", 0 < r < 0o, @ a modulus of
continuity and let f € C"(U,R™). Then we define

1fllr = iggHD’"f(x)H < 00
|D"f(x) — D" f(y)ll

[fllre = sup < 00
xz#yeU Oé(HZE - y”)
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where || D" f(z)|| denotes the norm of the multi linear mapping D" f(x) € L"(R",R™),

i.e.
r “Drf(x)'(vlﬂ"'aUT)H
D —
1D @I = smp = ol
i 1< rand [DOF(@)] = f(@)]. Further we let p,(f) = |f — Idls. jralf) ==

| f — Id||;o and M, (f) := max{ui(f),...,u-(f)}. Finally we define the distance of
two nonempty sets A, B C R" to be

dist(A, B) := aekr}l)f’eB |z — yll.

2.26. Lemma. We list some useful properties of ji. ) and || - ||, we’ll need in the
sequel.

(1) w(f) =1~ Vr > 2, YU CR" open and Vf € C"(U,R™)
(2) m(f) <M+ 1L fll < m(f)+1 VYU CR" open and Vf € C'(U,R™)
(3) pra(f) = fllra Vo, Vr > 1, VU C R" open and Vf € C"(U,R™)

(4) Let 0 <r < oo and f € C"TH(R"™ R™). If there exists yo € R™ with D" f(y) =
0 then

171 < ( sup aist(z. {y € R": D7) = 03) ) 140
If there exists yo € R"™ with D" (f — Id)(yo) = 0 then

ol ) < ((sup dist (. {y € R D (f ~ 1d)(y) = O}) ) (1)

zeR™

(5) Let 0 < r < oo, f € C"(R", R™), suppose there exists yo € R"™ with D" f(yo) =
0, C':=sup,cgn dist(a:, {yeR": D" f(y) = O}) < 00, and choose N € N with
a($) < 1. Then

£l < NI fllra-
If there exists yo € R™ with D" f(yo) = 0, C" := sup,cgn dist(x, {y e R":

Dr(f—1d)(y) = 0}) < o0 and a($;) <1 then
Mr(f) < Nlﬂr,a(f)‘

(6) Let 0 < r < oo, f € C"THR",R™) and suppose there exists a closed subset
A C R"™ such that D" f|4 is constant. Then

Il < 5 (12 sup dist(a, 4)) 1741

1
a(1)
If D"(f — Id)|a is constant then

o) < 75 (142 50 dist (2. 4) ) (1)

zeR™
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Proof. (1), (2) and (3) follow immediately from ||/dgr-|y = 1 and ||Idg~|, = 0 if
r > 2. To see (4) let x € R", and choose z € R"™ with D" f(z) = 0 and ||z — z|| =
dist(x, {yeR": D" f(y) = O}) Then we have
ID"f) = [ID"f(z) = D"f(2)]]
1
= | [ DS (1= 1)2) - (= — m)dt]
0

< N llalle = 2,

and thus we get
171 = sup D77 (@) < ( sup dist(w.{y € R” D" () = O) )1/ 1.

The second assertion in (4) is an immediate consequence of the first one.
Too see (5) let x € R™, choose z € R" with D" f(z) = 0 and ||z —z|| = dist(a:, {y €
R": D" f(y) = 0}) and let x; := z +i%5%, i =0,...,N. Then

D F@) = 1D f(ay) — D (o)
Y |\D" f(a) — D" flai)|
S 2 alm—eal)
< Nl

where we used af||z; — x;_1]]) = a(@) < (%) <1 for the first inequality. Since

N doesn’t depend on x we obtain ||f||, < N f]|ra- The second assertion of (5) is
now obvious.

Let f and A as assumed in (6). If z,y € R™ with ||z — y|| < 1 then we can
estimate as follows

107 f(x) = D"f)ll _ [ fllralle =yl _ [[fllra
allz—yl) = alle—yl) = o)’

since ¢ — 5 s increasing (cf. Remark 2.2). If ||z — y|| > 1 we choose xg,yp € A
with ||z — zo|| = dist(x, A) and ||y — yo|| = dist(z, A). Since D" f(xo) = D" f(yo) we
obtain

|D"f(x) = D" f)ll - [[D7f(x) = D" fzo)ll + [ D" fyo) = DY)
afllz =yl - a(l)

||(J;Q1J>r1 (lz = zol| + ly — wol)

20| fllr-1 :
S a0 Zselg)n dist(z, A) (2.8)

(2.7)

IN

Estimations (2.7) and (2.8) prove the first assertion of (6), the second follows imme-
diately. O



2. The Simplicity of Diff_(M),, dim(M) +2 <r < oo 23

2.27. Remark. Let K C R" be a closed subset satisfying

Ck = sup dist(x,R” \ K) < 00,

zeK

let a be a modulus of continuity, 0 < r < oo and let f be a diffeomorphism supported
on K. Then, by Lemma 2.26, there exists a constant 0 < C' < 0o, depending only on
Ck and a with

e (f) < Cpirga(f) 1 (f) < Cira(f) tra(f) < Cura(f),
provided f is of sufficiently high differentiability class.

2.28. Definition. An admissible polynomial is a polynomial whose coefficients are
nonnegative and which has no constant or linear terms.

2.29. Lemma.

(1) If f1,..., fr, 1 < k, are C'-mappings between open subsets of Euclidean spaces,
such that the composition fy--- fi is defined, then

pa(free- fe) < k( sup Ml(fz’)) (1 + sup Ml(fz’))kil-

1<i<k 1<i<k

(2) If r > 2 then there exists an admissible polynomial F of one variable with

e fo) < R(sup e (£)) (14 sup (1)) + F(sup Moa(£)

1<i<k 1<i<k 1<i<k

for all C"-mappings fi,..., fr between open subsets of Euclidean spaces, such
that the composition fi--- fi. is defined.

(3) If f € D' (R") and pu1(f) < L then
pa () < 2u(f)

(4) If r > 2, then there exists an admissible polynomial F' of one variable, such
that

() < (D) (12 () + F (M (f)
Vf € Diff"(R") with pi(f) < %.

Proof. We will prove (1) by induction on k. For k = 1 this is obvious, so suppose
(1) is proven for k — 1. Then we have

|\ D(f1--+ fo—rfo)(x) = Id]| =
= |[ID(f1- fi—1)(fx(2)) D fir(x) — 1d||
< (DU fo) (@) = 1d) D ()| + | D fil) — 1d]]
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pa(foe foer) [ felln +ma(fe)
——
<I+pa(fr)
(k=1 swp ()14 swp () (1 mf) +mlf)
(=D g p80) (1 g )+ (g, 59)

) (4 s ()

(1) is proven. We will prove (2) by induction on k too. For k = 1 it is again

obvious and hence we assume it is yet shown for all i < k' — 1. Then, using (2.3) and
(1), we obtain

[D"(f1-- fi)(@)]| <

< N el Uwlly 1 el fllr
+ > Cogllf feallillfills - 1 falls
1<i<r, 1<js
J1teFii=r
r(k—2) r
< (k- 1)( sup Mr(fl)) (1 + sup H1(fl)> (1 +M1(fk))
1<i<k—1 1<i<k—-1
+F( sup Moy (f)) (14 m(fi)
1<I<k—1
k—2
+(k=1)( swp m(f)(1+ swp m(h) ()
1<I<k—1 1<I<k—1
i—1
+ > Cij fl"'fkfIHiMrfl(fk)(l +Mr71<fk))
1<i<r, 1<js
Jj1t+tii=r
r(k—1)
< (k=1 swp () (1+ sup m(f))  + Fa( sup M, 1(f1))
1<i<k 1<i<k 1<i<k
k-1 k-1
+<1 + sup Ml(fl)) (1 + sup M1(fl)) i (i)
1<I<k 1<i<k
r—1
+ Mr_ 1+ MT_ C’Z — o fe—1lls
(sup Mea(f) (1 + sup M1 (£) 2 Cuallfi fial
J1+-+ii=r
r(k—1)
< k( sup e (f)(1+ sup () + F(sup M,_1(f1)),
1<I<k 1<I<k 1<I<k
where F' is an admissible polynomial of one variable. Here we used
[fiee feaalls =
= pilfi- fi-1)
. i(k—1)
< =1 sup w(f)(1+ swp ()" "+ Fs( sup Mii(f)
1<i<k—1 1<I<k—1 1<I<k-1
. i(k—1)
< (i— 1)( sup Mr,l(fl)) (1 + sup Mr,l(fl)) + F3(sup M,_1(f1)),
1<I<k

1<I<k 1<i<k
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and thus F really doesn’t have any constant or linear terms. If f € Diff'(R") and
wi(f) < 1 we have

oo

(Df@) =3 (= (Df(x)—1d))"

m=0

and thus

p(f™) = sup [D(f = Id)(z)]| = sup [[(Df)(f ' (x)) — Id]

zeR™ zeR™

= s |3 (= (5 w) - 1)

zeR™ . —
< S sup (DS () — )"
m=1 *€ER"
-~ m 1 ()
< LmD = i T S ),

provided p;(f) < 5. We will prove (4) by induction on r. From (2.3) we get

N[ =

0=D'(ff7) = (D'fof)D™) +(Dfof D" (f7)
+ Y G (DD () x - x DY)

1<i<r, 1<js

=Ry g
and thus
D'(f)==D(f)D"fo fH)D(f) =D(f )Ry (2.9)
If r = 2 and 11 (f) < 5 we obtain from (2.9) and (3)
D@ < IRl
< (N +m()" < w1 +2m(h)

this shows (4) in the case r = 2. Now suppose the formula in (4) above is proven for
all j <r — 1. Using once again (2.9) and (3) we get

ID"(f ) (@)l <
< AR+ >0 Cogal LA - 1,

1<i<r, 1<js
i

r+1

< ()1 +2m())
+1+2m() Y i Mea (P, (F7) T (141 (F)

1<i<r, 1<jg 1<1<i
J1+-+i=r I#lg

(D14 2m(H)) "+ FIOL ().

IN
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where F” is an admissible polynomial of one variable (here we used that j; < r, and
that there exists at least one j,, > 2). O

2.30. Lemma. Let1 < r < oo, a a modulus of continuity and let K C R" be a
closed subset, satisfying

Ck = sup dist(ac,R” \ K) < 00.

zeRM?
(1) There exist § > 0 and C > 0 depending on n, r, a and C, such that

pra(fog) < pralf) + tral9) + Cira(f)itralg)
Vf,g € Diff"*(R") with pa(f), ttra(g) < 6 and D'(f — Id)|rm\x = D*(g —
Id)|gm\k = 0.
(2) Given A\ > 1 there ezists 6 > 0 depending on n, r, a and C, such that
pra(f ) < Mira(f)
Vf € Dift"*(R") with pi.o(f) <6 and D'(f — Id)|rm\x = 0.

Proof. In view of (2.3) we take f,g € C"*(R", R") and estimate
[((D'f o g)(Dig x - x Dg)) ||
<
afllz —yll) -

IDfog) ] 1D f(g(y))|
[T 1ID7g( H+(H:c— 11 HD]’

alllz —yll) iz yl) 1<z
H
H 2|91l

D]lo
a(llg(x) - |
ol + 7
o Ll + 19—
O

olglhllz — )
< als) ol + 21Nt (o) T Nl
olle ) AL, H '
0

< o) () +1) T gl + 27 ity alo) TT Nlglls (2.10)

1<I<4 1<1<i
- I#lg

S ﬂ'i,oz(f)

where 1 < Iy < ¢ can be chosen arbitrarily. Together with (2.3) and Lemma 2.26
this yields

fra(fog) < pnalH)(a(9) + 1) llgll + 27 Fllrtal9) g7
+ 11,0 (F) (11(9) + 1) gl + [ Fll112r.0(9)

b Y G (a9 + 1) T gl

2<i<r—1,1<j; 1<i<i
g1+ tig=r

#271 fllssalo) T lgl )

2<I<i
S ,U/r,a(f) + ,ur,a (g) + Clﬂr,a(f),ur,a (g>
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provided fi, o (f), fira(g) are sufficiently small. Here C is a constant, depending only
on Ck, n, r and «. This shows (1) of Lemma 2.30.

In order to prove (2) we first assume r = 1. Then if py o(f) is sufficiently small
we have u1(f) <1 (cf. Lemma 2.26) and thus

(Df io( )—1d))".
Hence
o I - DU
malf7) = e a(le =3l

1N~ ot aqis@) - £ w)l)

" emere a1 @ =W alle=)
Iof)™ o(lF Yz — yll)
S ol —yl) eoe ol — gl
<p (f~H+1<VX
CVE s S DS~ H)" - (Df(y) 1))
zAYyeR"™ 1 Oé(”[E - y”)
o S (DS (@) — 1D I (D f (y) — 1d)¥|
\/X Yy
= VA2 )
<

X i m ()™ pa(f) < Miralf)

<V

provided i1 (f) is small (cf. Lemma 2.26 and Lemma 2.29(3)). Now suppose r > 2.
Recall formula (2.9) and look at

D)D" fo f7DfH)

afllz —yl)

ID(f~)(x) = D(f ()]
a([lz = yl) 1AL

v AL = DI oy

(D)) = D)l
a(llz =yl

P o [ 3 e A [V A TN )
M A e (D (2 )

x
L

IA

HIF LAl

la(f~ ) = [T W)l
a(llz = yll)

IN
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N

< a1 () G (1) + 1)
2 s ()

(1 n %) o) (2.11)

>1

IN

provided g, (f) is sufficiently small (cf. Lemma 2.29(3) and Lemma 2.26). Further
we have

IDG) Ry [
a(llz —yl)
DGR @I PG Ry
< +
a(llz —yl) a(llz —yl)
S Ml,a(f_l) Z Ci7j1 ,,,,, Ji le H “f_lujl
1<i<r, 1<js 1<I<i
Jitetdi=r
I Y Cigrgibia (D (P + 1) IT 1571
1<i<r, 1<js 1<I<s
Jj1+-+ii=r
Y ol i) T 217 0)
1<i<r, 1<js 2<1<s
Jj1+-+ii=r
A—1
S Tﬂr,a(f) (212)
—
>0

provided g, o(f) is sufficiently small (cf. Lemma 2.29(3)&(4) and Lemma 2.26). Us-
ing (2.9) (2.11) and (2.12) we obtain § > 0 depending on n, r, a and Cx with

ID"(f =D () = D"(fH W)

_1 _
pralf7) = sup oz =yl
A\ — A —
< (1 + Tl> ,Ur,a(f) + <T1> :ur,a(f) = )‘:ur,a(f)
Vf € Diff"(R") with 11,4 (f) < & and D*(f — Id)|g=\x = 0. =

2.31. Corollary. Let K C R" be a compact, convex subset, 1 <r < oo and let o be
a modulus of continuity. Then

(f,9) = [If = 3llra

is a metric on Diff " (R™). The induced topology is called C™*-topology. It is finer
than the C-topology and coarser than the C"+'-topology on Diff i (R™). Diffi(R")
equipped with the C™“-topology is a connected, topological group.



