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Abstract. Riemannian Geometry, Topology and Dynamics permit to intro-
duce partially defined holomorphic functions on the variety of representations
of the fundamental group of a manifold. The functions we consider are the
complex valued Ray—Singer torsion, the Milnor-Turaev torsion, and the dy-
namical torsion. They are associated essentially to a closed smooth manifold
equipped with a (co)Euler structure and a Riemannian metric in the first
case, a smooth triangulation in the second case, and a smooth flow of type
described in section 2 in the third case. In this paper we define these func-
tions, describe some of their properties and calculate them in some case. We
conjecture that they are essentially equal and have analytic continuation to
rational functions on the variety of representations. We discuss the case of one
dimensional representations and other relevant situations when the conjecture
is true. As particular cases of our torsions, we recognize familiar rational func-
tions in topology such as the Lefschetz zeta function of a diffeomorphism, the
dynamical zeta function of closed trajectories, and the Alexander polynomial
of a knot. A numerical invariant derived from Ray—Singer torsion and associ-
ated to two homotopic acyclic representations is discussed in the last section.

Mathematics Subject Classification (2000). 57R20, 58J52.

Keywords. Euler structure; coEuler structure; combinatorial torsion; analytic
torsion; theorem of Bismut—Zhang; Chern—Simons theory; geometric regular-
ization; mapping torus; rational function.

Part of this work was done while both authors enjoyed the hospitality of the Max Planck Institute
for Mathematics in Bonn. A previous version was written while the second author enjoyed the
hospitality of the Ohio State University. The second author was partially supported by the
Fonds zur Forderung der wissenschaftlichen Forschung (Austrian Science Fund), project number
P17108-N04.



2 Dan Burghelea and Stefan Haller

Contents
1. Introduction 2
2. Characteristic forms and vector fields 4
3. Euler and coEuler structures 8
4. Complex representations and cochain complexes 10
5. Analytic torsion 13
6. Milnor-Turaev and dynamical torsion 17
7. Examples 20
8. Applications 21
References 24

1. Introduction

For a finitely presented group I' denote by Rep(T'; V') the algebraic set of all com-
plex representations of I' on the complex vector space V. For a closed base pointed
manifold (M, xo) with T = 7 (M, x0) denote by Rep™ (T'; V) the algebraic closure
of Rep)!(T'; V), the Zariski open set of representations p € Rep(I';V) so that
H*(M; p) = 0. The manifold M is called V-acyclic iff Rep™ (I'; V), or equivalently
RepéW (T'; V), is non-empty. If M is V-acyclic then the Euler—Poincaré character-
istic x (M) vanishes. There are plenty of V-acyclic manifolds.

If dim V = 1 then Rep(I'; V) = (C\ 0)* x F, where k denotes the first Betty
number of M, and F is a finite Abelian group. If in addition M is V-acyclic and
H,(M;Z) is torsion free, then Rep™ (I'; V) = (C\0)*. There are plenty of V-acyclic
(dim V' = 1) manifolds M with Hy(M;Z) torsion free.

In this paper, to a V-acyclic manifold and an Euler or coEuler structure
we associate three partially defined holomorphic functions on RepM (I'; V), the
complex valued Ray—Singer torsion, the Milnor—Turaev torsion, and the dynamical
torsion, and describe some of their properties. They are defined with the help of
a Riemannian metric, resp. smooth triangulation resp. a vector field with the
properties listed in section 2.4, but are independent of these data.

We conjecture that they are essentially equal and have analytic continuation
to rational functions on Rep™ (T'; V) and discuss the cases when we know that this
is true. If dim V' = 1 they are genuine rational functions of k variables.

We calculate them in some cases and recognize familiar rational functions in
topology (Lefschetz zeta function of a diffeomorphism, dynamical zeta function of
some flows, Alexander polynomial of a knot) as particular cases of our torsions,
cf. section 7.

The results answer the question

(Q) Is the Ray-Singer torsion the absolute value of a holomorphic function on
the space of representations?*

LA similar question was considered in [Q85] and a positive answer provided.
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(for a related result consult [BKO05]) and establish the analytic continuation of
the dynamical torsion. Both issues are subtle when formulated inside the field
of spectral geometry or of dynamical systems and can hardly be decided using
internal technologies in these fields. There are interesting dynamical implications
on the growth of the number of instantons and of closed trajectories, some of
them improving on a conjecture formulated by S.P. Novikov about the gradients
of closed Morse one form, cf. section 8.

This paper surveys results from [BH03], [BHO05], [BH06] and reports on ad-
ditional work in progress on these lines. Its contents is the following.

In section 2, for the reader’s convenience, we recall some less familiar char-
acteristic forms used in this paper and describe the class of vector fields we use
to define the dynamical torsion. These vector fields have finitely many rest points
but infinitely many instantons and closed trajectories. However, despite their in-
finiteness, they can be counted by appropriate counting functions which can be
related to the topology and the geometry of the underlying manifold cf. [BH04].
The dynamical torsion is derived from them.

All torsion functions referred to above involve some additional topological
data; the Milnor—Turaev and dynamical torsion involve an Euler structure while
the complex Ray—Singer torsion a coFEuler structure, a sort of Poincaré dual of
the first. In section 3 we define Euler and coEuler structures and discuss some of
their properties. Although they can be defined for arbitrary base pointed manifolds
(M, zo) we present the theory only in the case x(M) = 0 when the base point is
irrelevant.

While the complex Ray—Singer torsion and dynamical torsion are new con-
cepts the Milnor—Turaev torsion is not, however our presentation is somehow dif-
ferent from the traditional one. In section 4 we discuss the algebraic variety of
cochain complexes of finite dimensional vector spaces and introduce the Milnor
torsion as a rational function on this variety. The Milnor—Turaev torsion is ob-
tained as a pull back by a characteristic map of this rational function.

Section 5 is about analytic torsions. In section 5.1, we recall the familiar
Ray—Singer torsion slightly modified with the help of a coEuler structure. This is a
positive real valued function defined on Repéw (T; V), the variety of the acyclic rep-
resentations. We show that this function is independent of the Riemannian metric,
and that it is the absolute value of a rational function, provided the coEuler struc-
ture is integral. In section 5.2 we introduce the complex valued Ray—Singer torsion,
and show the relation to the first. The complex Ray—Singer torsion, denoted ST,
is a meromorphic function on a finite cover of the space of representations and
is defined analytically using regularized determinants of elliptic operators but not
self adjoint.

The Milnor—Turaev torsion, defined in section 6.1, is associated with a smooth
manifold, a given Euler structure and a homology orientation and is constructed
using a smooth triangulation. Its square is conjecturally equal to the complex Ray—
Singer torsion as defined in section 5.2, when the coEuler structure for Ray—Singer
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corresponds, by Poincaré duality map, to the Euler structure for Milnor—Turaev.
The conjecture is true in many relevant cases, in particular for dimV = 1.

Up to sign the dynamical torsion, introduced in section 6.2, is associated to
a smooth manifold and a given Euler structure and is constructed using a smooth
vector field in the class described in section 2.4. The sign can be fixed with the
help of an equivalence class of orderings of the rest points of X, cf. section 6.2. A
priori the dynamical torsion is only a partially defined holomorphic function on
Rep™(I; V) and is defined using the instantons and the closed trajectories of X.
For a representation p the dynamical torsion is expressed as a series which might
not be convergent for each p but is certainly convergent for p in a subset U of
RepM (T'; V') with non-empty interior. At present this convergence was established
only in the case of rank one representations. The existence of U is guaranteed by
the exponential growth property (EG) (cf. section 2.4 for the definition) required
from the vector field.

