Complex valued Ray—Singer torsion II
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Abstract. In this paper we extend Witten—Helffer—Sjostrand theory from self-
adjoint Laplacians based on fiber wise Hermitian structures, to non-selfadjoint
Laplacians based on fiber wise non-degenerate symmetric bilinear forms. As
an application we verify, up to sign, the conjecture about the comparison of
the Milnor—Turaev torsion with the complex valued analytic torsion, for odd
dimensional manifolds. This is done along the lines of Burghelea, Friedlander
and Kappeler’s proof of the Cheeger—Miiller theorem.
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1. Introduction

Let (M, g) be a closed connected smooth Riemannian manifold of dimension n,
and suppose F is a flat complex vector bundle over M, equipped with a (not
necessarily parallel) fiber wise non-degenerate symmetric bilinear form b. The flat
connection of E will be denoted by V. Let Q(M; F) denote the deRham complex
of F-valued differential forms on M, and write dg for the deRham differential.

Part of this work was done while the second author enjoyed the worm hospitality of the Ohio
State University.
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The Riemannian metric g and the bilinear form b provide a fiber wise non-
degenerate symmetric bilinear form on the complex vector bundle A*T*M ® E
which will be denoted by b,. If vol, denotes the volume density associated with g,
then

Bv,w) := /M by (v, w) volg v,w e QM; E),

defines a symmetric bilinear form on Q(M; E). Let dﬁE 4.» denote the formal trans-
posed of dg with respect to j3,

Bldpv,w) = B(v,dy ,w),  v,w e QM;E).
The Laplace—Beltrami operator
Apgp:=(dg+dY )" =dpdy ,, +dy  de (1)

is not necessarily selfadjoint.
In [11] the following complex valued analogue of the square of the Ray—Singer
torsion [20] was introduced and studied:

[T (det'(Apguq) """ € C* == C\ {0} 2)

q

Here det’(A E,g.b,g) € C* denotes the zeta regularized product of all non-vanishing
eigen values of the Laplacian acting on Q?(M; E). In the definition of the deter-
minant one can use any non-zero Agmon angle, the resulting det’(Ag 45,4) Will be
independent of this choice.

Let X be a Morse-Smale vector field' on M, and write X for the set of
critical points, i.e. zeros of X. Denote by C(X; E) the associated Morse complex.
The fiber wise symmetric bilinear form b induces a non-degenerate bilinear form
bx on C(X;E). Recall that the integration homomorphism

Intg x : QM;E) — C(X; E) (3)

induces an isomorphism in cohomology, see [21]. Let Qg ,(M; E)(0) denote the
(generalized) zero eigen space of Ag 4. Due to ellipticity of Ag 45, the space
Qg.4(M; E)(0) is finite dimensional and consists of smooth forms only. Since dg
commutes with Ag,; the zero eigen space Qg ,(M; E)(0) is a subcomplex of
Q(M; E). As Ag 4 fails to be selfadjoint, the differential on Qg ;(M; E)(0) will in
general not vanish. However, the inclusion Qg ;(M; E)(0) — Q(M; E) induces an
isomorphism in cohomology. It follows that the restriction of (3) to Qg ,(M; E)(0)
induces an isomorphism in cohomology too. Because Ag 43 is symmetric with
respect to 3, the bilinear form 3 will restrict to a non-degenerate symmetric bi-
linear form on € ,(M; E)(0). We thus have a quasi isomorphism between finite
dimensional complexes

Intx g : Qg p(M; E)(0) — Cp(X; E)
IThat is, with respect to some Riemannian metric, X is the negative gradient of a Morse func-

tion, and satisfies the Smale transversality condition, i.e. stable and unstable manifolds intersect
transversally.
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each of which is equipped with a non-degenerate symmetric bilinear form. This
permits to define the square of the relative torsion which we will denote by

Intx,E

7(24(M; B)(0) 225 Gy(X; B)) e X,
A more detailed discussion of these facts can be found in [11, Section 4].
Recall the Mathai-Quillen form, see [18] or [2, Section III],
U, € Q" Y (TM\ M;0u),
and the Kamber-Tondeur form
wpp = —3trp(b”'VFb) € Q' (M;C). (4)

Note that wg p is closed since V¥ is flat, see [11, Section 2]. The integral

/ wE,b/\(—X)*\Ilg

M\X

will in general not converge, but can easily be regularized, see [9, Section 2], [10,
Section 3] or [2, Section III]. Consider the non-vanishing complex number

Il’ltXYE

SE,g,b,X = T(Q‘%b(M; E)(O)

) H(detl(AE,g,b,q))(il)qq . eXp(—2/ WE,g N (_X)*\Ijg>'
M\X

q

Ch(X:E))

In [11] the following result, analogous to the anomaly formula for the classical
Ray-Singer torsion [2, Theorem 0.1], has been established.?

Theorem 1.1. The quantity Sg g, x 45 independent of the Morse-Smale vector
field X, independent of the Riemannian metric g and locally constant in b. It
thus depends on the flat bundle E and the homotopy class [b] of the fiber wise
non-degenerate bilinear form only, and will be denoted by Sg -

Remark 1.2. There is a conceptual interpretation of Sg ;) as the quotient of two
invariants, see [11, Section 5].

In analogy with a result of Cheeger [12, 13], Miiller [19] and Bismut-Zhang
[2, Theorem 0.2], the following conjecture was raised in [11, Conjecture 5.1].

Conjecture 1.3. We have Sg ) = 1 for every flat complex vector bundle E and
every fiber wise non-degenerate symmetric bilinear form b on E.

This conjecture has been verified in several non-trivial situations, see [4] and
[11, Section 5]. One purpose of this paper is to establish Conjecture 1.3 for odd
dimensional manifolds, up to sign. More precisely, we will show

2Strictly speaking, this was done for vanishing Euler—Poincaré characteristics only. However,
with few additional elementary arguments Theorem 1.1 below can be proved exactly as in [11,
Section 6], the crucial analytic results [11, Proposition 6.1 and 6.2] have been established without
any restriction on the Euler—Poincaré characteristics.
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Theorem 1.4. Suppose M is odd dimensional. Then Sg ) = +1 for every flat
complezx vector bundle E and every fiber wise non-degenerate symmetric bilinear
form b on E.3

In fact we actually show that the strategy of proving the Cheeger—Miiller
theorem presented in [5] works here too, almost identically. However, the spectral
properties of the Witten deformation of the Laplace operators associated with a
Riemannian metric and a non-degenerate symmetric bilinear form can not ben-
efit from the methods described in more details in [8], based on selfadjointness.
Fortunately, the key geometric consequences continue to hold. The other purpose
of this paper is to extend Witten—Helffer—Sjostrand theory to this non-selfadjoint
situation, which may be of independent interest.

This paper is organized as follows. In section 2 we will extend Witten—Helffer—
Sjostrand theory [2, 3, 5, 7, 8, 14, 15] to this non-selfadjoint situation. More pre-
cisely, we choose a Morse function f on M and fix a Riemannian metric g which
has a standard form near the critical points X of f. We assume that the gradient
vector field X := —grad,(f) satisfies the Smale transversality condition. Finally,
we assume that the bilinear form b is parallel in a neighbourhood of X, with re-
spect to VF. In view of Theorem 1.1 these assumptions do not cause a loss of
generality for the purpose of computing Sg ). We then consider the family of
Witten deformed flat connections on F

VEe .= VE 4+ udf, u > 0. (5)

Let us write E, for the complex vector bundle E equipped with the flat connection
VEtudf. Since e*f : (E,,b) — (E,e~2%/b) is an isomorphism of flat vector bundles
with bilinear forms, it follows from Theorem 1.1 that Sg, 1) is constant in u.

Let us introduce the large analytic torsion

Mau == H(detla(AEu»g’b,q))Pl)qq (6)
q

where detla(A E,g.bq) denotes the zeta regularized product of eigen values whose
real part is larger than 1. In view of Proposition 2.18 below, 7y, ,, is analytic in u for
sufficiently large u. Moreover, let us write Qg (M; E,,) for the sum of eigen spaces
corresponding to eigen values with real part at most 1. We refer to Qg (M; E,,)
as the small complex, see Proposition 2.18 below. This is a finite dimensional
subcomplex of Q(M; E,), § restricts to a non-degenerate symmetric bilinear form
Bsm,u on Qg (M; E,,), and the restriction of (3) to Qs (M; E,,) provides a quasi
isomorphism

Intsmu: Qsm(M; Ey) — C(X; Ey). (7)

31In the appendix we show how one can remove the sign ambiguity by extending Witten—Helffer—
Sjostrand theory to generalized Morse functions, a project partially realized in [16]. One also
note that an extension of the theorem above to compact manifolds with boundary implies the
result for closed even dimensional manifolds
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Let us write 7(Intgy,,) € C* for the relative torsion of (7). It is not hard to show,
see [11, Proposition 5.10], that

SE,[b] = SE'“.,[b] = T(Intsm’u) . Tla,u . GXp(—2 /M\X

wE, 5 A (—X)*\I/g). 8)
The Witten—Helffer-Sjostrand estimates show that for sufficiently large u the in-
tegration (7) is an isomorphism of complexes, and they provide an asymptotic
comparison of the bilinear form By o on Qgm(M; E,) and the bilinear form by on
C(X; E,). The precise statement is contained in Theorem 2.1 below. This result
permits to compute the asymptotic expansion of 7(Intgy, ,,) as u — oo, see Corol-
lary 2.2. In view of (8) this yields a formula for Sg ) in terms of the free term of
the asymptotic expansion of 7, , as u — oo, see Corollary 2.3.