2. The Simplicity of Diff_(M),, dim(M) +2 <r < oo 29

Proof. Let f,g € Dift ;*(R"). Since D"(f —g) is locally a-continuous, f—g|grmx =0
and since K is compact, the set

{HD’"f(fv) — D)l

allz -yl

:x,yERn}

is bounded, and thus ||f — g[/;a < oco. Obviously ||f — gllra = |lg — fllra and
1F = hlloa < 1 — gllns + 19—l for all £,g, h € Diff§(R). Now suppose f,g €
Dift;”*(R") and || f — g||r.« = 0. Then D"(f —g) is constant, and since f —glgm x = 0
this yields f = g, and thus we have shown || - — - ||, is a metric. By Lemma 2.26(5)
the induced topology is finer than the C"-topology and by Lemma 2.26(6) it is coarser
than the C""'-topology on Diff i (R"). If £, f, g € Diff*(R") we obtain from (2.3)
and (2.10)

1fg = Fgllre = I(f = £) 0 gllra = pral(f = f) 0 g) <
< Y G (malf = (14 mle) TT loll
s 1=t

2707 = Flitialo) TT Nl )

2<1<i

< CQU—f%m0+um@DH{HU—fmm&4m0+umwﬂrj

where C' is a constant depending on n, r, o and Ck (cf. Lemma 2.26). Thus
comp(+, g) : Diff *(R") — Diff *(R™) is continuous with respect to C"“-topology
for all ¢ € Diff7*(R™). Similarly one shows that comp(g,-) is continuous for all
g € Diff *(R™). By Lemma 2.30(1) comp is continuous at (Id, Id), and hence

comp = comp( fy, -) o comp(+, go) © comp o (Comp(fo_l, -) X comp(-, go_l))

is continuous at (fo, go). Since fy and gy were arbitrary this yields: comp is continuous
with respect to C"*-topology.

From Lemma 2.30(2) we obtain immediately inv : f — f~! is continuous at Id.
If fo € Diff " (R"™) we have

inv = comp(fo_l, -) o inv o comp(-, fo_l)

and inv is continuous at fy. Consequently Diff 2 (R™) together with the C™*-topology
is a topological group, and it remains to show its connectedness.
Suppose f € Diff*(R") is C! near Id. Then

R"xI & R»

(x,t) — Hy(z):=tf(x)+ (1 -tz
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is a C"*-diffeotopy to Id, supported on K. Further we have

|D"(H; — Hy,)(x) — D"(Hy — Hy,y)(y) ||

Hy — Hyyllra = sup
1He= Hllra = sup a(lz =yl
o M- 0D )~ - t)D )
oup a(lz =y

< [t =tolllfllra

and thus H : I — Diff*(R") is continuous with respect to C"*-topology. Since
Diffi*(R™) is dense in Diff}(R™) (cf. Proposition 1.7(6)) and since Diff;}*(R") is
connected (cf. Example 1.15) this shows that Diff>*(R") is connected. O

2.32. Definition. We let C; := R ! xS x R"™*, where we think of S! as S' = R/Z.
Let m; : R® — C; be the covering projection, and let p; : R® — R ! resp. p; : C; —
R"! be the projections, which omit the ith coordinate. Clearly p; o m; = p;.

The mapping m; : R®™ — (}; gives us a preferred system of coordinates in a
neighborhood of any point of C;. The transition mappings between these coordinate
systems are all translations and hence if » > 1 and f € C"(C;,C;) then D"f :
C; — L"(R™,R"™) is defined independently of the choice of one of these preferred
charts. Thus the (semi)norms introduced in Definition 2.25 do make sense on C;
too, provided r > 1.

Let A > 1. If supp(f) C [—2A4,2A4]" and po(f) < 3, we define I'; 4(f) : C; — C;
by: Given 6 € C; we choose x € R" with m;(z) = 0 and pr;(z) < —2A. Then we
choose N € N such that pr;((T;f)V(z)) > 2A, and let

Lia(£)(0) == m((Tif)" (),
which is independent of the choice of N and z, since supp(f) C [-2A4,2A]".
2.33. Lemma. [7] [{] There exists a neighborhood U of Id € Diff}(R"), such that
(1) Tia(ld)=1d VYA>1¥1<i<n

(2) Let 2A > a; > 2,1 <i <mn, and supp(f) C [—ai,a1] X -+ X [—an,a,]. Then
supp(f) C [—a1,a1] X -+ X St X -+ X [—ay, ay].

(8) Let o be a modulus of continuity, r > 1, A>1 and 1 <i<n. Then
Lia: Diff?["’—[gk,zA]n(Rn) nu — Diﬁfi[glx,u]iflxslx[—2A,2A]nfi(Ci)o
15 continuous with respect to C"-topologies.

(4) If r > 1, A > 1 and if o is a modulus of continuity, then there exists 6 > 0,
depending on n, r, a and A, such that

:uT,Oé(Fi,A(f)) < 9A,ur,a(f)
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V1 <i<n, VfeDif[, 4. (R") NU with pi,(f) <0, and

Nr,a(Fi,A<f)) < 9:ur,a<f)
Vi<i<n,Vfe lefmn],x[ 2424 (R™)NU with p,o(f) < 6.

(5) If A>1 and r > 2 then there exists an admissible polynomial of one variable
F', such that

pr(Lia(f)) < 18Au(F) (1 + pua ()))*4 + F(My—i(f)) (2.13)
Vf € Diff oy 4-(R")NU, and

i (Tia(f)) < 18Apa (f)(1+ pa(f))'* (2.14)
Vf € Diff|_y4 542 (R") NU.

Proof. (1) and (2) are obvious. If f € Diff{ 5,54 (R")o, then (I';a(f))~" is con-
structed similar to I'; 4(f), but now choose z € R"™ with pr;(z) > 24, N such that
pri((Tif)~N(x)) < =24, and let T; 4(f)~(0) :== m((Tif )~V (2)).

Since composition is continuous I'; 4 is continuous. If we can choose U, such
that lef[ [(QX]A 2A]n(Rn) N U is connected V1 < r < oo, VA > 1 and for all moduli of
continuity e, then (3) follows immediately. So we choose 0 < € < 7, such that

po(f) < €, m(f) < e = f e Diff'(R"),
and let
U= {f € DIfEA(R™) : io(f), pr(f) < e}
If fe lef[ 2A2A],L(R") N U, it is easily seen that H(z,t) := tf(z) + (1 — t)x is

a Cnll-diffeotopy in Diff['5, ,,.(R") N U to Id, and thus Diff'y),, . (R") N U is
connected. To see (4), we first show the following

Sublemma. Given N € N there exists 6 > 0, depending on n, r, a, A and N, such
that

Hra(T)Y) < (N + 1pira(f)
Vf € D% 4 o a1 (R™) with pi,.0(f) < 0.

Proof of the Sublemma. By Lemma 2.30(1) there exist 6; > 0 and C > 0, such that

tra(f9) < tiralf) + tra(9) + Cuttra(f)tra(9) (2.15)
vfag S Diﬁ‘na(Rn) with Mr,a(f)7ﬂr,a(g> < 51: Dl(f_ld>|R”\K = Dl(.g _]d>|R"\K =
0, where K := [-2A — N,2A + N]". Now choosee >0 with 1+ (1+¢)+...+

(1 + N1 < N +1, and let 6 := min{d;, 12 N ot From gy o (f) = pra(Tif) and
induction on m we get

tra(T)™) <A+ 046+ .+ (14+6)" ) pralf)



32 2. The Simplicity of Diff_(M),, dim(M) +2 <r < oo

Vi<m < NandVf e Diﬁf;a2A72A]n(R”) with g, o(f) < 9. In the case m = N this is

pra(GHY) < (A + A+ + .+ 1+ " Dpnalf) < (N + Dpara(f)

Vf € DU 4 540 (R™) With g0 (f) < 0. O
Choose N € N with 84+ 3 > N > 84 4 1 and use the Sublemma above to obtain
pra(Tia(f)) < tra(T)Y) < (N + Dptra(f) < 9Apra(f)

Vf € Diff{% 4 54 (R") N U with p1,0(f) <0, and

pra(Tia(f)) < pra(TiN)Y) = 10 (Tf)®) < Ipra(f)

VF € DU, i pn s (R N U with pral(f) < 6.
To see (5) choose an integer N with 84+ 1 < N < 8A + 3. Since pu,(T;) = 0 for
r > 1, we obtain from Lemma 2.29(1)

p(Cialf)) = m((Tf)Y) < 2N ()1 + ()
< I8Au ()L + m(f)™,
and this is (2.14). To see (2.13) we estimate

peTialf)) = w((THY) < 2Nu (£ + () VD + F(M,_1(f))
< 18A(f)(1+ pa ()Y + F(M,—1(f)),

where F' is the admissible polynomial of Lemma 2.29(2). This finishes the proof of
(5). O

2.34. Definition. Consider the following S!-action S' x C; — C;
Bz, 0, ) = (T1,...,0+0,...,x,)
and let G;’[O‘] denote the group of equivariant C"*-diffeomorphisms of C;,

G = {f € DIff""(Cy) : f(B-6) = B- f(6) VB eESVHEC)

2.35. Remark. If f € G/ then there exists a mapping f' : R"! — R""! with
piof = f op, for fis S'-equivariant. f’ is C™[® since there exists a global cross
section R"™' — C;. The inverse of f’ is given by (f)~' = (f~')’ and is C"®l by a
similar argument. Thus f/ € Diff"l*(R"1).

2.36. Lemma (Mather). [7] Let « be a modulus of continuity, 1 <r < oo and A >
1. Then there exists a neighborhood U’ of Id € Diff}(R™) depending onn, r, a and A,

such that the following holds: If f,qg € Difff’_[g}A,QA]n(R”) NU" and T; a(f)Tialg) " €
G then Tiaf and T, g are conjugated in Diff "l (R™),.



2. The Simplicity of Diff(M),, dim(M) +2 <r < oo 33

Proof. First we assume U’ C U (cf. Lemma 2.33), thus I'; 4 is well defined on
U'. Now we define A : R® — R” by: Given x € R" choose N € N such that
pri((Tif)N(z)) < =24 and let A(x) := (Tig)N (T;f) ™ (x). Since po(f) < & such an

2
N exists and since supp(f), supp(g) C [-24,2A]", A doesn’t depend on the choice of

N. Locally N can be chosen constant, so we have A € C"l*(R" R"). The inverse of
A is constructed similarly, but now choose N € N such that pr;((T;og) " (z)) < —2A4
and set A~ (z) := (T,f)N (T;9) "N (z). Hence we obtain A € Diff"[*)(R™). Notice that
A depends on i, A, f and g, but we omit the indices, since A is used solely in this
proof.

Claim 1. We have
(1) ATfA™! =Tig
(2) A=1d on {x e R": 3j #1i:|prj(z)| > 24 or pri(z) <—-2A}
(3) Tialg)(Tia(f)) tom=moA on{xeR":pri(z) >24A+1}

Proof of Claim 1. To see (1), let x € R" and N € N such that pr;((T;g) N (z)) <
—2A. Then we have

AT A (@) = ATS(TS)N(Tig) N (x)
_ (EQ)N+1(Ef)_(N+1)(Tif)N—H(TZ’g)_N(SB)
= Tig(x).

(2) is an immediate consequence of supp(f),supp(g) C [-2A4, 2A]". In order to proof
(3), we have to shrink U’, such that

pri((Tig) M (Tif )" (x)) > 24 (2.16)

Vz € R™ with pry(z) > 2A+ 3, Vf,g € U and VN € N. To achieve this, just require
pio(h) < 3755 for all h € U'. Now let z € R™ with pr;(z) > 2A+3 and choose N € N
with pri((T;f)™N(x)) < —2A. We then have T; 4(f) ' (m(z)) = m(T,f) N (z))
and hence we obtain from (2.16) T'; A(g)T; a(f) N (mi(2)) = m((Tig)N (T3 f) N (x)) =
mi(A(x)). O
Let z € (—2A — 1,2A + 1)". Using Claim 1(1)&(2), supp(f),supp(g) C [-24,2A]"
and Lemma 2.24 we get

(Lialhoy ) Tiaf (pialbe; 1) () = @ialo; apiaTipr spiaf i apialh™ ©; 4(x)
= i ANT fAT o = i aTige; a(2)
= 0 ATi0; 1 0i,A9%i 4 = Ti,a9().

Suppose goi,AAgoi:}‘ could be extended to a map A € Diff”l*/(R"),. We are finished

then, fOI' 7‘@A’Rn\(,2A,172A+1)n = Id, f|R”\[*2A,2A}” = 9|R"\[72A,2A]" = [d and hence
AT afA™! =7, 49 holds on R™.
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By Remark 2.35 and Lemma 2.33(3) T; 4(g)T;.a(f)~" induces a mapping A} €
Diff; [314 oA (R Y., with Ay op; = p;o Ty 4(9)Tia(f)™ (cf. Example 1.15 and
Example 2.16). Choose a Crlel-diffeotopy A’ : R*! x R — R"™!, supported on
[—2A,2A]"" with A] = Id ¥t < 0 and A} = A7 V& > 1. Since T 4(g)Tia(f) ™"
is S'- equlvarlant we can lift it to an C™*-mapping A:R" = R", ie moA =
Lia(g)Tia(f) ! om. By Claim 1(3) we may assume

A‘Ri—lx(2A+%,oo)><R”—i = A‘Ri—lx(2A+§,oo)an—i~ (2.17)

Claim 2. There exists a mapping 3 € Crlel(R™1, R) with
prio A =pri+ fop; =prio Flgﬁoﬁ)ai
and supp(3) C [—24, 24]"!
Proof of Claim 2. Consider the R-action on R™ given by
(t,z) — te; + x,

where e; denotes the i-th unit vector in R™. Since ['; 4(g)T; 4(f)™!) is S'-equivariant
we have

mi(A(te; +x)) = Tia(g)Tialf) " (milte; + x))
= Tia(@Tia(f) (m(t) - mi())
= 7(t) - Tsa(g)Tia(f) " (mi(2))
= w(t) - m(A(z)) = m(te; + A(z))

where 7 : R — S! = R/Z. Hence t — A(te; + x) and t — te; + A(x) are both lifts
of the same path. Since they coincide for t = 0 we obtain A(te; + x) = te; + A(x)
vVt € R,Vx € R" and thus A is equivariant with respect to the R-action above. It
follows, that pr;A — pr; is constant on the R-orbits, and hence there exists a map
B: R — R with pr;o A — pri = Bop. BisCr ol since p; : R* — R" ! admits
global cross sections. Since Flgﬁ 2k i(z) = x4 B(ps(x))d;, we obtain pr; o Flgﬂom =
pri+ 3o p;.

