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1. Introduction

Let M be a closed connected smooth manifold with Riemannian metric g. Suppose
E is a flat complex vector bundle over M. Let h be a Hermitian metric on E. Recall
the deRham differential dg : Q*(M; E) — Q**1(M; E) on the space of E-valued
differential forms. Let df, , ,, : Q*7'(M; E) — Q*(M; E) denote its formal adjoint
with respect to the Hermitian scalar product on Q*(M; E) induced by ¢ and h.
Consider the Laplacian Ag g = dpdy ), + di , ,de + Q°(M;E) — Q°(M; E).
Recall the (inverse square of the) Ray—Singer torsion [29]

H (det’(AE,g,h’q)) (=1)% eR".
q

Here det’(Ag,g,1,4) denotes the zeta regularized product of all non-zero eigen values
of the Laplacian acting in degree ¢. This is a positive real number which coincides,
up to a computable correction term, with the absolute value of the Reidemeister
torsion, see [2].

The aim of this paper is to introduce a complex valued Ray—Singer tor-
sion which, conjecturally, computes the Reidemeister torsion, including its phase.
This is accomplished by replacing the Hermitian fiber metric A with a fiber wise
non-degenerate symmetric bilinear form b on E. The bilinear form b permits to
define a formal transposed dﬁE, 9.b of dg, and an in general not selfadjoint Lapla-

clan Aggp = dEd%’g’b + dﬁE,g’de. The (inverse square of the) complex valued
Ray—Singer torsion is then defined by

[T(et'(Ap00) " e C* =\ {0}, M
q
The main result proved here, see Theorem 4.2 below, is an anomaly formula for the
complex valued Ray—Singer torsion, i.e. we compute the variation of the quantity
(1) through a variation of g and b. This ultimately permits to define a smooth
invariant, the analytic torsion.!

The paper is roughly organized as follows. In Section 2 we recall Euler and
coEuler structures. These are used to turn the Reidemeister torsion and the com-
plex valued Ray—Singer torsion into topological invariants referred to as combi-
natorial and analytic torsion, respectively. In Section 3 we discuss some finite
dimensional linear algebra and recall the combinatorial torsion which was also
called Milnor-Turaev torsion in [11]. Section 4 contains the definition of the pro-
posed complex valued analytic torsion. In Section 5 we formulate a conjecture, see
Conjecture 5.1, relating the complex valued analytic torsion with the combina-
torial torsion. We establish this conjecture in some non-trivial cases via analytic
continuation from a result of Cheeger [16, 17], Miiller [28] and Bismut-Zhang [2].
Section 6 contains the derivation of the anomaly formula. This proof is based on
the computation of leading and subleading terms in the asymptotic expansion of

IThe use of a fiberwise non-degenerate bilinear form instead of Hermitian fiber metric was sug-
gested by W. Miiller.
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the heat kernel associated with a certain class of Dirac operators. This asymptotic
expansion is formulated and proved in Section 7, see Theorem 7.1. In Section 8
we apply this result to the Laplacians Ag 45 and therewith complete the proof of
the anomaly formula.

We restrict the presentation to the case of vanishing Euler—Poincaré charac-
teristics to avoid geometric regularization, see [11] and [12]. With minor modifica-
tions everything can easily be extended to the general situation. This is sketched
in Section 9. The analytic core of the results, Theorem 7.1 and its corollaries
Propositions 6.1 and 6.2, are formulated and proved without any restriction on
the Euler—Poincaré characteristics.

Let us also mention the series of recent preprints [3, 4, 5, 6, 7]. In these papers
Braverman and Kappeler construct a “refined analytic torsion” based on the odd
signature operator on odd dimensional manifolds. Their torsion is closely related
to the analytic torsion proposed in this paper. For a comparison result see Theo-
rem 1.4 in [7]. Some of the results below which partially establish Conjecture 5.1,
have first appeared in [7], and were not contained in the first version of this paper.
The proofs we will provide have been inspired by [7] but do not rely on the results
therein.

Recently, in October 2006, two preprints [15] and [33] have been posted on the
internet providing the proof of Conjecture 5.1. In [15] Witten—Helffer—Sjostrand
theory has been extended to the non-selfadjoint Laplacians discussed here, and
used along the lines of [10], to establish Conjecture 5.1 for odd dimensional man-
ifolds, up to sign. Comments were made how to derive the conjecture in full gen-
erality on these lines. A few days earlier, by adapting the methods in [2] to the
non-selfadjoint situation, Su and Zhang in [33] provided a proof of the conjecture.

The definition of the complex valued analytic torsion was sketched in [14].

We thank the referees for useful remarks and for pointing out several sign
mistakes.

2. Preliminaries

Throughout this section M denotes a closed connected smooth manifold of dimen-
sion n. For simplicity we will also assume vanishing Euler—Poincaré characteristics,
x(M) = 0. At the expense of a base point everything can easily be extended to
the general situation, see [8], [11], [12] and Section 9.

Euler structures

Let M be a closed connected smooth manifold of dimension n with x(M) = 0.
The set of Euler structures with integral coefficients Eul(M;Z) is an affine version
of H1(M;Z). That is, the homology group H;(M;Z) acts free and transitively on
Cul(M;Z) but in general there is no distinguished origin. Euler structures have
been introduced by Turaev [34] in order to remove the ambiguities in the definition
of the Reidemeister torsion. Below we will briefly recall a possible definition. For
more details we refer to [11] and [12].
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Recall that a vector field X is called non-degenerate if X : M — TM is
transverse to the zero section. Denote its set of zeros by X. Recall that every
x € X has a Hopf index INDx(x) € {£1}. Consider pairs (X, c) where X is a
non-degenerate vector field and ¢ € C5™8(M;Z) is a singular 1-chain satisfying

Oc=¢e(X):= Z INDx (z)x.

zeX

Every non-degenerate vector field admits such ¢ since we assumed x(M) = 0.
We call two such pairs (X7, ¢1) and (Xo, c2) equivalent if

o — 1 = cs(X1, Xy) € CS"8(M; ) /OCS (M 7).

Here cs(X1,X5) € C3™8(M;Z)/0C5"8(M;Z) denotes the Chern-Simons class
which is represented by the zero set of a generic homotopy connecting X; with
Xo. It follows from cs(Xy, Xs) + cs(Xa, X3) = cs(X1, X3) that this indeed is an
equivalence relation.

Define €ul(M;Z) as the set of equivalence classes [X, ¢] of pairs considered
above. The action of [o] € H1(M;Z) on [X,c] € €ul(M;Z) is simply given by
[X,c] + [o] := [X,c+ og]. Since cs(X, X) = 0 this action is well defined and free.
Because of 0cs(X1, Xz) = e(X2) — e(X) it is transitive.

Replacing singular chains with integral coefficients by singular chains with
real or complex coefficients we obtain in exactly the same way FEuler structures
with real coefficients Cul(M;R) and Euler structures with complex coefficients
Cul(M; C). These are affine version of Hq(M;R) and H;(M;C), respectively. There
are obvious maps Eul(M;Z) — Eul(M;R) — €ul(M;C) which are affine over the
homomorphisms Hy(M;Z) — Hy(M;R) — H;(M;C). We refer to the image of
Cul(M;Z) in Eul(M;R) or ul(M;C) as the lattice of integral Euler structures.

Since we have e(—X) = (—=1)"e(X) and cs(—X1, —X2) = (—=1)" cs(X1, X2),
the assignment v([X,c]) := [-X, (—1)"¢] defines affine involutions on Eul(M;7Z),
Cul(M;R) and Eul(M;C). If n is even, then the involutions on Eul(M;R) and
Cul(M;C) are affine over the identity and so we must have v = id. If n is odd
the involutions on €ul(M;R) and €ul(M;C) are affine over —id and thus must
have a unique fixed point eca, € Cul(M;R) C Eul(M;C). This canonic Euler
structure permits to naturally identify Eul(M;R) resp. €ul(M;C) with Hy(M;R)
resp. Hy(M;C), provided n is odd. Note that in general none of these statements
is true for the involution on Cul(M;Z). This is due to the fact that in general
H,(M;Z) contains non-trivial elements of order 2, and elements which are not
divisible by 2.

Finally, observe that the assignment [X,c] — [X,¢] defines a conjugation
¢ — ¢ on Cul(M;C) which is affine over the complex conjugation Hy(M;C) —
H,(M;C), [o] — [g]. Clearly, the set of fixed points of this conjugation coincides
with Gul(M;R) C Eul(M;C).

Lemma 2.1. Let M be a closed connected smooth manifold with x(M) = 0, let
¢ € Cul(M;Z) be an Euler structure, and let xo € M be a base point. Suppose X is a
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non-degenerate vector field on M with zero set X # (). Then there exists a collection
of paths 04, 0,(0) =z, 0,(1) =z, x € X, so that e = [X,>"  INDx (z)0,].

Proof. For every zero x € X choose a path &, with 6,(0) = z¢ and 5,(1) = =.
Set ¢ := Y cxINDx(z)d,. Since x(M) = 0 we clearly have d¢ = e(X). So
the pair (X,¢é) represents an Euler structure ¢ := [X,¢] € Gul(M;Z). Because
H,(M;Z) acts transitively on Eul(M;Z) we find a € H1(M;Z) with ¢ +a = e.
Since the Huréwicz homomorphism is onto we can represent a by a closed path
7w with 7(0) = (1) = z. Choose y € X. Define o, as the concatenation of &,
with 7INPx(®) " and set o, := &, for « # y. Then the pair (z, > zex INDx(z)o,)
represents ¢ + a = e. O

CoFEuler structures

Let M be a closed connected smooth manifold of dimension n with x(M) = 0. The
set of coEuler structures €ul*(M;C) is an affine version of H"~1(M; Of,). That is
the cohomology group H"~1(M;Of,) with values in the complexified orientation
bundle O, acts free and transitively on €ul*(M;C). CoEuler structures are well
suited to remove the metric dependence from the Ray—Singer torsion. Below we
will briefly recall their definition, and discuss an affine version of Poincaré duality
relating Euler with coEuler structures. For more details and the general situation
we refer to [11] or [12].

Consider pairs (g, ), g a Riemannian metric on M, o € Q"~Y(M;05,),
which satisfy

da = e(g).

Here e(g) € Q"(M; O;) denotes the Euler form associated with g. In view of the
Gauss—-Bonnet theorem every g admits such « for we assumed x (M) = 0.

Two pairs (g1,a1) and (go, a2) as above are called equivalent if

as — a1 = cs(gi, g2) € Q" H(M; 05;) /2 (M; OF;).

Here cs(g1, g2) € Q"1 (M; O0F,)/d=2(M; OF;) denotes the Chern—Simons class
[18] associated with g; and g2. Since cs(g1, g2)+¢cs(gz, g3) = cs(g1, g3) this is indeed
an equivalence relation.

Define the set of coEuler structures with complex coefficients €ul*(M;C) as
the set of equivalence classes [g, ] of pairs considered above. The action of [3] €
H" Y(M;0%,) on [g,a] € €ul*(M;C) is defined by [g,a] + [3] = [g,a — 0]
Since cs(g,g) = 0 this action is well defined and free. Because of dcs(g1,92) =
e(g2) — e(g1) it is transitive too.

Replacing forms with values in O, by forms with values in the real ori-
entation bundle OF, we obtain in exactly the same way coEuler structures with
real coefficients €ul*(M;R), an affine version of H"1(M;O%,). There is an ob-
vious map Cul*(M;R) — ¢ul*(M;C) which is affine over the homomorphism
H" Y (M;OR,) — HY(M;0%,).

In view of (—1)"e(g) = e(g) and (—1)"cs(g1,92) = cs(g1, g2) the assignment
v([g,a]) == [g, (—1)"a] defines affine involutions on Eul*(M;R) and Eul*(M;C).
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For even n these involutions are affine over the identity and so we must have
v = id. For odd n they are affine over — id and thus must have a unique fixed point
et € Cul*(M;R) C €ul*(M;C). Since e(g) = 0 in this case, we have ¢, = [g, 0]
where ¢ is any Riemannian metric. This canonic coEuler structure provides a
natural identification of Eul*(M;R) resp. ¢ul*(M;C) with H"1(M;O%,) resp.
H"1(M;0Y,), provided the dimension is odd.

Finally, observe that the assignment [g,a] — [g, @] defines a complex con-
jugation e* — ¢ on Eul*(M;C) which is affine over the complex conjugation
H" Y(M;05,) — HY(M;05,), [B8] — [8]. Clearly, the set of fixed points of this
conjugation coincides with the image of €ul*(M;R) C &ul*(M;C).

Poincaré duality for Euler structures

Let M be a closed connected smooth manifold of dimension n with x(M) = 0.
There is a canonic isomorphism

P : ¢ul(M;C) — ¢ul*(M;C) (2)

which is affine over the Poincaré duality Hy(M;C) — H" Y (M;0%,). If [X,c] €
Cul(M;C) and [g, a] € Eul*(M;C) then P([X,c]) = [g, o] iff we have

/M\X“’ NXH(g) = a) = [ 3)

for all closed one forms w which vanish in a neighborhood of X, the zero set of X.
Here W(g) € Q"=YTM \ M;7*0OS;) denotes the Mathai—Quillen form [26] associ-
ated with g, and 7 : TM — M denotes the projection. With a little work one can
show that (3) does indeed define an assignment as in (2). Once this is established
(2) is obviously affine over the Poincaré duality and hence an isomorphism. It
follows immediately from (—X)*¥(g) = (—1)"X*¥(g) that P intertwines the in-
volution on Eul(M; C) with the involution on Eul*(M; C). Moreover, P obviously
intertwines the complex conjugations on Eul(M;C) and &ul*(M;C). Particularly,
(2) restricts to an isomorphism

P Gul(M;R) — €ul*(M;R)
affine over the Poincaré duality Hy(M;R) — H"~1(M;O%)).

Kamber-Tondeur form

Suppose E is a flat complex vector bundle over a smooth manifold M. Let V¥
denote the flat connection on F. Suppose b is a fiber wise non-degenerate symmetric
bilinear form on E. The Kamber—Tondeur form is the one form

wpp = —5tr(b”'VEb) € QY (M; C). (4)

More precisely, for a vector field Y on M we have wg ,(Y) := tr(b='VED). Here the
derivative of b with respect to the induced flat connection on (E® E)’ is considered
as VEb: E — E'. Then b"'VEb : E — F and wg () is obtained by taking the
fiber wise trace.
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The bilinear form b induces a non-degenerate bilinear form det b on det E :=
AME)E. From det b=V F(det b) = tr(b~'VFb) we obtain

Wdet E,det b = WE,b- (5)

Particularly, wg, depends on the flat line bundle det £ and the induced bilinear
form det b only. Since V¥ is flat, wg is a closed 1-form, cf. (5).