Unfortunately we are unable at this time to calculate directly this constant
term and check whether Sg ;) is one or not. However, in Section 3 we show that

for two systems (M, E,g,b, f) and (M,E,g,i), f) with M and M of the same
dimension, E and E of the same rank, f and f with the same number of critical
points in each index
log TMa,u — log %la,u

has an asymptotic expansion whose free term is computable as integral of local
quantities, see Theorem 3.6. This is done as in [5]; precisely, combining the fact that
the Witten deformation is elliptic with parameter away from the critical points
with a Mayer—Vietoris formula for the zeta regularized determinants of elliptic
operators, yields a result as formulated in Theorem 3.6. Note that we have an
unambiguously defined logarithm, given by the formula:

log Tiay == Z(—l)qq% o Z A8

q AESpec Ay, q,ReA>1

Playing with its symmetry, as in [5], we derive that, for odd dimensional manifolds,
2 Q2
SE,[b] - SE,[E]'
We will then use this to give a proof of Theorem 1.4.
During the final stage of preparation of this manuscript G. Su and W. Zhang
posted a preprint [23] in which they show that Conjecture 1.3 holds in full gener-
ality. Their arguments are conceptually and technically different from ours.

2. Witten—Helffer—Sjostrand theory

Let f be a Morse function on a closed connected smooth manifold M of dimension
n. Fix a Riemannian metric g on M so that the vector field X := —grad,(f)
satisfies the Smale transversality condition. Let X C M denote the set of critical
points of f, and denote by ind(x) € {0,1,...,n} the Morse index of a critical point
x € X. For every critical point x € X we fix an open neighbourhood U, of x and
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a diffeomorphisms (Morse chart) ¢, = (¢L,...,¢"): U, — R™ so that ¢, (z) =0
and ) )
f=f@) -5 > WP+ 3 > (b 9)
i<ind(z) 1>ind(z)
in a neighbourhood of z. We will assume that every = € X admits a neighbourhood
on which the Riemannian metric takes the form

g=>_dpl ®dg.. (10)
i=1

Finally, we will assume that, in a neighbourhood of X', we have
vEbL = 0. (11)

Recall the family of integration homomorphisms (7) associated with the Wit-
ten deformed flat bundles E,, see (5). For v > 0 let us introduce the scaling
isomorphism

ne: C(X; E,) — C(X; Ey) (12)
defined by
A n/4—q/2
()= (3)

The aim of this section is to provide a proof of the following

w, we CUX; Ey).

Theorem 2.1. For sufficiently large w, the restriction of the integration map
Ity g D (M; Ey) — C(X; Ey) (13)
is an isomorphism of complexes. Moreover, there exists a constant € > 0 so that
(M Inty sm ) Bu,sm = bx + O(e™5%) as U — 00.

Theorem 2.1 generalizes the classical Witten—Helffer-Sjostrand theorem for
selfadjoint Laplacians, see [14], [15], [2], [3] and [8, Theorem 5.5], to this non-
selfadjoint situation. The proof of this result will be similar to the one in [8]. A few
additional arguments, however, are necessary since the Laplacians A, := Ag_ 4
are not necessarily selfadjoint. A key step is to establish a widening gap in the
spectrum of A,, as u — oo. A finite number of eigen values will exponentially
fast approach 0, while the real part of the remaining will grow linearly with wu.
For the precise statement see Proposition 2.18 below. This justifies the term small
complex.

In order to spell out two corollaries let us introduce the notation

X =Y _(~1)?dim C*(X; E) = x(M) rank(E)
X = (-1)%qdim C!(X; E) = > _(—1)%q|X,| rank(E)

where |X;| denotes the number of critical points of index g¢.
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Corollary 2.2. There exists a constant € > 0 so that, as u — oo,

™

T(Inty sm) = (;) e (1+0(e™")).

Proof. In view of Theorem 2.1 the integration (13) is an isomorphism of complexes,
assuming u is sufficiently large. Hence, we have

T(Intwsm) = sdet ((bx)il ((Intu,sm)*ﬂu,sm)) . (14)
Here the right hand side denotes the super determinant? of the composition

; (ba)™?
-—

C(X’Eu) (Intu,sm)*ﬁu,sm C(X’Eu) C(X;Eu)

and the non-degenerate bilinear forms are considered as isomorphisms between
the vector space C(X;E,) and its dual, C(X; F,)’. Note that as isomorphisms
C(X;E,) — C(X;E,) we have

(Intu,sm)*ﬂu,sm = ((nu Intu,sm)*ﬂu,sm) o 773
From (14) we thus conclude
7(Inby sm) = sdet((b;()_l((nu Intuysm)*ﬁu’sm)) - (sdet 7). (15)

From Theorem 2.1 we obtain a constant € > 0 so that, as u — oo,

Sdet ((b/\.’)71 ((nu Intu,sm)*ﬁu,sm)) =1 + O(eigu)-
One readily checks:

Fx—=x'
(sdetn,)? = (£)°
U

Combining the latter two with (15) completes the proof of the corollary. O

Corollary 2.3. There exist (unique) constants ag € C*, aq,as € C with the follow-
ing property. There exists a constant € > 0 so that, as u — oo,
Tla,u = a0 - € -1 - (1 + 0(6_5“)).
These constants are given by:
a = Sp - 7 EXTN) -EXp(2/

M\X

ay = 2rank(E)/ df N(—X)"T,
M\X

wg.p N (—X)*\I/g>

/

a2 = 35X — X

|3

4If 1, : VF — V¥ is a linear endomorphism of a graded vector space which preserves the grading,
then its super (or graded) determinant is given by sdet(y) = [, (det gok)(_l)k.
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Proof. Combining Corollary 2.2 with (8) we obtain a constant € > 0 so that
maa= e (7)7 o2 [ wman(-X07,) (1 06) (1)
™ M\X
as u — oo. From VFub = V¥b — 2udf @ b, see (5), we obtain
b IVEh = b7 IVED — 2udf @ 1 (17)
Therefore, see (4), wg, » = wg,p + urank(E)df and thus

/ WEu,b/\(_X)*\I/g
M\X

= / wep A (=X) "0, + urank(E)/ df N (—X)"0,.
M\X M\x

Combining this with (16) the corollary follows. O

A formula for the Witten perturbed Laplacian
Recall that for every critical point x € X we have fixed a Morse chart

Pz = (g, P3): Uy — R
Choose p > 0 so that with
B, =g ({z€R" | <p}), wex,

equations (9), (10) and (11) hold on B,, for every critical point z € X. We assume
p was chosen sufficiently small so that the closures of B, are mutually disjoint. It
will be convenient to further assume, by choosing p sufficiently small, that for all
x,y € X with ind(z) = ind(y), we have

0 ife#y

) 18
o 'R B, ifx=y (12)

W;mBy:{

This is possible in view of the Smale transversality property of X. Here W~ denotes
the unstable manifold of x. Set

B:= UXBm. (19)

For each x € X we introduce the smooth radial function
n

r2: By — R, 2= (L)% (20)

i=1
Over B,, x € X, we decompose the cotangent bundle as
T*M|g, =V, ©V,,

where the subbundle V,- C T*M|p, is spanned by dy%, 1 < i < ind(z), and
the subbundle V& C T*M|p, is spanned by dyi, ind(z) < i < n. Let us write
A := A*T*M. We obtain an induced decomposition

Alp, = A, @ AJ, where A = AVE
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Let us write

NZ € I'(end(AT))
for the grading operator acting by multiplication with ¢ on A9V,F. We will denote
the operators N ®id,+ ®idp and id, - ®N, ® idg acting on A ® E|p, by N
and N too.