To see, that supp(8) C [-24,24]*"!, let € R"'\ [-24,2A]" ! and choose
z € R" with p;(Z) = = and pr;(Z) > 2A + %. From (2.17) and Claim 1(2) we get

pri(@) + B(p:(2)) = pri(A(2)) = pri(A(T)) = pri(7)
and hence 3(z) = 3(pi(%)) = 0. O

Using B and A" we now define the extension A : R" — R" of ¢; aAp; 1, which will
conjugate 7; 4 f and 7; 4g.
Claim 3. The following mapping X : R™ — R™ is well defined and C!
i alp; 4 on (—2A —1,2A + 1)
A= ¢ insi(A3 94y, ©Di,Pri © Fl%ic;fai) on R71 x (24 + 1 00) x R*™

Pi

1d otherwise
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where ins; : R x R — R", ins;(z,t) == (v1,..., 2 1,t, T4, . .., Tn_1). Moreover
supp(A) C [—2A4,2A]71 x [-2A4,2A + 3] x [-2A4,2A]" 1.

Proof. Clearly \ is C", provided it is well defined. So we only have to show

-1 _ / ~
piowialg; = Ngion_p 0D

pr;i © Soi,AASOlTi = pr;o Fl%i’fai

Opi

hold on (—24,2A4)"! x (2A+ 1,24 + 1) x (=2A4,2A4)", the rest is obvious from

supp(8) C [-24,2A]"7!, supp(pa) € [-2A — 1,24 + 1]", supp(A') C [-24, 24]"7,
Claim 1(2) and Lemma 2.24.
From Lemma 2.24(1) we get pip; a = pisp;. I = Pi, and hence we have

Di © SOi,AASD;}l = pio A%T}; =Dp;© A%’j
= All Ojii © @;i - All Oﬁi = A/3+2A—p'ri Oﬁi?

on (—2A,2A)"' x (2A+ 35,2A+ 1) x (—2A4,2A)"%, where we used Lemma 2.24(6)
and (2.17) for the second equality.

Since (3 o p; is constant on the integral curves of the vector field p; 40;, we have

U (@) = FPP7% (@) Yo e R™Ee R

and thus

) . Bop:) os . —Lyx ~0~i 0;
Fl%zogj;) l’) _ Flgﬂ Pi)Pi, A0; (I) _ Flg%,A) (Bop:) (I)

—1\* ~o~i 04 ~o~i 9; —
= (P2 (1) = oo PP (o),
where we used Lemma 2.24(4) to get
(070) (B0 pi)0: = (Bopiowii)(pia) 0 = (Bop;)piad;
From Lemma 2.24(6)&(7) and Claim 2 we obtain

priogialpiy = priopialg; s =priopiaopr; o Aoy}
(Bops) 0

= priogiaopr;oFl ik = pri 0 i AP P
— TPiA0i
= przFlﬁOE_
holds on (—24,24) "1 x (2A+ 3,24 +1) x (—24,24)"". -

Clearly A|{zerrpry(a)<24+1} € Diff"l({z € R : pry(z) < 24 + 1}). Further, since
A|{xeRn:xi22A+1} = insi(AgHA_m o P, pri), A is bijective. We have det(DA(x)) =
det(DAY 54—, (Pi(x))) # 0 if pry(z) > 2A + 1. Thus we obtain A € Diff?1*/(R"), (cf.
Example 1.15 and Example 2.16), and the proof of Lemma 2.36 is finished. a
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2.37. Remark. We used the condition I'; 4(¢)T;a(f)™! € Gl only to extend
i al\p; - Now suppose ‘conversely’ i al\p; | extends to a continuous mapping A
defined on [-2A — 1,24 + 1]*. Then we will show

pil(") = pil() Va2 € R": pi(x) = pi(2), (2.18)
and hence T';_4(¢9)Ti4(f)~" maps S'-orbits to S'-orbits. Recall that we defined A
without using T; a(g)T;a(f)™ € G;’[a]. Since A is a lift of Ty 4(¢)ia(f)" €
Diff"*(C;) we have

A(ne; + x) = ne; + A(x) Vee R" VnelZ.

If z,2" € dom(y; 4) we thus obtain

pilM(z) = Aim pig; a(ne; + A(z)) = T}Lrgloﬁi@i,/l]\(nei + )
= lim pi 05, a7y @ia(ne; + ) = pX lim o a(ne; + ) =

——
A

= DA im @5 a(ne; +2') = ... = piA(2),
since A is continuous on [—-2A — 1,2A + 1]*. Elsewhere (2.18) is obvious.

2.38. Lemma (Mather). [7] [4] Let A > 1 and let a be a modulus of continuity.
Then there ezists a neighborhood U} of Id € Diﬂ”[iQA’QA]n(R")O and mappings

with the following properties:
(1) W; a(Id) = Id
(2)
. n 3 T7[O‘] n 3 T7[a] n
\Iji7A . UA N Dlﬁ‘[*Q,Q]i_lX[*ZA,QA}n_(i_l) (R ) — Dlﬁ‘[_272]i><[_2A72A}n—i (R )O
s continuous with respect to C"-topologies.

(3) f € U NDiff"*(R") = [f] = [V; (f)] € Hi(Diff2 1" (R"),)

(4) There exists 6 > 0 depending onn, v, a, A and C > 1 depending on n, r,a but
independent of A with

Ur,a(\pi,A(f)) < CAMr,a(f)
Vf e Uy NDift"*(R™) with pu,o(f) < 9.
(5) If r > 2 then there exists a constant K > 1, independent of r, A, and an

admissible polynomial of one variable F', depending on n, r, a and A, such
that

/’LT‘(\IIZ,A(f)) S KTAMr(f) + F(Mr—l(f))
Vf € Diff"(R") N U7.
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Proof. First we assume U} C U (cf. Lemma 2.33), and thus I'; 4(f) is defined for all
f eUnr Given f € U} we define g € CH(Cy, Cy) by

g(xy, .., 0 xn) = ia(f) (21,0, ) + (0,00, ..., 0). (2.19)

Using Proposition 1.7(3) and Lemma 2.33 one sees that g depends continuously on f,
and thus we can shrink U}, such that g € lef _oa24)-1xstx[—24,.24]n—i (Ci)o. Notice,
that g € G} and gligeciprio)=0y = Lia(f )|{9€Cz-pn() —oy (in fact g is unique with
these propertles) Further let h := g7 'T; 4(f) € Diﬂr[lfm,m]i,lXSIX[%A’QAW%(C’i)o.
If pri(zy,...,9,...,2,) = (x1,...,0,...,2,) we have D*(pr,) = 0 and g — Id =
(T;a(f) — Id) o pr;. From (2.3) we get

D'(g— Id) = (D"(Tia(f) — Id) o ;) (Dpr;) ¥r>1,

thus
pe(g) < ITialf) = Idl, |75 = 10 (Tea (),
i
and
|((D7 (Taalf) — 1d) o pr;) Dpr )|
balg) = sup, (st (7, 9))
- (D7 (Poaf) = 1d) o 57|
T atyeC; a(dist(z,y))
oy NPTl 1 opr, )
e a(dist(z, y)) - '

Choosing d; > 0 sufficiently small (cf. Lemma 2.33(4) and Lemma 2.30), we get

ﬂr,a(h) = fra (9_1Fi7A(f))
Moo (g_l) + Nr,a(ri,A(f)) + Olﬂr,a(ri,A(f» oy, (g_l)

<1

2/%,04(9) + Nr,a(ri,A(f)) =+ 2;“1",04 (g>
5“r,a(ri,A(f))

Vf € Ui N D™ (R™) with p,o(f) < 61. If we shrink U such that p1(T; 4(f)) < 3
and p1(f) < 5 for all f € U}, we can use (2.14), Lemma 2.29(1)&(3) and p,(g) <
wr(T;a(f)) to estimate

p(h) = (g~ Tia(f))
< 2( ™) Fm@alM)(1+ mlg™) +mTialf)))
N—— N——
<211 (T, a(f)) <211 (T, a(f))

6 (Tsa () (1+ 3u1(F mTa)

IN

IA A

IN

15 - 1844 (f (1+u1 ) < K A (f),

1
<i

IN
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where K is a constant, independent of A, since (1+ %)A is bounded on (0, c0). From
Lemma 2.29(4) we obtain an admissible polynomial of one variable F} with

_ r+l
m(g™) < () (1+2m(9) + Fi(M,oi(g))
< 27, (T a(f)) + Fu(My 1 (Tia(f))- (2.20)
Thus there exists an admissible polynomial F», depending on r, such that
M(g7Y) < 27TIM(Dia(f)) + Fa(M,1(Tya(f))) (2.21)

(cf. Lemma 2.29(3)). Using (2.20), (2.21) and Lemma 2.29(2) we obtain

//Jr(h) = MT(g_1Fi7A<f))
< Q(Nr(g_l) + Mr(rz‘,A(f))) (1 +pi(gh) + m(Tia(f)) )r

<1 <

FE(My1 (7)) & My a(Ta(F) _
< K (Tia(f) + Fa(M, 1 (Tia(f)))

Together with (2.13), this yields an admissible polynomial Fj of one variable and a
constant K5, independent of » and A, such that

pr(h) < KgApe(f) + F5(Mo—1(f))-

Here we used again, that (1 + p(f))* < (14 %)* is bounded on (0, 00). Summing
up we have

(1) f € UL DI (R) —> g € G™°
(2) hlec,prs@)y=0y = 1d
3) f=1Id—h=1d
(4)

4) feUFNDHFS 1 hioam oo RY) = B € DI, o ae (o

and h depends continuously on f with respect to C"-topologies.
(5) There exists 4; > 0 depending on n, r, @ and A, such that
fira(h) < 5ptra(Ta(f)) (2.22)
Vf e Diff"*(R"™) N U} with p,.o(f) < 01

(6) There exists a constant K3, independent of r and A, and an admissible poly-
nomial of one variable Fj, such that

pi(h) < KsAua(f) (2.23)

and

() < KEAp,(f) + Fs(M1(f). (2.24)
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Using (2) above we can lift h to a mapping h € Diﬂ?[lsz’zA]i_lXRX[JAQA]n_i(R”)O
with _ N
hom=mioh and h|gerrpr(2)eczy = 1d.

Notice that h depends continuously on &, g, (k) = g1 (h) and py.o(h) = pir.a(h). Now
choose a periodic function £ € C*(R, [0, 1]) of period 1 with

gy[mfl,er%] = O’ €|[m+%,m+%] =1 Vm € Z

and let B B N -
h_ = (£opr;)(h—Id) +1d, h, :=hh”".

Thus E— Riflx[m—%,m—t—%}xR”*i = Id and E‘i‘|E(Ri—1x[m+%’m+%]XRn—i) - -[da Vm € Z. If
we choose U% sufficiently small then A(R™! x [m + 3, m + 5] x R*) C Ri~! x

! 12
[m+2,m+2] xR and hy Ri~1x[mt 2 mt L]xRn— = 1d, Vm € Z. By shrinking U}

we may further assume Ef € Diff[l_QAQA]FlXRX[_QA,QA]WI'(R”)O. In order to estimate

,ur,a(ﬁi) in terms of (i, ,(h) we start with

~ (D (€0 pro(h = 1d))[[]
pralh-) = sup a(lz =yl

r ooy 1(D*(E 0 pri) D= (h — 1d))

¢%<k) (e —yl)

() { IDM& o prol IIID*(h = Td)(@)]

T
Y

IN

IN

£ om

k=0 zF#yER™ a(llz —yl)
ID*(& o pra) )1 D" (h — Id)\yH}
+ sup

2yeR a(llz =yl

T

< 3 () {l€omriansth) +lig o prilbsnca®)

k=0
S OQMT,O& (h)

where Cj is a constant independent of A. If p,.,(h) is small we thus have

,ur,a(ﬁzl) < 2:“r,a(ﬁ—)

(cf. Lemma 2.30), and hence there exists a constant C5 > 0 independent of A, such
that

Hr.a (E+) = Mra (E?L:l)
< ,Ur,a(h) + ,Ur,a(hil) + 04/%,04(}7') Nr,a(hil)
—_——

<1

< (1+ QCz)Mr,a(iNl) < (1 +2C)pra(h) < Cspira(Tia(f))
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provided g, o(f) is small. For the last inequality we used (2.22). Further we have

pelh) = (€ pr)(h—1a)],
< Y () sup IDHE o pr) @I 1Dk~ Ta)(@)]
< 3 () leornlaneol)

- +Z( ) o rlupe—s(h) + 1€ o proll o)
<u1(h)

< pe(h) + f(/MT—l(h)a

where K is a constant depending on r. Here we used ,ur(h) = p.(h) if r > 1 and
,uo(h) < ,ul(h) since h — Id is periodic with period 1, and h — Id|gi-1xzxrn-i = 0.
Together with (2.23) and (2.24) and Lemma 2.29(4) thls yields

pr(he) < KgAp,(f) + Fo(M-a(f))

where Fg is an admissible polynomial of one variable, and Ky is a constant indepen-
dent of r and A. Summing up we have

(1) f=1d= hy =1Id
(2) h=h,h_

(3) If m € Z then

h‘*’Riflx[mfé,er%]XR"*i = Id7 h+|Ri*1><[m+15—2,m+1—72]><R"*i =1d
<4) f € UA N Di ﬂ‘[ [3}21 Ix[—2A,2A)n—( 1>(Rn) = hi S Diﬁﬂ?gﬁ*><R><[—2A,2A]"*i(Rn)o

and h. depend continuously on f with respect to C"-topologies.

(5) There exist d3 > 0 depending on n, r, a, A and C3 > 0 depending on n, r, «
but independent of A, such that

Nr,a(ﬁﬁ:) < O3lur,a(ri,z4(f)) (2'25)
Vf e Uy NDift"*(R") with p,o(f) < 9s.

(6) There exists a constant K4 independent of r and A and an admissible polyno-
mial of one variable Fg such that
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We let
1 3
E_={xeR":—-1<pr(z) <0}, E. ={xeR": 3 < pri(z) < 5}
and define U; 4(f) by
ial e, = byl Uialf)le =h|s, U, alrm\(5_ug,) = 1d.