The main results, Theorems 1, 2 and 3, establish the relationship between
these torsion functions, at least in the case dimV = 1, and a few other relevant
cases. The same relationship is expected to hold for V' of arbitrary dimension.

One can calculate the Milnor—Turaev torsion when M has a structure of
mapping torus of a diffeomorphism ¢ as the “twisted Lefschetz zeta function” of
the diffeomorphism ¢, cf. section 7.1. The Alexander polynomial as well as the
twisted Alexander polynomials of a knot can also be recovered from these torsions
cf. section 7.3. If the vector field has no rest points but admits a closed Lyapunov
cohomology class, cf. section 7.2, the dynamical torsion can be expressed in terms
of closed trajectories only, and the dynamical zeta function of the vector field
(including all its twisted versions) can be recovered from the dynamical torsion
described here.

In section 8.1 we express the phase difference of the Milnor-Turaev torsion of
two representations in the same connected component of Repd! (I'; V) in terms of
the Ray—Singer torsion. This invariant is analogous to the Atiyah—Patodi—Singer
spectral flow but has not been investigated so far. Section 8 discusses some progress
towards a conjecture of Novikov which came out from the work on dynamical
torsion.

2. Characteristic forms and vector fields

2.1. Euler, Chern—Simons, and Mathai—Quillen form

Let M be smooth closed manifold of dimension n. Let m : TM — M denote the
tangent bundle, and Oj; the orientation bundle, which is a flat real line bundle
over M. For a Riemannian metric g denote by

e(g) € Q" (M;Own)
its Euler form, and for two Riemannian metrics g; and go by

es(gr, g2) € Q" H(M; Ong) /d(Q"2(M; Onp))
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their Chern—Simons class. The following properties follow from (4) and (5) below.

des(gr,92) = e(g2) —e(g1) (1)
cs(g2,91) = —cs(g1,92) (2)
cs(g1,93) = cs(g1,92) +cs(g2; 93) (3)

If the dimension of M is odd both e(g) and cs(gi, g2) vanish.

Denote by & the Euler vector field on 7'M which assigns to a point =z €
TM the vertical vector —x € T,TM. A Riemannian metric g determines the
Levi—Civita connection in the bundle 7 : TM — M. There is a canonic n-form
vol(g) € Q"(T'M;7*O)r), which assigns to an n-tuple of vertical vectors their vol-
ume times their orientation and vanishes when contracted with horizontal vectors
and a global angular form, see for instance [BT82], is the differential form

[(n/2)
Alg) =
(2m)n/2[¢]
In [MQ86] Mathai and Quillen have introduced a differential form
U(g) € Q" H(TM\ M;7*Opy).
When pulled back to the fibers of TM \ M — M the form ¥(g) coincides with

A(g). If U C M is an open subset on which the curvature of g vanishes, then ¥(g)
coincides with A(g) on TU \ U. In general we have the equalities

d¥(g) = 7 e(g). (4)
U(ge) —V(g1) = 7" cs(g1,92) mod dQ"*Q(TM\M;W*OM). (5)

i¢ vol(g) € Q"N (TM \ M;7*Oyy).

2.2. Euler and Chern—Simons chains

For a vector field X with non-degenerate rest points we have the singular 0-chain
e(X) € Co(M;7Z) defined by e(X) := >, IND(z)z, with IND(x) the Hopf index.

For two vector fields X; and X5 with non-degenerate rest points we have the
singular 1-chain rel. boundaries cs(X1, X3) € C1(M;Z)/0C2(M;Z) defined from
the zero set of a homotopy from X; to Xs cf. [BH03]. They are related by the
formulas, see [BH03],

8CS(X1,X2) = e(Xg) — G(Xl) (6)
CS(XQ,Xl) = —CS(Xl,XQ) (7)
CS(Xl,Xg) = CS(Xl,XQ) +CS(X2,X3). (8)

2.3. Kamber—Tondeur one form

Let E be a real or complex vector bundle over M. For a connection V and a
Hermitian structure g on E define a real valued one form w(V, i) € QY(M;R) by

WV, ) (V) =~ e (), ¥ €TM. (9)

Here we consider p as an element in Q°(M;hom(E, E*)), where E* denotes the
dual of the complex conjugate bundle. With respect to the induced connection
on hom(E, E*) we have Vypu € QY(M;hom(E, E*)) and therefore p=! - Vypu €
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QY(M;end(E, E)). Actually the latter one form has values in the endomorphisms
of E which are symmetric with respect to u, and thus the (complex) trace, see (9),
will indeed be real. Since any two Hermitian structures p; and pe are homotopic,
the difference w(V, p2) —w(V, p1) will be exact. If V is flat then w(V, ) is closed
and its cohomology class independent of .

Replacing the Hermitian structure by a non-degenerate symmetric bilinear
form b, we define a complex valued one form w(V,b) € QY(M;C) by a similar

formula
1

w(V,b)(Y) := fitr(bfl (Vyb)), Y eTM. (10)
Here we regard b as an element in Q°(M;hom(E, E*)). If two non-degenerate
symmetric bilinear forms b; and by are homotopic, then w(V,by) — w(V,b;1) is
exact. If V is flat, then w(V,b) is closed. Note that w(V,b) € Q1 (M;C) depends
holomorphically on V.

2.4. Vector fields, instantons and closed trajectories
Consider a vector field X which satisfies the following properties:

(H) All rest points are of hyperbolic type.
(EG) The vector field has exponential growth at all rest points.
(L) The vector field is of Lyapunov type.
(MS) The vector field satisfies Morse-Smale condition.
(NCT) The vector field has all closed trajectories non-degenerate.

Precisely this means that:

(H) In the neighborhood of each rest point the differential of X has all eigenvalues
with non-trivial real part; the number of eigenvalues with negative real part
is called the index and denoted by ind(z); as a consequence the stable and
unstable stable sets are images of one-to-one immersions i* : W — M with
Wk diffeomorphic to R?~4(®) resp, Rind(®),

(EG) With respect to one and then any Riemannian metric g on M, the volume of
the disk of radius r in W~ (w.r. to the induced Riemannian metric) is < e“",
for some constant C' > 0.

(L) There exists a real valued closed one form w so that w(X), < 0 for z not a
rest point.?

(MS) For any two rest points x and y the mappings i, and z; are transversal and
therefore the space of non-parameterized trajectories form x to y, 7 (x,y), is
a smooth manifold of dimension ind(z) — ind(y) — 1. Instantons are exactly
the elements of 7 (z,y) when this is a smooth manifold of dimension zero,

i.e. ind(z) —ind(y) —1=0.
(NCT) Any closed trajectory is non-degenerate, i.e. the differential of the return map
in normal direction at one and then any point of a closed trajectory does not

have non-zero fixed points.

2This w has nothing in common with w(V,b) notation used in the previous section.
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Recall that a trajectory 6 is an equivalence class of parameterized trajectories
and two parameterized trajectories 81 and 6y are equivalent iff 01 (¢t + ¢) = 65(t)
for some real number c. Recall that a closed trajectory 0 is a pair consisting of a
trajectory 6 and a positive real number T so that §(t + T') = 6(t).

Property (L), (H), (MS) imply that for any real number R the set of in-
stantons 0 from z to y with —w([f]) < R is finite and properties (L), (H), (MS),
(NCT) imply that for any real number R the set of the closed trajectory 6 with

—w([f]) < R is finite. Here [f] resp [A] denote the homotopy class of instantons
resp. closed trajectories 3.