Suppose by and by are two fiber wise non-degenerate symmetric bilinear forms
on E. Set A :=b]'by € Aut(E), i.e. by(v,w) = by (Av,w) for all v,w in the same
fiber of E. Then det by = det by det A, hence

VI E (det by) = VI E(det by ) det A + (det by )d det A

and therefore
WEb, = WEp, +det A ddet A. (6)

If det b; and det by are homotopic as fiber wise non-degenerate bilinear forms
on det E, then the function det A : M — C* := C\ {0} is homotopic to the
constant function 1. So we find a function logdet A : M — C with dlogdet A =
det A=1ddet A, and in view of (6) the cohomology classes of wgyp, and wgp,
coincide. We conclude that the cohomology class [wg ] € H'(M;C) depends on
the flat line bundle det E and the homotopy class [detd] of the induced non-
degenerate bilinear form det b on det F only.

If E1 and E5 are two flat vector bundles with fiber wise non-degenerate
symmetric bilinear forms b; and by then

WE @ Es,bi@by = WEy,by T WEy by- (7)

If B’ denotes the dual of a flat vector bundle F, and if ¥’ denotes the bilinear form
on E’ induced from a fiber wise non-degenerate symmetric bilinear form b on FE
then clearly

WE' Y = —WEb- (8)
If E denotes the complex conjugate of a flat complex vector bundle E, and if b
denotes the complex conjugate bilinear form of a fiber wise non-degenerate sym-
metric bilinear form b on E, then obviously

WEp = UEb- 9)

Finally, if F' is a real flat vector bundle and h is a fiber wise non-degenerate
symmetric bilinear form on F' one defines in exactly the same way a real Kamber—
Tondeur form wp,;, := —3 tr(h~'V¥'h) which is closed too. If F© := F®C denotes

the complexification of F and h® denotes the complexification of h then clearly
WEC pC = WFh (10)

in Q1(M;R) C Q'(M;C). Note that all such h give rise to the same cohomology
class [wrp] € H'(M;R), see (5) and (6). To see this also note that the induced
fiber wise non-degenerate bilinear form det 7 on det F' has to be positive definite
or negative definite, but waet F,— det h = Wdet F,det h-
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Holonomy

Suppose F is a flat complex vector bundle over a connected smooth manifold M.
Let zp € M be a base point. Parallel transport along closed loops provides an anti
homomorphism m (M, zg) — GL(E,,), where E,, denotes the fiber of E over z.
Composing with the inversion in GL(E,,) we obtain the holonomy representation
of E at xg

hol? = 7t (M, z9) — GL(E,,).

Zo

Applying this to the flat line bundle det E := A™(¥) E we obtain a homomor-
phism holgﬁt B m (M, ) — GL(det E,,) = C* which factors to a homomorphism

0 : Hi(M;Z) — C*. (11)
Lemma 2.2. Suppose b is a non-degenerate symmetric bilinear form on E. Then
Op(o) = :i:e<["JE,b]:<T>7 o€ Hi(M;Z).

Here ([wg ], 0) € C denotes the natural pairing of the cohomology class [wg | €
HY(M;C) and o € H1(M;Z).

Proof. Let 7 : [0,1] — M be a smooth path with 7(0) = 7(1) = z(. Consider
the flat vector bundle (det E)~2 := (det E ® det E)’. Let 3:[0,1] — (det E)~2 be
a section over 7 which is parallel. Since det b defines a global nowhere vanishing
section of (det E)~2 we find A : [0,1] — C so that 8 = Adetb. Clearly,

A1) bol (3 P ([7]) = A(0). (12)

Differentiating # = Adetb we obtain 0 = N detb + AV9®) ™ (det b). Using (5)
this yields 0 = X — 2 wg 4(7'). Integrating we get

A(L) = A(0) eXp(/O 2wE,b(T’(t))dt) = A(0)eX @zl 7],

Taking (12) into account we obtain holgiet E)_2([7']) = e~ 2wrall7D) "and this gives

holdet £ ([r]) = #elleril ), -

3. Reidemeister torsion

The combinatorial torsion is an invariant associated to a closed connected smooth
manifold M, an Euler structure with integral coefficients e, and a flat complex
vector bundle E over M. In the way we consider it here this invariant is a non-
degenerate bilinear form Tg‘f’b on the complex line det H*(M; E) — the graded
determinant line of the cohomology with values in (the local system of coefficients
provided by) E. If H*(M; E) vanishes, then ngg“b becomes a non-vanishing com-
plex number. The aim of this section is to recall these definitions, and to provide
some linear algebra which will be used in the analytic approach to this invariant
in Section 4.
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Throughout this section M denotes a closed connected smooth manifold of
dimension n. For simplicity we will also assume vanishing FEuler—Poincaré char-
acteristics, x(M) = 0. At the expense of a base point everything can easily be
extended to the general situation, see [8], [11], [12] and Section 9.

Finite dimensional Hodge theory

Suppose C* is a finite dimensional graded complex over C with differential d :
C* — C**+1. Its cohomology is a finite dimensional graded vector space and will
be denoted by H(C*). Recall that there is a canonic isomorphism of complex lines

det C* = det H(C™). (13)

Let us explain the terms appearing in (13) in more details. If V is a finite di-
mensional vector space its determinant line is defined to be the top exterior
product detV := AV If V* is a finite dimensional graded vector space
its graded determinant line is defined by det V* := det V¥" @ (det V°94)’. Here
yeven .= q V24 and Vol .= P q V24+1 are considered as ungraded vector spaces
and V' := L(V;C) denotes the dual space. For more details on determinant lines
consult for instance [24]. Let us only mention that every short exact sequence of
graded vector spaces 0 — U* — V* — W* — 0 provides a canonic isomorphism
of determinant lines det U* @ det W* = det V*. The complex C* gives rise to two
short exact sequences

0-B*— 2" H(C) =0 and 0— 2" —C* LB+ 50  (14)

where B* and Z* denote the boundaries and cycles in C*, respectively. The
isomorphism (13) is then obtained from the isomorphisms of determinant lines
induced by (14) together with the canonic isomorphism det B* @ det B**! =
det B* ® (det B*)' = C.

Suppose our complex C* is equipped with a graded non-degenerate symmetric
bilinear form b. That is, we have a non-degenerate symmetric bilinear form on
every homogeneous component C'?, and different homogeneous components are
b-orthogonal. The bilinear form b will induce a non-degenerate bilinear form on
det C*. Using (13) we obtain a non-degenerate bilinear form on det H(C*) which
is called the torsion associated with C* and b. It will be denoted by 7¢+ p.

Remark 3.1. Note that a non-degenerate bilinear form on a complex line essentially
is a non-vanishing complex number. If C* happens to be acyclic, i.e. H(C*) =
0, then canonically det H(C*) = C and 7¢«p € C* is a genuine non-vanishing
complex number — the entry in the 1 x 1-matrix representing this bilinear form.

Example 3.2. Suppose ¢ € Z, n € N and A € GL,(C). Let C* denote the acyclic

complex C" 4=4, C" concentrated in degrees q and q+1. Let b denote the standard
non-degenerate symmetric bilinear form on C*. In this situation we have ¢« =

(det A)=DT7'2 = (det A4H)DTT
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The bilinear form b permits to define the transposed dﬁ of d
A C* b(dv,w) = b(v, diw), v,w e C*.

Define the Laplacian Ay := ddg + dgd : C* — C*. Let us write Cy(X) for the
generalized A-eigen space of Ay. Clearly,

cr=EPcv. (15)
A

Since Ay is symmetric with respect to b, different generalized eigen spaces of
A are b-orthogonal. It follows that the restriction of b to Cy () is non-degenerate.

Since A, commutes with d and d% the latter two will preserve the decom-
position (15). Hence every eigen space Cy()) is a subcomplex of C*. The inclu-
sion C;(0) — C* induces an isomorphism in cohomology. Indeed, the Laplacian
factors to an invertible map on C*/Cy(0) and thus induces an isomorphism on
H(C*/C;(0)). On the other hand, the equation A, = dd? + did tells that the
Laplacian will induce the zero map on cohomology. Therefore H(C*/C}(0)) must
vanish and Cj(0) — C* is indeed a quasi isomorphism. Particularly, we obtain a
canonic isomorphism of complex lines

det H(C}(0)) = det H(C™). (16)

Lemma 3.3. Suppose C* is a finite dimensional graded complex over C which is
equipped with a graded non-degenerate symmetric bilinear form b. Then via (16)
we have

TC*b = 0 (0)blog o) H(detl(Ab,q))(fl)qq
q

where det’(Ap,4) denotes the product over all mon-vanishing eigen values of the
Laplacian acting in degree q, Ay 4 := Ap|ca : C1 — C1.

Proof. Suppose (C5,b1) and (C5,bs) are finite dimensional complexes equipped
with graded non-degenerate symmetric bilinear forms. Clearly, H(CT @ C3) =
H(CY) ® H(C3) and we obtain a canonic isomorphism of determinant lines
det H(C; & C3) = det H(CY) @ det H(CY).
It is not hard to see that via this identification we have
TCr®C3,b1®bs = TC; b1 @ TCs,bs - (17)

In view of the b-orthogonal decomposition (15) we may therefore w.l.o.g. assume
ker Ay = 0. Particularly, C* is acyclic.

Then imgd N ker dg C ker d N ker dﬁ C ker A, = 0. Since imgd and ker dﬁ are
of complementary dimension we conclude imgd & ker dg = C*. The acyclicity of
C* implies ker d% = img dg and hence imgd @ img dg = (. This decomposition is
b-orthogonal and invariant under A. We obtain

detl(Abﬂ) = det(Ab,q) = det(Ab|Cqmmg d) . det(Ab|C‘mimg dg).
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Since d : C4Nimg dg — C91 Nimgd is an isomorphism commuting with A

det (Al g dg) = det(A

Catlnimg d)'

A telescoping argument then shows

H(det/(Ab,q))(_l)qq = H det(Ab|Cqmimg d>(_1)q- (18)
q q

On the other hand, the b-orthogonal decomposition of complexes

= @(oq Nimgd: % 0T+ Aimg d)
q
together with (17) and the computation in Example 3.2 imply

TC*b = H det (ddmctﬂrlﬂimg d) (_1)q+1
q

which clearly coincides with (18) since Aplimga = ddg|imgd. O

Example 3.4. Suppose 0 # v € C? satisfies v'v = 0. Moreover, suppose 0 # z € C
and set w := zv'. Let C* denote the acyclic complex C = C? = C concentrated in
degrees 0, 1 and 2. Equip this complex with the standard symmetric bilinear form
b. Then Ay = vlv =0, Apo = ww® =0, Ap; = (14 22 vt (Ap1)? = 0. Thus
all of this complex is contained in the generalized 0-eigen space of Ay. The torsion
of the complex computes to 7o« = —2z2. Observe that the kernel of A, does
not compute the cohomology; that the bilinear form becomes degenerate when
restricted to the kernel of Ay; and that the torsion cannot be computed from the
spectrum of Ay.

Morse complex

Let E be a flat complex vector bundle over a closed connected smooth manifold
M of dimension n. Suppose X = —grad,(f) is a Morse-Smale vector field on
M, see [30]. Let X denote the zero set of X. Elements in X are called critical
points of f. Every x € X has a Morse inder ind(xz) € N which coincides with
the dimension of the unstable manifold of x with respect to X. We will write
X, = {z € X |ind(x) = ¢} for the set of critical points of index q.

Recall that the Morse—Smale vector field provides a Morse complex C*(X; E)
with underlying finite dimensional graded vector space

CUX;E) = @D Ex @41y Oa.
TEX,
Here E, denotes the fiber of E over x, and O, denotes the set of orientations
of the unstable manifold of x. The Smale condition tells that stable and unsta-
ble manifolds intersect transversally. It follows that for two critical points of index
difference one there is only a finite number of unparametrized trajectories connect-
ing them. The differential in C*(X; E) is defined with the help of these isolated
trajectories and parallel transport in E along them.
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Integration over unstable manifolds provides a homomorphism of complexes
Int : Q*(M; E) — C*(X; E) (19)

where Q*(M; E) denotes the deRham complex with values in E. It is a folklore
fact that (19) induces an isomorphism on cohomology, see [30]. Particularly, we
obtain a canonic isomorphism of complex lines

det H*(M; E) = det H(C*(X; E)). (20)

Suppose x(M) = 0 and let ¢ € Cul(M;Z) be an Euler structure. Choose
a base point xy € M. For every critical point * € X choose a path o, with
0(0) = 2o and 0,(1) = z so that e = [-X, >, _(—1)"4®@g,]. This is possible
in view of Lemma 2.1. Also note that IND_x(z) = (—1)"4(®), Choose a non-
degenerate symmetric bilinear form b,, on the fiber E;, over zq. For x € X define
a bilinear form b, on E, by parallel transport of b,, along o,. The collection
of bilinear forms {b;},cx defines a non-degenerate symmetric bilinear form on
the Morse complex C*(X; E). It is elementary to check that the induced bilinear
form on det C*(X; E) does not depend on the choice of {0, }.cx, and because
X(M) = 0 it does not depend on xq or b,, either. Hence the corresponding torsion
is a non-degenerate bilinear form on det H(C*(X; E)) depending on E, e and X
only. Using (20) we obtain a non-degenerate bilinear form on det H*(M; E)) which
we will denote by TICEO?]];( For the following non-trivial statement we refer to [27],
[34] or [25].

Theorem 3.5 (Milnor, Turaev). The bilinear form TL%O?]])D( does not depend on X.
In view of Theorem 3.5 we will denote T]EJO?})( by T]%?Tb from now on.

Definition 3.6 (Combinatorial torsion). The non-degenerate bilinear form Tﬁjfflb on
det H*(M; E) is called the combinatorial torsion associated with the flat complex
vector bundle E and the Euler structure e € Eul(M;Z).

Remark 3.7. The combinatorial torsion’s dependence on the Euler structure is
very simple. For e € Cul(M;Z) and o € H1(M;Z) we obviously have, see (11)

riemh, = T (o)
The dependence on F, i.e. the dependence on the flat connection, is subtle
and interesting. Let us only mention the following

Example 3.8 (Torsion of mapping tori). Consider a mapping torus

M = N x [0,1]/(z,1)~(o(2),0)

where ¢ : N — N is a diffeomorphism. Let 7 : M — S' = [0,1]/p~1 denote the
canonic projection. The set of vector fields which project to the vector field —% on
S1 is contractible and thus defines an Euler structure ¢ € €ul(M;Z) represented by
[X,0] where X is any of these vector fields. Let E* denote the flat line bundle over

S* with holonomy z € C*, i.e. 0. : Hi(SY;Z) =Z — C*, 05.(k) = z*. Consider
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the flat line bundle E := 7*E* over M. It follows from the Wang sequence of the
fibration 7 : M — S! that for generic z we will have H*(M; E#) = 0. In this case

T = (Go(2))?
where
kyx k
Goe) = e | Sosr(mr (v L (vi)

k>1
* —1
= sdet (H*(N; C) =20 B (w; C))

denotes the Lefschetz zeta function of ¢. Here we wrote str and sdet for the super

trace and the super determinant, respectively. For more details and proofs we refer
to [20] and [11].