Lemma 2.4. There exists a zero order operator L € TI'(end(A ® E)) so that for all
u > 0 we have

A, = Ao +ul + u?|df)?.
For every critical point x € X we have
Llp, =2(N +ind(z) — N ) —n,
and, foru >0,
Ay = Ag —un+u’r2 + 2u(N; +ind(z) — N;) over B,.

xr
Proof. As in the selfadjoint situation this can be verified in coordinates, see [15].
Alternatively, one can give a conceptual proof based on the observation, see [2,
Section IV], that the Laplacians A, are the squares of Dirac operators associated
to Clifford super connections on A ® E. O

Remark 2.5. Let z € X be a critical point. Use the flat connection V¥ and the
(flat) Levi-Civita connection to identify Q(B,; E) = C*°(B,;,A ® E,). Then, via
this identification, we have

0%v .
AOU:_ZW’ veCl (BE7A®EI)

Compatible Hermitian structure

i

We will now introduce a Hermitian structure on the vector bundle E. It is possible
to choose such a Hermitian structure to be compatible with the symmetric bilinear
form. To this end we start with

Lemma 2.6. There exists a fiber wise complex anti-linear involution v — v on E
such that, for ey and es in the same fiber of E, ey # 0, we have

b(él,ég) = b(€1, 62) and b(€1, él) > 0.

Moreover, this involution can be chosen to be parallel over B, see (19). That is,
for e € E|p we have
VEe - VEe=0.

Proof. The fiber wise non-degenerate symmetric bilinear form b provides a reduc-
tion of the structure group to Oy(C), where k = rank(F). The natural inclusion
O;(R) — Ok(C) is a homotopy equivalence, hence the structure group can be fur-
ther reduced to Og(R). Note that the subgroup O (R) C O (C) consists of those
matrices whose action on C* commutes with the standard complex conjugation
on CF. The existence of the desired complex anti-linear involution on E follows
immediately. O
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We fix a complex conjugation as in Lemma 2.6. Then
<61,€2> = b(el,ég) (21)

defines a fiber wise (positive definite) Hermitian structure on E. We will write |e|
for the associated fiber wise norm. Note that

b(él, ég) = b(el, 62), <él, é2> = <€1, €2> and ‘é| = |€| (22)
Moreover, this Hermitian structure is parallel over B, with respect to V.

Remark 2.7. Note that F' := {e € E | € = e} is a real subbundle of E, and
that there is a canonical isomorphism F' @ C = E. The restrictions of b and (-, -)
to F' coincide, and define a (positive definite) Euclidean structure on F. We can
understand both, b and (-, -), as complexifications of this Euclidean inner product,
once complexifying to a bilinear form and once complexifying to a sesquilinear
form.

The fiber wise Hermitian structure on E induces a Hermitian inner product
on the Morse complex C(X; E,) in an obvious way. For a1,as € C(X; E,) we will
denote this by (a1, as)x. Similarly we will write |a|x for the associated norm, a €
C(X; E,). Moreover, the fiber wise complex conjugation on E induces a complex
conjugation on C(X; E,). For a,a1,as € C(X; E,) we have, see (21) and (22),

(a1,a2)x = bx(a1,az) (23)
as well as
b){(dl,dg) = bx(al,ag), <L_7,1,5,2>X = <a1,a2>X and ‘L_l|)( = |a‘)(. (24)

Using the Riemannian metric g, we obtain an induced fiber wise Hermitian
inner product on A*T*M ® E which will be denoted by (v, w)y, v,w € Q(M; E,).
Then

{v,w)) := / (v, w)q volg, v,w € QM; E,)
M
is a Hermitian inner product on Q(M; E,). We will write ||v| for the associated

Lo—norm, v € Q(M; E,). The complex conjugation induces a complex conjugation
on Q(M; E,). For v,w € Q(M; E,) we clearly have, see (21) and (22),

{(v, w) = B(v, w) (25)
as well as
B(v,w) = Bv,w), (v,w) ={(v,w) and [ovf =]v]. (26)
From G(A,v,w) = B(v, Ayw) we thus also obtain
(A, w) = Ay, 0) = (0.508),  vweQME,).  (27)

Remark 2.8. It follows from Lemma 2.4 that, over B, the Laplacian A, commutes
with the complex conjugation, that is

A, = A,w, w € QM;E,), suppw C B.
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From (27) we thus get
(Ayv,w)) = (v, Ayw)), v,w € QM; E,), suppw C B.

It also follows from Lemma 2.4 that over B, the Laplacian A, coincides with the
selfadjoint Witten Laplacian associated to the compatible Hermitian structure, see
[2] or [8].

Construction of approximate small eigen forms
In this section we will construct as in [14], cf. also [8], finite dimensional subspaces
V. C Q(M;E,) which approximate Qg (M; E,) as u — oo. The estimates in
the section show that A, has small norm on V,, and is large on the orthogonal
complement of V,,.

For a critical point z € X and e € E, we let € € I'(E|p,) denote the unique
parallel section, i.e. VEé = 0, satisfying é(z) = e. Moreover, we introduce the
differential form

Q, i=dpl A Adpi® € QO (B R).
Choose a smooth function o: R — [0, 1] such that o(t) = 1 for all ¢ < p/3 and
o(t) =0 for all t > 2p/3. For v > 0, consider the smooth form, see (20),

bue = (00ry)e /207 ® & € Q(By; Ey). (28)
Since ¢, . has compact support contained in B,, we can consider it as a globally

defined form, ¢, . € Q(M; E,,).

Definition 2.9. For v > 0 we let V,, C Q(M; E,) denote the finite dimensional
subspace spanned by the forms ¢, . where x runs through & and e runs through
(a basis) of E,.

Observation 2.10. The complex conjugation preserves V. The B-orthogonal com-
plement of V,, coincides with its Hermitian orthogonal complement. It will be de-
noted by V.- C Q(M; E,).

Proof. The first assertion is immediate from the definition of V,, and the fact that
the complex conjugation is parallel over B, see Lemma 2.6. The second claim then
follows from (25). O

For k € N let |[w| o+ denote the (a fixed) C*—norm of w € Q(M; E,). The
following estimates follow easily from the structure of A, in the neighborhood of
critical points, cf. Lemma 2.4 and Remark 2.5.

Lemma 2.11. There exist constants ui, > 1 and €15 > 0 so that for all k € N,
u >y and v € V,, we have

[Auvfcr < e+ lo].
Proof. Let x € X and e € E,. An elementary computation, see Remark 2.5, shows

(Ag —un + u%i)e*’”i/zQ; ®e=0.
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We conclude, see (28), that
supp (Ao — un + u’r2)pu.c) C R,

where R, := ¢ ({z € R" | p/3 < |z| < 2p/3}). Note that there exist constants
Cr >0 and £ > 0 so that, for all u > 0,
H(Ao —un + u2ri)¢u7e|’0k < Ckefs,“|e\.
Together with (N7 + ind(z) — N ), = 0 and the formula in Lemma 2.4 we see
that, for all u > 0,
HAuQSu,eHCk < Okeis u|e| (29)

Clearly,
[6uell = [ (woraperiefol, = [ oflz)e v dzlel,
R

x

and so there exist constants C' > 0 and €” > 0 so that for all uw > 1
[ 6uell = (r/u) el < Ce=<" }el.
Combining this with (29) we find constants u, > 1 and €3 , > 0 so that for u > uy,
z € X and e € F, we have
Aubuellor < el

The lemma now follows from the fact that for z;,29 € X, 21 # 29, and e; € E,,,
ez € E,, the forms ¢, ., and ¢, ., have disjoint support. O

Lemma 2.12. There exist constants us > 1 and €2 > 0 so that for u > us, v € V,
and w € Q(M; E,) we have

(A, w)| < e = Jof[[w]]  and (v, Ayw))| < e |Jv]|[|w].
Proof. The first statement follows immediately from the Cauchy—Schwarz inequal-
ity and Lemma 2.11 for £ = 0. To see the second inequality, recall from Observa-

tion 2.10 that V,, is invariant under the complex conjugation. Hence (27), the first
statement and (26) imply

(v, Aww))| = [{Auv, @h| < e |[0]|[|l@]] = e™==*[|v]|[|w]]. O
Introduce the smooth cut-off function, see (20) and (28),
x: M —[0,1], x(y):= Z 00Ty,
reX
Note that x = 1 in a neighbourhood of X and supp x C B, see (19).
Lemma 2.13. There exist constants uy > 1 and €4 > 0 so that for any u > uj and

v' € Vb we have
Re((Au(xv"), xv')) = equllxv'||. (30)

Proof. 1t suffices to establish the result in R™ and for the standard Witten Lapla-
cian only, see Remark 2.8. This is done in [8, Appendix A.2, equation (5.7)]. O
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Lemma 2.14. There exist constants uy > 1 and e > 0 so that for allw € Q(M; E,,)
with suppw C {y € M | x(y) # 1} we have

Re(Ayw, w)) > efu?||w]*.