Denote by P, the set of homotopy classes of paths from x to y and by
X, the set of rest points of index ¢. Suppose a collection O = {O, | = € X} of
orientations of the unstable manifolds is given and (MS) is satisfied. Then any
instanton 6 has a sign €(#) = 41 and therefore, if (L) is also satisfied, for any
two rest points x € X;41 and y € &, we have the counting function of instantons

Hf@o : Py,y — Z defined by
L5 (a) =) €(h). (11)

fea

Under the hypothesis (NCT) any closed trajectory 6 has a sign e(é) = =+1
and a period p(#) € {1,2,...}, cf. [HO2]. If (H), (L), (MS), (NCT) are satisfied, as
the set of closed trajectories in a fixed homotopy class v € [S!, M] is compact, we

have the counting function of closed trajectories Zy : [S1, M] — Q defined by

Zx(y) =Y e(0)/p(0). (12)
éev
Here are a few properties about vector fields which satisfy (H) and (L).

Proposition 1. 1. Given a vector field X which satisfies (H) and (L) arbitrary close
in the C"-topology for any r > 0 there exists a vector field Y which agrees with X
on a neighborhood of the rest points and satisfies (H), (L), (MS) and (NCT).

2. Given a vector field X which satisfies (H) and (L) arbitrary close in the
C°-topology there exists a vector field Y which agrees with X on a neighborhood of
the rest points and satisfies (H), (EG), (L), (MS) and (NCT).

3. If X satisfies (H), (L) and (MS) and a collection O of orientations is given
then for any x € Xy, z € Xy_o and v € Py, one has

> I (a) - IO (8) = 0. (13)
yEXq,l,aepx,y,ﬂEPy,z
axf=y
This proposition is a recollection of some of the main results in [BH04], see
Proposition 3, Theorem 1 and Theorem 5 in there.

3For a closed trajectory the map whose homotopy class is considered is 0: R/TZ — M.
41t is understood that only finitely many terms from the left side of the equality are not zero.
Here * denotes juxtaposition.
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3. Euler and coEuler structures

Although not always necessary in this section as in fact always in this paper M is
supposed to be closed connected smooth manifold.

3.1. Euler structures

Euler structures have been introduced by Turaev [T90] for manifolds M with
X(M) = 0. If one removes the hypothesis x (M) = 0 the concept of Euler structure
can still be considered for any connected base pointed manifold (M, zg) cf. [B99]
and [BHO03]. Here we will consider only the case x(M) = 0. The set of Euler
structures, denoted by €ul(M;Z), is equipped with a free and transitive action

m: Hi(M;Z) x €ul(M;Z) — Cul(M;Z)

which makes ul(M;Z) an affine version of Hy(M;Z). If ey, e2 are two Euler struc-
ture we write es — e for the unique element in Hy(M;7Z) with m(es —e1,¢1) = es.

To define the set €ul(M;Z) we consider pairs (X, c¢) with X a vector field
with non-degenerate zeros and ¢ € C1(M;Z) so that Oc = e(X). We make (X1, ¢1)
and (Xo, ¢2) equivalent iff co —¢; = ¢s(X7, X2) and write [X, ¢] for the equivalence
class represented by (X, c¢). The action m is defined by m([¢], [X,c]) := [X, ¢ +¢].

Observation 1. Suppose X is a vector field with non-degenerate zeros, and assume
its zero set X is non-empty. Moreover, let ¢ € Cul(M;Z) be an Euler structure
and xg € M. Then there exists a collection of paths {o, | x € X'} with 0,(0) = xo,
0:(1) = = and such that e = [X, c] where c =}, IND(z)o,.

A remarkable source of Euler structures is the set of homotopy classes of
nowhere vanishing vector fields. Any nowhere vanishing vector field X provides
an Euler structure [X, 0] which only depends on the homotopy class of X. Still
assuming y(M) = 0, every Euler structure can be obtained in this way provided
dim(M) > 2. Be aware, however, that different homotopy classes may give rise to
the same Euler structure.

To construct such a homotopy class one can proceed as follows. Represent the
Euler structure ¢ by a vector field X and a collection of paths {0, | z € X} as in
Observation 1. Since dim(M) > 2 we may assume that the interiors of the paths
are mutually disjoint. Then the set |J .y 0. is contractible. A smooth regular
neighborhood of it is the image by a smooth embedding ¢ : (D",0) — (M, zo).
Since x (M) = 0, the restriction of the vector field X to M \int(D") can be extended
to a non-vanishing vector field X on M. Tt is readily checked that [X,0] = e. For
details see [BHO3].

If M dimension larger than 2 an alternative description of Eul(M;Z) with
respect to a base point zg is Cul(M;Z) = mo(X(M, o)), where X(M, xo) denotes
the space of vector fields of class C", » > 0, which vanish at xy and are non-zero
elsewhere. We equip this space with the C"-topology and note that the result
mo(X (M, xg)) is the same for all r, and since x(M) = 0, canonically identified for
different base points.
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Let 7 be a smooth triangulation of M and consider the function f, : M — R
linear on any simplex of the first barycentric subdivision and taking the value
dim(s) on the barycenter x5 of the simplex s € 7. A smooth vector field X on M
with the barycenters as the only rest points all of them hyperbolic and f, strictly
decreasing on non-constant trajectories is called an Euler vector field of 7. By an
argument of convexity two Euler vector fields are homotopic by a homotopy of
Euler vector fields.® Therefore, a triangulation 7, a base point zg and a collection
of paths {os | s € 7} with 05(0) = z¢ and o4(1) = z, define an Euler structure
[X-,c], where ¢ := Y (=1)"*4mE)g, X is any Euler vector field for 7, and
this FEuler structure does not depend on the choice of X, . Clearly, for fixed 7 and
xg, every Euler structure can be realized in this way by an appropriate choice of
{os | s € 7}, cf. Observation 1.

3.2. Co-Euler structures
Again, suppose x(M) = 0.6 Consider pairs (g, @) where g is a Riemannian metric
on M and a € Q" 1(M; Oyy) with da = e(g) where e(g) € Q™ (M; Opy) denotes the
Euler form of g, see section 2.1. We call two pairs (g1, 1) and (g2, as) equivalent
if

es(gr, g2) = g — aq € QVH(M; Oypy) /dQ2(M; Oy ).

We will write €ul*(M;R) for the set of equivalence classes and [g, a] for the equiva-
lence class represented by the pair (g, ). Elements of €ul*(M;R) are called coEuler
structures.

There is a natural action

m*: H" Y (M; Op) x Cul*(M;R) — €ul*(M;R)

given by

m* (6] lg; o]) := g, = 7]
for [3] € H"~Y(M;Oyy). This action is obviously free and transitive. In this sense
¢ul*(M;R) is an affine version of H" 1(M;Oy). If ¢} and ¢} are two coEuler

structures we write e} — ¢} for the unique element in H"~1(M; Oys) with m* (e} —
ef,ef) = ¢

Observation 2. Given a Riemannian metric g on M any coFEuler structure can be
represented as a pair (g,a) for some o € Q" (M; Opr) with da = e(g).

There is a natural map PD : Eul(M;Z) — €ul"(M;R) which combined with
the Poincaré duality map D : H;(M;Z) — H;(M;R) — H" Y(M;Oy), the

5 Any Euler vector field X satisfies (H), (EG), (L) and has no closed trajectory, hence also satisfies
(NCT). The counting functions of instantons are exactly the same as the incidence numbers of
the triangulation hence take the values 1, —1 or 0.