Remark 3.9. Often the combinatorial torsion is considered as an element in (rather
than a bilinear form on) det H*(M; E). This element is one of the two unit vectors
of Tﬁfg‘b. It is a non-trivial task (and requires the choice of a homology orientation)
to fix the sign, i.e. to describe which of the two unite vectors actually is the torsion
[19]. Considering bilinear forms this sign issue disappears.

Basic properties of the combinatorial torsion

If F; and E5 are two flat vector bundles over M then we have a canonic isomor-
phism H*(M;E, ® Ey) = H*(M; E,) ® H*(M; E2) which induces a canonic iso-
morphism of complex lines det H*(M; By ® Ey) = det H*(M; Ey)®det H*(M; Es).
Via this identification we have

comb __ _comb comb
TE\@Ese = TEp e ®TE’2,e : (21)

This follows from C*(X; Ey @ Ey) = C*(X; E1) @ C*(X; Es) and (17).

If £/ denotes the dual of a flat vector bundle E then Poincaré duality induces
an isomorphism H*(M;E’ ® Oy ) = H" *(M; E)’ which induces a canonic iso-
morphism det H*(M; E' @ Opr) = (det H* (M E))(’l)nﬂ. Via this identification
we have

m mbs (—1)7+1
TE'?(X)](%M,V(e) = (Tgo,e b)( 1 (22)

where v denotes the involution on Eul(M;Z) discussed in Section 2. To see that

use a Morse-Smale vector field X to compute 7577 and use the Morse-Smale

vector field —X to compute Tc9g%M (o) Then there is an obvious isomorphism of

complexes C*(—X; E' ® Opr) = C**(X; E)" which induces Poincaré duality on
cohomology.

If V is a complex vector space let V denote the complex conjugate vector
space. If b is a bilinear form on V' let b denote the complex conjugate bilinear form
on V, that is b(v,w) = b(v, w). Let E denote the complex conjugate of a flat vector
bundle E. Then we have a canonic isomorphism H*(M;E) = H*(M;E) which
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induces a canonic isomorphism of complex lines det H*(M; E) = det H*(M; E).
Via this identification we have
The = Tie" (23)
This follows from C*(X; E) = C*(X; E).
If V is a real vector space we let VC := V @ C denote its complexification. If
h is a real bilinear form on V we let h® denote its complexification, more explicitly
hC(v1 ® 21,v2 ® 29) = h(vy,v2)2122. If F is real flat vector bundle its torsion,
defined analogously to the complex case, is a real non-degenerate bilinear form on
det H*(M; F). Let F© = F®C denote the complexification of the flat vector bundle
F. We have a canonic isomorphism H*(M; F®) = H*(M;F)® which induces a
canonic isomorphism of complex lines det H*(M; FC) = (det H*(M; F))C. Via
this identification we have
rgn = (rgem)C, (24

This follows from C*(X; F©) = C*(X; F)©. Note that 7§ is positive definite.

4. Ray—Singer torsion

The analytic torsion defined below is an invariant associated to a closed connected
smooth manifold M, a complex flat vector bundle F over M, a coEuler structure
¢* and a homotopy class [b] of fiber wise non-degenerate symmetric bilinear forms
on E. In the way considered below, this invariant is a non-degenerate symmetric
bilinear form T%r,le*’[b] on the complex line det H*(M; E). If H*(M; E) vanishes,
then T%i’ww becomes a non-vanishing complex number.

Throughout this section M denotes a closed connected smooth manifold of
dimension n. For simplicity we will also assume vanishing Euler—Poincaré char-
acteristics, x(M) = 0. At the expense of a base point everything can easily be
extended to the general situation, see [8], [11], [12] and Section 9.

Laplacians and spectral theory

Suppose M is a closed connected smooth manifold of dimension n. Let E be a flat
vector bundle over M. We will denote the flat connection of E by V¥. Suppose
there exists a fiber wise non-degenerate symmetric bilinear form b on E. Moreover,
let g be a Riemannian metric on M. This permits to define a symmetric bilinear
form B, on the space of E-valued differential forms Q*(M; E),

Buslvw)i= [ onGy @b v e 2 OLE),
M

Here x4, @ b: Q*(M; E) — Q" *(M; E' ® Opr) denotes the isomorphism induced
by the Hodge star operator? x, : Q*(M;R) — Q" *(M; Ops) and the isomorphism

2The normalization of the Hodge star operator we are using is a1 A xgao = (a1, ag)gQg, where
a1, az € Q(M;R), Qg € Q™(M; Opr) denotes the volume density associated with g, and (a1, ag)g
denotes the inner product on A*T*M induced by g, see [23, Section 2.1]. Although we will
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of vector bundles b : E — E’. The wedge product is computed with respect to the
canonic pairing of E ® E' — C.
Let dp : Q*(M; E) — Q**1(M; E) denote the deRham differential. Let

dﬁE%b QM E) — QF(M;E)

denote its formal transposed with respect to 3, 5. A straight forward computation
shows that dﬁE gb P V(M E) — Q9~1(M; E) is given by

A g = (~1)10kg @ 1) " 0 dprgo,, © (g @ D). (25)
Define the Laplacian by
Apgp=dgody ,, +dy ,odp (26)

These are generalized Laplacians in the sense that their principal symbol coincides
with the symbol of the Laplace—Beltrami operator.

In the next proposition we collect some well known facts concerning the
spectral theory of Ag ¢;. For details we refer to [32], particularly Theorems 8.4
and 9.3 therein.

Proposition 4.1. For the Laplacian Ag 43 constructed above the following hold:

(i) The spectrum of Ag gy is discrete. For every 6 > 0 all but finitely many
points of the spectrum are contained in the angle {z € C | —0 < arg(z) < 0}.

(if) If A is in the spectrum of Ag g4 then the image of the associated spectral
projection is finite dimensional and contains smooth forms only. We will
refer to this image as the (generalized) A-eigen space of Ag 4, and denote it
by Q (M; E)(A). There exists Nx € N such that

(AE,g,b - )‘)NA

a: o)) = 0.
We have a Ag. 4 p-invariant Bq p-orthogonal decomposition
5 (M; ) = Q5 ,(M; E)(A) © Q5 4 (M; E)(A) 0. (27)

The restriction of Ap g5 — A to Q ,(M; E)(A)Lﬁg,b is invertible.

(iii) The decomposition (27) is invariant under dg and d%’g’b.

(iv) For A #  the eigen spaces 0 (M3 E) () and Sy (M; E) () are orthogonal
with respect to By p.

In view of Proposition 4.1 the generalized 0-eigen space 2y ,(M; E)(0) is a
finite dimensional subcomplex of Q*(M; E). The inclusion

g (M; E)(0) — Q*(M; E) (28)
induces an isomorphism in cohomology. Indeed, in view of Proposition 4.1(ii) the
Laplacian Ag 45 induces an isomorphism on Q;b(M; E)/Q;b(M; E)(0) and thus
an isomorphism on H(Q} ,(M; E)/Q7 ,(M; £)(0)). On the other hand (26) tells

frequently refer to [1] in the subsequent sections, the convention for the Hodge star operator we
are using differs from the one in [1].
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that Ap,gp induces 0 on cohomology, hence H(Q ,(M; E)/Q} ,(M; E)(0)) must
vanish and (28) is indeed a quasi isomorphism. We obtain a canonic isomorphism
of complex lines
det H(Qy ,(M; E)(0)) = det H*(M; E). (29)

In view of Proposition 4.1(ii) the bilinear form [, ; restricts to a non-degener-
ate bilinear form on Q7 , (M; E)(0). Using the linear algebra discussed in Section 3
we obtain a non-degenerate bilinear form on det H($2; ,(M; E)(0)). Via (29) this
gives rise to a non-degenerate bilinear form on det H*(M; E') which will be denoted
by Tg‘r,lg,b(o)'

Let Ag 4,4 denote the Laplacian acting in degree g. Define the zeta regular-
ized product of its non-vanishing eigen values, as

0 —s
det/(AE’g,b,q) = exp <_83 o0 tr((AE’g,b,q|Qg,b(M§E)(O)Lﬁg’b) )) .

Here the complex powers are defined with respect to any non-zero Agmon angle
which avoids the spectrum of AEvg7b,q|Qg (M E)(0)*#s, see Proposition 4.1(i).

Recall that for R(s) > n/2 the operator (AE’g’b7q|Qg7b(M;E)(O)lﬂ.q,b)*s is trace
class. As a function in s this trace extends to a meromorphic function on the
complex plane which is holomorphic at 0, see [31] or [32, Theorem 13.1]. It is clear
from Proposition 4.1(i) that det’(Ag 44.4) does not depend on the Agmon angle
used to define the complex powers.

Assume x(M) = 0 and suppose a € Q" 1(M;OY,) such that da = e(g).
Consider the non-degenerate bilinear form on det H*(M; E) defined by, cf. (4),

an 1 _1 4
Thgbo = T%,g’b(()) . H(det,<AE,g,b7q)>( Ve, eXp(—2/M Wb A a).
q

In Section 6 we will provide a proof of the following result which can be
interpreted as an anomaly formula for the complex valued Ray-Singer torsion (1).

Theorem 4.2 (Anomaly formula). Let M be a closed connected smooth manifold
with vanishing Fuler—Poincaré characteristics. Let E be a flat complex vector bun-
dle over M. Suppose g, is a smooth one-parameter family of Riemannian met-
rics on M, and o, € Q" 1(M; O%) is a smooth one-parameter family so that
[gu, ] represent the same coFEuler structure in €ul*(M; C). Moreover, suppose b,
is a smooth one-parameter family of fiber wise non-degenerate symmetric bilinear

forms on E. Then, as bilinear forms on det H*(M; E), we have %T%?gwbu’a“ =0.

In view of Theorem 4.2 the bilinear form TE g.be does only depend on the
flat vector bundle FE, the coEuler structure ¢* € Eul*(M;C) represented by (g, a),
and the homotopy class [b] of b. We will denote it by 73", 0] from now on.

Definition 4.3 (Analytic torsion). The non-degenerate bilinear form 77" ;, on

det H*(M; E) is called the analytic torsion associated to the flat complex vector
bundle F, the coEuler structure ¢* € Eul*(M;C) and the homotopy class [b] of
fiber wise non-degenerate symmetric bilinear forms on FE.
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Remark 4.4. The analytic torsion’s dependence on the coEuler structure is very
simple. For ¢* € €ul*(M;C) and 8 € H" 1(M;OY,) we obviously have:
2
Tgr,le*-&-ﬂ,[b] = Tgr,le’ﬂ[b] ’ (equYb]Uﬂy[MD)
Here ([wg ] U B, [M]) € C denotes the evaluation of [wg ] U3 € H"(M;0%,) on
the fundamental class [M] € H,(M;Ou).

Remark 4.5. Recall from Section 2 that for odd n there is a canonic coEuler
structure e, € Gul*(M;C) given by e, = [g,0]. The corresponding analytic
torsion is: 1y

—1)%q

Tgr,le;an,[b] = T}%r,lg,b(o) : H(detl(AE,g,b,q))
q

Note however that in general this does depend on the homotopy class [b], see for
instance the computation for the circle in Section 5 below. This is related to the

fact that e, in general is not integral, cf. Remark 5.3 below.

Basic properties of the analytic torsion

Suppose E; and Es are two flat vector bundles with fiber wise non-degenerate
symmetric bilinear forms b; and bs. Via the canonic isomorphism of complex lines
det H*(M; Ey @ E2) = det H*(M; E1) ® det H*(M; E5) we have:

=

an _ _an an
TEL@Es,e%,[b10b2] = TEy,e%,[b1] ® TEs,e*,[b] (30

For this note that via the identification Q*(M; E1 @ Ey) = Q*(M; E1) & Q*(M; Ey
we have AE1®E2797b1®b2 = AEhg;bl D AEz,g,b27 hence det/(AE1®E2,g’b1®b27q)
det’ (Ag, g.by .q)det’ (A, g.b,.q)- Moreover, recall (7) for the correction terms.

Suppose E’ is the dual of a flat vector bundle E. Let b’ denote the bilinear
form on E’ dual to the non-degenerate symmetric bilinear form b on E. The bilin-
ear form b’ induces a fiber wise non-degenerate symmetric bilinear form on the flat
vector bundle E’ ® Oy, which will be denoted by b’ too. Via the canonic isomor-
phism of complex lines det H*(M; E' ® Op) = (det H*(M; E))=D""" induced by
Poincaré duality we have

~

n+1
TE @O w(e*), 0] = (Tgr,le*,[b])( Y (31)
where v denotes the involution introduced in Section 2. This follows from the
fact that x, ® b : QI(M; E) — Q" 9(M;E" ® Op) intertwines the Laplacians
AE,g,b,q and AE/®(9M,g,b/,n—qa see (25) Therefore Ath’b,q and AE’@(’)M,g,b’,n—q
are isospectral and thus det’(Ag 45.4) = det’(Ap/go,, g.b/,n—q)- Here one also has
to use [], (det’(AE,g,b,q))(_l)q =1, and (8).

Let E denote the complex conjugate of a flat vector bundle E. Let b denote
the complex conjugate of a fiber wise non-degenerate symmetric bilinear form on
E. Via the canonic isomorphism of complex lines det H*(M; E) = det H*(M; E)
we obviously have

T (5] = THer [t (32)
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where ¢* — ¢* denotes the complex conjugation of coEuler structures introduced in
Section 2. For this note that Ag  ; = Ag g but the spectrum of Ag 3 is complex

conjugate to the spectrum of Ap g, and thus det’(Ag 5 ,) = det’(Ag gp.4). Also
recall (9).

Suppose F' is a flat real vector bundle over M. Let ¢* € Gul(M;R) be a
coEuler structure with real coefficients. Let h be a fiber wise non-degenerate sym-
metric bilinear form on F. Proceeding exactly as in the complex case we obtain
a non-degenerate bilinear form T%fle’[h] on the real line det H*(M; F'). Note that
although the Laplacians Ar 4 5, need not be selfadjoint their spectra are invariant
under complex conjugation and hence det’(Ag,5.4) Will be real. Let FC denote
the complexification of the flat bundle F, and let AC denote the complexification of

h, a non-degenerate symmetric bilinear form on FC. Via the canonic isomorphism
of complex lines det H*(M; F®) = (det H*(M; F))¢ we have:

an an C
TF[C,Q*,[hC] = (TF,Q*,[}L]) (33)

For this note that via Q*(M; F€) = Q*(M; F)© we have Apc ;e = (Apg,)C and
thus det’ (Apc ;e o) = det’ (Apg.n,q), and also recall (10). If n is odd, H*(M; F) =
0, and if h is positive definite, then 73, (n] is the square of the analytic torsion

n?

considered in [29], see Remark 4.5.

