SOME PROPERTIES OF LOCALLY CONFORMAL SYMPLECTIC
MANIFOLDS

STEFAN HALLER

ABSTRACT. The aim of this note is to give an overview of what locally con-
formal symplectic manifolds are and to present some results, well known from
symplectic geometry, which can be generalized to this slightly larger category.

1. LOCALLY CONFORMAL SYMPLECTIC MANIFOLDS

A locally conformal symplectic manifold, l.c.s. for short, is a triple (M, Q,w),
where M is a finite dimensional smooth manifold, €2 is a non-degenerate 2-form on
M and w is a closed 1-form on M, such that d“$2 = 0, where

d (M) — QTN (M), d’a:=da+wAa

is the Witten deformed differential. We will always assume, that M is connected
and OM = ().

Remark 1. The dimension of an l.c.s. manifold has to be even. Since Q" is nowhere
vanishing an l.c.s. manifold possesses a canonic orientation.

Remark 2. If dim(M) > 2 then w is uniquely determined by Q. Indeed if d“Q =
d“'Q =0 and w, # , at a point € M, then (W, — w,) A Q2 = 0 and hence
Q, = (w), —wy) A a for some « € T M, but this contradicts the non-degeneracy of
Q at the point z.

Remark 3. If (Q,w) is an l.c.s. structure on M and a € C*°(M,R) then (e*Q, w—da)
is again an l.c.s. structure on M. Two l.c.s. structures (2, w) and (',w’) on M are
called conformally equivalent if (Q',w’) = (e*Q,w — da) for some a € C°(M,R).
We will write (Q,w) ~ (€',w’) in this case. Note that the canonic orientation does
only depend on the conformal equivalence class of (M, Q,w).

Remark 4. Suppose w is a 1-form on M and consider the trivial line bundle F :=
M x R — M with the connection V{ f := X - f + w(X)f. For its curvature one
easily checks RV = dw. Via the obvious identification Q*(M;E) = Q*(M) the
covariant exterior derivative of E-valued differential forms is dV°~ = d“. For closed
w one has d¥d*” = 0, corresponding to the fact that the connection V¥ is flat in
this case. Moreover, for two 1-forms w; and ws one has

A2 (a A B) = (dra) A B+ (—1)1%a A (d23), (1)
which corresponds to the fact V¥t @ V@2 = Ywitwz,
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Remark 5. Let w be a closed 1-form on M. Since d¥d* = 0 one obtains a ‘twisted’
deRham cohomology H}.(M). It is easy to see, that this is the cohomology of
the locally constant sheave of d“-constant functions, i.e. locally defined functions
f, satisfying d“ f = 0. Note, that since d“Q) = 0, €2 defines a d“-cohomology class
[Q] € H2. (M), but even if M is closed this class might vanish, cf. Example 3 below.
From the derivation like formula (1) one sees, that the wedge product induces

A HEL (M) x HY2, (M) — HF R (M),

dwitws
If ' =w—da for a € C*°(M,R) then e : Hj. (M) = H},_,(M). So for w] =0 €
H'(M) the ‘twisted’ deRham cohomology is isomorphic to the ordinary deRham
cohomology. For [w] # 0 € H'(M) one easily shows HY, (M) = 0 and HY. (M) = 0,
where the latter denotes cohomology with compact supports. Togethe; with the
Poincaré duality

PD : HA (M) — (HIODF (1), PD(a)(8) = / ah B,
¢ M
one obtains Hjim(M)(M) =0 and Hjim(M)(M) =0 for all [w] # 0 € HY(M), see
[9] and [10].

Example 1. Symplectic manifolds are 1.c.s. manifolds with vanishing w. Moreover
(M, Q,w) is conformally equivalent to a symplectic manifold iff [w] = 0 € H(M).

Example 2. If w is a closed 1-form on a manifold N then (T*N,d™ “6, 7*w) is an
l.c.s. manifold, where 6 is the canonical 1-form on T*N and 7 : T*N — N denotes
the projection.