(1) and (2) of Lemma 2.38 follow immediately. To see (3) notice that there exist

h. € Diff'(C;) with hy om; = m; 0 hy. Since hph_ = hyh_ = h we get hoh_ = h,
hence I'; 4(V; 4(f)) = hih— = h and thus
Loa(f)Dia(ia(f) ™ =Tialf)h " =g e G

Vf e U% N Diff*®)(R”). By shrinking U% we may assume f,¥; 4(f) € U’ (cf.
Lemma 2.36), and we can apply Lemma 2.36. Consequently 7; 4f and 7, aW; a(f)
are conjugated in Diff?®/(R™), and thus [f] = [¥; 4(f)] € Hy(Diff?*I(R™),). (2.25),
Lemma 2.33(4) and the obvious fact

Mr,a(qu‘,A(f)) < Mr,a<ﬁ—> + Mr,a(%-&-)

together yield (4) of Lemma 2.38. Similarly we obtain (5) of Lemma 2.38 from

pr(Wi,a(f)) = max{pr (ho), pr(hy) }

and (2.26). O
For the following construction we fix g4 € Diff"(R"), with ga|_gon = A - Id.

2.39. Corollary. For A > 1 there exists a neighborhood V3 of Id € Diff[l_272]n(R”)o
such that

Opa: Vi — Difff 5. (R"),
ho pa.. 1algafhgy’)
15 well defined Vf € Vi, and has the following properties:
(1) If o is a modulus of continuity, 1 < r < oo and f € Vi N Diff"(R") then
ﬁf7A|Vj{ﬁDiff’"’[a] R") Vin Diﬁr’[a}(Rn) - Difff’_[g}Q]n(R”)o
1s continuous with respect to C"-topologies.

(2) f,h € VENDiff(R") = [0;4(h)] = [fh] € Hi(Diff7*I(R"),)

Proof. Since W, 4 are continuous (cf. Lemma 2.38) and since g4 fhg," depends contin-
uously on (f, h), there exists a neighborhood V} of Id € Diff[l,z’Q]n(R")o, such that
Y- V1.4(gafhgy’) is defined V£, h € V. Since supp(fh) C [-2,2]" we have
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supp(gafhgs') C [—2A,2A]" and thus (1) follows immediately from Lemma 2.38(2).
From Lemma 2.38(3) we obtain

[05.4(1)] = [Wna - U1 a(gafhgs')] = [gafhgs'] = [fh] € Hi(Diff;*(R"),).

O

2.40. Lemma. Let o be a modulus of continuity and suppose n+2 <r < oo. Then
there ewists Ag > 1 and eq > 0, such that

/J“T,a(f)7lj“7",a(h) S € — f7 h € Vf?oa ,u'r,a(ﬁf,Ao(h)) S €
V0 <e <€ and Vf, h € Dff % 5. (R").
Proof. Since n + 2 < r we can choose Ay > 1 such that 3C"A(1J_T+” < 1, where C

is the constant in Lemma 2.38(4). Using Lemma 2.26(4)&(5) one sees, that there
exists €y > 0, such that

f €D 5 (RY), pralf) < €0 = f€Vy.
By Lemma 2.30(1) we can shrink €y such that

Nma(fh) < Mr,a(f) + ,Ur,a<h) + Cl:“na(f) ,ur,a<h) < 3¢,
<1

V0 < e <€ and Vf, h € Diff, 5, (R") with 1,(f), fir.a(h) < €. In order to estimate
,um(ngftho) we first calculate

D'(gaofhgil) = D((Av- Id)fhly 1)

= DA (D)o (1) - )

— D ((D¥fh)o <Aiofd>> +)

= . =A7(Dr(fh)o Aiofd). (2.27)

Thus we have

T ID"(ga0fhgay) (@) — D" (g4, fhgay ) (W)
Mr,a<ngftho) = sup —
sAyERT a(llz —yl))
_ 4l ID"(fh)(5;2) — D" (fh) (o)l
= 0 sup 1
s#yERn a(Aoll 7 = 5ul)
ID"(fh)(5;2) — D" (fh) (o)l
£yeR" a(ll gz — 2-yl)
Ay e a(fh) < 3A e,

IA

1—r
AO

IN
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V0 < € < ¢ and Vf, h € Diff(, 5. (R") with pi,.a(f), ttra(h) < €. By shrinking
€0 once again we may assume ¢y < J, where ¢ is the constant in Lemma 2.38(4)
corresponding to C' above. Since Ay, C' > 1 we have 3C’iA(1)_T+ieo <dfor0<i<n,
and hence using Lemma 2.38(4) we obtain inductively

Ur,a(ﬁf,Ao(h)) = ﬂr,a(an,Ao T \DLAO (ngfth(}))
< C A pira(9a0fhgay)
< CrAR3ALTE <
—_———

<1
V0 <e<eand Vf, h e lef[ 5,2 2 (R™) with pi.0(f), pra(h) <e. O

2.41. Lemma. Let o be a modulus of continuity, 1 < r < oo and leta > 0. Ife >0
is sufficiently small, then

L:={h € Diff, jn(R") : pira(h) < €}

equipped with the C"-topology has the fized-point property, i.e. every continuous map-
ping L — L has at least one fixed point.

Proof. Recall that (CT aa (R RY) ||T) is a Banach space, and look at the
subspace

L'={heC

(R R [[Ble < €} € (CFy g (R, R, |- l2).

a,a]™

Since the topology induced from [| - ||, on C_, . (R",R") is exactly the C"-topology
(cf. Lemma 2.26(4)), h — h—Id is a homeomorphism from L onto L', provided € > 0
is small (cf. Example 1.15).

Next we show L' is closed in ( g (R R[] ) If (fi)ien € L' is a sequence
that converges to fo € (C e (R R ||r), then lim; o, D" fi(x) = D foo(2),
Vx € R". Since f; € L' we have for arbitrary x # y € R"”

| D" fi(z) — D" fi(y)||
a(llz —yl])

”Drfoo(x) - Drfoo(y)H
allz—9l) =

So we have || fxllra <€ hence f € L' and thus L’ is closed.
Next consider the linear mapping

<|\filla <€, VieN,

and thus

(Claap BB, 1l) == (O (R™, L (R™,R™)), || - o)
h — D'h

T is an isometry since

I Th|lo = sup [|D"h(z)| = [
zeR™
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Now look at L” :=T(L'). L" is closed in (C?fw]n(R”,Lr(R",R")), | - HO), for L' is
closed and T is an isometry. From Lemma 2.26(5) one obtains immediately that L”
is bounded. Further we have

|D"h(x) — D"h(y)|l
afllz —yl)

<e
< ea(flz —yl),

|1D"h(x) = D h(y)|l afllz —yl)

Va,y € R"Wh € L", and hence L” is equicontinuous. Since [—a,a]™ is compact, we
can apply Ascoli-Arzela’s theorem, and so L” is relative compact. But L” is closed
and hence L' = L” is compact.

Since L' is a convex, compact subset of a Banach space we obtain by the fixed-
point theorem of Schauder-Tychonoff, that every continuous map L' — L’ has a fixed
point. Since L = L' the same is true for L. O

Proof of Theorem 2.19 in the case n+2 < r < co. By Remark 2.22 we only have to
show

Diff}"%, . (R") C [Diff:*(R")., Diff7*(R").] C Diff]"%} . (R") (2.28)

Given n, r and «, we fix Ay and ¢y by Lemma 2.40, and we choose 0 < € < ¢, such
that
L:={h € Diff%, 5.(R") : pt,a(h) < €}

has the fixed-point property (cf. Lemma 2.41). By Lemma 2.40 and Corollary 2.39(1)
we have L C Vi, and forall f e L

ﬁf,Ao‘L

Diff% . (R") 2 L L C Diff[ . (R")

is continuous with respect to C"-topology. Hence for every f € L there exists hy € L
with 97 4,(hy) = hy. Together with Corollary 2.39(2) this yields

[f1[7f] = [Fhsl = [0g.a(hp)] = [hg] € Hi(DHEE"(R")o),
hence [f] = [Id] € H,(Diff;*(R"),) for all f € L, and thus we have shown
L C [Diff>*(R"),, Diff % (R"),).

Diff’ffég]n(R”) equipped with the C"®-topology is a connected topological group (cf.
Corollary 2.31), and L is a neighborhood of Id. So L generates Difff’_oéjz]n(R”), and
this yields (2.28). O

2.42. Lemma. If A> 1 andr > 2, then there exists a constant K > 1, independent
of A and r, and an admissible polynomial F depending on n, r, a and A, such that

pr(Dp.a(h)) < AR (1 (1) + 1o (1) + F (M (£) + My (h)
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Vf,h € Diff (R™) NV}, where V} is the C'-neighborhood of Id defined in Corol-
lary 2.39.

Proof. From (2.27) we obtain

e(gafhas) = sup ATD(F) ()] = A1)

= 2AY (e (f) 4 e (R) (1 + pa () + pa(R))"
+F (M, (f) + M_1(h)),

where Fy is the admissible polynomial in Lemma 2.29(2). Using Lemma 2.38(5) we
obtain inductively

pr(95,a(h)) < A"K{" o (gafhgn') + Fo(My—1(gafhgs)),

where F3 is an admissible polynomial of one variable. Recall that p(-) is bounded
on V. Thus we have

(D54 () < ARG (1 () + o (B)) + Fo(My 1 (f) + Moy (B)
Vf, h € Diff"(R™) NV}, but this is Lemma 2.42. O

2.43. Lemma. Leta > 0, igp € N and let b;,,b;,41,... be a sequence of positive
numbers. If b;, is sufficiently small then

L:= {h € Diﬂ‘([)ja’a]n(Rn) . /Lz<h) S bl \V/’LO S Z}
equipped with the Whitney C*>-topology has the fixed-point property, i.e. every con-
tinuous mapping L — L has at least one fixed point.

Proof. Consider

L= {h € OF o (R RY) ¢ s < b Vig < i} € (CF,yn(R7RY), (] - [h)ien).
Since the topology induced from (||-[|;)ien on Cf2, . (R™, R") is exactly the Whitney-
C>-topology h +— h — Id is a homeomorphism from L onto L', provided b;, > 0 is
sufficiently small (cf. Example 1.15 and Lemma 2.26(4)).

L’ is closed, since the (semi-)norms || - ||; are continuous. For i € N look at the
linear mapping

[e'e) n n S n 7 n n
(CPuap R™LR™), (|- li)ien) 5 (O, g (R™, (R, R™), | - o)
h +— D'h

S; is continuous Vi € N, since

I1S:fllo = sup ID"h(z)]| = [|A]: (2.29)
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Further S;(L') is bounded. If ¢ > n + 2 this is obvious from (2.29) and the definition
of L', if i < n+ 2 one additionally needs the estimation in Lemma 2.26(4). Since we
have

15i(h)(x) = Si(h) ()|l = [|D*h(x) = D*h(y)|| < [[hllarllz — yll
Si(L') is equicontinuous Vi € N. Hence, by a theorem of Ascoli-Arzela, S;(L') is
(R", L{(R", R™)), || - [lo)- Let (hi)iex be an arbitrary
sequence in L'. Since Sj(L') is relative compact there exists a subsequence (h});en
of (h;)ien, such that (S1(h}))ien converges in (C (R", LY(R™,R™)), |- ||0> Now,
since Sy(L') is relative compact, we obtain a subsequence (h?);en of (b} );en, such that
(S9(h?))ien converges in (C wap (R L2(R™,R™)), || - o ) We continue inductively

and obtain subsequences (h!);en of (h!™")ien, such that (S;(h!))en converges in
(Co_ma]n(R”? LI(R™,R™), - llo ) Vj € N. Now consider the sequence (h!);en. Then
(S;(h))ien converges for all j, and hence by (2.29) (h);en is a Cauchy sequence with
respect to || - ||; on C*(R",R"), Vj € N. Since L' is closed subspace of a Fréchet
space, (h!);en converges in L' and thus L' is compact. Since L' is a convex and
compact subset of a Fréchet space we obtain by a theorem of Schauder-Tychonoff
that every continuous map L' — L’ has at least one fixed point. Since L = L’ the
same is true for L. a

relative compact in (C[

a,a]™

[—a,a]™

Proof of Theorem 2.19 in the case r = co. Recall that the constant K in Lemma 2.42
is independent of A and define Ay := max{K" 4K®™*+2"} If r > n +2 we thus have

ny\ 7—(n+2)
Ag+1—rKrn _ An+1_(”+2)K”(n+2) (%) < i
AG LK+ <1 —_—

<1

By Lemma 2.26(4) we can choose €,42 > 0, such that f € V3, Vf € Diff %, 5. (R")
with fin12(f) < €n49. Using again the estimation of Lemma 2.26(4) and Lemma 2.42
we obtain

Mn+2<7~9f,Ao(h)) < Ag+1_rKrn (Mn+2(f) + Mn-i—?(h))
Si <2€p+2
+ F(My i1 (f) + Mnia(h)) < €nya,

n+2
=7

Vf,h € Diff 25 5n (R") With py42(f), ptns2(h) < €542, provided €, is chosen suffi-
ciently small. Here it is essential, that F' doesn’t have any linear or constant terms.
We further assume that €, o satisfies the condition on b;, in Lemma 2.43.

Sublemma. If f € Diff %5 . (R") and pi,y2(f) < €nya, then there exist e;; > 0,
n—+3 <1< oo, such that

,ul(h)gﬁf’l Vn+2§z<oo:>/h(19f,,40(h))Sefﬂ Vn+2§z<oo,
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where €fp19 = €pqa.

Proof of the Sublemma. We will choose €;; inductively. Suppose we have chosen
€fm+2y---5€fi—-1 with

pih) <er; Vn+2<j<i—1= p;j(¥sa,(h)) <er; Vn+2<j<i-—1

Then there exists a constant a; > 0 depending on f, 7 and €y, 49, ..., €1, such that
F(M;—1(h) + M;—1(f)) < a; for all h € Diff %, 5. (R™) with p;(h) < €75, n+2<j <
i— 1. If we let €7, := p;(f) + 2a;, Lemma 2.42 yields

pi(Wpa0(h)) < AgTTET (a(f) 4 pa(h) + F(Miza (h) + Misa (£))

Si <2ui(f)+2a; <a;
1 3
< §Mz(f) + 3% < €54
for all h € Diff %, o (R™) with p;(h) <efj,n+2<j <i. O

Next consider
Ly = {h € Diff %) 5. (R") : i(h) < €5; Vn+2 <i < oo}.

From the Sublemma above and Lemma 2.39(1) we obtain, that ¥ 4, restricts to a
continuous mapping

f»A()IL

¢
Difff*, o (R") 2 Ly —" Ly C Diff{%, 5. (R™),

Vf € Diff %) . (R") with py42(f) < €nq2. By Lemma 2.43 there exists hy € Ly with
Vg .a,(hs) = hy. From Lemma 2.39(2), we get

[fllhs] = [fhy] = [95,.a(hf)] = [hy] € Hi(Diff"(R")o),

hence [f] = [Id] € Hy(Diff *(R"),) for all f € Diff[%, 5n(R")o With p12(f) < €52,
and thus

{f € D% 50 (R") : ptnia(f) < €npa} C [DIE(R")o, DI (R™)o].
But the set on the left side generates Diff %, 5. (R"), and consequently
Diff®, 5. (R") C [Diff*(R")o, Diffo* (R")o].