Remark 4.6. Not every flat complex vector bundle E admits a fiber wise non-
degenerate symmetric bilinear form b. However, since E is flat all rational Chern
classes of F must vanish. Since M is compact, the Chern character induces an
isomorphism on rational K-theory, and hence F is trivial in rational K-theory.
Thus there exists N € N so that EN = E® --- @ E is a trivial vector bundle.
Particularly, there exists a fiber wise non-degenerate bilinear form b on EV. In
,2*7[17])1/1\1 ondet H*(M; E)is a
reasonable candidate for the analytic torsion of E. Note however, that this is only
defined up to a root of unity.

view of (30) the non-degenerate bilinear form (7%

Rewriting the analytic torsion

Instead of just treating the O-eigen space by means of finite dimensional linear
algebra one can equally well do this with finitely many eigen spaces of Ag g 4.
Proposition 4.7 below makes this precise. We will make use of this formula when
computing the variation of the analytic torsion through a variation of g and b. This
is necessary since the dimension of the 0-eigen space need not be locally constant
through such a variation. Note that this kind of problem does not occur in the
selfadjoint situation, i.e. when instead of a non-degenerate symmetric bilinear form
we have a hermitian structure.

Suppose 7 is a simple closed curve around 0, avoiding the spectrum of Ag 4.
Let Q;b(M; E)() denote the sum of eigen spaces corresponding to eigen values in
the interior of 7. Using Proposition 4.1 we see that the inclusion 2y , (M; E)(vy) —
Q*(M; E) is a quasi isomorphism. We obtain a canonic isomorphism of determinant
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lines

det H(Qy ,(M; E) (7)) = det H*(M; E). (34)
Moreover, the restriction of (g5 to Q;b(M ; E)() is non-degenerate. Hence the
torsion provides us with a non-degenerate bilinear form on det H (2} ,(M; E)(7))
and via (34) we get a non-degenerate bilinear form 727 ,(v) on det H*(M; E).
Moreover, introduce

0 —s
det”(Ag,g,,q) := €xp <_8s - tr((AE’g,b,qmg"b(M;E)(y)iﬂg,b) )) ,

the zeta regularized product of eigen values in the exterior of ~.

Proposition 4.7. In this situation, as bilinear forms on det H*(M; E), we have:

78 5(0) - T (et (A g0q) ™" = 78, (0) - [ (det™ (A 0q)) ™

q q

Proof. Let C* C Q (M; E)(y) denote the sum of the eigen spaces of Ap gy
corresponding to non-zero eigen values in the interior of . Clearly, for every g we
have

det’(AE7g7b7q) = det(AE,g,b7q|cq) . detV(AE7g7b,q).

Particularly,

—1)4 —1)4 —1)9
H(det/(AE,g,b,q))( D = H(det(AE,g,b,q|C‘1))( D ' H(detv(AE,g,b,q))( ! q.
q q q
(35)
Applying Lemma 3.3 to the finite dimensional complex 27 ,(M; E)(7) we obtain

n n (_1)‘1
Tg,g,b(’)/) = 7—g',g,b(o) ! H(det(AE,gﬁb’ﬂCq)) ! (36)
q
Multiplying (35) with 75", (0) and using (36) we obtain the statement. O

5. A Bismut-Zhang, Cheeger, Miiller type formula

The conjecture below asserts that the complex valued analytical torsion defined
in Section 4 coincides with the combinatorial torsion from Section 3. It should be
considered as a complex valued version of a theorem of Cheeger [16, 17], Miiller
[28] and Bismut-Zhang [2].

Conjecture 5.1. Let M be a closed connected smooth manifold with vanishing
Euler—Poincaré characteristics. Let E be a flat complex vector bundle over M,
and suppose b is a fiber wise non-degenerate symmetric bilinear form on E. Let
e € Cul(M;Z) be an Euler structure. Then, as bilinear forms on the complex line
det H*(M; E), we have:

comb __ _an
TE.e = TE,P(e),[b]

Here we slightly abuse notation and let P also denote the composition Gul(M;Z) —
Cul(M;C) L eurr (M;C), see Section 2.
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We will establish this conjecture in several special cases, see Remark 5.8,
Theorem 5.10, Corollary 5.13, Corollary 5.14 and the discussion for the circle
below. Some of these results have been established by Braverman—Kappeler [7]
and were not contained in the first version of this manuscript. The proofs we
provide below have been inspired by a trick used in [7] but do not rely on the
results therein.

Remark 5.2. If Conjecture 5.1 holds for one Euler structure e € €ul(M;Z) then
it will hold for all Euler structures. This follows immediately from Remark 4.4,
Remark 3.7 and Lemma 2.2.

Remark 5.3. If Conjecture 5.1 holds, and if ¢* € €ul*(M;C) is integral, then
T ] is independent of [b]. This is not obvious from the definition of the analytic
torsion.

Remark 5.4. If Conjecture 5.1 holds, ¢ € Gul(M;Z) and e* € €ul*(M;C) then:

comb __ _an
TEe = TE,ex,b] "

This follows from Remark 4.4.

(e<[wE,b]u<P<e>—e*>,[M1>)2

Remark 5.5. If Conjecture 5.1 holds, and ¢* € €ul*(M; C), then 72?2*7[b] does only
depend on E, ¢* and the induced homotopy class [det b] of non-degenerate bilinear
forms on det E. This follows from Remark 5.4 and the fact that the cohomology
class [wg ] does depend on det E and the homotopy class [det b] on det E only, see
Section 2.

Relative torsion

In the situation above, consider the non-vanishing complex number
T}%I,IP b
SE,e,[b] = co(r;)b[ ] € CX'
TE,e

It follows from Remark 4.4, Remark 3.7 and Lemma 2.2 that this does not depend
on ¢ € Cul(M;Z). We will thus denote it by Sg ). The number Sg ) will be
referred to as the relative torsion associated with the flat complex vector bundle
E and the homotopy class [b]. Conjecture 5.1 asserts that Sg ) = 1.

Similarly, if F' is a real flat vector bundle over M equipped with a fiber wise
non-degenerate symmetric bilinear form h, we set

T???P [k
S = gy € RX =R\ {0)

Fle

where ¢ € Eul(M;Z) is any Euler structure. The combinatorial torsion Tf;‘?emb and
the analytic torsion TR P(e),[n] O1 det H*(M; F) have been introduced in Sections 3
and 4, respectively. It follows via complexification from the corresponding state-
ments for complex vector bundles that this does indeed only depend on F' and the

homotopy class of h, see (24) and (33).
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Remark 5.6. If F'is a flat real vector bundle equipped with a positive definite sym-
metric bilinear form h, then the Bismut—Zhang theorem [2, Theorem 0.2] asserts
that Spjp) = 1. This follows from the formula in Proposition 5.11 below (applied
to a simple closed curve whose interior contains the eigen value 0 only) which, via
complexification, provides an analogous formula for flat real vector bundles. For
the relation of the first factor in this formula with the statement in [2, Theorem 0.2]
see (45).

Proposition 5.7. The following properties hold:

(1) Se@E.biob) = SEi b1] * SEa. b2
_ n+1
( ) SE’@O]%, ] = (SE [b])( 2
(1113 Sz 5= =S,

(i

Proof. This follows immediately from the basic properties of analytic and combi-
natorial torsion discussed in Sections 3 and 4. For (ii) and (iii) one also has to use
P(v(e)) = v(P(e)) and P(e) = P(e), see Section 2. O

Sre ne] = Sk n)

Remark 5.8. Proposition 5.7(ii) permits to verify Conjecture 5.1, up to sign, for
even dimensional orientable manifolds and parallel bilinear forms. More precisely,
let M be an even dimensional closed connected orientable smooth manifold with
vanishing Euler—Poincaré characteristics. Let E be a flat complex vector bundle
over M and suppose b is a parallel fiber wise non-degenerate symmetric bilinear
form on E. Let e € ul(M;Z) be an Euler structure. Then

THe = 7801 (37)
i.e. in this situation Conjecture 5.1 holds up to sign. To see this, note that the
parallel bilinear form b and the choice of an orientation provides an isomorphism
of flat vector bundles b : E — E’' ® Oy which maps b to b'. Thus Spigo,,,p) =
Sg,p)- Combining this with Proposition 5.7(ii) we obtain (SE7[b])2 =1, and hence
(37). Note, however, that in this situation the arguments used to establish (31)
immediately yield

H(det’(AE,g,b,q))(_l)qq =1

q

Corollary 5.9 below has been established by Braverman and Kappeler see (7,
Theorem 5.3] by comparing Tgrjp( o),[b] with their refined analytic torsion, see [7,
Theorem 1.4]. We will give an elementary proof relying on Proposition 5.7 and a
trick similar to the one used in the proof of Theorem 1.4 in [7].

Corollary 5.9. Let M be a closed connected smooth orientable manifold of odd
dimension. Suppose E is a flat complex vector bundle over M equipped with a
non-degenerate symmetric bilinear form b. Let ¢* € Eul*(M;C) be an integral
coEuler structure. Then, up to sign, Tgi‘e*)[b] is independent of [b], cf. Remark 5.3.
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Proof. 1t suffices to show (Sg,)? is independent of [b]. The choice of an orientation
provides an isomorphism of flat vector bundles E' = E’®O ) from which we obtain
S b) = SE'@ow. ] = SE.[b]
where the latter equality follows from Proposition 5.7(ii). Together with Proposi-

tion 5.7(i) we thus obtain
(SE’[b])z = SE,[b] . SE/.,[b’} = SE@E’,[b@b/]' (38)
Observe that on E @ E’ there exists a canonic (independent of b) symmetric non-
degenerate bilinear form b.,, defined by
bcan((xla al)a ($23 OéQ)) = 051($2) + 012(331), x1,T2 S E7 Qaq, (g S E/~

This bilinear form bg,, is homotopic to b ® b’, and thus

SEaE pav] = SEGE [bean]
Hence Spgr: per] does not depend on [b]. In view of (38) the same holds for
(S E7[b])2, and the proof is complete.

To see that b @ b’ is indeed homotopic to beay let us consider b as an isomor-
phism b: E — E’. For t € R consider the endomorphisms

O, :end(E® E'), P, = (idE cost —b~! Sint)

bsint idgs cost

From ®;4 s = ®,P5 we conclude that every ®; is invertible. Consider the curve of
non-degenerate symmetric bilinear forms

bt = (I)rbcanv bt(XlaXQ) = bcan(‘thlv (thQ)v Xl) X2 cbEod El~

Then clearly by = bean. An easy calculation shows b, /4 = b®(—b"). Clearly, b (—b')
is homotopic to b ® b’. So we see that be,, is homotopic to b ® b'. O

Using a result of Cheeger [16, 17], Miiller [28] and Bismut—Zhang [2] we will
next show that the absolute value of the relative torsion is always one. In odd di-
mensions this has been established by Braverman and Kappeler, see Theorem 1.10
in [7]. We will again use a trick similar to the one in [7].

Theorem 5.10. Suppose M is a closed connected smooth manifold with vanishing
Euler—Poincaré characteristics. Let E be a flat complex vector bundle over M
equipped with a non-degenerate symmetric bilinear form b. Then |Sg )| = 1.

Proof. Note first that in view of Proposition 5.7(iii) and (i) we have
[Se.11* = Se.1) - Se.1) = Spes.pen)- (39)

Set k :=rank F, and observe that b provides a reduction of the structure group of
E to Ok(C). Since the inclusion Ox(R) C O (C) is a homotopy equivalence, the
structure group can thus be further reduced to Oy (R). In other words, there exists
a complex anti-linear involution v : £ — FE such that

v =idg,  blva,y) =bz,vy),  bawa) 20, ayeb.
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Then

w:E®FE —C, w(x,y) := bz, vy)
is a fiber wise positive definite Hermitian structure on E, anti-linear in the second
variable. Define a non-degenerate symmetric bilinear form * on E & E by

W (w1, 1), (T2, 92)) = p(a1, y2) + p(w2,91).
We claim that the symmetric bilinear form b* is homotopic to b & b. To see this,
consider v : F — FE as a complex linear isomorphism. For ¢ € R, define

(pt c end(E@E), (I)t = (idE cost 7u_1sint)

vsint idgcost

From @45 = ®,$; we conclude that every ®; is invertible. Consider the curve of
non-degenerate symmetric bilinear forms

by := DM, b (X1, X2) = b*(94 X1, D, X0), X1, X: e E®E.

Clearly, by = b". An easy computation shows b4 = b @ (—b). Since b @ (—b) is
homotopic to b@® b we see that b* is indeed homotopic to b@ b. Together with (39)
we conclude

|SE,[b] |2 = SE@E,bM~ (40)
Next, recall that there is a canonic isomorphism of flat vector bundles

Vv:E*~FEgE, Y +iy) = (z + iy, z — iy), z,y € E.

Consider the fiber wise positive definite symmetric real bilinear form h := Ry on
E® | the underlying real vector bundle. Its complexification hC is a non-degenerate
symmetric bilinear form on E®. A simple computations shows 1*b* = 2hC. To-
gether with (40) we obtain

|SE,[b] |2 = SEC,zhC = SER,zh

where the last equation follows from Proposition 5.7(iv). The Bismut-Zhang the-
orem [2, Theorem 0.2] asserts that Sg= o5, = 1, see Remark 5.6, and the proof is
complete. O

Analyticity of the relative torsion

In this section we will show that the relative torsion Sg ;) depends holomorphically
on the flat connection, see Proposition 5.12 below. Combined with Theorem 5.10
this implies that Sg ) is locally constant on the space of flat connections on a
fixed vector bundle, see Corollary 5.13 below. We start by establishing an explicit
formula for the relative torsion, see Proposition 5.11.

Suppose f : C; — Cy is a homomorphism of finite dimensional complexes.
Consider the mapping cone C3 ' @ C; with differential (g K d). If C} and C3
are equipped with graded non-degenerate symmetric bilinear forms b; and by we

equip the mapping cylinder with the bilinear form by @ b;. The resulting tor-
sion 7(f,by,bg) := Tes—1aor byob, 1S called the relative torsion of f. It is a non-

degenerate bilinear form on the determinant line det H(C3~* @ Cf). Recall that if
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is a quasi isomorphism then C;~! @& C} is acyclic and
2 1

7(f,b1,b2) = (det H(f))(7cy 0,) "
TC3.b2

where det H(f) : det H(C}) — det H(C5) denotes the isomorphism of complex
lines induces from the isomorphism in cohomology H(f) : H(C}) — H(C3).
Let us apply this to the integration homomorphism

Int : Q ,(M; E)(y) — C*(X; E) (42)

where the notation is as in Proposition 4.7. Equip Q7 ,(M; E)(v) with the restric-
tion of B, 4, and equip C*(X; E) with the bilinear form b|x obtained by restricting
b to the fibers over X. Since (42) is a quasi isomorphism the mapping cylinder is
acyclic and the corresponding relative torsion is a non-vanishing complex number
we will denote by

T( 5o (M B)(y) 25 c;(X;E)) e Cx.