Proof. Since Ag + A} is a selfadjoint operator whose principal symbol is positive
definite it follows, see [22, Corollary 9.3], that Ay + A} is bounded from below,
i.e. there exists a constant C' > 0 so that for all w € Q(M; E,)

2Re((Aow, w) = (Ao + Af)w, w)) > —Cllw|*. (31)

Using the fact that on {y € M | x(y) # 1} the function |df|? is strictly positive, we
conclude from Lemma 2.4 that there exists a constant € > 0 so that for sufficiently
large u and all w € Q(M; E,) satisfying suppw C {y € M | x(y) # 1} we have

Re((A, — Ag)w, w) > su?|lw|?. (32)
Combining (31) and (32) the lemma follows easily. O

Lemma 2.15. There exist constants v’ > 1 and C{’ > 0 so that for any u > u¥’
and w € Q(M; E,) we have

Re(Au(xw), (1 = x)w) > —C3'lw]*. (33)

Proof. Tt suffices to show this inequality for v’ € Q(M; E,) with suppw’ C B.
Indeed, choose a smooth cut-off function n: M — [0,1] with suppn C B and
suppx C {y € M | n(y) = 1}. Consider w’ := nw. Since ny = x we have
A, (xw") = Ay (xw), and since n = 1 on supp A, (xw) we obtain

(Au(xw), (1 = x)w) = (Au(xw’), (1 = x)w').
Moreover, note that ||w’|] < ||lw||. Hence, if the desired inequality holds for all
w' € Q(M; E,) with suppw’ C B, it will remain true for arbitrary w € Q(M; E,,)
with the same constant C%’ > 0. In view of Remark 2.8 the Laplacian A, coincides
with the standard selfadjoint Witten Laplacian over B. For the latter operator this
estimate can be found in [8]. O

The above lemmas imply

Proposition 2.16. There exist constants uz > 1 and €3 > 0 so that for all u > ug
and v' € V& we have
Re((A,v,0") > ezul|v’|?.

Proof. Suppose v’ € V.- and write v/ = v} 4+ v} with v} := xv" and v} := (1 —x)v'.
In view of Remark 2.8 and since suppv] C B we have

{Auvy, v1)) = (o3, Ayvy)) = (Ayvy, v3)).
Therefore Re{(A, v}, v1)) = Re{(A,v], v4) and thus
Re((A,v',v") = Re((Ayvh,v1) + 2Re((Ay v, vh) + Re((A,vh, vh). (34)
By Lemma 2.13 we have
Re((Ayvy,01)) 2 equlloi|?, w2 ug (35)
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Since suppvy C {y € M | x # 1}, Lemma 2.14 implies

Re(Ayvy,v5)) > efu?[vl*,  u > uf. (36)
From Lemma 2.15 we get
Re((Ayvh, vp) > =Cy'[lV|%, u>ug” (37)
Combining (34), (35), (36) and (37) we obtain
Re{(Ayv',v") > hullv [|* + e5u?Jop]|* — C5" ||| (38)

for all u > max{uj, uj,u}'}. Note that adding ||v'[|? = |[v]]|?+||v5||* +2 Re((v], v5)
and 0 < [|vf — v5[[* = [[o1]|* + [[03]|* — 2Re((v], v5) yields

1% < 2(llvill* + [lvs]|*).
Combining this with (38) the statement of the proposition follows immediately. [
The spectral gap

The estimates in the preceding section permit to establish a widening gap in
the spectrum of A,, as u — oo. For the precise statement see Proposition 2.18
below. This result is a generalization of a well known “separation of the spectrum
property” in the selfadjoint situation, see for instance [8, Proposition 5.2]. We start
with the following resolvent estimate.

Lemma 2.17. There exist constants uq > 1 and €4 > 0 so that for all u > uy,
A€ C and w e Q(M; E,) we have

min{|A| — e~ *** e4u — Re A }[|w| < [[(Ay — Nw].
Proof. For u > 0 let us write
T QM E,) — V,, and i Q(M; E,) — V-
for the orthogonal projections onto V,, and V.-, respectively. Let
A= (3 )
denote the decomposition of A, with respect to Q(M;E,) = V, @ V,.-. More
precisely, we have:

ALu: Vu — Vu Al,u = ﬂ-uAu|Vu

Ay Vul — Vi, Ay, 1= 7TuAu|VuL
A37u1 Vu — ‘/uL A37u = ﬂjAu‘Vu
Ayy: vt vt Ayy = ﬂjAu‘VuL

Define operators
A1y Aoy,
A, = (8 Ag,u ) and B, = <A;:u o ) .

Clearly, A, = A, + B,. From Lemma 2.12 we can see that for v > wus and
w € Q(M; E,) we have
[ Buw]| < 2e™"|[w]|. (39)
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Indeed, using 7, B,w = 7,A,w and 7 B,w = 7w A, (7, w) we obtain:
| Byw||* = {7y Buw, Ty Byw) + (7 Byw, 7= Byw))
= (Ayw, T, Buw) + (A, (m,w), 7 Byw))
< e = w||mu Buw]| + e w7y Buw||
< 2e” " |wl||| Buw]|

From Proposition 2.16 and the Cauchy—Schwarz inequality we get

(A = MOV = [{(Agu = 00N = 1{(Aw = A", o))
> Re(((Ay — M/, 0") = Re((Au v/, v") —Re M[v'||? > (e3u — Re A\)||v/[|?
and thus
(A4 — AN)V'|| > (e3u — Re A) |||
for u > usz, all A € C and v’ € VUJ-. We conclude that
[(Au = Nwl| = min{|A[,e5u — Re A}|[w]] (40)

for u > ug, all A € C and w € Q(M; E,,). Combining (39) and (40) we find

1Ay = Nwll > [[(Ay = Nw|| = [[Byw]| > (min{[A|,e3u — Re A} — 2¢7°2%)[Jw]|

for sufficiently large u, all A € C and w € Q(M; E,). The statement now follows
with an appropriate choice of €4 and uy4. O

Proposition 2.18. Let ¢4 > 0 be the constant from Lemma 2.17. Then, for suffi-
ciently large u, we have

Spec(A,) C{AeC| [N <e ™} U{AeC|ReA>equ}.

Proof. Suppose A € Spec(A,,). Then there exists w € Q(M; E,) with (A, —N)w =
0 and |lw|| # 0. Assuming w is sufficiently large, see Lemma 2.17, we conclude
min{|\| — e7*4* g4u — Re A} < 0, and the statement follows. O

Approximation of the small complex

We will now show that, as u — oo, the subspace V, C Q(M;E,) approxi-
mates Qg (M; E,) well with respect to every C¥-norm on Q(M;E,). For the
precise statements see Proposition 2.21 and Proposition 2.23 below. Recall that
Qsm(M; E,,) denotes the sum of eigen spaces of A, whose corresponding eigen
values have real part at most 1.

For s € N and w € Q(M; E,) let ||w||s denote the (a fixed) Sobolev s-norm.
We continue to write |w| = ||w|lo. We will start with the following improvement
of the resolvent estimate in Lemma 2.17.

Lemma 2.19. Let uy > 1 and €4 > 0 be the constants from Lemma 2.17. For
every s € N there exists a constant Cy s > 0 so that for all u > u4, X € C and
w € Q(M; E,) we have

min{|A| — e"="* esu — Re A}w|ls < Cus(u® + [A))*][ (A — Nw]|s. (41)
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Moreover, there exists a constant C~'4)25 > 0 so that for all uw > ug, A € C and
w € Q(M; E,) we even have

min{|A| — e = equ — Re A} |[w]l2s < Caos(u? + A)*[[(Ay = Nwllas.  (42)

Proof. We will construct the constants C4 s > 0 by induction on s. For s = 0 the
statement was proved in Lemma 2.17. The induction is based on an argument that
is used in the selfadjoint situation too, see [8, proof of Proposition 5.4] or [2, proof
of Theorem 8.8].
From the ellipticity of Ay we get constants C. > 0 so that for all w €
Q(M; Ey)
[wllss1 < Jwlls2 < Co(llAowlls + [[wlls)- (43)
From Lemma 2.4 we obtain constants C” > 0 such that for all v > wug and
w € QM; E,)
1(Ay = Ag)uwls < CYu?|wlls. (44)
Combining (43) and (44) we obtain constants C?”" > 0 so that for all u > ug, A € C
and w € Q(M; E,,) we have

lwllosn < €2 (1AW = Nwlls + (2 + WD wlls)- (45)

By induction we may assume that there exists a constant Cy s > 0 so that (41)
holds. Combining (41) with (45) and using min{|\| — e~*", g4u — Re A} < || we
find a constant Cy 41 > 0 so that for all u > w4, A € C and w € Q(M; E,,)

min{[A| — e, egu — Re A} [wlls1 < Capr (u® + AN (Au = Ml
Now use ||[(Ay — Nwl|s < ||(Ay — Mw]|s+1 to complete the induction. The proof
of (42) is similar. O

Let Q,: Q(M; E,) — Qsm(M; E,,) denote the spectral projection.