6The hypothesis is not necessary and the theory of coEuler structure can be pursued for an
arbitrary base pointed smooth manifold (M, zo), cf. [BHO03].
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composition of the coefficient homomorphism for Z — R with the Poincaré duality
isomorphism,” makes the diagram below commutative:

Hy(M;Z) x €ul(M;Z) — "~ ¢ul(M;Z)

DXPD\L \LPD

H Y (M; Opr) x €ul* (M;R) —"> ¢ul*(M;R)

There are many ways to define the map PD, cf. [BH03]. For example, as-
suming x(M) = 0 and dim M > 2 one can proceed as follows. Represent the
Euler structure by a nowhere vanishing vector field e = [X, 0]. Choose a Riemann-
ian metric g, regard X as mapping X : M — TM \ M, set a := X*U(g), put
PD(e) := [g, o] and check that this does indeed only depend on e.

A coEuler structure ¢* € €ul*(M;R) is called integral if it belongs to the
image of PD. Integral coEuler structures constitute a lattice in the affine space
Cul* (M; R).

Observation 3. If dim M s odd, then there is a canonical coEuler structure ef €
Cul* (M;R); it is represented by the pair [g,0], with any g Riemannian metric. In
general this coFuler structure is not integral.

4. Complex representations and cochain complexes

4.1. Complex representations

Let T' be a finitely presented group with generators g1, ..., g, and relations

Ri(glag27"‘>g7"):e7 izl?"'aP?
and V be a complex vector space of dimension N. Let Rep(I'; V) be the set of
linear representations of I' on V, i.e. group homomorphisms p : I' — GL¢ (V).
By identifying V' to CV this set is, in a natural way, an algebraic set inside the
space Cri?+1 given by pN? + 1 equations. Precisely if A1, ..., A,z represent the
coordinates in C™V’+1 with A := (a'), a” € C, so A € C¥’ and z € C, then the
equations defining Rep(I'; V') are
z-det(Ay) - det(As)---det(4,) = 1
Ri(Ala-“yAr) = ld.7 7,21,,]7
with each of the equalities R; representing N? polynomial equations.
Suppose T' = 71 (M, x¢), M a closed manifold. Denote by Repé\/l(F; V) the
set of representations p with H*(M;p) = 0 and notice that they form a Zariski
open set in Rep(T'; V). Denote the closure of this set by Rep™ (T'; V). This is an

algebraic set which depends only on the homotopy type of M, and is a union of
irreducible components of Rep(T'; V).

"We will use the same notation D for the Poincaré duality isomorphism D : Hi(M;R) —
Hn_l(M; O]\,j).
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Recall that every representation p € Rep(I'; V) induces a canonical vector
bundle F), equipped with a canonical flat connection V,. They are obtained from
the trivial bundle M x V — M and the trivial connection by passing to the T
quotient spaces. Here M is the canonical universal covering provided by the base
point zo. The I-action is the diagonal action of deck transformations on M and
of the action p on V. The fiber of F), over xy identifies canonically with V. The
holonomy representation determines a right I'-action on the fiber of F, over zy,
i.e. an anti homomorphism I' — GL(V'). When composed with the inversion in
GL(V') we get back the representation p. The pair (F),, V,) will be denoted by F,,.

If pg is a representation in the connected component Rep,, (T'; V') one can iden-
tify Rep, (I'; V) to the connected component of V, in the complex analytic space
of flat connections of the bundle F,, modulo the group of bundle isomorphisms of
F,, which fix the fiber above .

Remark 1. An element a € Hy(M;Z) defines a holomorphic function
det, : RepM(I'; V) — C,.

The complex number det,(p) is the evaluation on a € Hy(M;Z) of det(p) : T — C,
which factors through Hy(M;Z). Note that for a,b € H;(M;Z) we have detqqp, =
det, dety. If a is a torsion element, then det, is constant equal to a root of unity
of order, the order of a.

4.2. The space of cochain complexes

Let k = (ko,k1,-..,k,) be a string of non-negative integers. The string is called
admissible, and will write £ > 0 in this case, if the following requirements are
satisfied

ko—ki+koF---+ (71)“]{)” = 0 (14)
ki—ki1+kioF-—-+ (=% > 0 foranyi<mn—1. (15)
Denote by D(k) = D(kg,...,kn) the collection of cochain complexes of the

form

dn72 dan— 1

C=(C*d):0-c0 ot ol om0

with C* := C*, and by D,.(k) C D(k) the subset of acyclic complexes. Note
that D,.(k) is non-empty iff £ > 0. The cochain complex C' is determined by the
collection {d’} of linear maps d’ : C* — CFi+1. If regarded as the subset of those
{d'} € @;:01 L(CFi CFi+1), with L(V,W) the space of linear maps from V to
W, which satisfy the quadratic equations d**! - d* = 0, the set D(k) is an affine
algebraic set given by degree two homogeneous polynomials and D,. (k) is a Zariski
open set. The map 7o : Dae(k) — Emb(C?, C!) which associates to C' € D, (k)
the linear map d", is a bundle whose fiber is isomorphic to D (k1 — ko, k2, . . ., kn ).

This can be easily generalized as follows. Consider a string b = (bg, ..., by).
We will write & > b if k —b = (ko — bo,...,kn — b,) is admissible, i.e. k —
b > 0. Denote by Dy(k) = Dy, ....p,,)(ko, - - ., kn) the subset of cochain complexes
C € D(k) with dim(H!(C)) = b;. Note that Dy(k) is non-empty iff k& > b. The
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obvious map g : Dy (k) — L(CY, Ct;by), L(CY, CY;by) the space of linear maps in
L(C,Ct) whose kernel has dimension by, is a bundle whose fiber is isomorphic to
Dy,....p, (k1 — ko + bo, k2, ..., ky). Note that L(C? C';by) is the total space of a
bundle Emb(C* /L, C") — Gy, (ko) with L — Gry, (ko) the tautological bundle
over Gry, (ko) and C* resp. C** the trivial bundles over Gry, (ko) with fibers of
dimension kg resp. k1. As a consequence we have

Proposition 2. 1. D, (k) and Dy(k) are connected smooth quasi affine algebraic
sets whose dimension is

dimDy(k) = Y (¥ — ) - (kj =Sy - bi)).
J 1<
2. The closures Do (k) and Dy(k) are irreducible algebraic sets, hence affine
algebraic varieties, and Dy(k) = I_lkzb’Zb Dy (k).

For any cochain complex in C' € D,(k) denote by B’ := img(d"~!) C C* =
C* and consider the short exact sequence 0 — Bt = ' 4, Bi+1 _, (. Choose a
base b; for each B;, and choose lifts b; 1 of b; 11 in C? using d', i.e. d*(b; ;1) = bjy1.
Clearly {b;,b;.1} is a base of C*. Consider the base {b;,b;11} as a collection of
vectors in C* = C* and write them as columns of a matrix [b;, b;1]. Define the
torsion of the acyclic complex C, by

7(C) = ()N ] det[by, biga] V'
i=0
where (—1)" is Turaev’s sign, see [FT00]. The result is independent of the choice
of the bases b; and of the lifts b; cf. [M66] [FT00], and leads to the function

7 : Dae(k) — C..

Turaev provided a simple formula for this function, cf. [T01], which permits to
recognize 7 as the restriction of a rational function on Dac(k).