By Remark 2.22 this is all we have to show. This completes the proof of Theo-
rem 2.19. O

2.44. Corollary. Let M be a connected, smooth manifold, n = dim(M), n + 2 <
r < oo. Then Diff (M), is perfect and hence simple by Corollary 1.17.

Proof. This is an immediate consequence of Theorem 2.19 and Lemma 2.17. O
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3.1. Lemma (Mather). /8] Let A > 1 and let o be a modulus of continuity. Then
there exists a neighborhood U’} of Id € lef[ 2424 (R")o and mappings

Uq: U7 — Diff[lQA,QA]n(R")O 1<i<n
with the following properties:
(1) W; a(Id) = Id
(2)
U 4: 04N D) oyi s Loa 24— (R") — Dlﬂfoé 21 x[_2a24p- G- (R")o
s continuous with respect to C"-topologies.
(3) f € Ui NDIfi"*(R") = [f] = [¥;.a(f)] € Hi(Diff*(R").)

(4) There exists 6 > 0 depending on n,r,a, A and C > 0 depending on n,r,«, but
independent of A, with

o Ta(1)) < i)

Vf € UA N DIH‘TOEQVX[ 2A,2A]7—1 (Rn) with MT,a(f) S J.

Proof. As we did in the proof of Lemma 2.38 we choose U™ 7t sufficiently small, such
that for f € U7 we can define g € lef[ 94.24]i-1x51x[—24,24]2-i (Ci)o DY

g(xy, .0, ) = Ta(f) (@, .., 0,0 x,) + (0, 0,9, ..., 0).

Further we let h:= g7'T; a(f) € Diff[l,QA,ZA]i_lXSIX[,QA,QA}n_i(C’i)o, and obtain simi-
larly to the proof of Lemma 2.38:

(1) f € U} NDiff"*(R") = g € G}
(2) hlgpecipri@)=0y = Id

3) f=Id=h=1d
(4)

4) feUsn DI 5pi s (aa2ap—i (R™) == h € DIfl"%) g1 g1 (_9a94p0-:(Ci)o and
h depends continuously on f with respect to C"-topologies.

(5) There exists §; > 0 depending on n, r, a and A, such that

Mr,a(h) < 5:ur,a<ri,z4(f)) (3’1>
Vf € Diff"*(R™) N U7 with g (f) < 6

48
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Using (2) above we may lift h to a mapping h € Diﬂ?[lsz’zA]i_lXRX[JAQA]n_i(R”)O
with B N
h o T; = T; O h, h|{x6R”:pr¢(m)€Z} = Id. (32)

Let a be the least half-integer with —2A < a, and for j € N define
E' = {zeR":a+3j—3<priz)<a+3j—2}
; 3 1
EY = {xER”:a+3j—§gpri(x)§a+3j—§}.
Further let B be the greatest integer such that a + 3B — % < 2A and notice that

B> g. So we have at least A disjoint stripes E*, E1, E2, ... ,EB, Ef, all contained
in R x [-2A4,2A] x R". Now we define

hy = %(E —Id) + Id
hy = ﬁ(ﬁﬁfl —Id) + Id
h; : ;,(Eﬁl—l bt — Id) + Id
B—(j—-1) ’
hy : (hhi'---hgt, — Id) + 1d
By shrinking U% we may arrange hy,... hp € Diff[{QA’M}i_lXRX[JA’QA]n_i(R”)O. In

order to estimate y, (h;) in terms of p, ,(h) we need the following Sublemma, since
the estimations in Lemma 2.30 do not suffice for this purpose.

Sublemma. Let 0 < A < 1, 1 < r < 00, a a modulus of continuity and let
fe DiﬁfLC;A,QA]iflxRx[—zA,QA]nfi(Rn)' If g :== \(f — Id) + Id then there exists C' > 0
and &' > 0 with

/M,a<fgil) =(1- )‘),ur,a(f) + Clﬂr,a(f>2~

provided pi,o(f) < 0.

Proof of the Sublemma. First consider the case r = 1. We have Dg = \(Df—1d)+1d,
hence f114(9) = AMt1,0(f) and

(D9)(@) = 3 (= ADS (@) ~ 1d)"

provided p(f) < %, but this can be arranged by choosing & sufficiently small (cf.
Lemma 2.26). Hence we have

D(fg~")(g(x)) =
= Df(z)(Dg) " (2)
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— (1a+ (Df@) - 1d)) 3 (= ADf(e) - 1)

o0

(z) =1 , (
= Id+(1-\)(Df(z) - Id) + (1 - %) > (= MDf(x) - 1d))"

m=2

and thus for sufficiently small p; o (f)

ma(fg™) <
ey eyl DG () — Do) ()]
= vere a((lg(@) — gW)I]) sryere oz — yl)
a(llg~ Yz = i) |0 =N(Df = 1d)| |
S T allz -l {H EETD
& IADf = 1) |
=32 s =l }

< (i) ) {0 Va4 0 D a0 ulr)

—_—— m=2
<207 11,0 (9) <Ciualf)

< (Chnalf) + 1){(1 — Npnalf)

(1-= i (m 4 2)N™2(C) "™ g o (f)™ Hl,a(f)Z}

m=0

<cy

< (1= Npra(f) + Clural(f)?

Now consider the case r > 1. Then we have D"g = AD" f, u.(9) = Mer(f), pra(g) =
AMiro(f) and from (2.3) we get

D'fog t=(D"fog )D(g™")" +(Dfog )D"(g7") + Ryg  (33)
Similarly to (2.10) there exists a constant Cf such that we have

[Rrg-1(2) = Ry (y)]
afllz =yl

provided g, o(f) is sufficiently small. Further we have

< Cittral Hitralg™) < Cipiralf)? (3.4)

I((D7f 0 g™)(D(g™)) + (Df 0 g™)D (7))

a(llz = o1l T )
_ M0 fog [ (Dle™H@ — 1d) I+ (D" f o9t — Dgo g )|l
= a(flz =yl
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107 £ (g™ @) (D)) 11+ (DS o g71)] D (g7 (@)
+
R
I(D7gog™ + DG W)D"(g7™H)] |
+
a(lle =yl

< o) (g™ + (g™ + (1= Mol £) (g™ +1)
HIFllralg™)@IgH D™ + ral£) (™) + 1) g™l
I(D7gog™ + Dig™ (w)D"(g™)[ |

" oz — 9l

T

I(Drgog+ Df(g~ (W) (g7Y)
oz =yl

for sufficiently small i, (f). Here we frequently used the estimations in Lemma 2.26.
From (2.3) we get

)| (3.5)

< (L= Npnalf) + Copiral(f)* +

D'(g") = =D(g~)ND"(g) o g~ )D(¢g7")" = D(g~ ") Ryg-.
Similarly to (3.4) we have

||Rg,g‘1($) - Rg,g‘l(y)H
a(llz = yll)

< Clptra(Ditra(g™") < Chptralf)?
and

IRy (@) < D2 Cigueiillalillg™ g - llg™ s < Copralf),

2<i<r,1<j;
J1+-+g;=r

provided g, o(f) is small. Further we have

I(Drgog + Df(g WD @)

afllz —yl)
(Do + Dig )P ((D7g 0 g D(g ! = Rygt) )|
B afllz - yll)
.. I(1d = Df(g7"(v)))(D"go g )\yH
- afllz = yl) )
IDf(g~ () ((1d = D(g™"))(D"g o g71)) N
_l’_
afllz = yl) .
. IDf (g~ W) (D(g) (D gog ) (Id— D(g™)) N

afllz = yll)
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IDF (g™ (4)D(g™) Ry g1 |
+

oz =yl
i (F)tra(9) (1 (g™") + 1) + | Flpnalg™) gl
H1Fll1p1.a(g Va9 (2 (g™) + 1) + [ Fllapralg™ gl (g™
HIF 1 llg™ ralo) (palg™) + 1) palg ™)

A1l allgllrrpaalg ) pa(g™) "
1 fllip1.a(g ) Copira () + 1 fll1llg 1 Clptra(f)?
< Cio:uma<f)2 (3'6)

provided p, o (f) is sufficiently small. (3.3), (3.4), (3.5) and (3.6) together yield
1D (fg~) (=) = D"(fg )W)l

IN

-1
talfg) = o, (e =yl
< (1= Npralf) + (C5 4 Cg + Cig) pira( )2,
Cli=
and this completes the proof of the Sublemma. a
If 1 <j < B we have
ur,a(ﬁj) = ﬁ”%ﬁll o ‘%;31 —ld|yo = ﬁﬂna(%ll . '33'7711)'

Using this and the Sublemma above (f = hhit-- -E;_lz, A= B—(1j—2) and g = Ej_l)
we obtain

~ 1 . -
prally) = iyt )
! B-(=1) hhl.. . pTd / TI-1. 512
B—@—D{B—o—m“mmm hia) +CinaBhi - hy)

=(B—=(j—2))pr,a(hj-1)

. B-(j-2)c
= /‘LT,a<hj—1) + ( B _(J(] _)1>) Plr,a(hj—l)Q

for all 2 < 5 < B, and thus inductively

,ur,oz(hj) S Mr,a(%l)—f_cé,uﬂr,a(ﬁl)Z
1 ~  C . ~
= H(ma®) + Znalh) ra(h)

~———
<1

2o 4 20
- = < <= 4
B,Ur,a<h) > A,ur,a(h) > AUr,a(Fz,A(f)>

provided pi,(f) is sufficiently small. For the last inequalities we used B > é and
(3.1). Summing up we have
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(1) f=Id=h;=1d Y1<j<B
(2) h=hp---In

(3) f € Ui DUl g onpap—+(R") = hy € DU 5o gy papap-i(R)o,

and E]’ depend continuously on f with respect to C"-topologies.

(4) There exists d > 0 depending on n,r, «, A such that

pralfy) < Qunallia(f))  1<5<B (3.7)

Vf € Us N Diff™(R”) with 1,0 (f) < 0.
Now choose a periodic function £ € C*(R, [0, 1]) of period 1 with

§|[m— m—i—é] = 07 §|[m+%,m+%] =1 VYm e Z

o=

and let

hj_ = (Eopr)(h; — Id) + Id, h;, = h;h;* 1<j<B.

j,
If UA is chosen sufficiently small, then h]i € lef A 2AJ—1 X Rx[24 2] (R")o. In

order to estimate um(hj +) in terms of um(h ) we start with

/Lr,a<hjﬁ>: N
oy Do) — 1) @) — D (g0 pr) (s ~ 1))
S oz =yl
N | D¥(€prs) D"+ (h; — Id)(x) — DM (Eprs) D" (h; — Id)(y)
= #ye%n“(k) oz — )
L[ DR @) — DHE o pr ()10 (hy — T) ()|
< ,;)(k){me%n ()
- ||D'f<sopm<y>u||Dr-k<ﬁj—fd><x>—Dr-k<ﬁj—1d><y>n}
S o(lz =yl
o pr; aMr—k Orzkrkah
< kzo(k){ug prilleattr—e(hy) + 116 0 prillepte—pa(By) )
< C3lur,a(7Lj)

where Cj is a constant independent of A. If y,.o(h;) is small we thus have

Mr,a(ﬁjji) S 2“7“,01(;”,—)



54 3. The Simplicity of Diff(M),, 1 <r < dim(M)

(cf. Lemma 2.30(2)), and hence there exists a constant Cy > 0 independent of A,
such that

tralhyy) = pra(hihit)
7 T 7 7 -1

< Mr,a(hj) + /jlr,a(hj_,i) + C5#Tva(hj) ’ur’o‘(hj_?_)

<1

- C
(1 + 203)Mr,a(hj) < fﬂr,a(ri,A(f)%

IN

provided i, o (f) is small. For the last inequality we used (3.7). Summing up we have
(1) f=Id=hj.=1Id V1<j<B
(2) h=hpihg hg 1 hpg 1 -hiihi_
(3) f meZand 1 <j < B then

hj»*’Riflx[mf%,er%]XR"*i =1Id hj,+|Ri*1><[m+%,m+1—72]><R"*i =1d
(4) f & U O DU i g papn(RY) == hye € DU i mipaa g (R,
and h; 4+ depend continuously on f with respect to C"-topologies.

(5) There exists 4 > 0 depending on n,7,a, A and Cy > 0 depending on n,r, «
but independent of A, such that

~ C )
Mr,a(hj,i) S fﬂr,a(ri,A(f» 1 S J S B (38)

Vf € UL N Diff*(R") with 0 (f) < d4.
Using (3) above we may define W, 4(f) by
\sz,A(f”Ei :72’]',+’Ei7 \I’z‘,A(f”E{ :ﬁj,f|Eﬂ; 1<j<B

‘IJ/L"A(f)’Rn\Uszl(EJ;UEi) =1d

From (2) above and and (3.2) we get T (W, .(f)) = h (cf. Lemma 2.33) and conse-
quently

FZ‘,A({IV/,L"A(f))Fi’A<f)71 = hhilg =dg c G;’a Vf € [72 N DiHT’a<Rn).

By shrinking ﬁj if necessary we can apply Lemma 2.36, hence 7, A\I/@ A(f) and 7 af
are conjugated in Diff*(R"™), and thus

(U5.a()] = [f] € Hi(Difff*(R")a) V[ € UjNDifi™*(R").
(4) of Lemma 3.1 follows immediately from (3.8), Lemma 2.33(4) and

Nr,a<\1}i,x4(f)> <2 lgljaéXB{lﬁr,a(Ej,-i-)a Mr,a(%jﬂ—)}
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The remaining assertions of Lemma 3.1 are now obvious. ]

3.2. Corollary. Let A > 1 and let g4 € Diff°(R"), with ga|j—29» = A-1d (cf. page
41). Then there exists a neighborhood Vi of 1d € Diff[l_QAQA]n(R")o such that

ﬁf,A : ‘N/X — Diff[172A72A}n(R")o
ho Uya-Woalgs' fhya)
is well defined Vf € f/jf, and the following holds:
(1) If o is a modulus of continuity, 1 <r < oo and f € Vi N Diff**(R") then
Or.a: Vi N DI (R") — Diff%, , 4. (R"),
s continuous with respect to C"-topologies.
(2) f.h € V3 ADIfI™ (RY) = [Tp.4(h)] = [fA] € H,(Diff*(R").)
Proof. Similarly to the proof of Corollary 2.39 we find V7 such that J r.a(h) is well
defined for all f,h € Vi. If fih € V} then supp(fh) C [-2A4,2A]" and thus

supp(g4' fhga) € [—2,2]". Now (1) follows immediately from Lemma 3.1(2). Using
Lemma 3.1(3) we obtain

(M) = W14+ W al(93" fhga)) = [93" fhga] = [fh] € Hy (Diff7*(R"),)
and thus Corollary 3.2 is proved. |

3.3. Lemma. Let 1 < r < n and let a be a modulus of continuity. If r = n we
further assume a(tx) < vta(x) Yo € R and ¥t > 1. Then there exists Ay > 1 and
€o > 0 with

Pra(f)stira(h) <e= f. he ‘7}0 and ur7a(1§f7Ao(h)) < e
VO<e<e and Vf, h € Diffngo’QAo]n(R”).