Lemma 2.20. For every s € N there exist constants us s > 1 and €55 > 0 so that
for alluw > us s and v € V,, we have

1Quv = vffs < eme

[o]l-

Proof. In view of Proposition 2.18, for sufficiently large u, we have Spec(A, )NS* =
() and hence @, is given by the Riesz projector
1

= — A"l
@u 2mi Sl()\ w) A
Since (A — A,)" P = A"t =X"1(A - A,)"'A, we obtain, for v € Q(M; E,),
1
Quv—v=— ATEH A =AY T A aN. (46)
™ Jg1

From Lemma 2.19 and Lemma 2.11 we easily infer the existence of constants
us s > 1 and €55 > 0 so that for all s € N, u > us 4, A € S' and v € V,, we have

H>‘_1(>‘ - Au)_lAuU”s et

The lemma now follows easily by combining this estimate with (46). O

[o]l-
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Proposition 2.21. There exist constants ue > 1 and €6, > 0 so that for k € N,
u > ug and v € V,, we have

[Quv = vllor < e=+*|v].

Proof. This follows from Lemma 2.20 and the Sobolev embedding theorem. (]

In the selfadjoint case the following estimate is an immediate consequence of
Proposition 2.18. In our situation we will have to use the resolvent estimate from
Lemma 2.19.

Lemma 2.22. For every s € N there exist constants u7 s > 1 and €7 s > 0 so that
for all u> ur s and all w € Qg (M; E,,) we have

[Aywlls < e |lw]]s.

Proof. Let €4 > 0 be the constant from Lemma 2.17, and set p,, := 2e~%4". Assume
u > 0 is sufficiently large so that all eigen values with real part at most 1 are
contained in the interior of the circle p,S! of radius p,, see Proposition 2.18.
Then

1

2mi puSt

AuQu = Qul, A —A,) "t (47)

For \ € p, St and sufficiently large u, Lemma 2.19, see (41), provides the estimate
A = Aw)Trwlls < 200 (u® +2)%wlls,  w e QM; Ey).
Combining this with (47) we obtain, for w € Q(M; E,,),
1AuQuwlls < 2Cus(u? +2)° pul|w]ls.
Choosing €7, > 0 and u7 s > 1 appropriately we get

[ALQuwl|s < e ="

wlls

for all u > u7 s and w € Q(M; E,). The statement follows immediately. O

Proposition 2.23. For sufficiently large u the restriction of the spectral projection
w: Vo — Qsm(M; Ey) is an isomorphism.

Proof. Recall that Qg (M; E,) is the image of the spectral projection @,, and
that 8(Qv,w) = B(v, Q,w) for all v,w € Q(M; E,,). Hence,

Qo (M3 Ey) N (QuVa) ™ = Quun(M; E,) NV (48)

Here (Q,V,,)*? denotes the B-orthogonal complement of Q,,V,,, but see also Obser-
vation 2.10. It follows from Proposition 2.16 and Lemma 2.22 that Qg (M; E,) N
VL = 0 for sufficiently large u. Together with (48) this shows that Q,V, =
Qs (M; E,,), and therefore Q,,: Vi, — Qe (M; E,) is onto, for sufficiently large w.
The injectivity follows from Lemma 2.20 with s = 0. (]
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The integration on the small complex
For the sake of notational simplicity let us introduce the notation, v > 0,
L, == n,nt,|v,: Vo — C(X; Ey)
Iu,sm N Intmsm: Qsm<M; Eu) - C(X7 Eu)

where n,: C(X;E,) — C(X;E,) denotes the scaling isomorphism introduced
at the beginning of this section, see (12). Moreover, we will write 8, = S|y,
for the restriction of the bilinear form § to V,,, and we will continue to write
Busm = Bla..(m;e,) for the restriction of the bilinear form § to Qum(M; Ey).
Recall that we write (-,-)x and |- |x for the Hermitian inner product and its
associated norm on C(X; E,,). Finally, we recall that by denotes the bilinear form
on C(X; E,), see (23).
Lemma 2.24. For sufficiently large u the mapping I,,: V,, — C(X; E,) is an iso-
morphism. Moreover, there exists a constant eg > 0 so that, as u — oo,

(L) ({5 ) = () +0(e") (49)
and

(1)« By = bx + O(e™3") (50)

Proof. We claim that there exist constants ug > 1 and €g > 0 so that for all u > ug
and vy, vy € V,, we have

(Lyv1, Lywo) x — (v, v2))| < e =8| Tu1| x| Lyva| 2 (51)

If such an estimate is established we immediately see that I,,: V,, — C(X; E,) is
injective for u > ug. Since V,, and C(X; E,) obviously have the same dimension,
the first assertion of the lemma follows. From (51) we obtain, for v > ug and
a1,0as € O(X;Eu),

[(@n,a2)x = (17 an, I az))| < 7] ezl

from which we infer (49). Combining the last equation with (23), (24), (25) and
using the fact that I,,: V,, — C(X; E,) intertwines the complex conjugations we
also obtain, for a1,as € C(X; E,),

‘bx(ahaz) - ﬂu(fu_lahfu_l@)‘ < e Y ay|x|azlx

and thus (50).
It thus remains to establish the estimate (51). To do so, suppose = € X and
set ¢ :=ind(x). For ey, e € E, we have, see (28),

(Puers Pues)) = / (0 074)%e "% (e1, €2) Vol = / a(|z)2e " dz(ey, e0)
B, n

and thus there exist constants C’ > 0 and ¢ > 0 so that for all v > 1 and
e1,e0 € B,

(s buea)) = (/)2 er,e2)| < Cle Jer el (52)
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Further, keeping (18), (5) and (9) in mind, we have for ey, ez € E,,
<Iu¢u,elafu¢u,eQ>X

2
= ((ﬁ/u)"/4q/2/ (aorx)ewi/Ze“(ff(z))Qx> (e1,e2)

Wi NB.
2
= (w0 [ e+ i) e

and hence there exist constants C” > 0 and £” > 0 so that for all v > 1 and
er,e2 € By

‘<Iu¢u,el ) Iu¢u,e2 >X - (7-‘—/'11/)71/2 <€17 62> ‘ S C//e—ua” |€1 ‘ |62 ‘ . (53)
Note that this estimate also implies, for e € F, and u > 1
(/w2 = e " el < |Luguele: (54)

Combining (52), (53) and (54) we find constants ug > 1 and €g > 0 so that
for all u > ug, x € X, and ey, es € E, we have

[(Tuuers Tabues) = (s Sueal] < € s L Tudhcal

For z,y € X, x # vy, e1 € E,, e € E, we clearly have (I,¢y.c,, [u¢u,e,) = 0 =
(Du,err Pures)), see (18). The estimate (51) now follows easily, see Definition 2.9,
and the proof is complete. O

Lemma 2.25. There exist constants ug > 1 and €9 > 0 so that for all u > ug and
v € V,, we have

}Iu,stuU - IuU|X < e—aguH,U“.
Proof. There exists a constant C > 0 so that for all « > 0 and w € Q(M; E,,)
| Int, w]x < Cllw||co.

To see this we use the compactification result for the unstable manifolds. The uni-
formity in u is guaranteed by the relation Int, w = e~%/ Into(e"fw) and the fact
that the function %/ restricted to an unstable manifold W, will attain its maxi-
mum at the critical point x € X. The statement then follows from Proposition 2.21
with & = 0. O

Lemma 2.26. There exist constant uyg > 1 and €19 > 0 so that for all u > w19 and
v1,v2 € V,, we have

’ﬁu,sm(QuUh qu2) - Bu(vh U?)‘ S 6—510u||1}1 H ||U2 ||
Proof. From (25), (26) and the Cauchy—Schwarz inequality we obtain

|B(wy, w2)| < lwi||[[ws]]
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for all wy,ws € Q(M; E,,). Hence:
|B3(Quw1,Quws) — Blw,ws)]
< B(Quwr — wi, Quws)| + | 8w, Quuws — w2)|
< [Quwr — wi || Quwz || + [Jw: [[[| Quws — wa|
< Quwi — w1 | (|Quwz — w2l + [lwall) + [lw /| Quwz — wa
The statement thus follows from Lemma 2.20 with s = 0. (]

We are now in the position to put the pieces together and provide a

Proof of Theorem 2.1. From (49) we obtain a constant C’ > 0 so that for suffi-
ciently large u and a € C(X; E,,) we have

177 all < C'lalx. (55)
Combining this with Lemma 2.25 we obtain constant &’ > 0 so that, as u — oo,
LuomQuly ! = ido(x.m,) +O(e™5Y). (56)

Particularly, the mapping I, smQuI; ' C(X; E,) — C(X; E,) is an isomorphism,
for sufficiently large u. Hence I, sm: Qsm(M; E,) — C(X; E,,) is an isomorphism
for sufficiently large wu, see Proposition 2.23 and Lemma 2.24. Since the scaling 7,
is an isomorphism for all © > 0, we see that Int, ¢m = n;llu,sm: Qsm(M; E,) —
C(X; E,) is an isomorphism too. This proves the first claim of Theorem 2.1.