For C € D, (k) denote by (d')! : Ck+1 — C* the transpose of d’ : Ck —
CFi+1 and define P; = d'~1-(d'~1)t 4 (d*)*-d'. Define (k) as the subset of cochain
complexes in D, (k) where ker P # 0, and consider ST : Do (k)\X(k) — C, defined
by

57(€) = ( T[ (det P/ T (det Pt-)i)il.
i even 1 odd

One can verify

Proposition 3. Suppose k = (kq, ..., kn) is admissible.
1. (k) is a proper subvariety containing the singular set of Dac(k).
2. St =712 and implicitly ST has an analytic continuation to Dy (k).

In particular 7 defines a square root of S7. We will not use explicitly S7 in
this writing however it justifies the definition of complex Ray—Singer torsion.
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5. Analytic torsion

Let M be a closed manifold, g Riemannian metric and (g, ) a representative of a
coEuler structure ¢* € Eul*(M;R). Suppose E — M is a complex vector bundle
and denote by C(E) the space of connections and by F(E) the subset of flat
connections. C(E) is a complex affine (Fréchet) space while F(FE) a closed complex
analytic subset (Stein space) of C(FE). Let b be a non-degenerate symmetric bilinear
form and p a Hermitian (fiber metric) structure on E. While Hermitian structures
always exist, non-degenerate symmetric bilinear forms exist iff the bundle is the
complexification of some real vector bundle, and in this case £ ~ E*.

The connection V € C(E) can be interpreted as a first order differential
operator dV¥ : Q*(M; E) — Q**1(M; E) and g and b resp. g and u can be used
to define the formal b-adjoint resp. p-adjoint 559717 resp. 6257# : QUPYMG E) —
Q4(M; E) and therefore the Laplacians

AZg,b resp. AY :QI(M;E) — QI(M; E).

491
They are elliptic second order differential operators with principal symbol o =
|€]2. Therefore they have a unique well defined zeta regularized determinant (mod-
ified determinant) det(Azg’b) € C (det’(AY,,) € C,) resp. det(AY, ) € R

a;9,b 9,1

(det'(AY, ) € Rso) calculated with respect to a non-zero Agmon angle avoiding

the spectrum cf. [BHO6]. Recall that the zeta regularized determinant (modified
determinant) is the zeta regularized product of all (non-zero) eigenvalues.

Denote by

S(E,g,b) :={V €C(E) | ker(AY,,) # 0}
S(E,g,p) ={V €C(E) | ker(Azg,u) #0}
and by
S(E) :={V e F(E) | H(Q*(M; E),d") # 0}.
Note that 3(FE, g,u) N F(E) = X(E) for any p, and X(F,g,b) N F(E) 2 X(E).
Both, ¥(E) and X(F,g,b) N F(E), are closed complex analytic subsets of F(E),
and det(AY, ) =det'(AY, ) on F(E)\ X(E,g,---).

We consider the real analytic functions: TgYe™ : C(E) — Rxq, Totd : C(E) —
R>0, Ra,u : C(E) — Ry and the holomorphic functions oy C(E) — C,
T;‘gd :C(E) = C, Ry : C(E) — C, defined by:

T (V) =[] (det AT, )9,
q even
T39(V) = [] (detAY, )%, (16)
q odd
R,....(V) =efu @ V)ha
We also write T éf‘_’_en resp. Téfﬁd for the same formulas with det’ instead of det.

These functions are discontinuous on Y(E,g,--) and coincide with T;V" resp.
T;"_if_i on F(E)\X(E,g,---). Here - - - stands for either b or y. For the definition of
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real or complex analytic space/set, holomorphic/meromorphic function/map in in-
finite dimension the reader can consult [D81] and [KM97], although the definitions
used here are rather straightforward.

Let E,. — M be a smooth real vector bundle equipped with a non-degenerate
symmetric positive definite bilinear form b,. Let C(E,) resp. F(E,) the space of
connections resp. flat connections in E,. Denote by E — M the complexification
of E,, E = FE, ®C, and by b resp. u the complexification of b, resp. the Hermit-
ian structure extension of b,. We continue to denote by C(E,) resp. F(FE,) the
subspace of C(E) resp. F(E) consisting of connections which are complexification
of connections resp. flat connections in E,., and by V the complexification of the
connection V € C(E,). If V € C(E,), then

Spect Aq .0 = Spect Azg’# C R>p
and therefore
Tgej;en/odd v) |Teven/odd ‘ Tgc:;ﬂcn/odd(v)7
T;;ven/odd ‘T' even/odd ’ T(;)elen/odd(v)’ (17)
Rap(V) = |Rap(V)| =

Observe that Q*(M; E)(O) the (generahzed) eigen space of AY, arg b COTTESpONA-
ing to the eigen value zero is a finite dimensional vector space of dimension the
multiplicity of 0. The restriction of the symmetric bilinear form induced by b
remains non-degenerate and defines for each component Q%(M; E)(0) an equiva-
lence class of bases. Since d¥ commutes with A*Vg ye (2%(M; E)(0),dV) is a finite
dimensional complex. When acyclic, i.e. V € F(E) \ £(E), denote by

Tan(V, 9,0)(0) € C.

the Milnor torsion associated to the equivalence class of bases induced by b.

5.1. The modified Ray—Singer torsion

Let E — M be a complex vector bundle, and let ¢* € Eul*(M;R) be a coEuler
structure. Choose a Hermitian structure (fiber metric) 4 on E, a Riemannian
metric g on M and o € Q" 1(M;Oyy) so that [g,a] = ¢*, see section 3.2. For
V € F(E)\ X(F) consider the quantity

Tan(vv M9, Ol) = (T;an(v)/Tgoid(v)) ’ RO&H(V) €Rxo

referred to as the modified Ray—Singer torsion. The following proposition is a
reformulation of one of the main theorems in [BZ92], cf. also [BFKO01] and [BHO03|.

—1/2

Proposition 4. If V € F(E) \ X(E), then Tan(V, u, g, ) is gauge invariant and
independent of u, g, «

When applied to F, the number T%, (p) := Tun(V,, 11,9, ) defines a real
analytic function T, : Repy/(I';V) — Rsq. It is natural to ask if 7%, is the
absolute value of a holomorphic function.
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The answer is no as one can see on the simplest possible example M = St
equipped with the the canonical coEuler structure ej. In this case RepM (I;C) =
C\ 0, and T (2) = |(if/§) |, cf. [BHO6]. However, Theorem 2 in section 6.1 below
provides the following answer to the question (Q) from the introduction.

Observation 4. If ¢* is an integral coEuler structure, then TS, is the absolute value
of a holomorphic function on Repéw(l"; V) which is the restriction of a rational
function on Rep™ (T; V). For a general coBEuler structure T¢, still locally is the

absolute value of a holomorphic function.

5.2. Complex Ray—Singer torsion
Let E be a complex vector bundle equipped with a non-degenerate symmetric
bilinear form b. Suppose (g, a) is a pair consisting of a Riemannian metric g and
a differential form « € Q"~1(M;O)pr) with da = e(g). For any V € F(E) \ 3(E)
consider the complex number
STan(V,b,g,0) = (T, 5 (V) /T3 5(V))

g, 9,

- " Roz,b(v)2 : Tan(vag7 b)(0)2 € (C*

(18)
referred to as the complex valued Ray-Singer torsion.?