Proposition 5.11. Let M be a closed connected smooth manifold with vanishing
Euler—Poincaré characteristics. Let E be a flat complex vector bundle over M. Let
g be a Riemannian metric, and let X be a Morse—Smale vector field on M. Suppose
b is a fiber wise non-degenerate symmetric bilinear form on E which is parallel in
a neighborhood of the critical points X. Moreover, let v be a simple closed curve
around 0 which avoids the spectrum of Ag 4. Then:

* In *
Se = (2 (M: B)(7) 25 G (X: B))

) H(det’y(AE,g,b,q))(il)qq . eXp(—2 /M\X wgp A (—X)*‘I’(Q))

q

The integral is absolutely convergent since wgp vanishes in a neighborhood of X.

Proof. Let ¢ € M be a base point. For every critical point € X’ choose a path o,
with 0, (0) = zg and 0,(1) = z. Set ¢ := 3 _(—1)""4®) g, and consider the Euler
structure e := [—X, ¢] € Eul(M;Z). For the dual coEuler structure P(e) = [g, ]
we have, see (3),

/ wEp N ((7X)*\I/(g> — Oz) = /wE,b. (43)
M\X c

Let b,, denote the bilinear form on the fiber E,, obtained by restricting b.
For z € X let b, denote the bilinear form obtained from bz, by parallel transport
along o,. Let baet c+(x;E) denote the induced bilinear form on det C*(X; E). This
is the bilinear form used in the definition of the combinatorial torsion. We want
to compare it with the bilinear form bqe o= (x;) on det C*(X; E) induced by the
restriction b|x of b to the fibers over X'. A simple computation similar to the proof
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of Lemma 2.2 yields
biet o+ (x: 1) = eXp<2/wE,b) “baet *(X:E)- (44)
C

Let T¢+(x;m)b|, denote the non-degenerate bilinear form on det H*(M; E)
obtained from the torsion of the complex C*(X; FE) equipped with the bilinear
form b|x via the isomorphism det H*(M; E) = det H(C*(X; E)), see (19) and
(20). Then, using (41),

an

TE,g,b(V)

* In *
=7(92,(M; ) () 2 G (X3 B)). (45)
TC*(X;E),b|x

Moreover, (44) implies

T = Tow (xX:8) 0l 'exp(2/°"E’b>‘ (40

c

From Proposition 4.7 we obtain

an an (71)(1
TE, P(e),[b] — Thgn(7) H(dEt’y(AEg,b,q)) 7. exp(—?/

wg.p N Oé). (47)
q M

Combining (43), (45), (46) and (47) we obtain the statement of the proposition. [

Consider an open subset U C C and a family of flat complex vector bundles
{E*}.cu. Such a family is called holomorphic if the underlying vector bundles are
the same for all z € U and the mapping z — V¥ is holomorphic into the affine
Fréchet space of linear connections equipped with the C'*°-topology.

Proposition 5.12. Let M be a closed connected smooth manifold with vanishing
Euler—Poincaré characteristics. Let {E*}.cuy be a holomorphic family of flat com-
plex vector bundles over M, and let b* be a holomorphic family of fiber wise non-
degenerate symmetric bilinear forms on E*. Then Sg= =) depends holomorphically
on z.

Proof. Let X be a Morse-Smale vector field on M. Let g be a Riemannian metric
on M. In view of Theorem 4.2 we may w.l.o.g. assume VZ b* = 0 in a neighborhood
of X. W.lo.g. we may assume that there exists a simple closed curve 7 around 0
so that the spectrum of Ag- 4= avoids 7y for all z € U. From Proposition 5.11 we
know:

* z In * z
Sy = (e (M3 B2 () 25 G (X3 B9))

) H(det"/(AE17g7bz,q))(—l)qq . exp(—2 /

wie e A (=X)"0(g))
p M\X

Since Ag- gp- depends holomorphically on z, each of the three factors in this
expression for Sg= ;-] will depend holomorphically on z too. (|

In odd dimensions the following result has been established by Braverman
and Kappeler, see Theorem 1.10 in [7].
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Corollary 5.13. Let M be a closed connected smooth manifold with vanishing Euler—
Poincaré characteristics. Let E be a complex vector bundle over M, and let b be
a fiber wise non-degenerate symmetric bilinear form on E. Then the assignment
V = Sg,v),p s locally constant, and of absolute value one, on the space of flat
connections on E.

Proof. Note that in view of Theorem 5.10 and Proposition 5.12 the relative torsion
S(E,v+),p) is constant along every holomorphic path of flat connections z — V=
on E. Moreover, note that two flat connections, contained in the same connected
component, can always be joined by a piecewise holomorphic path of flat connec-
tions. (]

Using the Bismut—Zhang, Cheeger, Miiller theorem again, we are able to
verify Conjecture 5.1 for flat connections contained in particular connected com-
ponents of the space of flat connections on a fixed complex vector bundle. More
precisely, we have®

Corollary 5.14. Let M be a closed connected smooth manifold with vanishing Fuler—
Poincaré characteristics. Let (F,VT) be a flat real vector bundle over M equipped
with a fiber wise Hermitian structure h. Let (E, V) denote the flat complex vector
bundle obtained by complexifying (F, V), and let b denote the fiber wise non-
degenerate symmetric bilinear form on E obtained by complexifying h. Then, for
every flat connection V on E which is contained in the connected component of
V¥, we have Si,v,p =1

Proof. In view of Corollary 5.13 it suffices to show S(g v#) ) = 1. From Propo-
sition 5.7(iv) we have S(p vr) 5] = S(r,vr),n- In view of [2, Theorem 0.2], see
Remark 5.6, we indeed have S vr) ) = 1, and the statement follows. O

The circle, a simple explicit example

Consider M := S'. In this case it is possible to explicitly compute the combina-
torial and analytic torsion, see below. It turns out that Conjecture 5.1 holds true
for every flat vector bundle over the circle.

We think of S* as {z € C | |z| = 1}. Equip S! with the standard Riemannian
metric g of circumference 27. Orient S* in the standard way. Let § denote the
angular ‘coordinate’. Let % denote the corresponding vector field which is of
length 1 and induces the orientation. For the dual 1-form we write df.

Let k € N and suppose a € C*(S*, gl (C)). Let E* denote the trivial vector
bundle S* x C* equipped with the flat connection V = % + a. Here and in what
follows we use the identifications Q°(M; E¢) = C*°(S';CF) = QY (M; E*) where
the latter stems from the global coframe df.

Let b € C*°(S!, Sym;* (C)) where Sym;* (C) denotes the space of complex non-
degenerate symmetric k X k-matrices. We consider b as a fiber wise non-degenerate

3In a recent preprint [22] R.-T. Huang verified a similar statement for flat connections whose
connected component contains a flat connection which admits a parallel Hermitian structure.
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symmetric bilinear form on E®. For the induced bilinear form on Q*(S*; E®) we
have:

By (v,w) = / vibw db), v,w e QS EY) = (ST, CF)
Sl

Bg.p(v,w) = / vibw de, v,w e QS EY) = (ST, CF)
Sl

A straight forward computations yields:
dge = 2 +a
= =5 —b W +b"a'b
Apagpo=—(2) + (0 ab— bW —a) & + (b~ a’ba — b 'Va — d')
Apagpr=—(Z) + (b lab—b"W —a) 2
+ (0 a') — (07'V) —ab™ 'V + ab”'a'b)
b'IVab=b"1~b""a"b—a
wgap = —2tr(b7'0 — b 'a'b — a)dd = —L (tr(b'V') — 2tr(a))db
Here b/ := Zband o’ := Za.
Let us write A € GLy(C) for the holonomy in E* along the standard generator

of m1(S). Recall that det A = exp( 4, tr(a)df). Using the explicit formula in [9,
Theorem 1] we get:

det(Apa gp) =i** exp(% /

(i e b7 a))dg) det (1— (4" =)

1
= exp(i/ tr(b_lb’)dG) det(A —1)*det A™!
Sl

_ exp(% /S (tx(b™"b) — 2tx(a)) ) et (4 — 1

Consider the Euler structure ¢ := [—%70] € Cul(S%;Z), and the coEuler
structure e* := [g, 3] € €ul*(S*;C). Then P(e) = ¢, see (3). Assuming acyclicity,
i.e. 1 is not an eigen value of A, we conclude:

Tgr(lz’e*’[b] = det(A - 1)_2. (48)

Observe that this is independent of [b], cf. Remark 5.3.
Considering a Morse-Smale vector field X with two critical points and the
Euler structure e we obtain a Morse complex C*(X; E%) isomorphic to

ck AL ¢k
equipped with the standard bilinear form. From Example 3.2 we obtain
T]%%‘f‘eb = det(A — 1)72
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which coincides with (48). So we see that Tc?f’neb = Tha e 1€ Spap = 1,

whenever E is acyclic. From Proposition 5.12 we conclude Sga ) = 1 for all, not
necessarily acyclic, £%. Thus Conjecture 5.1 holds for M = S!.

Remark 5.15. Recall the canonic coEuler structure ef,,, = [g,0] defined as the

unique fixed point of the involution on €ul*(S*; C), see Section 2. Note that e}, is

not integral. The computations above show that for the analytic torsion we have
The er ) = St det Adet(A —1)72

can

where
1
S[b] = eXp(—i/ tr(b_lb/)) S {il}
g1

does depend on b. Note that this sign s appears, although we consider the torsion
as a bilinear form, i.e. we essentially consider the square of what is traditionally
called the torsion.

On odd dimensional manifolds one often considers the analytic torsion with-
out a correction term, i.e. one considers Tgr,le:an,[b]' Let us give two reasons why
this is not such a natural choice as it might seem. First, the celebrated fact that
the Ray—Singer torsion on odd dimensional manifolds does only depend on the flat
connection, is no longer true in the complex setting as the appearance of the sign
sy shows. Of course a different definition of complex valued analytic torsion might
circumvent this problem. More serious is the second point. One would expect that
the analytic torsion as considered above is the square of a rational function on the
space of acyclic representations of the fundamental group. As the computation for
the circle shows, this cannot be true for Tgrjeéan,[b]’ simply because v/det A cannot
be rational in A € GLg(C). Any reasonable definition of complex valued analytic
torsion will have to face this problem.

If one is willing to consider 73?2*7[b] where ¢* is an integral coEuler structure
both problems disappear, assuming E admits a non-degenerate symmetric bilin-
ear form and Conjecture 5.1 is true. Then 73", ) is indeed independent of 8],
see Remark 5.3, and the dependence on ¢* is very simple, see Remark 4.4. More
importantly, Tg?e*,[b] is the square of a rational function on the space of acyclic

representations of the fundamental group. This follows from the fact that TfE‘jﬁ“b

with P(e) = ¢* is the square of such a rational function, see [11].

6. Proof of the anomaly formula

We continue to use the notation of Section 4. The proof of Theorem 4.2 is based
on the following two results whose proof we postpone till Section 8.

Proposition 6.1. Suppose ¢ € I'(end(E)). Then

%Lh(g[str(¢e_tAE’g'b) = / tr(¢) e(g).

M
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Here LIM denotes the renormalized limit, see [1, Section 9.6], which in this case
is actually an ordinary limit.

Proposition 6.2. Suppose £ € T'(end(T'M)) is symmetric with respect to g, and let
A*¢ € end(A*T*M) denote its extension to a derivation on A*T*M. Then

I;Il\é[ str((A*f — %tr(f))e_tAEvgvb) = /M tr(b=1VEb) A (95 cs)(g, g€).

Again LIM denotes the renormalized limit, which in this case is just the con-
stant term of the asymptotic expansion for t — 0. Moreover, we use the notation

(02¢s)(g, 9€) == 2o cs(g, g + tgl).

Let us now give a proof of Theorem 4.2. Suppose g,, and b,, depend smoothly
on a real parameter u. Let v be a simple closed curve around 0 and assume w.l.o.g.
that v varies in an open set U so that the spectrum of A, := Ag 4, 5, avoids the
curve «y for all w € U. Let @, denote the spectral projection onto the eigen spaces
corresponding to eigen values in the exterior of v, and @, , the part acting in
degree q. Let us write A, := %Au, and Au,q for the part acting in degree gq.
From the variation formula for the determinant of generalized Laplacians, see for
instance [1, Proposition 9.38], we obtain

0 e 9
= Z(_l)qQ(I{E\éItr(Au,q(Auyq)—lQu’qe—mu,q))
q

= LIM str(NAL A1 Que™2) (49)

where N denotes the grading operator which acts by multiplication with ¢ on
Q4(M; E).
Choose ug € U and define G,, € T'(Aut(TM)) by

9u(a,b) = gu,(Gua, b) = gu,(a, Gub)
and similarly B, € T'(Aut(E)) by
bu(e, f) = bue(Bue, f) = buy (e, Buf).
Let A*G,! denote the natural extension of G, to I'(Aut(A*T*M)) and define
A, =det(G,)Y?* A*G' @ B, € T(Aut(A*T*M ® E)).
Then
Bgu b (VW) = Bag sbug (Ayv,w) = By bug (v, Ayw), v,w € QM; E).  (50)
Abbreviating df, := dg gu by W€ immediately get

& = A d A,
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Writing A, = %Au, gy = %gu and b, = %bu we have

AP A, = (A (97" gu) + 3t1(90 0u)) © 1+ 1@ (b *by) € T(end(A*T*M ® E))
(51)
where A*(g;,1¢,) denotes the extension of g, !¢, € I'(end(TM)) to a derivation
on A*T*M.
Let us write d := dgr and dﬂ = %dﬁ. Using the obvious relations A, =
[d,dt], [N,d] = d, [d,A]) =0, [d,Q.] =0, d, = [d,, A;* A,] and the fact that the
super trace vanishes on super commutators we get:

str(NALAL Que ™) = str(NddL AL Que2+) + str(NdhdA Que™2)
= str(dd.ﬂA;lQue_m“)
= str(dd} Ay Ay AT Que ™A
—str(dAy Ay A Qe A
= str(Ay ' A, (dd, + dLd) AL Que 5
= str(A;lAuQueftA“)
Together with (49) this gives

8 —1)9 _ H —
%logH(detW(Au,q))( Vi _ I;Ll\é[ str(Ay ' Ay Que™ ) (52)
q

Let us write Q7 := Qp  (M;E)(7y). Note that this is a family of finite
dimensional complexes smoothly parametrized by v € U. Let P, = 1 — @, denote
the spectral projection of A, onto 2. Note that since str P, P, = const we have
str P, P, = 0. For sufficiently small w — u the restriction of the spectral projection
Pylax : Q, — €27, is an isomorphism of complexes. We get a commutative diagram
of determinant lines:

det 2 —— det H(Q)) ——=det H*(M; E)
det(Pw|Qz)i idet H(Pylax) ldet H(P,)=1
det ) —— det H(Q})) —— det H*(M; E)

Writing By 1= BE,g,,b, and 73%(y) = 73", ;. (7), we obtain, for sufficiently small
w— u,
an

7_1‘1) (7) — Sdet((ﬂu

" (7)
Here the two non-degenerate bilinear forms f(,|q: and (Pyla:)*Bw on § are
considered as isomorphisms from € to its dual, hence (G, QZ)’l(Pw Qx )" By is an
automorphism of Q. Using (50) we find

(Bula:) " (Pulos)* Bu = PuAy Ay Pylos .

o) (Pula ) ). (53)
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Using (53) we thus obtain

w (V) _ sdet(P, Ay Ay Pylos).