Next note that (55) and (56) provide a constant C” > 0 so that for sufficiently
large u and a € C(X; E,) we have

||(IU,stu)71aH < C”|a|X- (57)
Combining this with Lemma 2.26 we find a constant ¢”” > 0 so that
(Iu,stu)* (QZﬁu,sm - ﬂu) - 0(675”“). (58)
From (56) and (50) we find a constant £ > 0 so that, as u — oo,
(Iu,stu)*ﬁu = (Iu,stqu_l)*(Iu)*ﬁu = bX + O(e—a”'u). (59)

Clearly, (58) and (59) imply the existence of a constant € > 0 so that, as u — oo,

(Iu,sm)*ﬁu,sm - (Iu,stu)*(QZﬁu,sm - ﬁu) + (Iu,stu)*Bu = bX + O(e—su).
This completes the proof of Theorem 2.1. O

A uniform estimate for the heat trace

The aim of this section is to establish Theorem 2.27 below. This estimate gener-
alizes [2, Theorem 7.7 and 7.8] to the non-selfadjoint situation. Similar estimates
can be found in [5]. We will proceed in the spirit of [2], see also [1, Section 9].

Let P, := 1 — @, denote the spectral projection onto the sum of eigen
spaces whose corresponding eigen values have real part larger than 1. Moreover,
for a trace class operator A, let | At := tr(A*A) denote the trace norm, see [22,
Appendix A.3.4].
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Theorem 2.27. There exist constants € > 0 and ug > 1 with the following property.
For every p > n/2, p € N, there exists a constant Cp, > 0 so that for allt > 0 and
u > ug we have

wWPPTD+2 )

+

lexp(=tAu) Pulls < Cpe™" (“o—+ 1

(60)

The proof of Theorem 2.27 is based on estimates for the resolvent of A,
which are uniform in u, see Proposition 2.28 and 2.31 below. Proposition 2.28 is
of very general nature, whereas Proposition 2.31 makes use of the Witten—Helffer—
Sjostrand estimates in an essential way. We fix an angle 0 < 6 < 7/4. For an
operator A and s1,s2 € N we will write [|Alls, s, = sup,,q [|[Awl|s,/[w||s,, where
||w]||s denotes the Sobolev s-norm of w.

Proposition 2.28. For every p € N there exists constants o, > 0 and C’Z’) >0
so that the following holds. If u > 1, A\ € C, |argA| > 0 and a,u?® < || then
A ¢ Spec(Ay,) and

1(Au = A)llo2p < Cp

For the proof of Proposition 2.28 we need the following two lemmas.

Lemma 2.29. For every s € N there exists a constant Cs > 0 with the following
property. If u > 1 and X\ ¢ Spec(A,) then

180 =2 sz < Cs (14 (M +u2)(B0 = 1) s)-

Proof. By ellipticity there exists a constant C, > 0 so that for every w € Q(M; E,)
we have:

lwllss2 < Cs (1 A0wlls + lleoll,)
= Cy(l(Au = A+ A= Ay + Ag) ()]s + ]l )
< O (I = Mwlls + (1 + 10+ 180 = Aofls) s )

< Cy(14 (14 A+ 180 = Aoflos) 1(Au = )l ) 1Ay = N
Since [|Ay — Aglls.s = O(u?) we find a constant C > 0 so that
Jeollsva < Co (14 (A + a2 (Au = 2 o ) 1(A0 = Vs,

and this implies the statement of the lemma. O

Lemma 2.30. For every s € N there exist constants as > 0 and C’é > 0 with the
following property. For all u > 1 and X\ € C with asu® < |\ and |arg\| > 6 we
have A ¢ Spec(A,) and

C,

(A =2 s < 357
RY
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Proof. In view of [22, Corollary 9.2] there exists constants R > 0 and C’ > 0 so
that the following holds. If [A\| > R and |arg A| > 0 then A ¢ Spec(4y) and

_ c'
”(AO - )‘) 1”3,5 S 2‘)\| (61)
Choose as > R such that for all v > 1 we have
Qg
||Au - AO”s,s é 5’&2. (62)

Ifu>1, asu® < |\, |arg\| > 6 and w € Q(M; E,), then combining (61) and (62)
we obtain

2N dsu? Al
I8 =Nl 2 130 = Al = I = BoJulle 2 (' =50 )l = &/l

and the lemma follows. O
Proof of Proposition 2.28. For s € N set é;’ =C,(1+ (1+ di)é';) where Cj, a,
and C’, are the constants from Lemma 2.29 and 2.30. Then

H(Au - )‘)_1||s,s+2 < ég

for all u > 1, asu? < |\ and |arg | > 6. Set op = max{do,dg,d4, .. .,dgp_g}.
Then
p—1 p—1
(A =X Pllozp < T 14w =X l2s2s12 < [ CF
s=0 s=0
for all w > 1, au® < |A| and |argA| > 6. The proposition now follows with
1 =
cl =11 Cl. U

Let us introduce the notation:
Specy, (Ay) == {\ € Spec(A,) | Re A < 1}
Speci, (Ay) == {A € Spec(A,) | ReA > 1}
Proposition 2.31. There exist constants € > 0, ug > 1 and for every p € N a
constant C;) > 0 so that the following holds. If u > ug then (by Proposition 2.18)
Specy, (Ay) € {A € C|ReA < eu}, (63)
Specy,(Ay) € {A € C | Re A > 2eu}, (64)
and for A € C with eu < Re A < 2eu, we have
(A = X)Pllozp < Cp (A +u?)PPHD/2,
Proof of Proposition 2.31. Set £ := £4/4 where €4 > 0 denotes the constant in
Proposition 2.18, and choose uy > 1 sufficiently large so that for u > ug (63) and

(64) hold. In view of Lemma 2.19, see (42), we can increse ug so that for u > u,
eu < Re X < 2eu we have

[(Ay = N) " H2s.2s < (u? + A, s=0,1,...,p—1.
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Then, using Lemma 2.29,
1A =X ll2s252 < Cos (14 (1Al +u?)* ) < 2055 (|A] +u®)**

and we obtain

p—1 p—1
H(Au - )‘)_p||0,2p < H ”(Au - )‘)_1||2s,2s+2 < (l)“ + u2)p(p+1)/2 H 2C5;.
s=0 s=0
The proposition thus follows with C} := H’S);é 2C,. O

We will now use Propositions 2.28 and 2.31 to provide a

Proof of Theorem 2.27. We are going to use the constants a;, > 0, Czln >0,e>0,
ug > 1 and 01/7/ > 0 from Propositions 2.28 and 2.31. Increasing «,,, we may assume
that oy, > €. For u > uy we consider the contour® I',, parametrized by

A R—C, () == eu + eulz| — apuizi.
Note that for u > ug, t > 0 and = € R we have
lethu(@)| = gmstug—etulzl  and N (2)] < V2apul. (65)

Observe that for |z| < 1 we have eu < Re A\, (x) < 2eu and |\, (z)| < 3a,u?, hence
Proposition 2.31 tells that

[(Au() — Au)_pHO’?p < Czlal(gap + 1)Up(p+1) (66)

for all || < 1 and u > wug. Moreover, if |z > 1 then apu? < |\,(z)| and
|arg A, (2)| > 7/4 > 6, hence Proposition 2.28 yields

[Nu(@) = Au)Pllo2p < G, (67)
for all |x| > 1 and u > ug. Further we have:
_ b Sty A -1
exp(—tA,)P, = omi Jr. e MA=AL) T dA
(p—D! (=" / —tA -
2mi =1 Jp. e (A w) 7P dA

= (pz_ﬂ-il)!% /OO e thu(2) ()\u(x) _ Au)_p)\' () de

— 00

Using (65) we thus get

Hexp(—tAu)Pu Ho,zp

V2a,(p =)' v L [ tule B
<l e [ e ou@ - 80 Ploay do (69)

— 00

5The angular contour bisected by the positive real axis.
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From (66) we obtain