Example 3 (Banyaga). If (IV, @) is a contact manifold then (N x S1,d"a, v) is an
l.c.s. manifold, where v is the standard volume form on S'. For example S3x.S' is an
l.c.s. manifold, although it does not admit a symplectic structure, for H?(S3x St) =
0. Note, that H}, (N xS') = 0, since one has a Kiinneth theorem and H}, (S*) = 0.

Example 4 (Guedira and Lichnerowicz). There is a natural correspondence be-
tween even dimensional transitive Jacobi manifolds and l.c.s. manifolds. In par-
ticular, every even dimensional leave of a Jacobi manifold posses a natural l.c.s.
structure, cf. [9]. The odd dimensional transitive Jacobi manifolds, are in natural
one-to-one correspondence with contact structures. Particularly every odd dimen-
sional leave of a Jacobi manifold is a contact manifold.

Example 5 (Lee). Suppose U is an open covering of M and for every U € U, we
have given an l.c.s. structure (Q,wy) on U, such that
(Qu,wo)lvav ~ (Qv,wv)|uav,
for all U,V € U. One easily shows, cf. [16], that in this situation there exists an l.c.s.
structure (Q,w) on M, such that (Q,w)|y ~ (Qu,wy) for all U € U. Obviously
(Q,w) is unique up to conformal equivalence.
For an l.c.s. manifold (M, Q,w) let us denote by
DIff* (M, 2, w) i= {g € DI (M) | (" g"w) ~ (2,0)}

the group of compactly supported diffeomorphisms preserving the conformal equiv-

alence class of (2,w). The corresponding Lie algebra of vector fields is
X (M, Qw) = {X € X.(M) ‘ Jex € R: L Q = cxQ},
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where

L% : Q" (M) - Q"(M), L%a:=Lxa+w(X)a,
for a vector field X € X(M) and a closed 1-form w. Note that Diff5” (M, Q,w) and
X.(M,Q,w) do only depend on the conformal equivalence class of (M, Q,w).
Remark 6. Note, that for two closed 1-forms w; and wsy one has

LYt (anB) = (LY a) AB+a A (L B).

Moreover LY Ly — LS LY = LL[%(,YV L%d¥ —d“ L% =0, L% iy —iy L% = ix,y] and
d¥ix +ixdY = L%, for a closed 1-form w and vector fields X, Y € X(M).
Theorem 1 (Weinstein chart). Suppose (M,Q,w) is an l.c.s. manifold. Then
Diff2° (M, Q,w) is a reqular Lie group with Lie algebra X.(M,Q,w) in the sense of
[15]. Particularly, if M is compact then Diff™ (M, Q,w) is a regular Fréchet-Lie
group with Lie algebra X(M,Q,w).

The proof, see [10] and [12], is a generalization of a well known construction due
to A. Weinstein, cf. [24].

2. INFINITESIMAL INVARIANTS
Recall that X € X.(M,Q,w) iff LLQ = cxQ for some constant cx € R. The

following mapping, called extended Lee homomorphism cf. [9] or [23],

p:X(M,Quw) =R, oX):=cx
is a Lie algebra homomorphism, where R is considered as Abelian Lie algebra.
Indeed, using the formulas in Remark 6 we get

Lix i = LY Ly Q — Ly LY Q

= L% (ey Q) — Ly (ex)

= (Lxcy)Q+ ey L%Q — (Lycx ) — ex Ly Q

== (0ycX — Cch)Q =0.
Note that X.(M, Q,w) and ¢ do only depend on the conformal equivalence class of
(M,Q,w). Indeed, if LN = cxQ and a € C>*(M,R), we get

LS9 (e2Q) = (Lx™e®)Q + e LY Q = cx (e*9),

since obviously L}d“e“ = 0. Remark, that ¢ has to vanish if M is non-compact or
[w] =0 € HY(M). So it does not appear in the symplectic case, at least as long as
one considers compactly supported vector fields.