It is possible to provide an alternative definition of S7 ,,(V, b, g, ). Suppose
R > 0 is a positive real number so that the Laplacians AZ o.b have no eigen values
of absolute value R. In this case denote by det® Azg’b the regularized product of
all eigen values larger than R w.r. to a non-zero Agmon angle disjoint from the

spectrum T !fl;eve“ resp. Tfl;even the quantities defined by the formulae (16) with

TTeeven/odd(A) instead of T ¢ve"/°dd(A). Consider Q*(M; E)(R) to be the sum of
generalized eigen spaces of A*V;gvb corresponding to eigen values smaller in absolute
value than R. (Q*(M;E)(R),dV) is a finite dimensional complex. As before b
remains non-degenerate and when acyclic (and this is the case iff (2*(M; E),d") is
acyclic) denote by T,,(V, g,b)(R) the Milnor torsion associated to the equivalence
class of bases induced by b. It is easy to check that

STan(V,b,g,0) = (TS (V) /TS5 (V) 7 - Ra(V)? - Tan(V, 9,0)(R)* (19)

Proposition 5. 1. 87 ,,(V,b,9,a) is a holomorphic function on F(E)\ X(FE) and
the restriction of a meromorphic function on F(E) with poles and zeros in L(E).

2. If by and by are two non-degenerate symmetric bilinear forms which are
homotopic, then 8T 4n(V,b1,9,0) = ST an(V, b2, g, a0).

3. If (1, 01) and (g2, a2) are two pairs representing the same coEuler struc-
ture, then ST an(V,b,g1,01) = ST an(V, b, g2, aa).

4. We have 8T an(YV, b, g,a) = ST an(V, b, g, ) for every gauge transfor-
mation v of E.

5. STan(vl b VQ; by @ b?; 9, a) = STan(Vh bl; 9, a) : STan(VQa b27 g, O[).

-1

8The idea of considering b-Laplacians for torsion was brought to the attention of the first author
by W. Miiller [M]. The second author came to it independently.
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To check the first part of this proposition, one shows that for Vg € F(FE) one
can find R > 0 and an open neighborhood U of Vo € F(FE) such that no eigen value

of AY,,, V € U, has absolute value R. The function (7,5 (V)/T,%°%(v)) ™"
is holomorphic in V € U. Moreover, on U the function Ty, (V,g,b)(R)? is mero-
morphic in V, and holomorphic when restricted to U \ X(FE). The statement thus
follows from (19).

The second and third part of Proposition 5 are derived from formulas for
d/dt(ST an(V,b(t),g,a)) resp. d/dt(ST .n(V,b,g(t), @) which are similar to such
formulas for Ray—Singer torsion in the case of a Hermitian structure instead of a
non-degenerate symmetric bilinear form, cf. [BH06]. The proof of 4) and 5) require
a careful inspection of the definitions. The full arguments are contained in [BHO6].

As a consequence to each homotopy class of non-degenerate symmetric bilin-
ear forms [b] and coEuler structure ¢* we can associate a meromorphic function
on F(E). The reader unfamiliar with the basic concepts of complex analytic ge-
ometry on Banach/ Frechet manifolds can consult [D81] and [KM97]. Changing
the coEuler structure our function changes by multiplication with a non-vanishing
holomorphic function as one can see from (18). Changing the homotopy class [b]
is actually more subtle. We expect however that S7 remains unchanged when the
coEuler structure is integral.

Denote by Rep™¥(I; V) the union of components of Rep™ (I'; V) which
consists of representations equivalent to holonomy representations of flat con-
nections in the bundle F. Suppose F admits non-degenerate symmetric bilinear
forms and let [b] be a homotopy class of such forms. Let zy € M be a base
point and denote by G(E)., ) the group of gauge transformations which leave
fixed E,, and the class [b]. In view of Proposition 5, ST .,(V,b, g, ) defines a
meromorphic function ST¢, on 7= (Rep™-F(I; V) C F(E)/Gey,1p)- Note that
7+ F(E)/Gyy, ) — Rep(I'; V) is an principal holomorphic covering of its image
which contains Rep™ ¥ (T'; V). We expect that the absolute value of this function
is the square of modified Ray—Singer torsion. The expectation is true when (E,b)
satisfies P, below.

Definition 1. The pair (E,b) satisfies Property P, if it is the complexification of a
pair (F,, b,) consisting of a real vector bundle E,. and a non-degenerate symmetric
positive definite R-bilinear form b, and the space of flat connections F(E,) is a
real form of the space F(E).

We summarize this in the following Theorem.

Theorem 1. With the hypotheses above we have.
1. If ¢ and e5 are two coEuler structures then

STl — STl . 2((T0).D7 (¢ —¢3)

with D : Hi(M;R) — H"Y(M;Oy) the Poincaré duality isomorphism.
Suppose that (E,b) satisfies property (P,). Then:



Torsions, as a functions on the space of representations 17

2. If e* is integral then ST, 1" is independent of [b] and descends to a rational
function on Rep™ E(I; V) denoted STE,,.

3. We have
ST = (T8, - m)% (20)

We expect that both 2) and 3) remain true for an arbitrary pair (E,b).

Observation 5. Property 5) in Proposition 5 shows that up to multiplication with
a root of unity the complexr Ray—Singer torsion can be defined on all components
of RepM (T, V), since F = @ E is trivial for sufficiently large k.

6. Milnor—Turaev and dynamical torsion

6.1. Milnor—Turaev torsion

Consider a smooth triangulation 7 of M, and choose a collection of orientations O
of the simplices of 7. Let 9 € M be a base point, and set I' := m (M, z¢). Let V
be a finite dimensional complex vector space. For a representation p € Rep(T'; V),
consider the chain complex (C*(M;p),d?(p)) associated with the triangulation 7
which computes the cohomology H*(M; p).

Denote the set of simplexes of dimension ¢ by &}, and set k; := #(X;)-dim(V).
Choose a collection of paths o := {05 | s € 7} from xg to the barycenters of 7 as in
section 3.1. Choose an ordering o of the barycenters and a framing € of V. Using
o, 0 and ¢ one can identify C2(M; p) with C*s. We obtain in this way a map

t0,0,0e : Rep(I; V') — D(ko, ..., kn)

which sends Repéw(I’; V) to Dac(ko, ..., kn). A look at the explicit definition of
d9(p) implies that to .. is actually a regular map between two algebraic sets.
Change of O, 0,0, € changes the map to,s,0.c-

Recall that the triangulation 7 determines Euler vector fields X, which to-
gether with o determine an Euler structure e € Eul(M;Z), see section 3.1. Note
that the ordering o induces a cohomology orientation o in H*(M;R). In view of
the arguments of [M66] or [T86] one can conclude (cf. [BHO03]):

Proposition 6. If p € Repé\/[ (T; V) different choices of 7,0, 0,0, € provide the same
composition T - to s.0.(p) provided they define the same FEuler structure ¢ and
homology orientation o.

In view of Proposition 6 we obtain a well defined complex valued rational
function on Rep™ (I'; V) called the Milnor-Turaev torsion and denoted from now
on by T°°

comb”

Theorem 2. 1. The poles and zeros of T.00 . are contained in S(M), the subvariety

of representations p with H*(M; p) # 0.
2. The absolute value of T .00 (p) calculated on p € Repé\/[(F; V) is the modi-

omb

fied Ray-Singer torsion T¢, (p), where ¢* = PD(e).
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3. If ey and ey are two Euler structures then T2 = T 0% - dete,_, and

To 0 = (—1)dmV .79 where dete, ., is the regular function on Rep™ (T; V)
defined in section 4.1.

4. When restricted to RepM’E(F; V), E a complex vector bundle equipped with
a non-degenerate symmetric bilinear form b so that (E,b) satisfies Property P,

(T5° )2 = ST, where ¢* = PD(e).

comb an’

We expect that 4) remains true without any hypothesis. Parts 1) and 3)
follow from the definition and the general properties of 7, part 2) can be derived
from the work of Bismut-Zhang [BZ92] cf. also [BFKO01], and part 4) is discussed
in [BHO6], Remark 5.11.