1
/ efstu|z|||()\u(x) o Au)7p||0,2p dr < 20;)/(3041) —+ l)uP(PJrl), (69)
-1

From (67) we obtain

207 1
/ e—etulx\ll()\u(aj) . Au)_p||0,2p de < —2—, (70)
|z|>1 =

Combining (68), (69) and (70) we find a constant C,, > 0 so that for all u > wug
and ¢ > 0 we have

wPPTD+2 )

| exp(—tAu)Pullozp < Cpe™="( (71)

et e
Choose Ag ¢ Spec(Ag), i.e. Ag— A is invertible. Then, see [22, Proposition A.3.7],

lexp(=tAu) Pullir < [[(Ao = 20) P llexl[ (Ao = X0)”l[2p.0ll exp(=tAu) Pulo,2p-

To complete the proof of Theorem 2.27 combine this with (71) and note that
(Ao — Ao) P is trace class since we assumed p > n/2. O

3. Asymptotic of the large torsion and the proof of Theorem 1.4

Given the special role of the variable u in this section we will replace the notation
Ag s Tlau €tc. by Ay(u), na(u) ete.
We will consider functions ¢(u), u € (0,00) of the form

n n
ZAjUj +ZBjuj logu + o(1), as u — 00,
=0 =0

and refer to Ay as the free term of #(u) and denote it by FT(¢(u)). Note that
log,. Tia(w) is by Corollary 2.3 such a function. The key result of this section is
Theorem 3.6 below whose proof, although the same as of Theorem B in [5], is
supported by estimates derived in Section 2. This theorem calculates the free term

FT (logﬂ Tla(u) — log,, ﬁa(u))

provided M and M have the same dimension, F and E the same rank, f and f
the same number of critical points in each index.

Here 7, (u) and 71,(u) denote the large torsions associated with (M, E, g, b, f)
and (M, E, §,b, f) two systems as in Section 2 which satisfy (9), (10) and (11).
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Asymptotic expansion of log det for elliptic with parameter

Suppose E — M is a rank k complex vector bundle over (M, g) a smooth Riemann-
ian manifold of dimension n, D a second order elliptic operator of Laplace—Beltrami
type (cf. [5]) (i.e. the principal symbol o(D)(§) = —||¢||?id), L: E — E a bundle
map and F: M — R a smooth function. The operator D has always 7 as a prin-
cipal angle. We denote also by L resp. F' the zero order (differential) operators
defined by the bundle map L, resp. the multiplication by F.

For any u € [0,00), let D(u) := DEF(u) = D + uL + w?F. If F is strictly
positive then the family D(u) is elliptic with parameter in the sense of [22] or [6].

We apply the considerations below to D = A+¢ where A := Ag ¢ 4 is the ¢—
Laplacian associated with the flat connection V¥, the non-degenerate symmetric
bilinear form b, and the Riemannian metric g as defined in Section 1, and ¢ a
positive real number. The smooth function F will be |df|> where f: M — R is a
smooth function on M and the endomorphism L given by Lemma 2.4. In this case
the family D(w) is elliptic with parameter away from the set of critical points of f.

With respect to a coordinate chart U C M with coordinates z1,...,z, and
a trivialization, E|y = U x C* the symbol of the operator D) is given by

o(D)(x, :—||£||2+Zaz )& + B(x),
where ||€]]2 = Y ¢V, g% the Riemannian metric, o;(z), 3;(z) are end(C")-
valued smooth functions. The operator D(u)|y is given by
D(u)|y = az(z, D,u) + a1(x, D,u) + ap(z, u),

= (x1,...,2n), D= (Dg,,...,Dy,), where as_;(z,&,u) , £ € R", are end(CF)-
valued smooth functions with the homogeneity property

o
az—; (l’, Tfa TU) =T Ja2—j (iC, Ea u)a
7 € R. Precisely as, a1, ag are given by

az(x, & u) = = ||&]* + v F
ai(z, & u) =ul(z) + Zal (72)

ao(l',f, ) =€+ ﬁ( )
Suppose that F' is strictly positive, hence D(u) is elliptic with parameter. As

in [6] we define inductively the functions r_o_;(z,§,u, 1), p € C, with values in

6In fact any angle 0 # 0 is a principal angle, i.e. for any = and £ # 0 the spectrum of the finite
dimensional linear map o(D)(&, z) : Ex — E, is disjoint from the ray of angle 6.
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end(C*) by:
7”72(‘%757(“) :U’) = /u‘ - CLQ(I',f,’U,))il
r—2—j (37767 u, IU/) = 7‘72(:177 57 U, /1‘)

j—1
~<Z > ;agagl<x,§,u,u)D$r2k<x,§,u,u))

k=0 |a|+1+k=j

with o a multi index o = (41,...,4,). Clearly r__; is homogeneous of degree
(=2 =) in (&u,pu'/?).
We also define the smooth complex valued function

1 oo
CLL7F(£C) = —W /n df/(; dﬂtI'(Tf?fn(xvga 1, _M)) (73>

and as in [5], page 352, equation (3.11) a simple calculation shows

(lL,F(.’L') + (lfL’F(.”L') =0. (74)

Suppose M is closed and (E,D, F, L) as above. We can consider the complex
valued function log det, D(u). The following result was established in the appendix
of [6], see also [17].

Theorem 3.1 ([6]). The functions ar p(x) define a density on M™. If D(u) is
invertible for u large enough then logdet, D(u) has an asymptotic expansion of
the form

Z Ajud + Z Bju! logu + Z Ciu™t, as u — o9, (75)
3=0 3=0 i=1
with Ay = fM ar, g’ In particular log det, D(u) is of the form

Z Aju? + Z Bju? logu + o(1) as u — 0o (76)
5=0 3=0

(The result proved in [6] is formulated under more general hypotheses and
with stronger conclusions). The result can be extended to compact manifolds with
boundaries and Dirichlet boundary condition and leads to the following relative
version of Theorem 3.1 stated under more restrictive hypotheses (satisfied in our
situation).

Theorem 3.2 ([5]). Suppose (Fy;,D;, L;, F;), i = 1,2, are two systems as above.
Suppose that there exist compact sets K; C M; and open neighborhoods U; of of
K; so that:

1) Fi|a\k, are strictly positive, and

7Actually all terms Aj; and Bj are integrals on M of densities explicitly computable in each chart
in terms of the symbol of D(u).
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2) there exists the diffeomorphisms ¢: Uy — Us, ¢: Fily, — Eslu, bundle
isomorphism above ¢ which intertwines

(E1lu,, Dy, Loy, Filu,)  with  (Ealu,, Da, La|u,, Falu, )-

Let V; compact domains with smooth boundaries, K; C V; \ 0V; C V; C U; with
(V1) = Vo. If D;(u) are invertible for u large enough then

log det, Dy (u) — log det, Do ()

has an asymptotic expansion of the form (75) with

Ao =/ ar,,m —/ ar,,F,
Mi\V1 M2\ V3

A relative result for the asymptotic expansion of the large torsion

Let (M, E, g,b, f) be consisting of a closed smooth manifold M, complex flat bun-
dle E, Riemannian metric g, non-degenerate symmetric bilinear form b and Morse
function f. We will refer to such collection (M, E, g,b, ) as a “system” provided
(9), (10), (11) hold, and to a collection of neighborhoods By;; of the critical points
Tg;j € qu as p-admissible neighborhoods if they have disjoint closures and are the
source of Morse charts ¢, . of radius p so that on them (9), (10) and (11) hold.
Clearly such neighborhoods exists for p small enough.

We define B[m = ¢z, (D,/2), where D, denotes the disc of radius r in R”
centered at 0.

Given a collection of p-admissible neighborhoods Bj;; introduce the mani-
folds

Mp:=M \ Uq7jB;;j; My = Uq7jB;;j,

where B(’Z; ;18 defined as in the above definition. Both manifolds M; and M;; have
the same boundary, given by a disjoint union of spheres of dimension n — 1.

Fix € > 0 and consider the operator A, (u)+e. If u is large enough, in view of
Proposition 2.18 A, (u) + ¢ has m as an Agmon angle and is invertible. Its symbol
with respect to arbitrary coordinates (p, ) of (M, E — M) is of the form

as(z,€) + P |V F)* + a1 (z,€) + ul(z) + £

where a; : B3o x R? — end(A9(R?) @ CV), i = 1,2, are homogeneous of degree i
in &, where ||V f||? : B3, — R is given by

vip= . 2L o0

Ox; Ox;
1<i,j<d v

and L: By, — end(A?(RY) @ CN).