In view of str(PuPu) =0 we get
0

ow

(@ig;) =str(P,A, A, P, + P,A AL P,) = str(A; P AL P,).
u \ Ty

Combining this with (52) and Proposition 4.7 we obtain

720(0) - TT, (det' Ay, o)D"
727(0) - T1, (det’ A, ) D

9
ow lu

— < 14 —tAy
) = I;Ii\é[btr(Au Ae )- (54)

Applying Proposition 6.1 to ¢ = b;lbu we obtain

LIM str (b;li)ue*m“) = / tr(b; 1hy) e(gu).
t—0 M

Using Proposition 6.2 with ¢ = g, 1§, we get

LINstr( (A (g2 gu) = & tr(g; gu))e "2+
= / tr(by, 'V Fby) A (82 ¢8)(gu, Gu)-
M
Using (51) we conclude

LIM str(A, " Aye™"2)

_ / (b= ) e(gu) — / b (b VEb) A (35 08) (gus du). (55
M M

Let us finally turn to the correction term. If gy, o] € €ul*(M; C) represent
the same coEuler structure then a,, — oy, = ¢s(gu, g ) and thus

0 0 )
5% = B ‘u s(Gus Guw) = (02.¢8)(Gu, Gu)-

Moreover, we have

9 tr(b, 'V¥b,)

tr
ou

b, tbub, 'VEb,) + (b, VEb, )

tr

(=0

(=b,! va by tby) + tr (b, VEb,)
tr(( VEb )b, +tr(b;1VEiau)

(V"

bu))

tr
dt (bu bu).
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Using —2wp 5, = tr(b, *VEb,), day, = e(g,) and Stokes’ theorem we get

o .
— —2wgp, Nay, = / dtr(b;lbu) A +/ tr(b;lvau) A (02 ¢8)(Gu, Gu)
ou Ju M M

— [ @ h)ele) + [ a(69E8) A @)(guda). (50
M M
Combining (54), (55) and (56) we obtain

an
8 TE7ngbwyaw =0
an .
aw v TEvgu,7bu704u

This completes the proof of Theorem 4.2.

7. Asymptotic expansion of the heat kernel

In this section we will consider Dirac operators associated to a class of Clifford
super connections. The main result Theorem 7.1 below computes the leading and
subleading terms of the asymptotic expansion of the corresponding heat kernels.
In Section 8 we will apply these results to the Laplacians introduced in Section 4
which are squares of such Dirac operators. We refer to [1] for background on the
Clifford super connection formalism.

Let (M,g) be a closed Riemannian manifold of dimension n. Let Cl =
CI(T*M, g) denote the corresponding Clifford bundle. Recall that Cl1 = C17 & Cl~
is a bundle of Zs-graded filtered algebras, and let us write Cli for the subbundle
of filtration degree k. Recall that we have the symbol map

0:Cl— A*"T*"M, o(a):=c(a)-1

where ¢ denotes the usual Clifford action on A*T™* M. Explicitly, for a € T) M C
Cl, and o € A*T M we have c(a) - a = a A — iy, where fla = g~ 'a € T, M and
iy, denotes contraction with fa. Here the metric is considered as an isomorphism
g: TM — T*M and g~! denotes its inverse. Recall that ¢ is an isomorphism
of filtered Zs-graded vector bundles inducing an isomorphism on the associated
graded bundles of algebras.

Let £ = ET®E™ be a Zy-graded complex Clifford module over M. The forms
with values in £ inherit a Zs-grading which will be denoted by:

QUM;E) = QUM;ET o QUM;E)™

We have Q(M; &) = QVven(M; 1) @ Q44 (M;£7) and similarly for Q(M;E)~.
Let us write endc(€) for the bundle of algebras of endomorphisms of £ which
(super) commute with the Clifford action, and let us indicate its Zg-grading by:

endcy(€) = end (€) @ endg, (€)
Recall that we have a canonic isomorphism of bundles of Zs-graded algebras

end(€) = Cl®endq (£). (57)
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Suppose A : Q(M;E)F — Q(M;E)T is a Clifford super connection, see [1,
Definition 3.39]. Recall that with respect to (57) its curvature A? € Q(M;end(€))™
decomposes as

A2=RV@1+1@F./° (58)

where RC' € Q?(M;C1?) with CI*> := ¢~ (A2T*M) C CI' is a variant of the
Riemannian curvature
RCI(X, Y) = %Zg(Rx,yei,ej)CiCj (59)
i,J
and FA‘S/S € Q(M;endc(€))T is called the twisting curvature, see [1, Proposi-
tion 3.43]. Here ¢; is a local orthonormal frame of TM, €' := ge; denotes its dual
local coframe and ¢! = ¢(e’) denotes Clifford multiplication with e’.

Recall that the Dirac operator Dy associated to the Clifford super connection
A is given by the composition

T(E) 2 QM &) = T(A'T*M ® &) T2, D(Cleg) S T(€)

where ¢ : Cl®E — £ denotes Clifford multiplication.
We will from now on restrict to very special Clifford super connections on &
which are of the form

A=V+A
where V : Q*(M;EF) — Q*FY(M;E*) is a Clifford connection on &, and A €
Q°(M;endg,(€)). For the associated Dirac operator acting on I'(€) we have
Dy =Dy + A.

Consider the induced connection V : Q*(M;end™(£)) — Q*t1(M;end*(£)).
Since V is a Clifford connection this induced connection preserves the subbun-
dle endcy(€). Moreover, we have [Dy, A] = ¢(VA) and thus

D3 = D% 4+ ¢(VA) + A% (60)
Here VA € Q' (M;endg,(€)), A% € Q°(M;end(£)), and the Clifford action c(B)
of B € Q(M;end(E)) on I'(€) is given by the composition:
r() 2 QM;€) = D(AT*M © £) 722, T(Clag) S I(E)
Note that for B € Q°(M;end(€)) the Clifford action coincides with the usual
action ¢(B) = B.

Theorem 7.1. Let £ be a Zs-graded complex Clifford bundle over a closed Rie-
mannian manifold (M, g) of dimension n. Suppose V is a Clifford connection on
E and A € QY(M;endg,(£)). Consider the Clifford super connection A =V + A
and the associated Dirac operator Dy acting on T'(E). Let Q, € Q"(M;0%,) denote
the volume density associated with the Riemannian metric g. Let ky € T'(end(E))
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so that ki, is the restriction of the kernel of e~tD% to the diagonal in M x M.
Consider its asymptotic expansion

ke~ (4mt) ™2 'k ast— 0 (61)
i>0
with k; € T(end(€)), see [1, Theorem 2.30]. Then
k; € T(Cly; ® endey(€)) C T(Cl® endey(€)) = T'(end(E)). (62)

Moreover, with the help of the symbol map
o : T(end(€)) = I(Cl®endci (€)) 225 QF (M; endy (€))
and writing ;) for the j-form piece of a we have
S o(ki)pg = Ag Aexp(—FE®). (63)
i>0
Here Ag € Q¥ (M;R) denotes the A-genus
- R/2
A — detl/?
g = det (sinh(R/Q))

and R € Q*(M;end(T'M)) the Riemannian curvature. Moreover, we have

> _o(ki) V(4 (ead(_Fé/s)_lA) (-F"))  (69)
o(K;)2i—1] = — A Nexpl(—
g [2i—1] g ad(—Fé/S) v

where ad(Fé/S) s QF (M;endél(é’)) — Q*“‘Q(M;enda(é’)), is given by
ad(Fe/%) g = FE/5 ng — ¢ A FE/S.

Remark 7.2. Note that (62) and (63) tell that on this level the asymptotic expan-
sions for e7*P% and e~'P% are the same.

Proof. The proof below parallels the one of Theorem 4.1 in [1] where the case A =0
is treated. It too is based on Getzler’s scaling techniques, see [21]. In order to prove
Theorem 7.1 we need to compute one more term in the asymptotic expansion of
the rescaled operator.

The calculation is local. Let g € M. Use normal coordinates, i.e. the expo-
nential mapping of g, to identify a convex neighborhood U of 0 € T,, M with a
neighborhood of z. Choose an orthonormal basis {9;} of T,,, M and linear coordi-
nates x = (z',...,2") on T}, M such that {dz'} is dual to {9;}. Let R := >_, 2'0;
denote the radial vector field. Note that every affinely parametrized line through
the origin in T,,M is a geodesic. Let {e;} denote the local orthonormal frame
of TM obtained from {0;} by parallel transport along R, i.e. V%e; = 0 and
ei(xo) = ;. Let {e'} denote the dual local coframe.

Trivialize £ with the help of radial parallel transport by V. Use this trivializa-
tion to identify T'(€|y) with C°(U, &), where & = &,,. Let w € Q1 (U;end(&))
denote the connection one form of this trivialization, i.e. Vg, = 9; +w(9;). For the
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curvature F of V we then have F = dw +w Aw € Q?(M;end™ (&)). By the choice
of trivialization of £|y we have irw = 0 and thus ig F = ig(dw + w Aw) = igdw.
Contracting this with 9; and using [0;, R] = 8; we obtain

—F(9;,R) = F(R, ;) = (dw)(R, 9;) = (Lr + 1)(w(9))) (65)
where Lz denotes Lie derivative with respect to the vector field R. Let w(9;) ~
D a %ma denote the Taylor expansion of w(9;) at xg, written with the help
of multi index notation. Using Lgx® = |a|z® we obtain the following Taylor expan-

sion (L”R+].)( (a )) Z (|Oé‘—|—]_) aw(f) 0aw(0i)ag 2o If F(a“a) Za%

o!

denotes the Taylor expansion of F'(9;, 0; ) at xo then we obtain the Taylor expan-

sion F(0;,R) ~ Z],a %aﬂx Comparing the Taylor expansions of both
sides of (65) we obtain the Taylor expansion, cf. Proposition 1.18 in [1],

00 (05,00) 50 i o
Val *ai :w(&) ~ *ZW:EJ‘T .

For the first few terms this gives:
Vo, =0 — 3> F(0:,0))z,7" — 3 Y OxF(0:,0;)a2’z* + O(|x[*) (66)
J Jik
Let ¢ := c(e') € T'(Ely) = C*°(U,end(&)) denote Clifford multiplica-
tion with e’. Since V%e’ = 0 and since V is a Clifford connection we have
Vre = ¢(Vke') = 0. So we see that ¢’ is actually a constant in end(&), cf

[1, Lemma 4.14]. Particularly, our trivialization of &|y identifies T'(endcy(€|y))
with C*°(U, endc1(&p)). Recall that

F(8;,0;) =% Zg (Ro,.0,¢1em)c'c™ + FE'5(8,,0;)

with Fé/s € 92(U;endgl(€o)). From (66) we thus obtain, cf. [1, Lemma 4.15],
Vo, =0 — % Z 9(Ro, o,€1, €m)zyr’c'c™
Jlm
Z Or9(Ra, 0, el,em)xoxjxkclcm

]Jclm

+ Z uilm(x)clcm + v;(x) (67)
l,m

with wim, (x) = O(]x|?) € C°°(U) and v;(x) = O(|]x|) € C°°(U, endcy(&p))-
Let A denote the connection Laplacian given by the composition
1) LT M @ &) LEHY DT M @ T*M  £) —2 T(€)
Let r denote the scalar curvature of g and recall Lichnerowicz’ formula [1, Theo-
rem 3.52]

D% = A+ ¢(FY%) + 1.
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Recall our Clifford super connection A = V + A with A € Q%(M;end,(€)). Since
D% = D% + ¢(VA) + A% we obtain

D} = A+ c(FE/% +vA) + A2+ 1. (68)

Use the symbol map to identify end(&y) = A*T; M ®endci(&). For0 <u <1
and a € C=(R* x U,A*T; M ® endci(&y)) define Getzler’s rescaling

(040)(t,x) := Z u”?a(ut, ul/zx)[i].

Consider the kernel p € C*° (R x U, A*T%, M ® endci(&y)) of e Pk, p(t,x) =
pi(x,z0). Note that p(t,0) = k¢(zo). Define the rescaled kernel r, := u"/2§,p and
the rescaled operator L, := uéuDiégl. Since (at—i—Di)p =0and 6,0;0, ! = u~1o,
we have

(0t + Ly)ry = 0. (69)

Note that setting ¢ = 1 and 2 = 0 and using (61) we get an asymptotic expansion

ru(1,0) ~ (4m) 772 uj/QZa(l;:i(:co))[%_ﬂ as u — 0. (70)

j>—n >0

The claim (62) just states that the terms for —n < j < 0 vanish, i.e. there are no
Laurent terms in (70). Statements (63) and (64) are explicit expressions for the
term j =0 and j =1 in (70).