6.2. Dynamical torsion

Let X be a vector field on M satisfying (H), (EG), (L), (MS) and (NCT) from
section 2.4. Choose orientations O of the unstable manifolds. Let o € M be a
base point and set I' := 1 (M, zp). Let V be a finite dimensional complex vector
space. For a representation p € Rep(I'; V) consider the associated flat bundle
(Fp,V,), and set C%(M;p) = I'(F,|x,), where X, denotes the set of zeros of
index ¢. Recall that for z € X', y € X and every homotopy class & € P, , parallel
transport provides an isomorphism (pt%)~! : (F,), — (F,);. For z € X, and
y € X,—1 consider the expression:

09 (e = > LN (@) (th) (21)
6EP,.,
If the right hand side of (21) is absolutely convergent for all x and y they provide
a linear mapping 09 (p) : Cg(_l(M;p) — C%(M;p) which, in view of Proposi-
tion 1(3), makes (C%(M;p),0%(p)) a cochain complex. There is an integration
homomorphism Int$ (p) : (Q*(M; F,),dVe) — (Cx(M;p), 0 (p)) which does not
always induce an isomorphism in cohomology.

Recall that for every p € Rep(I'; V) the composition tr-p=! : I' — C factors
through conjugacy classes to a function tr-p~! : [S1, M] — C. Let us also consider
the expression

Px(p):= > Zx(y)(tr-p~")(). (22)
~yE[ST,M]
Again, the right hand side of (22) will in general not converge.

Proposition 7. There exists an open set U in Rep™ (T; V), intersecting every irre-
ducible component, s.t. for any representation p € U we have:

a) The differentials 6 (p) converge absolutely.

b) The integration IntS (p) converges absolutely.

¢) The integration Int?( (p) induces an isomorphism in cohomology.

d) If in addition dim'V = 1, then

> > Zx()(trp () (23)

oc€H,(M;Z)/ Tor(Hy(M;Z)) '[v]€c
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converges, cf. (22). Here the inner (finite) sum is over all v € [St, M] which give
rise to o € Hy(M;Z)/ Tor(H,(M;Z)).

This Proposition is a consequence of exponential growth property (EG) and
requires (for d)) Hutchings—Lee or Pajitnov results. A proof in the case dimV =1
is presented in [BHO5]. The convergence of (23) is derived from the interpretation
of this sum as the Laplace transform of a Dirichlet series with a positive abscissa
of convergence.

We expect d) to remain true for V of arbitrary dimension.’ In this case we
make (22) precise by setting

Px(p) := > > Zx()(tr o) (). (24)

oc€H,(M;Z)/ Tor(Hy(M;Z)) [y]€c

Observation 6. A Lyapunov closed one form w for X permits to consider the family
of regular functions Px.r, R € R, on the variety Rep(I'; V') defined by:

Pxir(p):= Y (e(0)/p(6)) tr(p(6)7").

6,—w(B)<R

If (23) converges then imp_.oc Px.g exists for p in an open set of representations.
We expect that by analytic continuation this can be defined for all representations
except ones in a proper algebraic subvariety. This is the case when dimV = 1
or, for V. of arbitrary dimension, when the vector field X has only finitely many
simple closed trajectories. In this case img_.oc Px.r has an analytic continuation
to a rational function on Rep(T'; V), see section 8 below.

As in section 6.1, we choose a collection of paths o := {0, | z € X'} from
To to the zeros of X, an ordering o’ of X, and a framing e of V. Using 7,0, € we
can identify C% (M;p) with Cke, where k, := 4(X,) - dim(V). As in the previous
section we obtain in this way a holomorphic map

tO,a,o’,e : U — ]D)ac(kOa ey k’n)

An ordering o' of X is given by orderings o} of X, ¢ = 0,1,...,n. Two
orderings o} and of are equivalent if o} , is obtained from oj , by a permutation
mq so that [] p sgn(my) = 1. We call an equivalence class of such orderings a rest
point orientation. Let us write o’ for the rest point orientation determined by o’.
Moreover, let ¢ denote the Euler structure represented by X and o, see Obser-
vation 1. As in the previous section, the composition 7 - tp 50 : U\ L — C,
is a holomorphic map which only depends on ¢ and o/, and will be denoted by
7';(’0,. Consider the holomorphic map Px : U — C defined by formula (22). The
dynamical torsion is the partially defined holomorphic function

e,0’ e,ol P
Ty° =71y X :U\X —C,.

The following result is based on a theorem of Hutchings—Lee and Pajitnov
[HO2] cf. [BHO5].

9Even more, we conjecture that (22) converges absolutely on an open set U as in Proposition 7.
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Theorem 3. If dimV =1 the partially defined holomorphic function ’T;(’(’/ has an

. k . . . ¢,0
analytic continuation to a rational function equal to £7 ., .

It is hoped that a generalization of Hutchings—Lee and Pajitnov results which
will be elaborated in subsequent work [BH] might led to the proof of the above
result for V' of arbitrary dimension.

7. Examples

7.1. Milnor-Turaev torsion for mapping tori and twisted Lefschetz zeta function

Let 'y be a group, a : I'g — I'p an isomorphism and V' a complex vector space.
Denote by I' := T'g x4 Z the group whose underlying set is I'g x Z and group
operation (¢',n)x(¢”,m) := (a™(¢') - ¢g"",n+m). A representation p : I' — GL(V)
determines a representation pg(p) : I'o — GL(V') the restriction of p to Ty x 0 and
an isomorphism of V, (p) € GL(V).

Let (X, z0) be a based point compact space with m (X, z¢) = g and f :
(X, z9) — (X, z0) a homotopy equivalence. For any integer k the map f induces the
linear isomorphism f* : H*(X;V) — H*(X;V) and then the standard Lefschetz

zeta function 0 ( f’“)
det(I — z
Cf(z) R k even

© Tk oqadet(I — zf%)

More general if p is a representation of I' then f and p = (po(p), 0(p)) induce
the linear isomorphisms f"f : H*(X; po(p)) — H*(X; po(p)) and then the p-twisted
Lefschetz zeta function

o Hk even det(‘[ B ka)
Gle.2) = [T oaa det( — Zf,’;) .

Let N be a closed connected manifold and ¢ : N — N a diffeomorphism.
Without loss of generality one can suppose that yy € N is a fixed point of ¢. Define
the mapping torus M = N, the manifold obtained from N x I identifying (z,1)
with (¢(x),0). Let 29 = (yo,0) € M be a base point of M. Set T’y := 71 (N, ng) and
denote by « : w1 (N, yo) — m1(IV,yo) the isomorphism induced by . We are in the
situation considered above with I' = w1 (M, z¢). The mapping torus structure on M
equips M with a canonical Euler structure ¢ and canonical homology orientation
0. The Euler structure e is defined by any vector field X with w(X) < 0 where
w = p*dt € QY(M;R); all are homotopic. The Wang sequence

*_id

s H*(M;F,) — H*(N;i*(F,)) 2= H*(N;i*(F,)) — H (M;F,) — -
(25)
implies H*(M;F,) = 0 iff det(I — gp’;) # 0 for all k. The cohomology orientation
is derived from the Wang long exact sequence for the trivial one dimensional real

representation. For details see [BH03]. We have
Proposition 8. With these notations 7.0\ (p) = Co(p, 1).

comb

This result is known cf. [J96]. A proof can be also derived easily from [BH03].
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7.2. Vector fields without rest points and Lyapunov cohomology class

Let X be a vector field without rest points, and suppose X satisfies (L) and (NCT).
As in the previous section X defines an Euler structure e. Consider the expression
(22). By Theorem 3 we have:

Observation 7. With the hypothesis above there exists an open set U C Rep™ ;v
so that (24) converges, and e* is a well defined holomorphic function on U. The
function ePX has an analytic continuation to a rational function on Rep™ T;v)
equal to j:’]'cf)’rilb. The set U intersects non-trivially each connected component of
Rep™ (T; V).