Proof. First, using the assumption on 7, we choose Aq > 1 with
_1
3CMAy " <1lifr<n and 3C"A,? < 1lifr=n,

where C' is the constant of Lemma 3.1(4). Choosing €y > 0 sufficiently small we
may arrange that f € f/j{‘o for all f € Diff"%, 54,2 (R"), With p.0(f) < €. From
a calculation similar to (2.27) we obtain (notice that the roles of g, and g, are
reversed )

D" (g2, fhga,) = A5~H(D(fh) o (Ao - Id)),
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for all f,h € Diff"%, ,4,»(R"), and thus

1D (g4, fhga,) () — D™ (g fhga) (W)

-1
tral(9a, fR9a,) =  sup
Ganfhon) = sup oz =y
D" (Fh)(Agz) — D™ (fh)(A
— A sup |D"(f )(1 o) (fh)(Aoy)|l
r#£yER" (4 [l Aoz — Agyl)
AT sup ”DT(fhl((ﬁiﬁl__aro(jﬁ)moy)” fl<r<n
< b en D Al
= r D" (fh)(Aoz)—D" (fh)(Aoy e
AO $7£Sf;l€%n Ot(||onony||) lf r=mn
Ag,uTa(fh) if1<r<n
- Ay ur,a(fh) ifr=n

Using Lemma 3.1(4) and Lemma 2.30 we shrink €, such that the following estimation
holds:

Mr,a<1§f7Ao(h)) = Nr,a(qjl,Ao T {I}n,Ao (QZthng))

cN\" _
< (A—> Hr,a(gAthng)
0
C" Ay " 0 (fh) ifl1<r<n
1,
C’"Ag 2 T lro(fh) ifr=n
C™ A" 3e ifl1<r<n
1 <e
C" Ay ?3e ifr=n
VO<e<eand Vf,h e Dlﬁm["aQA 2400 (R) With 1,0 (f), pira(h) < e O

3.4. Theorem (Mather). [8] Let M be a connected, smooth manifold, 1 < r <
dim(M) and let a be a modulus of continuity. If r = dim(M) we further assume that
a(tr) < vta(x), Vo € [0,00) and Vt > 1. Then Diff*(M), is perfect.

Proof. By Remark 2.22 it suffices to show
DIfff 1, a0 (R”) € [DHE(R™)., DIl (R").], (3.9)

where Ag is the constant of Lemma 3.3. Analogously to the proof of Theorem 2.19
(cf. page 44) choose 0 < € < €y such that

L :={h € Diff %)y 5a,n(R") : ptra(h) < €}

has the fixed-point property (cf. Lemma 2.41). By Corollary 3.2(1) and Lemma 3.3
we have L C V3 , and for all f € L

fA0|L

leF[" OéAo 2A ]"<Rn) Lc Dlﬂﬁf a2A 2A0]n<Rn)
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is continuous with respect to C"-topologies. Hence for every f € L there exists
hy € L with ¥ 4,(hs) = hy. From Corollary 3.2(2) we get

[f1[hg] = [£hg] = D40 (hy)] = [hy] € Hy(Diff*(R™).)

and thus [f] = [Id] € H;(Diff*(R"),). So f € [Diff*(R"),, Diff *(R"),] for all f €
L and since L generates Diff "%, 5, 1. (R") (cf. Corollary 2.31) this yields (3.9). O

3.5. Corollary. Let M be a connected, smooth manifold and let 1 < r < dim(M).
Then Diff* (M), is perfect and hence simple by Corollary 1.17.

Proof. This is an immediate consequence of Theorem 3.4, Lemma 2.17 and Re-
mark 2.18. O



4. Isomorphisms between groups of diffeomorphisms

4.1. Definition (Property P). Let M be a smooth, connected manifold and let
G be a group of diffeomorphisms, i.e. G C Diff"(M) for some 1 < r < co. We
say G has Property P (path transitivity) iff for every smooth path o : I — M and
for every open neighborhood U of Im(o) there exists ¢ € G with supp(g) C U and
9(o(0) = (1),

If x € M we denote by S,G the isotropy- or stabilizer subgroup at z, i.e.
S;G={g€G:g(x)=x}

and for g € G we let
Fix(g) :={x € M : g(z) = x}.

If we speak of a group of diffeomorphisms G" (M) we will always assume that M is
a smooth, connected manifold, 1 < r < oo and G"(M) C Dift" (M) is a subgroup.

4.2. Lemma. Let G"(M) be a group of diffeomorphisms that has Property P. If
fig € G'(M)\ S.G"(M) and f(x),g(x) are contained in the same component of
M\ {z} then

f € (S:G"(M))g(S:G"(M)) (4.1)

FEspecially S,G" (M) is a mazimal subgroup of G"(M).

Proof. Since f(z), g(z) are contained in the same component of M\ {z} there exists a
smooth path connecting f(z) # = and g(x) # z, that doesn’t meat x. By Property P
we obtain h € S,G"(M) with h(f(z)) = g(z). Hence g~ *hf € S,G"(M) and thus
f € (5.G"(M))g(S:G"(M)).

In order to show that S,G" (M) is a maximal subgroup of G" (M) notice first that
S:G"(M) # G"(M) by Property P. Now let S,G"(M) C H C G"(M) and choose
h € H\S,G"(M). We have to show H = G" (M), but since S,G" (M) C H it suffices
to show G"(M) \ S,G"(M) C H. If f € G"(M) \ S,G"(M) then either {f(z), h(z)}
or {f(z),h 1(x)} is contained in one component of M \ {z} and we can apply (4.1).
Hence we obtain

fe SIGT(M)@SxGT(M) € H,
e €H  en

and thus G"(M) \ S,G"(M) C H. O

4.3. Lemma. [1] [5] Let G"(M) and G*(N) be groups of diffeomorphisms having
Property P, and let ® : G"(M) — G*(N) be an isomorphism of groups. Notice that
we do not consider any topology on G"(M) and G*(N) and hence do not require
® to be continuous. Assume further that there exists xo € M and yy € N with
P(S,,G"(M)) = Sy,G*(N). Then there exists a unique homeomorphism ¢ : M — N

inducing D, i.e.
O(f)=pofop™t  VfEG (M) (4.2)

58
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Proof. First we define ¢ : M — N: given x € M, we choose g € G"(M) with
g(xo) = = (Property P) and let p(z) := ®(g)(yo). Too see, that this is well defined
take another ¢ € G"(M) with ¢'(zo) = x. Then g ¢’ € S,,G"(M) and hence
P(g)'P(g") = P(g7¢) € S, G(N). But then ®(g ) '®(¢")(y0) = yo and thus
®(g")(yo) = ®(g9)(yo). Using @' : G*(N) — G"(M) one defines analogously ¢!
N — M. Clearly this is the inverse of ¢. To check (4.2) take f € G"(M), x € M
and g € G"(M) with g(zo) = x. Then (fg)(zo) = f(z) and thus

(f)(p(x)) = (f)2(9)(y0) = (f9)(wo) = ¢(f(z)).

Since z and f were arbitrary we have shown ®(f)op = po f for all f € G"(M), but
this is (4.2).

Now suppose there exists another bijection ¢ : M — N inducing ®. Then
Yo : M — M is bijective and for all f € G"(M) we have

W o) f( o)t =y o B(f) o = @TH(f)) = £ (4.3)
If ¢ # 9 then there exists x € M with ¢! (p(x )) # x and by Property P we
can choose f € G"(M) with f(z) = z and f(¥ ' (p(x))) # ¥ (p(x)). Since
fW=Hp(z))) # x we have
W o) f( o) (U p(@) = (¥ op)(f(2))
= ¢ (p(@) # fW (p(x)))

and hence (¢! o ¢)f(1b™' o p)™! # f, a contradiction to (4.3). So ¢ = ¥ and we
have proven the uniqueness of ¢, stated above.
It remains to show, that ¢ and ¢! are continuous. Therefore look at

Uy = {M\Fix(f): f € G (M)}
Uy = {N\Fix(q): g€ G*(N)}.

Obviously Uy, and Uy consist of open sets, and by Property P every neighborhood
of x € M contains an open neighborhood M \ Fix(f) of z. Thus Uy, is a basis of the
topology on M. Similarly Uy is a basis of the topology on N. We have

e Fix(B(f) & B(f)(@) =1 pofopz)=1
& o Hz) € Fix(f) & x € ¢(Fix(f)), (4.4)
and thus Fix(®(f)) = @(Fix(f)) for all f € G"(M). Hence ¢ and ¢! induce

bijections between Uy, and Uy and are thus continuous. O

4.4. Lemma. Let G"(M) and G*(N) be groups of diffeomorphisms, which have
Property P, and let ® : G"(M) — G*(N) be an isomorphism of groups. Suppose

there exists yo € N and a closed, nonempty, proper subset A of M (i.e. A C M,
A#D and A# M), such that

g(A)=A  VgeF :=dS,G(N)).
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Then A\ A° = {z} and F = S,G"(M).

Proof. Since M is connected we have A\ A° # (. Suppose A\ A° = {z} for
some x € M. Then, since g is continuous and g(A) = A for all ¢ € F, we have
g(x) =z, Vg € F, and hence F' C S,G"(M). By Lemma 4.2 S, G*(N) is a maximal
subgroup of G*(N), so F' = ®~!(S5,,G*(N)) is a maximal subgroup of G"(M), and
thus F' = S,G"(M).

Now suppose A \ A° contains at least two distinct points z; and xs. We then
choose U; and Us,, neighborhoods of x; and x5, with U; N U, = (). Using Property P
we find g; € G"(M), i = 1,2 with supp(g;) C U; and g;(z;) ¢ A. Hence g; ¢ F
and thus ®(g;) ¢ S,,G*(N). If necessary we replace g; by g;' and obtain g; €
G"(M)\F, such that {®(g1)(yo), P(g2)(y0) } is contained in one component of N\{yo}.
Further we let g5 := ¢2¢91. Then g3 € G"(M) \ F and {®(¢;)(v0) : ¢ = 1,2,3}
is contained in one component of N \ {yp}. From Lemma 4.2 we obtain ®(g;) €
(SyoG°(N))®(g3)(Sy,G°(N)) and thus ¢g; € FgsF for i = 1,2. Next define A; :=
Ang; Y(M\ A) for i = 1,2,3 and notice that A; C U;, A3 = AjUA, and 25 € Ay # 0.

Claim 1. Ifi € {1,2} and t € g;'Fg; N F, then t(4;) = As.

Proof of Claim 1. Since t € F we have t(A) = A, and since t € g3 ' Fg; we find f € F
with ¢ = g3' fg;. From gst(4;) = fgi;(4;) € f(M\ A) = M \ A, we obtain

t(A;) C ANgy (M N\ A) = A, (4.5)
and since g;t 1 (Az) = f1g3(A3) C fY (M \ A) = M \ A we have
£1(As) € AN g (M A) = A, (4.6)
Combining (4.5) and (4.6) we get t(A;) = As O
Claim 2. There exist s;,t; € g3 ng, NE fori1=1,2 with s18 = taoty.

Proof of Claim 2. Using Property P we may choose z € N and s}, s,,t) € G*(N)
with

sy(Yo) =0,  55P(g2 ) (wo) = P95 )(wo),  sh(2) =P(91 ") (w0)
(o) =m0,  tP(g )W) =P(g5)wo),  th(2)=P(95")(w0)

This is possible, even if dim(N) = 1 since {®(g; ') (yo) : i = 1,2, 3} is contained in one
component of N \ {yo}. We let s} :=t} and t} := sisht;'. Then s, t. € S, G*(N),
and s}, t; € ®(g5")(S,,G*(N))®(g;) since we have

IR

(
D(g3)s;®(g; N (wo) = P(g3)P(g5 ) (Wo) = vo
D(g3)t1®(g7 )(wo) = P(g3)P(g5 ) (%) = v
D(g3)ta (g, )(yo) = P(gs)sys5t7 (g5 ") (vo)
= ®(g3)s)55(2)
= ®(g3)P(g5 )( 0) = Yo-
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If welet t; := ®1(¢}) and s; := ®~(}), Claim 2 follows from ®~*(S,,G*(N)) = F. O
Using Claim 1 we obtain

s182(Az) = s1(Az) 2 s1(A1) = 43
tot1(Ar) = ta(Asz) D ta(Az) = As,

but since Ay N Ay = 0 and Az # (), this is a contradiction to the bijectivity of
S189 = tat;. So A\ A° contains exactly one point, and we are done. O

4.5. Remark. In the situation of Lemma 4.4 assume additionally dim(M) > 2.
Then A = {z}, forif x # 2’ € A we find f € S,G"(M) = F with f(z/) ¢ A
(Property P), a contradiction to f(A) = A for all f € F. If dim(M) = 1, however,
this is not true. For example take M = R, A = [0,00), z = 0 and G = Diff;°(R)..
Then f(A) = A for all f € S,G.

4.6. Definition. If G"(M) is a group of diffeomorphisms, we denote by
GL(M) := G"(M)NDiff(M)

the subgroup of all compactly supported G”(M)-diffeomorphisms. If U C M is an
arbitrary subset we let

G7 (M) == G"(M) N Diff}, (M),

the subgroup of all G"(M)-diffeomorphisms supported on U. A G"(M)-diffeotopy is
a C"-mapping H : M x I — M, such that H, := H(-,t) € G"(M) and Hy, = Id.
By G"(M), we denote all G"(M)-diffeomorphisms, that are G" (M )-diffeotopic to Id.
By GL(M), we will always mean (GL(M)),. Hence f € GL(M), iff f is GL(M)-
diffeotopic to Id. Similarly G},(M), = (G};(M)).. Like we did in the first Chapter,
we let

U (M) = {pB") : R" <5 M (C"-embedding}.