The next invariant generalizes the Flux homomorphism to the l.c.s. case. The
concept is essentially due to E. Calabi, cf. [7]. The mapping

¥ikerp — Hi (M), ¥(X) := [ix9)
is a surjective Lie algebra homomorphism, where H}, (M) is considered as Abelian
Lie algebra. It is well defined and onto, since X € X.(M,Q,w) iff d¥ixQ = L4 Q =

0 and since €2 is non-degenerate. To see that i) vanishes on brackets one uses the
formulas in Remark 6 to get

Z'[X’y]Q = L5iyQ — iy L% Q)
=d¥ixiyQ+ixd’iyQ

= dwiXiYQ + ’LXL‘{}Q - ixiyde = dwix’in.
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If o' = w—da then e : Hj. (M) = H}, (M), see Remark 5, and ¢'(X) =
e®p(X). In particular, ker ¢ does only depend on the conformal equivalence class
of (M, Q,w).

Suppose M is of dimension 2n. Then the following is a surjective Lie algebra
homomorphism

pker s — H20n (M) (HS (M) - [27), p(X) = [hx Q")

where hx is a function with compact support, such that d“hyxy = ix. Again ker p
does only depend on the conformal equivalence class of (M, Q,w). But note, that
the codomain of p is non-trivial only if M is non-compact and [w] = 0 € H'(M),
ie. (M,Q,w) is conformally equivalent to a symplectic manifold. The invariant p
is sometimes called Calabi invariant, cf. [7], [2], [10] and [11].

Remark 7. Note, that X € kerp iff there exist h € Q2(M) and a € Q2"~1(M),
such that ixQ = d“h and hQ" = d"+Dwq,

The following is due to E. Calabi in the symplectic case.

Theorem 2. Let (M, Q,w) be an l.c.s. manifold. Then ker p is a perfect Lie algebra,
i.e. [ker p, ker p] = ker p.

Remark 8. Theorem 2 permits to compute the derived series® of the Lie algebra
X (M, w), see [10]. The only algebras in the derived series of X.(M,Q,w) are
ker ¢, ker ¢ and ker p, but there is a case?, where [X.(M,Q,w), X.(M,Q,w)] = ker p
and ker 1) # ker p. However, in any case one has D?X.(M,Q,w) = ker p.

If (M, Q,w) is an l.c.s. manifold and U C M open, we will denote by ¢y, ¥y and
pu the corresponding invariants of the l.c.s. manifold (U, Q|y,w|r). Note that we
have X.(U, Q|y,w|u) C X.(M,Q,w), ker oy C ker ¢, ker ¢y C kertp and ker py C
ker p, given by extending a vector field by zero.

Lemma 1 (Fragmentation lemma). Let (M,Q,w) be an l.c.s. manifold, U be an
open covering of M and suppose X € X.(M,Q,w). Then for every X € ker p there

exist N e N, Uy,...,Ux €U and X; € ker py,, such that X = Ef\il X;.

Proof. By Remark 7 we find h € QY(M) and «a € Q?"~1(M), such that ixQ = d*h
and hQ" = d®*tD¥q. Choose N € N and Uy,..., Uy € U which cover supp a.
Choose a partition of unity {Ag, A1,...,Any} subordinated to the open covering
{M\supp«,Uy,...,Un},ie.supp Ao C M\suppa and supp A; CU; for 1 <i < N.
For 0 < i < N define h; € QY(M), by h;Q" := d"+D*(\;a) and X; € X.(M,Q,w)
by ix,$2 := d“h;. Since we have

N N

> i@t =dTVe N " N = d e = hQ",
i=0 =0

we get Zz]io h; = h and hence Zio X; = X. Moreover Xy = 0 and X; € ker py,

for 1 <i<N. O

IThe derived series of a Lie algebra g is defined by D%g := g and Ditlg:= [Dig, Dig].
2M non-compact, [w] =0 € H!(M) and vanishing symplectic pairing

(-} s Hyw (M) X Hjo (M) — Hj("nﬂ)u(M), {a1,a2} = a1 Aaz A Q1.
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The following can be found in [1], where it is used to show Theorem 2 in the
symplectic case.