7.3. The Alexander polynomial

If M is obtained by surgery on a framed knot, and dim V' = 1, then Rep(I'; V) =
C\0, and the function (z —1)?7.;", equals the Alexander polynomial of the knot,
see [T02]. Any twisted Alexander polynomial of the knot can be also recovered from
750, for V of higher dimension. One expects that passing to higher dimensional

. 0 . .
representations Tceo’mb captures even more subtle knot invariants.

8. Applications

8.1. The invariant A¢ (p1, p2)

Let M be a V-acyclic manifold and ¢* a coEuler structure. Using the modified Ray—
Singer torsion we define a R/7Z valued invariant (which resembles the Atiyah-
Patodi-Singer spectral flow) for two representations p1, p2 in the same component
of Repd!(I'; V).

By a holomorphic path in Repé”(l"; V) we understand a holomorphic map
p:U — Repé\/[(F; V) where U is an open neighborhood of the segment of real
numbers [1,2] x {0} C C in the complex plane. For a coEuler structure ¢* and a
holomorphic path 5 in Rep!(T'; V) define

2 £
. o(T¢
arg® (p) :2%(2/2'/1 M) mod 7. (26)
Here, for a smooth function ¢ of complex variable z, ¢ denotes the complex
valued 1-form (Op/0z)dz and the integration is along the path [1,2] x 0 C U. Note

that

Observation 8. 1. Suppose E is a complex vector bundle with a non-degenerate
bilinear form b, and suppose p is a holomorphic path in Repé\/j’E(F; V). Then

arg” () = arg (STL,"(5(2) /ST (5(1)))  mod .

As consequence
2. If ' and §" are two holomorphic paths in Repd! (T; V) with §/'(1) = p"(1)
and p'(2) = p"(2) then

~I!

arg® (§') = arg® (7"") mod .
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3. If p', p’ and p"' are three holomorphic paths in Repg/l (T V) with p'(1) =
ﬁ///(l)} 51(2) — ﬁ//(l) and ﬁ//(Z) — ﬁ”l(2) th@n

arg” (5") = arg®” () +arg® (5") mod .

Observation 8 permits to define a R /77 valued numerical invariant A" (py, p2)
associated to a coEuler structure ¢* and two representations pi, ps in the same
connected component of Repéw (T'; V). If there exists a holomorphic path with
p(1) = p1 and p(2) = pa we set

Ae*(pl,pg) = arg® (p) mod 7.

Given any two representations p; and ps in the same component of Repy)! (I'; V)
one can always find a finite collection of holomorphic paths p;, 1 < ¢ < k, in
Repd!(I'; V) so that p;(2) = piy1(1) for all 1 < i < k, and such that j1(1) = p;
and pg(2) = p2. Then take

k
A (pr,p2) = Y arg® (5) mod .
=1

In view of Observation 8 the invariant is well defined, and if ¢* is integral
it is actually well defined in R/27Z. This invariant was first introduced when the
authors were not fully aware of “the complex Ray—Singer torsion.” The formula
(26) is a more or less obvious expression of the phase of a holomorphic function in
terms of its absolute value, the Ray—Singer torsion, as positive real valued function.
By Theorem 2 the invariant can be computed with combinatorial topology and by
section 7 quite explicitly in some cases. If the representations p1, p2 are unimodular
then the coEuler structure is irrelevant. It is interesting to compare this invariant
to the Atiyah—Patodi—Singer spectral flow; it is not the same but are related.

8.2. Novikov conjecture

Let X be a smooth vector field which satisfies (H), (L), (MS), (NCT). Suppose w
is a real valued closed one form so that w(X), < 0, 2 not a rest point (Lyapunov
form). Define the functions Iify ‘R —Zand Z¥ : R — Q by

PR = Y L&)
&, w(&)<R
R (27)
ZX(R):= > ZX(0)
0, w(d)<R

Part (a) of the following conjecture was formulated by Novikov for X =
grad,w, w a Morse closed one form when this vector field satisfies the above
properties.

Conjecture 1. a) The function Iﬁ/@ (R) has exponential growth.
b) The function ZX(R) has exponential growth.
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Recall that a function f : R — R is said to have exponential growth iff there
exists constants C, Co so that |f(z)] < Cre®.
As a straight forward consequence of Proposition 7 we have

Theorem 4. a) Suppose X satisfies (H), (MS), (L) and (EG). Then part a) of the
congecture above holds.

b) Suppose M is V-acyclic for some V with dim(V') = 1. Moreover, assume
X satisfies (H), (MS), (L), (NTC) and (EG). Then part b) of the conjecture above
holds.

This result is proved in [BHO06]; The V-acyclicity in part b) is not necessary if
(EG) is replaced by an apparently stronger assumption (SEG). Prior to our work
Pajitnov has considered for vector fields which satisfy (H), (L), (MS), (NCT) an
additional property, condition (€)), and has verified part (a) of this conjecture.
He has also shown that the vector fields which satisfy (H), (L), (MS), (NCT) and
(€Y) are actually CY dense in the space of vector fields which satisfy (H), (L),
(MS), (NCT). It is shown in [BHO6] that Pajitnov vector fields satisfy (EG), and
in fact (SEG).

8.3. A question in dynamics
Let T" be a finitely presented group, V a complex vector space and Rep(I'; V)
the variety of complex representations. Consider triples a := {a,e_,e;} where

a is a conjugacy class of I and ex € {£1}. Define the rational function let, :
Rep(T; V) — C by

(—1=Fer
lety(p) == (det(id - (—1)€‘p(0¢)_1)>
where o € I is a representative of a.

Let (M, o) be a V-acyclic manifold and T' = 71 (M, z¢). Note that [S*, M]
identifies with the conjugacy classes of I'. Suppose X is a vector field satisfying (L)
and (NCT). Every closed trajectory 6 gives rise to a conjugacy class [é] €[S, M|
and two signs e (f). These signs are obtained from the differential of the return
map in normal direction; e_(é) is the parity of the number of real eigenvalues
larger than +1 and e_ (é) is the parity of the number of real eigenvalues smaller
than —1. For a simple closed trajectory, i.e. of period p(é) =1, let us consider the
triple f := ([é], e_(0), e, (é)) This gives a (at most countable) set of triples as in
the previous paragraph.

Let £ € H'(M;R) be a Lyapunov cohomology class for X. Recall that for
every R there are only finitely many closed trajectories 6 with —¢& ([é]) < R. Hence,
we get a rational function Cﬁ’g :Rep(I; V) — C

1)%(,5 = H leté

—&£([0D<R
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where the product is over all triples 0 associated to simple closed trajectories with
—&([0]) < R. Tt is easy to check that formally we have

lim (y° =el™.

Rgnoo CR ¢
It would be interesting to understand in what sense (if any) this can be made
precise. We conjecture that there exists an open set with non-empty interior in
each component of Rep(I'; V) on which we have true convergence. In fact there
exist vector fields X where the sets of triples are finite in which case the conjecture
is obviously true.
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