4.7. Remark. Notice that G"(M), is a subgroup of G"(M), forif F, H : M x I — I
are G"(M)-diffeotopies with Fy = Hy = Id then

(z,t) = Fy(Hi—o(Hy " (2)))
is a G"(M)-diffeotopy from F}H; ' to Id. Further, if g € G"(M) then
(z,t) = g~ (Fi(g(x)))
is a G"(M)-diffeotopy from g~'Fg to Id. Thus, analogously to Remark 1.8 we have

Go(M)oaG" (M),  Gi(M)o<G"(M)o,  GL(M)o<GL(M)
Gr(M)<Gr (M),  Gr(M), <G (M)

for all groups of diffeomorphisms G"(M).
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4.8. Remark. Since we do not consider any topology on G"(M) the definition of
G"(M), is different to the one given in Definition 1.6. But by Corollary 1.14 they
coincide in the case G"(M) = Diff"(M). More precisely, for U € U™ (M) we have:

G"(M)

| Gian) |

| Gp(M) | Gp(M),

Diff (M) || Diff’ (M) | Diff.(M), | Diffy,(M) | Diffy, (M),
Diff (M) || Diff’ (M) | Diff’ (M), | Diff} (M) | Diffs, (M),
Diff’ (M), || Diff’ (M), | Diff’ (M), | Diffy, (M), | Diff}, (M),
Dift}, (A1) | Dift},(M) | Diff}, (M), | Difty, (M) | Diff} (M),
Diff}, (M), || Diff}, (M), | Difft, (M), | Diffy, (M), | Diffy, (M),

4.9. Definition (Property L). A group of diffeomorphisms G"(M) is said to have
Property L (locality), iff for every subgroup F' C G"(M) and for every open cover
U CU™ (M) with [G[(M)o, G, (M)o] C F YU € U we have [GL(M )., GL(M),] C F.

4.10. Lemma. Let G"(M), G°(N) be groups of diffeomorphisms, which have Prop-
erty P and Property L. Assume further, that GL(M), and GL(N), are nonabelian,
and let & : G"(M) — G*(N) be an isomorphism of groups. For every y € N we let

Cy = A{U e U"(M) : [Gy(M)o, Gir(M)] € &71(5,G*(N))}
and C, == M\ Uyec, U. Then we have
(1) C, is closed in M
(2) f(Cy) =C,
(3) Cy #0

Vf € d71(S,G5(N))

Proof. (1) is obvious, since C, consists of open sets. To see (2) take f € ®~1(S,G*(N))
and U € C,. Then f(U) e U" (M) and

(G (M)o, Gy (M)s] = Gy (M)of ", fGL(M)of 71
FIGH(M)o, Gy (M)o] f

C ¢ (S,G(N)).

So we have f(U) € C,, and hence f induces a bijection on C,. Thus

fC)=fM\ JU)y=M\f(U U)=M\ J U=0C,.

Uec, vec, vec,

In order to prove (3), suppose conversely C, = (. Hence C, is an open cover of M
with the following property:

(GL(M)o, Gy (M)] € @71(S,G*(N)) VU €C,.
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If 2 € N we may choose g € G*(N) with g(y) = z (Property P), and let f :=
®~1(g) € G"(M). Clearly (f(U))vec, is an open cover of M by sets of U"(M), and
for all U € C, we have

Gy (Mo, Gny(M)o] = [fGH(M)of 71, JGH(M)of ]
FIGH (M), Gy (M) £~
fOHS,GH(N))

= &7 (gS,G*(N)g™)
= O Y(S.GE(N)).

N

Hence, using Property L of G"(M), we obtain
[GL(M)o, GL(M)o] € @7H(S.G*(N))  VzeN

and thus
(GL(M)s, GL(M)o] € () @7H(S.G*(N)) = @71 ([) S:G*(N)) = {Idw}
z€EN zeN
This is a contradiction, since G7(M), is nonabelian. O

4.11. Definition (Property B). Let G" (M) be a group of diffeomorphisms. G"(M)
is said to have Property B (ball), iff VU = ¢(B") € U"(M) there exists f € G"(M)
with Fix(f) = (M \ U) U {p(0)}.

4.12. Lemma. Let G"(M) and G*(N) be groups of diffeomorphisms having Prop-
erty P and Property B. If ® : G"(M) — G*(N) is an isomorphism of groups, then
Vy € N there exists Id # f € F := ®~1(S,G*(N)), such that Fix(f)° # 0.

Proof. Suppose conversely Fix(f)° = 0,VId # f € F. Choose z; = ¢;(0) € ¢;(B") =
U eU"(M),i=1,...,4,such that U;NTU; = O Vi # j. Since G"(M) has Property B,
we may choose g; € G"(M) such that Fix(g;) = (M \ U;) U {x;}. Since Fix(g;)° # 0
we have g; ¢ F, hence ®(g;) ¢ S,G*(N) and thus we may assume (replace g; by g; '
if necessary) that {®(g;)(y) : i = 1,...,4} is contained in one component of N \ {y}.
Further let g5 := ¢394 and Us := U3 U U,. Similarly to Claim 2 on page 60, we find
Si t; € ggngi NF,1=1,2, with s159 = tot5.

Sublemma. Leti € {1,2} and lett € g:'Fg;NF. Then M \ Us C t(T;).

Proof of the Sublemma. Suppose conversely M \ Us Z t(U;). Then t=1(M \ 75) N
(M \ U;) # 0. Since t € g5 ' Fg; there exists s € F with sgst = ¢;. If v € t71{(M \
Us) N (M \ U;) we have st(z) = sgst(r) = g;(x) = x. Hence

0t (M\TUs) N (M\T;) C Fix(st)®

and thus st = Id, since st € F. But then ¢t !gst = g;, and thus Fix(g;) =t} (Fix(gs)).
So Fix(g;) and Fix(gs) are homeomorphic, but

Fix(hs) = (M \ (U UUy)) U {23, 24}
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has two discrete points, and
Fix(g;) = (M \ U;) U {;}
has only one discrete point, a contradiction. O
Applying the Sublemma to s; and ¢; above, we obtain
5152(Uz) 2 s1(M \ Us) 2 51(U1) 2 M\ Us,

and
taty (U1) 2 to(M \ Us) 2 t5(U) 2 M\ Us.

But this is a contradiction, since M \ Us # 0, U NU, = 0 and sy55 = tot] is
bijective. O

4.13. Lemma. Let G"(M) and G*(N) be groups of diffeomorphisms which have
Property P and Property B, and let ® : G"(M) — G*(N) be an isomorphism of
groups. Fory € N consider the set Cy := M \ Uyec, U, where

Cy = {U €eU" (M) : [Gy(M),, G;(M)o] € 71(5,G*(N))},
we have introduced in Lemma 4.10 and for x € M let D, := N \ Uyep, V, where
Dy :={V € U*(N) : [G}/(N)s, GV, (N)o] € 2(S:G"(M))}
Then either there exists yo € N with Cy, # M or there exists vy € M with D,, # N.

Proof. Choose yo € N. Then by Lemma 4.12 there exists Id # fo € ®~1(S,,G*(N))
with A := Fix(fo)° # 0. We have yo € B := Fix(®(fy)), thus B # 0, and B # N
since fo # Id. Now consider the following two subgroups of G"(M):

H:=d'({g e G*(N): g(B) = B}
K :=®1({ge G(N): B C Fix(¢)})

We then have:

(1) K<H

(2) fo € K and thus K, H # {Id}

(3) K C @7(8,,G*(N))

(4) GA(M) C H
Everything is obvious, except (4). If f € G, (M) we have f fo = fof since supp(f) N
supp(fo) C AN (M \ A) = 0. Hence

O(f)(B) = (f)(Fix(®(fo))) = Fix(®(f )‘D(fo)q)(f)_l)
= Fix(®(ffof ™)) = Fix(2(fo)) =

and thus f € H.
We now distinguish between two possibilities:
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Case a) A C Fix(k) Vk e K
Case b) Jk € K Jzg € A : k(xg) # xo

In case a) we choose g € A and V € U*(N) with V C N \ B. This is possible since
B # N and B is closed. If g € G,(N) then Fix(g) 2 N\V 2 N\ (N \ B) = B,
hence ®~!(g) € K and thus ®~*(g)(x¢) = xo, since o € A. So ®7(g) € S,,G"(M)
and thus g € ®(S,,G"(M)), Therefore we have shown

(G (N)o, Gy(N)o] € Gy (N) € (5,,G"(M)),

and consequently V' € D, that is D,, # N.

So it remains to prove Lemma 4.13 under the additional assumption of case b),
i.e. there exists k € K and zo € A with k(zg) # zo. Using Property P we find
g1, g2 € GT (M) with 29 # g;(20), gi(k(20)) = k(zo) and g7 (z0) # g5 *(20). If we let
k; == [gi, k] for i = 1,2, we obtain

ki(zo) = g; 'k gik(zo) = g7 'k k(z0) = g; (o) # o, (4.7)

and k; € K, since k € K < H and ¢g; € G',(M) C H. From (4.7) we get zo # ki(zo),
k1(z0) # k2(70), and thus zg # k; *(z0) since k; are bijections. Using the continuity of
k; we find U € U™ (M) with 2o € U C A and such that k;(U)NU = 0, k; Y (U)NU = ()
and ky(U) Nky(U) = 0. If hy,hy € G(M) then [h;* k'] € K for i = 1,2, since

T

k'€ K< H and hy* € Gy,(M) C G"(M) C H. Further

[hi 'k

h; on U

klhzlk,jl on kl(U)
] p—
Id otherwise

for i =1,2, and

hi'hs'hihy  on U
Id on ki (U)
Id on kg(U)

Id otherwise

[(h ' k' (hgt k) = = [hy, hal,

and thus [hy, ho] € K C ®1(S,,G*(N)). Since hy, hy € G;(M) were arbitrary, we
have shown

Gy (M)s, Gy (M)s] € [G (M), Gy (M)] € &7(8,G*(N)).
So U € Cy, and thus Cy, # M. O

4.14. Theorem (Filipkiewicz, Banyaga). [5] [1] Let G"(M) and G*(N) be groups
of diffeomorphisms that have Property P, Property B, Property L and assume that
GL(M)s, Gi(N)o are nonabelian. If ® : G"(M) — G*(N) is an isomorphism of
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groups (we do not assume that ® is continuous with respect to any topology), then
there exists an unique homeomorphism ¢ : M — N with

O(f)=pofop™  VfeG(M).

Proof. By Lemma 4.13 there exists yo € N with Cy, # M (replace ® by &~ if
necessary). From Lemma 4.10 we obtain that C,, is a nonempty, closed subset of M,
invariant under ®~'(S,,G*(N)). So we can apply Lemma 4.4 and get 2y € M with

(S, G5 (N)) = S,,G" (M),
and thus, by Lemma 4.3, we are finished. O

4.15. Lemma. Let U be a cover of B"™ by open sets of R™ and let 0 < r < 1. Then
there exist m € N, Uy, ..., U, €U and f;, g; € Dift; (R"), such that

[fns Gl -+ - [f1, 1) (B™) € B2(0)

Proof. We fix U and let
R :={r € (0,1] : Lemma 4.15 holds for r}.

Obviously R is an interval containing 1, and thus we are done if we show ry :=
inf R = 0. Suppose conversely 7y > 0 and choose € > 0, such that Yz € B”, B"(z) is
contained in some U € U. Now choose x1,. ..,z € OB} (0) with

0B, ()< UB

=1

and choose g; € Diffg,(,,)(R")o such that
0(BL () SR\ B, (0) and g (B (1)) € B, (0).

(i)

ol 3

N

By the choice of € there exist Uy,..., U, € U with B?(z;) C U; and hence g; €
Diff7 (R"),. Further we choose 0 < ¢ < § with

B, (0)\ By, _(0) € UB(z:)

=1

ol 3

d f € Diffgn n R™), with
and f 1 BTO_‘_E,(O)\BTO_E,(O)( )o Wi
-1 n n
B2 (0) S Bl . (0).
By Claim 2 on page 10 we find m € N and f; € Diffg, (mi(j))(R")o with f = fi -+ fm.
Hence f; € Diff%‘;(j)(R”)o and we have )
i on B (zi(;))

hj =15 9i0) = %igyfign on gy (BL(ziy))
Id otherwise
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Especially
b+ In (B}, (0)) € B, (0) = /7 (B, (0)) (15)
Since supp(f;) C B (w(;)) we have

_ r—1
hiley coney 0 = fi [By,  onBy L0

and thus

-1
B, hl’B:OJr (0)\B:Oi%(0) =/ ’B"

r L O\BY (0 (4.9)
(4.8) and (4.9) together yield

i+ (B0 (0) € f7(B], . (0)) C B,

/
ro+%

e (0)7

2

a contradiction to rg = inf R. O

4.16. Lemma. [5] Let M be a connected, smooth manifold, 1 < dim(M) < oo,
1 <r < oo and let G"(M) be one of the groups Diff" (M), Diff’ (M), Diff.(M),.
Then G%.(M), is nonabelian and G" (M) has Property P, Property B and Property L.

Proof. Obviously G.(M), is nonabelian (cf. Remark 4.8). From Lemma 1.11 we
obtain Diff. (M), C G"(M) has Property P, and hence G" (M) has it too. Given U =
©(B™) € U™ (M) we choose A € C*>([0,00), [0,00)) with A(z) =0 < z € [1,00) and
consider the vector field X (z) := A(||z]|?) -  on R™. Then f := FI¥ € Diffg-(R"),
and Fix(f) = (R"\ B™) U {0}. If we let

oo fow™  onp(R")
) Id otherwise

then f € Diff’(M), € G"(M) and Fix(f) = (M \ U) U {p(0)}. Thus G"(M) has
Property B.

In order to show that G"(M ) has Property L, recall that G},(M), = Dift}, (M), for
all U €e U"(M) (cf. Remark 4.8). Let I be a subgroup of G"(M) and let U C U™ (M)
be an open cover of M, such that

(DIt} (M), Diff} (M).] = (G (M)e, Gy (M) C F YU €U
Now consider the following subgroup of Dift"(M):
H = ([Diffy, (M), Diffy, (M)o] : V€ U"(M)) pigr (1)

Obviously we have

{Id} # H C [Dift,(M),, Dift_(M),],

and H < Diff"(M), for if V- € U" (M), hy, hy € Diff},(M), and f € Diff"(M) then
f(V)eU (M) and thus

flha, hol f=0 = [fhaf ™ fhof Y] € [fDIffy (M)of ", fDIffy, (M)of '] € H.

=[Diff, ) (M), Diff} ) (M)o]
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Since [Diff’ (M), Diff](M)] is simple (cf. Corollary 1.17) we obtain
H = [Dift(M),, Diff’.(M),],
and it thus remains to show
[Dift}, (M),, Dift},(M),] C F vV el (M), (4.10)
for then by Remark 4.8
(GL(M)o, GE(M),] = [DIff; (M), Difff(M),] = H € F.

In order to prove (4.10) let V' = ¢(B") € U"(M). Then, since U covers M,
(0~ HU))veu is an open cover of R", and we can apply Lemma 4.15. Hence there
exist U, ..., Uy, €U and f;, g; € Diff3%, 7, (R™)o with

s gm] -+ 1, 1] (B™) € @~ (Uh).