Lemma 2. Let U C V be open subsets of_]RQ” equipped with the standard symplectic
form Q = dx' Adx® + ---, such that U C V. For all X € kerpy there exist
Y;, Z; € ker py, such that X = Zf;[Yza Z;]. Particularly ker py C [ker py, ker py].

Proof of Theorem 2. We have to show kerp C [ker p,ker p]. In view of Lemma 1
we may assume, that (M, Q,w) is an open ball in R?" equipped with the standard
symplectic structure, but this case follows from Lemma 2. O

A well known theorem of L.E. Pursell and M.E. Shanks see [19] states, roughly
speaking, that a smooth manifold is completely determined by its Lie algebra of
vector fields. More precisely, if there exists an isomorphism of the Lie algebras
of vector fields then there exists a unique diffeomorphism between the manifolds,
inducing the given Lie algebra isomorphism. H. Omori proved several generaliza-
tions, namely the Lie algebra of vector fields preserving a symplectic form resp. a
volume form uniquely determines the manifold together with the symplectic resp.
volume structure up to multiplication with a constant, see [18]. We will show an
analogous statement for l.c.s. structures, i.e. any of the Lie algebras X.(M, Q,w),
ker ¢, ker ¢, ker p uniquely determines the 1.c.s. manifold (M, Q,w) up to conformal
equivalence. More precisely one has the following

Theorem 3. Let (M;,Q;,w;), i = 1,2, be two l.c.s. manifolds and assume that k
is a Lie algebra isomorphism from one of the Lie algebras X.(My,1,w1), ker 1,
ker 1, ker p; onto one of the Lie algebras X.(Ma, Qa,wa), ker pa, ker s, ker ps.
Then there exists a unique diffeomorphism g : My, — Ms, such that k = g.. More-
over we have (My,Qq1,w1) ~ (M7, g*Qa, g*ws).

For the proof we first state a slightly weaker statement and a simple lemma.

Proposition 1. Let (M;,Q;,w;), i = 1,2, be two l.c.s. manifolds and let k :
ker p; — ker ps a Lie algebra isomorphism. Then there exists a unique diffeomor-
phism g : My — My such that k = g.. Moreover (My,Qq,w1) ~ (M7, g*Qa, g*ws).

Lemma 3. Let g be a Lie algebra such that ad : g — L([g, g]) is injective and let
A:g— g be a Lie algebra homomorphism, such that \|jg g = id. Then A = id.

Proof. For X € g and Y € [g,g] we have [X,Y] = M[X,Y]) = [MX),\Y)] =
[MX),Y], hence ad(X — A(X)) =0 € L([g, g]) and so A(X) = X. O

Proof of Theorem 3. We have a Lie algebra isomorphism & : g; — go. Since D?g; =
ker p;, see Remark 8, x restricts to an isomorphism £ |ger o : ker p1 — ker po. From
Proposition 1 we obtain a unique diffeomorphism g : M; — My such that &|ker o =
G lker pr - Moreover (M, Qq,wi) ~ (M, g*Q,9*ws2). So g*gs is one of the Lie
algebras X.(M,Q,w1), kerp, kerty, kerp; and we either have g*gs C g1 or
g g2 2 g1. Assume we are in the first case (for the second consider gil). Then
Ai=g;lok=g"ok:gy — g is a Lie algebra homomorphism and we know that
Alp2g, = id. Moreover we obviously have for every vector field Z € X(M;) the
following property:

[Z,X]=0 forall X ekerpy = Z=0.
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Using ker py € Dilg; we obtain ad : Digy — L([D'gy, D'g1]) = L(D'tgy) is
injective for all 2. So we can apply Lemma 3 twice to obtain A|pig, = id and
A = Apog, =id, i.e. g. = K. O

Proof of Proposition 1. We will only sketch the proof, since it is very similar to the
symplectic case, as soon as one has the fragmentation Lemma 1. For more details
see [10] or [18] in the symplectic case.