Let us compute the first terms in the asymptotic expansion of L, in powers
of u'/2. Let us write &7 for the exterior multiplication with e/, and ¢/ for the
contraction with e;. Note that

6,70  =u V20 500 =R, 5,000 = w2,
and recall that ¢/ = &/ — /7. Let us look at the simplest part first. Clearly,
uby (A% + )5, = O(u) as u — 0. (71)
Next we have VA = Y. (V,, A)e’, hence ¢(VA) = ",(V, A)c* and therefore
ub,c(VA)OT = ul/2A 4+ O(u®/?) asu — 0, (72)

where A’ := }".(Vg, A)zye’. Moreover, Fé/s = %Z” Fé/s(ei,ej)ei A e, hence
c(Fé/S) =32 Fé/s(ei, e;)c'd?, and thus

ubuc(FE/%)67 = F+0(u)  asu— 0, (73)

where F:= 1§37, Fé/s(ai, 9j)xoc'e?. From (67) we easily get
u'’?6,V 5,671 = 8; — % Z Rijz? +u'/? R + O(u) as u — 0,
J

where R;; = %Zlm 9(Ro,.0,€1, €m)zc'€™ and R} is an operator which acts on
Cc> (U, Aeven/ OddT;;‘OM ® endCI(é'o)) in a way which preserves the parity of the
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form degree. Using the formula A = —Zi((vei)Q - va_ei) and the fact that
Vi e; vanishes at xy we obtain '

ub, A8, = — Z(& i) Rijxj)Q +u KN £ O(u)  asu—0, (T4)
i i

where K®*" acts on C* (U7 Aeven/OddT;OM ® end01(€0)) in a parity preserving

way. Let us write
K = fZ(ai - %ZRW-:N)Q +F.
Then (71), (72), (73), (74) together with (6j8) finally give
L, =K+u'/? (A" + K") + O(u) as u — 0. (75)
Recall, see [1, Lemma 4.19], that there exist A*T*M ®endc (&) valued poly-
nomials 7; on R x U so that we have an asymptotic expansion
ru(t,X) ~ qi(x) Z w27 (t, %) as u — 0, (76)
j=z—n

where q;(x) = (4mt)~"/2¢=*I*/4t Moreover, the initial condition for the heat ker-
nel translates to

75(0,0) = d;.0. (77)
Setting t =1, x =0 in (76) we get
ru(1,0) ~ (4m) ™2 Y T wd?(1,0) asu— 0. (78)
jz-n

Comparing this with (70) we obtain
75(1,0) = Za(éi)[%—j] (o). (79)
>0

Expanding the equation (9; + L,,)r, = 0 in a power series in u'/? with the
help of (76) and (75) the leading term ¢7; satisfies (9; + K)(g7;) = 0. Because of
the initial condition (77) and the uniqueness of formal solutions [1, Theorem 4.13]
we must have [ > 0 and thus 7; = 0 for j < 0. In view of (79) this proves (62).

So qry satisfies (0; + K)(g7p) = 0 with initial condition 7(0,0) = 1, see (77).
Mehler’s formula [1, Theorem 4.13] provides an explicit solution:

q:(x)70(t, x)

= (47rt)"/2det1/2( tR/2 )> A exp(—é%t<x ’ % coth(%) | x>) A exp(—tF)

sinh(tR/2
Setting t = 1, x = 0 we obtain
R/2
7o(1,0) = det™/? | —L2 —F).
70(1,0) = det (Siﬂh(R/Q)) A exp(—F) (80)

In view of (79) we thus have established (63).
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The term g7y satisfies (0; + K)(¢71) = — (A" + K¥°)(gro). Let us write
r1(t,x) = 7Yt x) + 714 (¢, x)

with 7$¥°" (¢, x) € AT M @ endci (&) and 7949 (t,x) € A°YT; M @ endci(&p).
Note that in view of (79) we have

71(1,0) = ZO’(EO[%—U (o) = 799(1,0). (81)

i>0
It thus suffices to determine 7994, Since
(K" (q70))(t,x) € A°*"T; M @ endci(&o)
(A'(g70))(t, %) € AT M @ endci(€o)

we must have (9; + K)(g7¢9d) = —A/(gFg). We make the following ansatz, we
suppose that 709 = By with B € C*(R, A°YT; M @ endci1(&p)). Then

(0 + K)(g7Y) = (0:B)qfo + By (q7o) + K(Bgio)
= (0:B)qro — BK(qro) + K(Bgro)
= (0:B)qro — BFqry + FBqry
= (0B + ad(F)B)qro

Hence we have to solve 0; B = ad(—F)B — A’ with initial condition B(0) = 0. This
is easily carried out and we find the solution:

ead(—tF) -1

B(t) = —WA’

Thus ¢B7y satisfies (0; + K)(¢B7) = —A’(q7) with initial condition (B7)(0,0) =
0. Again, the uniqueness of formal solutions of the heat equation guarantees that
we actually have 794 = B7. Setting ¢t = 1, x = 0 and using (80) we get

ad(—F) _

Using (81) we conclude

. pad(—F
Za(ki)[m 1= A /\<

£/S
i>0 ad(_Fv/ )

s/s)

1 VA) A exp(fFé/S).

The Bianchi identity VFé/S = 0 implies Vexp(—Fé/S) =0, Vad(—F, S/S) =0,
and similarly dA, = 0, from which we finally obtain (64). O
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Certain heat traces
Since & is Zo-graded we have a super trace stre : I'(end(€)) — Q°(M;C). If n
is even we will also make use of the so called relative super trace, see [1, Defini-
tion 3.28], strg /g : T'(endcy(€)) — QO(M; 0%))
stre g(b) = 272 stre (e(T)D).

Here I' € T(C1®0Y,) denotes the chirality element, see [1, Lemma 3.17]. With
respect to a local orthonormal frame {e;} of TM and its dual local coframe {e’}
the chirality element T is given as i"/2e! - - - ¢” times the orientation of (ey, ..., e,).
This relative super trace gives rise to

stre,g Q*(M;end (€)) — Q" (M; OQJ:VI)
which will be denoted by the same symbol. For every ¢ € I'(end(€)) we have

(stre(9)) - Qg = (1/2) " stre s (o(S)m), (82)

where Q, € Q"(M; O;) denotes the volume density associated with g. To see (82)
note first that

Cl,—1 = [C],C]] (83)
where Clj denotes the filtration on Cl, see [1, Proof of Proposition 3.21]. Hence
both sides of (82) vanish on I'(Cl,_; ® endci(€)). It remains to check (82) on
sections of Cl1/Cl,_1 ® end¢;(€), but for these the desired equality follows imme-
diately from the definition of the relative super trace.

Lemma 7.3. Let Dy be a Dirac operator and k; € I'(end(&)) as in Theorem T7.1.
Moreover, let ® € T'(end(E)). Then, for even n, we have

. 7tD2\ — \—n/2 . 7.
I;Lhé[ str(@e A ) (27i) /M stre) g (U(‘I’kn/g)[n]),

whereas LIM;_, str(@ef“jz) =0 if n is odd. Here LIM denotes the renormalized
limit [1, Section 9.6] which in this case is just the constant term in the asymptotic
expansion for t — 0.

Proof. For odd n this follows immediately from (61). So assume n is even. Recall
from [1, Proposition 2.32] that

str(q)e_tDK) z/ stre (Pk;) - Qg. (84)
M

Combining this with (82) we obtain
str(‘I’eftDZ) = (i/2)7”/2/ strg/s(o(ékt)[n])
M
We thus get an asymptotic expansion, see (61),

str(@e*tDi) ~ (27it) /2 Zti/ stre /s (a(q)l;i)[n]) as t — 0,
i>0 ‘M

from which the desired formula follows at once. O



40 Dan Burghelea and Stefan Haller

Corollary 7.4. Let Dy be a Dirac operator as in Theorem 7.1. Moreover, let U €
T(endci(€)). Then, for even n, we have

I;Il\(/)l str(Ue_tDi) = (27ri)_"/2/ Ay N stre g (Uexp(—Fé/S)), (85)
- M

whereas LIM;_o str(Ue™*P1) = 0 if n is odd.

Proof. For odd n this follows immediately from Lemma 7.3. So assume n is even.
Since o(Uk;)n) = Uo(k;)n) Theorem 7.1 yields

7 2 £/8
Strg/s(O'(Ukn/Q)[n]) = (Ag /\strg/S(Uexp(fFv/ )))[n].
Equation (85) then follows from Lemma 7.3. O
Corollary 7.5. Let Dy be a Dirac operator as in Theorem 7.1. Moreover, suppose

V e QY (M;endq(€)), let ¢(V) € T'(end(€)) denote Clifford multiplication with V,
and consider VV € Q%(M;endci(€)). Then, for even n, we have

IZJLI\(/).[ str (C(V)e_tDi) =

~ @ad(fFé/s) -1 £/5
- (271’i)7n/2 /M Ag N Strg/5<(8MA) A exp(fFV ) A VV>7 (86)
v

whereas LIM;_,q str <C(V)e*tDZ) =0 if n is odd.

Proof. If n is odd the statement follows immediately from Lemma 7.3. So assume

n is even. Since o (c¢(V)k; =V Ao(k; n—1] Theorem 7.1 yields
[n] [n—1]

stre /s (U (C(V)]%nﬂ) [n])

(V v(A <6ad(F§/S) — 1A> ( FE/S))>
= —str A A ———————A) Aexp(— :
o ! ad(—Fg/*) v [n]

R ad(-Fg/%) _
= —strg/s (V (Ag A (ele) A exp(—Fé/S)> A V)

ad(—Fg/®) [n]

Applying Lemma 7.3 and using Stokes’ theorem we obtain (86). d

8. Application to Laplacians

Below we will see that the Laplacians Ag 45 introduced in Section 4 are the squares
of Dirac operators of the kind considered in Section 7. Applying Corollaries 7.4
and 7.5 will lead to a proofs of Propositions 6.1 and 6.2, respectively.
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The exterior algebra as Clifford module

Let (M, g) be a Riemannian manifold of dimension n. In order to understand the
Clifford module structure of A := A*T™ M we first note that A is a Clifford module
for Cl := CI(T*M, —g) too. Let us write ¢ for the Clifford multiplication of C1 on
A. Explicitly, for a € T*M C Cl and a € A*T*M we have é(a)o = a A a + ta ¥,
where fa := g~'a € T, M and iy, denotes contraction with fa. It follows from this
formula that every é(a) commutes with the Clifford action of Cl. We thus obtain
an isomorphism of Zy-graded filtered algebras

C: Cl — endCI(A).
Let us write
6:Cl— A,  6(a):=éa)-1
for the symbol map of (A?l:
As in (59) define R € Q2(M; Cl) by
RAX,Y) :=-1> g(R(X,Y)e;,¢;)é'd
4,3
where X and Y are two vector fields, {e;} is a local orthonormal frame, {e'}

denotes its dual local coframe, and ¢ := é(e?). For the twisting curvature FQ?S €
Q?(M;endci(A)) we then have, see [1, Page 145],

F3° = 1©&)(R™) € Q2(M; endai(A)), (87)

where (1® ¢) : Q(M;Cl) — Q(M;endcy(A)). Indeed, the curvature of A, R* €
Q?(M;end(A)), can be written as
RMX,Y) = Zg(R(X, Y)ei, e;)5(e7" — ') € T(end(A))
2]
where &7 € I'(end(A)) denotes exterior multiplication with e/, and +* € T'(end(A))
denotes contraction with e;. Using £/ = (¢’ 4 ¢é') and ¢/ = —3(c" — ¢') one easily
deduces
L =) =13 =) — L(L(ed — &)
from which we read off (87), see (58). Also note that we have

(1®6)(RY) = —1R € Q*(M; A>T* M), (88)

where (1® &) : Q(M; Cl) — Q(M; A).
If n is even then the relative super trace

stra /g @ endo(A) — OF;

is given by A
strays(é(a) = (i/2)"/?T(6(a))  a€Cl, (89)
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where T : A — OF, denotes the Berezin integration associated with g. Indeed,
since [C], Cl] = Cl,,—1, see (83), both sides of (89) vanish for a € Cl,,_1. Checking
(89) on Cl1/Cl,,_1 is straight forward. We will also make use of the formula

stra/s(exp((1 ® ¢)a)) = (i/2)*”/2T(epr((1 ®6)a)) a € Q*(M;Cly), (90)

where 1 ® é : Q(M;Cl) — Q(M;endai(A)), 1® 6 : QM;Cl) — Q(M;A) and
T : Q(M;A) — Q(M;05,) denotes Berezin integration. To check this equation
note that the assumption on the form degree and the filtration degree of a implies:

stra /s (exp((1 ® ¢)a)) = stry s (H((1® é)a)"/Q)
T(expy((1® 6)a)) = T (((1®6)a)"?)
Using the fact that 1 ® ¢ is an algebra isomorphism and (89) we obtain
stra/s ((1® é)a)"/2) =stry/s((1® é)(a"/Q))
= (i/2)""*T (1 ®6)(a™?)) = (i/2)"*T (1 ® 5)a)"/?)
where we made use of the fact that 1 ® ¢ induces an isomorphism on the level of

associated graded algebras, for the last equality. Combined with the previous two
equations this proves (90).

Lemma 8.1. Let (M, g) be a Riemannian manifold of even dimension n. Then*
e(g) = (2m1) "/ strn s (exp(~ F17)).

Proof. Consider the negative of the Riemannian curvature —R € Q?(M; A2T*M)
and its exponential exp, (—R) € Q(M;A). Recall that

e(g) := (2m)""/*T(expp(~R)) € Q"(M; Of).
Using (88), (90) and (87) we conclude:
e(g) = (2m) /2T (exp, (1 6)(2RY)))
= (-m)" ”/2T(epr((1®a)(—Rél))>
= (2mi) "2 stry s (exp(~ (1@ &) (RY)) )
= (271) /2 strp s (exp(— Fol®)) 0

Lemma 8.2. Let (M, g) be a Riemannian manifold of even dimension n. Suppose
EeD(T*M @T*M) is symmetric, use 1@ ¢é: T*M @ T*M — T*M ® endcy(A) to
define V := %(1@6)(5) € QY (M;endci(A)), and consider VIV € Q2(M;endci(A)).
Then, for every closed one form w € Q' (M;C), we have

w/\(ﬁgcs)(g,g)2%(27ri)_"/28tr,\/5( (w )/\exp( FA/S) V-"V)

4Since the degree 0 part of Ag is 1, this formula is easily seen to be equivalent to e(g) =
(2mi)~"/2 4, A stra/s (exp(fFééS)) which can be found in [1, Proposition 4.6].



Complex valued Ray—Singer torsion 43

in QU (M; 0%,) /dQn—1(M; OF,).

Proof. Set M := M x R and consider the two natural projections p : M — M
and ¢t : M — R. Consider the bundle TM := p*T M over M, and equip it with
the fiber metric § := p*(g + t€). For sufficiently small ¢, this will indeed be non-
degenerate. For ¢t € R let inc, : M — M denote the inclusion = +— (z,t). Define a
connection V on TM so that inc} V = V9% for sufficiently small ¢, where V9 +€
denotes the Levi-Civita connection of g + té , and so that Vg, = 9; + % g*l(p*é).
It is not hard to check that § is parallel with respect to V, i.e. V§ = 0. Let
e(TM,§,V) € Q*(M;Of,,) denote the Euler form of this Euclidean bundle. Recall
that

cs(g.g+ 7€) = [ inc; o, o(T M, g, V)i
0
and thus
(82 CS) (ga g) = incz; iat G(TM, g, @)
= (27)~"/% inc} iatT(epr(—Rﬁ))
(—2m)~/2. T (incg ia, eXpA(R@))
= (—2m)""/2. T (incj, (epr(Rﬁ) A iatR@))
(—2m)~/2. T (expy (incj Rﬁ) Aincg ia, Rﬁ)
where RV € 02 (M; AT M) denotes the curvature of V. Let
S:A®A—-A®RA,  Saep) = ()5 a

denote the isomorphism of graded algebras obtained by interchanging variables.
Consider ¢ € QY (M;T*M), VI¢ € Q*(M;T*M) and S(VIE) € QY (M; A>T*M).
With this notation we have

inc; RV = R € Q2(M; A°T* M)
incg iatR@ = S(%Vgé) € QY (M; AT M)
where R denotes the Riemannian curvature of g. We obtain
(0205)(9.€) = (~2m) /2T (expy (R) A S(3V96))
and wedging with w we get
w A (92¢8)(g,€) = (—2m) T"/2T (expp (R) Aw A S(AV9€)).