If we let
ool fiop™  on p(R")
) Id otherwise
| pogiopg™  onp(R")
9713 Id otherwise

we obtain f;, §; € Dift}, (M)., hi= [fm,gm] e [fl,gl] eF, E(V) C Uy € U and thus
DI (M), DI (M).) € (DI, (M), DT, (M),

= h'[Diff}, (M)s, Diff}, (M)o]h C F.

This completes the proof of Lemma 4.16. a

4.17. Theorem (Filipkiewicz). [5] Let M and N be connected, smooth manifolds,
let G"(M) be one of the groups Diff" (M), Diff.(M), Diff_(M), and let G°(N) be
Dift*(N), Diffi(N) or Diff(N).. If & : G"(M) — G*(N) is an isomorphism of
groups (we do not assume that ® is continuous with respect to any topologies) then
r = s and there exists an unique C"-diffeomorphism ¢ : M — N inducing @, i.e.

O(f)=pofop™  VfeG (M)

Proof. By Lemma 4.16 we can apply Theorem 4.14 and obtain an unique homeo-
morphism ¢ : M — N inducing ®. Hence it remains to show r = s and ¢ is a
C" — dif feomorphism.

Sublemma. (cf. p. 77-78 in [2]) If mg € M and n = dim(M) then there exists an
C>-embedding ¢ : R" — M with +(0) = my,

[:R"xM — M
(z, m) H{

(e (m) + ) on t(R")
m otherwise



4. Isomorphisms between groups of diffeomorphisms 69

is a C>®-action of the Lie group (R",+) on M, and I, := l(z,-) € Diff;°(M), for all
r e R"

Proof of the Sublemma. Choose A\ € Diff**([0, 1), [0, 00)) with

t 0<t<i
At) =49 1 -
e=0?  2<t<l
and define o € Diff>*(B",R") by
c:B" — R"
A
(lal)
]

If y € R" we denote by 0, the vector field constant y on R™ and define a vector field
X, on R" by

o*(0y) on B"

otherwise -

An elementary calculation, using the special choice of A, shows that X, is C* for all
y € R"™. Choose a C*®-chart ¢» on M with 1)(mg) = 0 and Im(¢)) = R". Then the

vector field
<. {w%xy) on dom(y)

v 0 otherwise

is C> and FI"" € Diffo°(M), for all y € R™. On the other side we have

X, FIWU*(ay)(m) on (o o) HR")
FI3¥(m) = L
1'(m) { F1'(m) otherwise

_ { (o0 w) FI™)(m)  on (c0v) (R

m otherwise

9

m otherwise

_ {(oow>—1<<aow><m>+y> on (o 04) " (R")

and thus ¢ := (0 0 9)~! is a C*-embedding with ¢+(0) = mg and [ defined above is
C*. Further we have ly = Id,;, and

sy = { e e e

(it m)+y+1x)  Vm e (R
o m otherwise

= liry(m)a

and thus [ is a C*-action of (R",+) on M. O
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Let mg € M and consider the C*-action [ constructed in the Sublemma above. Since
¢ is a homeomorphism

[:R*"xN — N
(z,n) — @(l(p™"(n)))

is a continuous action of (R™, +) on N. If we fix z € R", then I, = ®(l,) € G*(N),
since I, € Diff{(M), € G"(M). Hence, by a Theorem of Montgomery and Zippin
(chapter 5.2 of [10]) I is a C®-action. We have

L(p(mo)) = o(l(¢™ (p(my)))) = ¢(L(mg)) = ¢(u(x))

and thus por: R® — N is C%. But since ¢! is a chart around myg, and since mg, was
arbitrary in M we obtain ¢ is C*. Replacing ® by ®~! we get ¢! is C". Let p be
maximal in N U {0, 00} with ¢ is a CP-diffeomorphism. What we have done above
shows min{r, s} < p. Now suppose r # s and assume without loss of generality
r < s. Then p < min{r,s} = r, for otherwise ¢ would induce an isomorphism
G"(M) — G*(N)NDiff"(N) # G*(N). But then p < min{r, s} < p, a contradiction.
So we must have r = s < p, and thus we have finished the proof of Theorem 4.17. O



Appendix

A. Isomorphisms between permutation groups

One could ask whether Theorem 4.17 remains valid if we replace the manifolds M, N
by finite sets X, Y and Diff’ (M), Diff3(N) by X(X), 2(Y) (cf. Definition A.3). The
answer is ‘yes’, except in the case | X| = 6 (cf. Corollary A.8 and Theorem A.10). The
existence of this exceptional case made me present this elementary group theoretical
result here. For references see [12].

A.1. Definition. If G is a group we denote by Aut(G) the group of automorphisms
of G, i.e. the group of isomorphisms G — G. If g € G we let conj, € Aut(G) be
given by conj,(h) := ghg™'. The group of inner automorphisms of G is

Inn(G) := {conj, : g € G}.
For an arbitrary subset A C G the centralizer of A in G is
Co(A) ={9eG:ga=ag Vae A},

and the center of G is C(G) := Cg(G).

If X is a set we denote by | X| the cardinality of X. |G| is called the order of the
group G. If |G| < 0o and g € G then the minimal integer n > 1 with g™ = e is called
the order of g. For a subgroup H C G we denote by G/H the set of right cosets of
H in G. The index of H in G is |G/H|.

A.2. Remark. If G is a group, g € G and ¢ € Aut(G) we have

(peonjo ") (z) = (g~ (2)g™") = p(g)zp(g) " = conj,, (2),

and thus Inn(G) < Aut(G). So Out(G) := Aut(G)/Inn(G) is as well a group. Cg(A)
is a subgroup of G and C(G) < . The mapping G — Inn(G) : g — conj, is a
surjective homomorphism with kernel C(G).

A.3. Definition. If X is a set, we denote by ¥(X) the group of permutations of X,
i.e. the group of bijective mappings X — X. Especially we let ¥, := 3({1,...,n}).
In analogy to Definition 4.1 we denote by

S5 (X) ={r e X(X):7(x) = x}

the isotropy group of v € X. If ay,...,a, € {1,...,n} with a; # a; for i # j we
denote by (aq,...,a,) the permutation in ¥, given by

a; r— Qi \V/1§Z§T—1

a, — a
m +— m  otherwise,

71
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and call it an r-cycle. 2-cycles are also called transpositions. Two cycles (aq, ..., a;)
and (by,...,b,) are called disjoint iff {ay,...,a,} N{by,..., b} = 0.

A.4. Remark. Tt is well known that |¥,| = n! and that every permutation in ¥, can
be written as a composition of disjoint cycles. Moreover ({(1,7) :1=2,...,n})y =
Y., and hence every permutation can be written as composition of transpositions.
Such a representation is not unique, but if 7 = 7,.--- 7 = 0, --- 01, where 7;, 0; are
transpositions, then r = s (mod 2). If r is even resp. odd we call = an even resp.
odd permutation and let sgn(m) := 1 resp. sgn(w) := —1. sgn : X, — (£1,-) is a
homomorphism, and it is onto iff n > 2. We call A,, := ker(sgn), the alternating
group of order n. We have A, <%, and A, = ({3 — cycles})y, .

If n > 3 and Id # o € X, then there exists a transposition which does not
commute with o (let 7 := (i,7) where o(i) # i and j # i,0(i); then Tor71(i) #
Tor!(j) = o(i)) and thus C(X,) = {Id}.

A.5. Lemma. Let ® € Aut(X,,) and assume that ® maps transpositions to transpo-
sitions. Then ® € Inn(X,).

Proof. Since ®((1,2)) is a transposition there exist a; # as € {1,...,n} with
®((1,2)) = (a1, az). Similarly there exist b # a3 € {1,...,n} with ®((1,3)) = (b, as).
Since the order of an element of a group is invariant under isomorphisms, and since

(b, as)(a1, a2) = ®((1,3))®((1,2)) = ®((1,3)(1,2)) = ©((1,2,3))

is of order 3, {a,as} and {b, a3} must have exactly one element in common, say
a; = b. Analogously we find ay,...,a, € {1,...,n} with ®((1,7)) = (a1, a;) for
t=2,...,n. Since ® is bijective we have a; # a; for i # j and hence we may define
v € X, by ¢(i) := a;. We then have

B((1,1)) = (an,a) = (1, )" = coni((1,4))
and thus ® = conj, € Inn(%,), since {(1,7) : i = 2,...,n} generates %,. a
A.6. Theorem. Ifn # 6 then Inn(%,) = Aut(%,).

Proof. Let ® € Aut(X,) and let 7 € 3,, be a transposition. Counting the elements
of 3J,, that commute with 7 one obtains

Ce.({TH] = (n=2)!-2.

Clearly, since ® € Aut(X,) the order of ®(7) is as well 2, and thus ®(7) can be
written as a composition of disjoint 2-cycles, i.e.

®(T> - (a/17 bl) e (a’l‘a bT)
where ay,by,. .., a,, b, are all distinct, and 1 <r < 7. We then have

Cs,({&(T)] = (n—2r)27r},
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but since ® € Aut(3,) we must have
(n—=2)-2=1Cs,({7})] =|Cs,{P(7)})]| = (n —2r)127rL (A.1)

If r =1 (A.1) holds Vn > 2r. If r = 2 there is no 2r < n € N, satisfying (A.1). If
r = 3 then n = 6 is the unique solution of (A.1) with 2r < n € N. If r > 4 then
there is no 2r < n € N satisfying (A.1), for if 2r < n and r > 4 then

m—2r+1)(n—2r+2)---(n—3)(n—2) >

[ S ——
>2 >2(r—1)
> n—2r+1)(n—2r+3)---(n—3)-2-4-6---2(r — 1)
———
>2r—3 =2r—1(r—1)!

> (2r—3)27 1 (r —1)!
> 2= 1) =27l

and thus

n=2)1-2 = n=2r-2-n—-2r+1)-(n—2r+2)---(n—2)
> (n—2r)!-2-2""l = (n— 2r)1277!,

a contradiction to (A.1). Since we have assumed n # 6 we obtain = 1 and hence

® maps transpositions to transpositions. So we can apply Lemma A.5 and obtain
Aut(E,) = Inn(%,). O

A.7. Corollary to the proof of Theorem A.6. If & € Aut(Xg) then & maps
transpositions either to transpositions or to compositions of exactly three disjoint
transpositions.

Proof. If n = 6 we found r = 1 or r = 3 (cf. proof of Theorem A.6), but this is
Corollary A.7. O

A.8. Corollary. Let X and Y be two finite, nonempty sets, and let & : £(X) —
Y(Y) be an isomorphism of groups. Then | X| = |Y| and, if we assume additionally
| X| # 6, there exists a bijection ¢ : X — Y inducing ®, i.e.

P(n) =pomop ! Vr e ¥(X).
Moreover ¢ is unique, provided |X| > 3.

Proof. Since | X|! = |2(X)| = |X(Y)] = |Y|!, we obtain | X| = |Y|, and we may choose
a bijection ¢ : X — Y. Now consider the isomorphism of groups ¥ : ¥(X) — 3(Y)
given by ¥(m) := 1) om0 ¢p~!. We then have ¥™'® € Aut(X(X)), and hence by
Theorem A.6 there exists 0 € $(X) with ¥~'® = conj,. Thus, for every 7 € %(X)
we have

®(7) = U(conj, (7)) = V(omo ) =voomo oyt =pomop
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where p == oo : X(X) — X(Y).
Suppose ¢’ : X — Y is another bijection inducing ®. Then ¢! o ¢’ € ¥(X) and
conj,-10, = Idy(x), for

=0 (P(m) = (Y omo ) = (p o )m(¢ ! o) = conj,1,,(T).

Since |X| > 3, ¥(X) has trivial center (cf. Remark A.4) and hence conj,-1,, =
Idsx) yields ¢! o ¢/ = Idx (cf. Remark A.2). Thus ¢ is unique. O

A.9. Lemma. Ifn # 4 then {Id}, A, and 3, are all normal subgroups of %,,.

Proof. Assume n > 3 and let {Id} # N < %,. Now choose Id # o0 € N and
a transposition 7 € 3,,, that does not commute with o (cf. Remark A.4). We then
have Id # p := [o,7] € N, since N <%, and p is a composition of two transpositions,
namely 0~ '77 1o and 7. Thus p is either a 3-cycle or a composition of two disjoint
transpositions. Conjugating p we obtain that N either contains all 3-cycles or N
contains all compositions of two disjoint transpositions. In the second case we must
have n > 5 by assumption. So given any 3-cycle (a,b,c) we find (d,e) disjoint to
(a,b,c). Then
(a,b,¢) = (a,¢)(d,e) (d, e)(a,b),

eEN eEN

and thus, even in the second case, N contains all 3-cycles. Since the 3-cycles generate
A,, we have A,, C N and consequently N = A, or N =%, since A,, C X, has index
2. a

A.10. Theorem. We have
Out(Xg) := Aut(Xs)/Inn(Xe) = Z/2Z,
and hence Corollary A.8 does not hold in the case | X| = 6.

Proof. Suppose there exist &, ¥ € Aut(3g) \ Inn(3g). Then, by Corollary A.7 and
Lemma A.5, ® and ¥ map transpositions to compositions of exactlg three disjoint

transpositions. In g there are (6) = 15 transpositions and %(g (3) (3) =15

2
compositions of three disjoint transpositions. Hence ¥~!'® maps transpositions to

transpositions and thus, by Lemma A.5, we obtain ¥™'® € Inn(3s). Summing up

we have
|Aut(X6)/Inn(3)| < 2.

We finish the proof by showing Aut(Xg) \ Inn(3g) # (. Consider X5 and denote by
S5 the set of those subgroups of X5, that have order 5. Since every subgroup in X5
of order 5 consists of {Id} and four 5-cycles, and since U NV = {Id} VU # V € S,
and since there are %‘ = 4! 5-cycles in X5, we get |S5| = 42! = 6. Now consider the
following homomorphism:

S5 5 %(Ss)
7 — (U~ rUr"! VU € S;)
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Since As; > (123) ¢ ker(¢) < X5, we obtain from Lemma A.9, ker(¢) = {Id} and
thus ¢ is injective. So H := ¢(X5) is a subgroup of index 6, but H is no isotropy
group, since Y5 acts (via ¢) transitively on S5. Now consider M := 3(S5)/H and
the homomorphism

£(S5) = (M)
m +— (cHw—noH Yo € X(S5)).

Then |M| = 6 and ker(¥) € H. From Lemma A.9 we obtain ker(V) = {Id},
and so ¥ is an isomorphism. Hence W(H) C (M) is a subgroup of index 6, that
fixes H € M and thus W(H) = SyX(M). Using isomorphisms 3(S5) = Xg = 3(M)
induced from bijections S5 = {1,...,6} = M we obtain ¥’ € Aut(3s) and a subgroup
H' C 3, such that W/(H’) is an isotropy group, but H’ is not. So ¥’ can’t be inner,
and thus |Out(Xg)| = 2. O
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