Suppose (M, Q,w) is an l.c.s. manifold. Then for every x € M,

I, :={X €kerp| X is flat at x}

is a maximal ideal in ker p, and every maximal ideal of ker p is of this form. This
permits to define a bijection g : My — My by Iy, = k(I;). For every A C M one
has
A={zeM| (I, C L},
yeA
and hence g is a homeomorphism. Next one shows, that for X € kerp and x € M

X(x)#0 < [X,kerp]+ I, =kerp.

So X; € ker p; are linearly independent at z iff x(X;) are linearly independent at
g(z). Using a Darboux chart and vector fields in ker p; involving the coordinate
functions, one shows, that g is a diffeomorphism and that (g*Qs, g*w2) ~ (1, w1).

|

3. INTEGRATED INVARIANTS

A well known theorem of W.P. Thurston states that Diff ;° (M), is a simple group,
see [22]. His proof used a theorem due to M.R. Herman see [14], which solves the
problem for the torus. The group of volume preserving diffeomorphisms is not
simple in general, but there exists a homomorphism and its kernel is simple. This
was shown by W.P. Thurston, see [6]. A. Banyaga showed an analogous statement
in the symplectic case, see [2]. In [11] this was generalized to l.c.s. manifolds.

The infinitesimal invariants ¢, 1) and p can by integrated to group homomor-
phisms ®, ¥ and R, see [11]. The kernels of these homomorphisms do only depend
on the conformal equivalence class of (M, 2, w).

Theorem 4. Let (M,Q,w) be an l.c.s. manifold. Then ker R is a simple group.

The main ingredients in the proof are Banyagas theorem for symplectic open
balls and the following fragmentation lemma, which can be found in [10] or [11].

Lemma 4 (Fragmentation lemma). Let (M, Q,w) be an l.c.s. manifold and let U
be an open covering of M. Then for any g € COO((I,O),(ker R, id)) there exist
N eN, U; €U and g* € C>=((I,0), (ker Ry,,id)), such that g, = gt o---o g, for
allt € I =[-1,1].3

Remark 9. Theorem 4 permits to compute the derived series* of the connected
component Diffo° (M, Q,w),. All groups in this derived series are ker &, ker ¥ or
ker R and it is precisely the integral counterpart of the derived series of X.(M, Q,w),

3For an l.c.s. manifold (M,Q,w) and U C M open, Ry denotes the corresponding invariant
for the l.c.s. manifold (U, |y, w|y). In particular every g* in the proposition is supported in U;.

4Recall, that for a group G, the derived series is defined by D°G := G and D*1G :=
(DG, D'G].
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cf. Remark 8. Particularly one obtains D? Diff2°(M, Q,w), = ker R for every l.c.s.
manifold (M, Q,w).

Filipkiewicz showed that a smooth manifold is uniquely determined by its group
of diffeomorphisms. That is, if two manifold have isomorphic diffeomorphism groups
then the underlying manifolds are diffeomorphic, see [8]. He used techniques devel-
oped in [25] and [21] who proved analogous statements in the topological setting.
There are many generalizations to other geometric structures, see [3], [4], [5] and
[20]. A similar result is true for l.c.s. manifolds. More precisely we have

Theorem 5. Let (M;, Q;,w;) be two l.c.s. manifolds, i = 1,2, and suppose k : G1 —
G2 is an isomorphism from one of the groups Diffo°(My,Qq,w1)o, ker @4, ker ¥y,
ker Ry onto one of the groups Diffo°(Ma, Qa,ws)o, ker @5, ker Uy, ker Ry, Then
there exists a unique homeomorphism g : My — My such that k(h) = gohog™? for
all h € Gy. Moreover g is a diffeomorphism and (My,Q1,w1) ~ (M1, g*Qa, g*ws).