Next, note that for a € A"T*M ® A"T*M we have T(S(a)) = T(a), for n is
supposed to be even. Together with the symmetries of the Riemann curvature,
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S(R) = R, we obtain
w A (Dycs)(g, &) = )~ S(expp(R) Aw A S(5 Vgé)))

(st
"/QT(S expy(R)) A S(w )/\%vgé)
(

= )27 (expy (R) A ( 1®w)A%V9£)

0
_oy-n2 9
(—2m) s

T(eXpA (R +s5(1®@w)A %Vgé))

s=0
In view of (88) we have:

R+s(lew)AL(VE)=(1®0d) (—21%(jl +s(1ow)A %vgé)
Moreover, using (87) and (1 ® é)(qué) = VIV we also have:

A/S

1®é) (—QRél +s(low)A %vgé) —aFMS 4 sé(w) AVIV

Using these two equations and applying (90) we obtain

- 9]
A (O2¢cs)(g,§) = (47ri)_"/2$ L:o stra /s (exp( 2Fg 854 sé(w) A VgV))

= (4mi)~"/? stra /g (exp( 2FA/S) w) AVIV
= 1(2mi) " stry s (exp<—Fv§S> W) ATV
= %(277i)-n/2str,\/s( (w) A exp(—F, A/S /\ng) 0

The Laplacians as squares of Dirac operators

Let F be a flat complex vector bundle equipped with a fiber wise non-degenerate
symmetric bilinear form b. Let V¥ denote the flat connection on E. Consider
b= 1VED € QY (M;end(E)) and introduce the connection, cf. [2, Section 4],

VEL .= VE 4 11y
on E. Consider the Clifford bundle £ := A ® E with Clifford connection
VESL .= VIQ1p + 1y @ VFP.
Since (VE:9:0)2 = (V9)2 4 (VE?)?2 the twisting curvature is
Foion = Fgl™ + (V50)2. (91)

Since the two summands commute we obtain
exp( Fvésg b) = exp( F. /S) /\exp( (VE’b)2). (92)

An easy computation shows that the Dirac operator associated to the Clifford
connection V9t ig

Dyegn =dg +dy , , + (3671 V5b). (93)
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Setting
Ap gy = —¢($07'VPb) € Q°(M;endg(€)) (94)
we obtain a Clifford super connection
AE,g,b = VE’g’b + AE7g,b- (95)

For the associated Dirac operator Dy, ,, = dr + duE’g , we find

(Dag,s)’ = (e +d5 0 0)° = Apge. (96)

So we see that the Laplacians introduced in Section 4 are indeed squares of Dirac
operators of the type considered in Theorem 7.1.

Proof of Proposition 6.1

For odd n the statement follows immediately from Lemma 7.3. So let us assume
that n is even. We will apply Corollary 7.4 to the Clifford super connection (95)
and U := ¢. From (92) and Lemma 8.1 we get:

stre /s <¢ exp( FV/E ). b)) =strg/g (d) exp(—Fégs) A exp(—(VE’b)Q))
— stry /S(exp(—Fggs)) Atrg (¢ exp(—(VE’b)2)> = (21i)"/2 e(g) tr(¢)

Here we also used the fact that the form stry /g (exp(—F: /S)) (27i)"/2 e(g) has

degree n, and thus the only contributing part of trg (¢> exp( (VEb) )) is the one
of form degree 0, which is just tr(¢). Using again the fact that e(g) has maximal
form degree, we conclude

(2m) /24, A stress (dexp(~FL,,) ) = tr(o) e(o),

since the degree 0 part of Ag is just 1. Proposition 6.1 now follows from Corol-
lary 7.4 and (96).

Proof of Proposition 6.2
For odd n the statement follows immediately from Lemma 7.3. So let us assume
n is even. Consider £ := g€ € T'(T*M ® T*M), and use the bundle map 1 ® ¢ :
T*M @T*M — T*M ® end,(A) to define
V= 1(1®¢)() € Q' (M;endg (A)).
We claim
o(V) = A€ = L tr(8). (97)

To check this let {e;} be a local orthonormal frame and let {e’} be its dual local
coframe. Then

A*E = Zg(fei,ej)%(siﬂ +el1h),

]
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where ¢’ € T'(end(A)) denotes exterior multiplication with ef, and «* € T'(end(A))
denotes contraction with e;. Writing ¢’ := c(e’), ¢ := é(e?) and using £ = (c'+¢%)
as well as 1" = —1 (¢’ — ') one easily checks

L 1 i) = L(dd 4 dé) 4 169,
We conclude

NE =7 glgere) (3 (' + &) + 307 = Zg genes)heid + Lu(e).
4,7

On the other hand we clearly have c¢(V) = 3, ; g(&ei,ej) 3¢’ and thus (97) is

established. We will apply Corollary 7.5 to the Clifford super connection (95) and
this V.

Next we claim that for all integers k > 1 and [ > 0 we have
k l
stre s (((ad(—FE5,0)) Apgo) A (=FEE,.) AWV =0, (98)

To see this let us write end(€); for the subspace of endci(€) which via the
isomorphism ¢® 1 : C1® end(E) — endg(A) ® end(E) = endcy(€) corresponds to
the filtration subspace Cl; ® end(E). Then — éésg » € Q?(M;ende(€)2), VV €
Q?(M;endci(€)1) and Ag 45 € QY(M;endei(€)1). Looking at the form degree,
we see that (98) holds whenever 2k 4+ 21 + 2 > n. Moreover, since k > 1 we
have (ad(—FEL2 ) Ap gy € Q% (M;endai(€)ar), for [Cla,ClL] C Cly. Thus,
considering the filtration degree, we see that (98) holds whenever 2k + 21+ 1 < n,
for stre /g vanishes on Q(M;endci(€),—1). This establishes (98). We conclude

a £/5
stre/s <M%AE’9’b> A exp(—Fé/Ei,b) AVV
ad(—Fgr.s)

= StI‘g/S(AE,g,b/\eXp( FVéSgb) /\VQV) (99)

Here we wrote VV = V9V to emphasize that this form does not depend on the
flat connection on E, but only on the Levi-Civita connection. Using (92) and
(VE?2 € O2(M;endci(€)p) and considering form and filtration degree we easily
obtain:

Strg/s (AE,g,b A exp(—Féffg,,,) A V9V>
_strg/S<AEgb/\exp( FA/S) A vgv)

) A
= strp/g (trE(AE7g7b) A exp(fFé\gS) A VgV) (100)
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Using (94) and applying Lemma 8.2 to the closed one form tr(b=!V¥b) we find
stra /s (trE(AE7g7b) A exp( FA/S) VQV)
— S strazs (E(r(VER) Aexp(~FoL%) A VIV
= —(2mi)"2tr(b"'VEb) A (D3 ¢5)(g, ) (101)
Combining (99), (100) and (101) we conclude:

g ead( FVEJb _ 1 S/S
— (2ri) Ay Nstre)s A Fg/s Bgb | ANexp(—Foh ) AVV
a VEgb

b~V Eb) A (92 cs)(9, 9€)

Now apply Corollary 7.5 and use (97) as well as (96) to complete the proof of
Proposition 6.2.

9. The case of non-vanishing Euler—Poincaré characteristics

It is not necessary to restrict to manifolds with vanishing Euler characteristics. In
the general situation [11, 12] Euler structures, coEuler structures, the combinato-
rial torsion and the analytic torsion depend on the choice of a base point. Given
a path connecting two such base points everything associated with the first base
point identifies in an equivariant way with the everything associated to the other
base point. However, these identifications do depend on the homotopy class of such
a path. Below we sketch a natural way to conveniently deal with this situation.

In general the the set of Euler structures €uly, (M;Z) depends on a base point
rg € M. One defines the set of Euler structures based at zq as equival_ence classes
[X, ] where X is a vector field with non-degenerate zeros and ¢ € C7"8(M;Z) is
such that dc = e(X) — x(M)zo. Two such pairs (X7,¢1) and (X3, c2) are equiv-
alent iff co — ¢; = cs(X1, X2) mod boundaries. Again this is an affine version of
H,(M;Z), the action is defined as in Section 2. Given a path o from z( to x1, the
assignment [X, ¢] — [X,c— x(M)o] defines an Hy(M;Z)-equivariant isomorphism
from Cul,,(M;Z) to €ul,, (M;Z). Since this isomorphism depends on the homo-
topy class of o only, we can consider the set of Euler structures as a flat principal
bundle €ul(M;Z) over M with structure group Hy(M;Z). Its fiber over g is just
Culy, (M;Z), and its holonomy is given by the composition

—X(M)

m(M) — Hy(M;Z) ——— Hi(M;Z).

Similarly, the set of Euler structures with complex coefficients can be consid-
ered as a flat principal bundle Eul(M;C) over M with structure group Hy(M;C)
and holonomy given by the composition

XM

m (M) — Hi(M;Z) —— H1(M;Z) — Hi(M;C).
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There is an obvious parallel homomorphism of flat principal bundles over M
L: Cul(M;Z) — Eul(M;C) (102)

which is equivariant over the homomorphism of structure groups Hi(M;Z) —
H,(M;C).

The set of coBEuler structures €uly (M;C) depends on the choice of a base
point zg € M. It can be defined as the set of equivalence classes [g, a], where g
is a Riemannian metric and o € Q"1 (M \ {zo}; OY,) is such that e(g) = da on
M\ {zo}. Two such pairs [g1, a1] and [ga, o] are equivalent iff ag —ay = ¢s(g1, g2)
mod coboundaries, see [11, Section 3.2]. Every homotopy class of paths connecting
xg and x; provides an identification between €uly, (M;C) and €ul; (M;C). Again,
one can consider the set of coEuler structures as a flat principal bundle €ul*(M;C)
over M with structure group H"~!(M; (’)(](\:4). Its fiber over xg is (’Suizo(M; C), and
its holonomy is given by the composition

m (M) — H(M:Z) 2 B (M. 7) — Hy(M;C) — H Y(M;0%,)

where the last arrow indicates Poincaré duality.
The affine version of Poincaré duality introduced in Section 2 can be consider
as a parallel isomorphism of flat principal bundles over M

P ¢ul(M;C) — ¢ul"(M;C) (103)

which is equivariant over the homomorphism of structure groups H;(M;C) —
H" 1 (M;O%;) provided by Poincaré duality. We have P([X,c]) = [g, ] iff

/ w/\(X*\I/(g)—a):/w
M\ (XU{zo}) c

for all closed one forms w which vanish in a neighborhood of X' U {x¢}.
If E is a flat complex vector bundle over M we consider the flat line bundle

Det(M; E) := det H*(M; E) @ (det ) XM,

Let Det™(M; E) denote its frame bundle, a flat principal bundle over M with
structure group C* and holonomy given by

(QE)X(I\/I)

m (M) — Hi(M;Z) —— C*.
We will also consider the flat principal bundle Det™ (M; E)~2 over M with struc-
ture group C* and holonomy given by the composition

(0g)~2xM)
_—

m (M) — Hy(M;Z) Cc*.

Note that elements in Det™ (M; E)~2 can be considered as non-degenerate bilinear
forms on the corresponding fiber of Det(M; E).
The combinatorial torsion defines a parallel homomorphism of flat principal
bundles
Teomb : @ul(M; Z) — Det™ (M; E) ™2 (104)
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which is equivariant over the homomorphism of structure groups
(0g)? : H(M;Z) — C*.

This formulation encodes in a rather natural way the combinatorial torsion’s de-
pendence on the Fuler structure and its base point. Concerning the definition of
(104), recall that the corresponding construction in Section 3 assigns to an Euler
structure ey, € €ul, (M;Z) and a bilinear form b,, on E,, a bilinear form on
det H*(M; F). Tensorizing this with the bilinear form on (det E,,) X induced
by b;,, we obtain an element of Det;O (M; E)~2 which does not depend on the
choice of b,,. By definition this is the combinatorial torsion 76™ (e,,) in (104).

If b is a fiber wise non-degenerate symmetric bilinear form on FE, its analytic
torsion provides a parallel homomorphism of flat principal bundles

i ¢ €ul(M;C) — Det™ (M; E) 2 (105)

which is equivariant over the homomorphism of structure groups
HY (M;05) — €%, g (ellmalon i)’

The definition of (105) is essentially the same as in Section 4. To be more precise,

we represent the coEuler structure ¢} € €uly (M;C) as ¢ = [g,a], where a €

Q=Y (M \ {z0};05%,) is such that e(g) = da. We write b(det B,,)—xan) for the

induced bilinear form on (det F,,) X™) and set

an an -1 K
T gbo = TE,g,b(O)'H(detl(AEg,b,q))( ) q.exp(72 /M wE,b/\a) ®b(det Eag)—X(M) -

q

If x(M) # 0, then « will be singular at ¢ and the integral [,, wpp A o has
to be regularized, see [11, 12]. Due to this regularization the additional term
X (M) tr(b; b, ) () will appear on the right hand side of (56) and cancel the
variation of b(get g, )-x(a. Other than that the proof of Theorem 4.2 remains the
same. Thus 7g 4.« depends on E, ¢; and [b] only. By definition this is the analytic
torsion 7"y (e7,) in (105).

In this language the extension of Conjecture 5.1 to non-vanishing Euler—
Poincaré characteristics asserts that for all b we have

Tpp ol oL= Tgomb
as an equality of homomorphism of principal bundles over M, see (102), (103),
(104) and (105).

As in Section 5 one defines the relative torsion as the quotient of analytic and
combinatorial torsion. This is a non-vanishing complex number independent of the
Euler structure and its base point. Its properties in Proposition 5.7 remain true as
stated. With little more effort one shows that the relative torsion in general is given
by the formula in Proposition 5.11. Proving the generalization of Conjecture 5.1
thus amounts to show that the right hand side of the equation in Proposition 5.11
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equals 1, even if x(M) # 0. In view of the anomaly formula it suffices to check this
for a single Riemannian metric and any representative of the homotopy class [b].
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