To prove Theorem 5 one first observes, that since one has the fragmentation
Lemma 4 and Proposition 1, a result due to T. Rybicki, see [20], can be applied,
which yields the following

Proposition 2. Let (M;,Q;,w;), i = 1,2, be two l.c.s. manifolds and suppose
Kk : ker Ry — ker Ry is an isomorphism of groups. Then there exists a unique
homeomorphism g : My — My such that k(h) = gohog™! for all h € ker R;.
Moreover g is a diffeomorphism and (My,Q1,w1) ~ (M1, g*Qa, g*w2).

Moreover, we have a group analogue to Lemma 3:

Lemma 5. Let G be a group such that conj : G — Aut([G, G]) is injective and let
A2 G — G be a homomorphism, such that g, = id. Then \ = id.

Proof. For g € G and h € [G, G] we have [g, h] = A([g, h]) = [A(9), A(h)] = [A(g), h],
hence conj,-1,,) = id € Aut([G, G]), and by injectivity A(g) = g. O

Proof of Theorem 5. The restriction of k is an isomorphism k|p2g, : D?*G; —
D2Gy. In any case D?G; = kerR; for i = 1,2, by Remark 9. So we may
apply Proposition 2 and obtain a unique homeomorphism g : M; — M5 such
that w(h) = ghg~! for all h € ker Ry = D?G;. Moreover g is a diffeomor-
phism and (M7, Qy,ws) ~ (M1, g*Qs,g*ws). So it remains to show that x(h) =
conj,(h) := ghg™" for all h € Gi. From (M, Q,wy) ~ (M1, g*Qa, g*ws) we see
that conj,-1(G2) € Gy or conj,—1(Ga) 2 G1. Assume we are in the first case (oth-
erwise consider g~1). Then A := conj,-1 0k : G1 — G1 is a homomorphism and
A pzg, = id. Moreover, for h € Diff*(M;) we have:

[h,k]=1d VkekerRy = h=id,
since ker R, acts 2-transitive on M;. Using ker Ry C D*t'(G; we obtain conj :
DiGy — Auwt([D'Gy, D'G4]) = Aut(D*1G) is injective for all i. So we can apply
Lemma 5 twice and obtain first A|pi1g, = id and finally A = Apog, = id, i.e.
= (coni,)c, 0

4. SYMPLECTIC REDUCTION

The aim of this last section is to show that, in the regular case, the symplectic
reduction is possible for l.c.s. manifolds. In the paper of Marsden and Weinstein
[17] it has been formalized the fact that if an n-dimensional symmetry group acts
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on a Hamiltonian system then the number of degrees of freedom can be reduced
by n, and the dimension of the phase space is reduced by 2n. This is still true for
l.c.s. manifolds. For proofs see [13].

Every l.c.s. manifold is a Jacobi manifold, so C*°(M,R) has a Lie algebra struc-
ture. More explicitly, the bracket is given by

{flan} = Q(Xfl’XfZ) = u))(hfl == §f1f2'

Here X denotes the Hamiltonian vector field to f € C°°(M,R) given by ix,Q =
dwf. One has X{f1,f2} = _[Xfl’Xf2] and

0 — HY (M) — C®(M;R) — Ham(M,Q,w) — 0

is, up to a sign, a central extension of Lie algebras, where Ham (M, Q, w) denotes the
Lie algebra of Hamiltonian vector fields. For compact M one has Ham(M, Q, w) =
ker ¢, but note that in this section we consider vector fields with arbitrary support.

Let G be a finite dimensional Lie group with Lie algebra g, acting from the left
on M. We will write l; : M — M for the action of the element g € G. We will
always assume that G acts symplectically, i.e. I, € Diff*(M,Q,w) for all g € G.
For Y € g let {y € X(M,Q,w) denote the fundamental vector field to Y. If there
exists a Lie algebra homomorphism £ : g — C°°(M,R), such that Xy = (y for
all Y € g, we define p: M — g* by (u(z),Y) =a(Y)(z), Y € g,z € M, and call p
an equivariant moment mapping for the action. Note, that in this case the action
of G, is Hamiltonian. One easily shows

Proposition 3. If H*(g; H).(M)) = 0, where HY. (M) is considered as trivial
g-module, then there exists an equivariant moment mapping. Moreover, if an equi-
variant moment mapping exists, then the set of all equivariant moment mappings
is naturally parametrized by H'(g; HY. (M)).

Remark 10. If g is semi simple then there always exists a unique equivariant moment
mapping, since H?(g; H}. (M)) = 0 and H'(g; H}. (M)) = 0 by the second and the
first Whitehead lemma, respectively.

If the l.c.s. manifold is not conformally equivalent to a symplectic manifold, i.e.
[w] # 0 € HY(M), then there always exists a unique equivariant moment mapping,
for HY. (M) = 0 in this case.

Suppose that the l.c.s. structure is exact, i.e. = d*“0, and that the action
preserves ¢, i.e. L 6 = 0. Then (YY) := —ic, 0 defines an equivariant moment

mapping.

If the G-action admits an equivariant moment mapping pu, then the vector fields
which are Q-orthogonal to the orbits span an involutive distribution. Suppose L
is a maximal connected submanifold of M, tangential to this distribution. Then
(L) TR - p(xg) for every zg € L. However i need not be constant along L. Let
gr :={Y € g : adj ji(xo) = 0}, which does not depend on zy € g. Then g are
precisely those Y € g, for which (y is tangential to L. Since L is maximal, the
connected subgroup of G corresponding to gr, C g leaves L invariant.

In [13] the following generalization of symplectic reduction, see [17], is proved:

Theorem 6. Let G be a finite dimensional Lie group acting symplectically on
an l.c.s. manifold (M,Q,w) and assume that the action admits an equivariant
moment mapping . Suppose L is a mazimal connected submanifold of M with
T.L = (4(z)t. Let G, be a subgroup of G which preserves L and has g1, as Lie
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algebra, and assume that G, acts freely and properly on L. Then P := L/Gy,
admits a unique (up to conformal equivalence) l.c.s. structure (Q,w), such that
(L,i*Q,i*w) ~ (L, 7m*Q, n*w), where i : L — M denotes the inclusion and 7 : L —

Py, denotes the projection.

Remark 11. Suppose (M,Q,w) is an l.c.s. manifold with symplectic G-action and
equivariant moment mapping p. If a € C°(M,R) and (?,w’) = (*Q,w — da),
then e®u is an equivariant moment mapping for the same action on (M, ).
Moreover L is Q-orthogonal to the orbits iff it is §2'-orthogonal to them, and in this
case gz, = g7 . So the reduced space does only depend on the conformal equivalence
class of (M, Q,w).

Example 6. Let G be a discrete group acting freely, properly and symplectic on
an l.c.s. manifold (M, Q,w). Then g = 0, 1 = 0 is an equivariant moment mapping,
and the only possible choice for L is L = M. If we choose G, = G then P, = M/G
carries an l.c.s. structure. Notice that even if we start with a symplectic manifold,
M /G need not be conformally equivalent to a symplectic manifold.

Example 7. Suppose (NN, @) is a contact manifold, such that the Reeb vector field
E generates a free S'-action. Then N/S! inherits a symplectic structure. On the
other hand the l.c.s. manifold (N x S, d”a,v), see Example 3, has an S'-action
generated by E x 0. This action is Hamiltonian with equivariant moment mapping
p = const. Then L = N x {point}, g7 = R and G = S* satisfy the assumptions
of Theorem 6, and L/Gf, = N/St as lL.c.s. manifolds.

Remark 12. Moreover one can show, that a Hamiltonian system which is invariant
under the action, descends to a Hamiltonian system on the reduced space, see [13].
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