Therefore, away from the critical points of f, this operator is elliptic with
parameter and away from the critical points we can consider the densities ar, p as-
sociated with (Ag(u)+e€); they will be denoted here by a?(f, e, z) := a%(b, g, f, €, ).
As in [5] we can establish the following intermediary results:
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Proposition 3.3. Assume that the systems (M",E,b, g, f) and (M™ E.b,g, f) sat-
isfy 81X, (f) = 41X, (f) 0 < ¢ < n, and rank E = rank E. Choose p > 0 so that
we have p—admissible neighborhoods of critical points for both systems. Denote by
Ay (u) resp. Ay(u) the Witten Laplacians associated with the two systems. Then,
for any e > 0,

log det (A, (u) 4 ) — log detr (A, (u) + €)

has an asymptotic expansion of the form (75) for u — oo whose free term equals

aq(faf7€) :/M (lq(f,f,l‘)—/M aq(f,g’jj),

For any € > 0 introduce

d
A(f,u,e) Z 1) glogdet(A,(u) + ¢), (77)

q=0
which can be written as A(f, u,&) = Asm(f,u,€) + A (f, u, ) with

1
T2

U

Z 1)7" g log detr (Agm /1a,q (1) +€)
q=0

l\')\»—l

Asm/la fvu 5

and Asm/la,q(u) =A ( )‘Qq

sm/la

(M;B,)- Clearly Ay, (f,u,e =0) = logy1a(u).

Proposition 3.4. With the assumptions in Proposition 3.3, for any e > 0 the quanti-
ties A(f,u,e)—A(f,u,e) and A (f,u,e)— Aa(f, u, €) have asymptotic expansions
of the form (75) for u — oo which are identical. In particular

FT(A(f, u,€) — A(f, u, 5)) = FT(Ala(f, u,€) — Ala(f, u, 5))
Proposition 3.5. With the assumptions in Proposition 3.4:
(i) The limit
lim FT(Aw(f,u,€) = A(f,u.¢)) (78)
e—
exists and is equal to FT (log 7y 1a(u) — log Tfyla(u)).
(1) This limit is given by

H= [ Sevmanre =0 - [ Y1)aie=0.9)

T q
(with the same p small enough) with a4(f,e,x) and a(f,e,%) the densities con-
sidered above.

I q

Combining the above propositions and (74) we have

Theorem 3.6. Assume that the systems (M", E.,b, g, ) and (M™,E,b,§, f) satisfy
18X, (f) = tX,(f), 0 < ¢ < n, and rank E = rank E. Then

FT (log Tla(u) — log %1a(u))
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has an asymptotic expansion of the form (75) whose free term is
fe=0,2)— / )igao(f,e =0,%)
n=f, Xew Y

where ad(f,e,x) and a?(f,e, &) are the densities considered in Proposition 3.3

above.
(iti) When dim M = n is odd we have

a(faf)+a(n7f7n7f) =0.

Proposition 3.3 is similar to Proposition 3.1 in [5] (but for non-selfadjoint
Witten Laplacians) so the proof is the same. It is actually a straightforward con-
sequence of the Theorem 3.2 above.

The proof of Proposition 3.4 goes as follows. As the eigenvalues of the operator
Agm,q(u) tend exponentially fast to 0 as u — oo in view of Proposition 2.18

1
log,. det(Ag gm(u) +€) = myloge + O <€ae_5“>

for some positive constants «, 3, and therefore, Agy, (f, u,e) — Asm(f, u,€) is expo-
nentially small as u — oo. Therefore for any € > 0,

A(f,u,e) — A(f,u,¢e)
and ~
A(f,u,e) — Aa(f,u,e)
have asymptotic expansions of the form (75) for u — oo which are identical. q.e.d.
Proposition 3.5 is more elaborated and the remaining of the subsection elab-
orate on this proof.

Proof of Proposition 3.5. To check (i) we verify that the function H (u,¢), defined
for € > 0 and u sufficiently large by

H(ua 6) = Ala(,ﬂ u, 5) - Ala(f7 u, E) + 10g Tla(u) - IOg 7~—la(u)

is of the form
Zakfk + g(u,e), (79)

where g(u,e) = O(u~'19) unlformly in €. The statement of Proposition 3.5 can

be deduced from this formula as follows: Recall that for ¢ > 0, H(u,e) has an

asymptotic expansion for u — oo because Ay, (f,u,e) — Ala(f, u,€) and log 7, (u)

and log 71, (u) have, the first by Theorem 3.6 the last two by Corollary 2.3. As

g(u,e) = O(u=1*9) uniformly in ¢ we conclude that for any e > 0, Zgzl ek fr(u)

has an asymptotic expansion for u — oco. By taking T different values 0 < €1 <
- < e for € and using that the Vandermonde determinant is nonzero

T
€1 ... &1

det | | #0
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we conclude that for any 1 < k < T, fi(u) has an asymptotic expansion for u — co
and that for any € > 0

d
FT(H(u,e)) =Y " FT(fr(u)).
k=1

Hence lim._,g FT(H (u,¢)) exists and lim._,o FT(H (u,e)) = 0. It remains to prove
(79).
Recall that if
Og10(u, ) == tr(e #2a P,

and
a(u,e,8) == — 570, 1a(u, p)e=Hd 80
Cq,la( ) F(S) 0 M q,ld( /’(‘) 14 ( )
then
d
log det (Ag1a(u) + ) = ﬂ _ Gaalue,9) (81)
We have the estimate

Lemma 3.7. There exists a constant C1,Co,3,> 0, 0 < § < 1, and integer T > n
so that

(i) for u large enough and 0 < p < u='+9
Oq(u, ) < Crp™" (82)
(ii) for u large enough, and p > u~'+0
0,(u, ) < Coe™Pur, (83)

Proof. Note that Theorem 2.27 implies that there exists an integer N > n and the
constants C’, 3 > 0 so that for u large enough

0(u, )| < e [

with v > 0. Choose 0 < § < 1, (for example 6 = 1/2).

Suppose p < u~ 9. This implies pu'~® < 1; and supposing u large enough
we have p < 1/2.

As 1 < u®1 hence uN < p=N/(=9) we get

|9(’U,7/.L)| < Cle—'yuu/un+N/(1—6) < Cv/e/uT7

where T' > n + N/(1 — §). This establishes (i).
Suppose 1 > w19, This implies =" < w™1=% and therefore

6*“//2 ,u,uuN/un < 677/2 u‘suNJrn(lfé).

Clearly for u large enough we have

e—'y/2 uauN-&-n—(S <1

since 6 > 0. Take Cy = C’, 8 = /2 and (ii) is verified. O
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To establish (79) we decompose the function ¢, 1.(u, €, s) into two parts

1 oo
I s—1 _
Coralu,e,8) = 1“(8)/u1+5 P Og(u, pe” M dp (84)
and
1 w119
Cota(us,8) = @/0 10 (u, e dp. (85)
First let us consider
CII (u,e s)—(ll,(u e=0 S)ZL/OO w0, (u M)&du
q,la\™ <> q,la\* ) F(S) ies q 5 [
Note that

Cé,la(u’ & S) - C;,la(u’ e=0, S)

is by Lemma 3.7(ii) an entire function of s and so is 1/T'(s).

Clearly, ﬁ‘s:o = 0, d% 5:01“(13) = 1 and 1 — e ** < epu. Therefore by
Lemma 3.7 we have
d I I
% 5=0 (Cq,la(u7€a S) - Cq,la(ua e=0, 8))

oo —EM __ 1 oo
/ Gq(u,u)eidu‘ < ECQ/ e Purdy = @6_5"6.
u H

—1+46 u—1+8 ﬁu

Concerning the term

d
Tl (Cilase,8) = (e = 0,5)),
expand (e —1)/u
T (—l)k
(e7H —=1)/u= Z o Ek,uk_l + ET+1/Jd€(5,M)

k=1
where the error term is given by

— (—DF . T+1 T
e(a,u)=<2 —ctu )/6 ut.

k=T+1

Note that according to Lemma 3.7(i) we have u?0,(u, u) < Cj.

Therefore
uw~ 1448

6cl+1 T

150 (w, )™ " e(e, p)dp

0
is a meromorphic function of s, with s = 0 a regular point and, for sufficiently

large u we have

4
ds

u—1+6

- (F(ls) /0 150 (u, p)e™ " e(e, u)du>

with C7 is independent of v and ¢, 0 < e < 1.

S €T+101U71+6
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Finally, recall that 6,(u, 1) admits an expansion for g — 0+ of the form

T
p) =Y Ci(w)u=D"% 40, (u, )

where 0 (u, p1) is continuous in p > 0. Therefore, for 1 <k < T,
—146
I (=D* & k-1
— °6 — d
T(s) /O o0 (u, p) == du

is analytic with respect to s at s =0 and

T —146
d v —1)k N
Z* ( /0 10,1, 1) k!) b 1du>

is of the form Zle ¥ f1,(u). This establishes (79). Part (ii) follows from Proposi-
tion 3.3 and part (iii) from (74). O

Proof of Theorem 1.4
In this section we want to check that 512«;,[17] = 1. Consider a system (M, E, g,b, f).
Clearly (M,E,g,b,—f) is also a system and denote by 7 (u) resp 7, (u) the
large torsion for the first resp. of the second. Similarly we write T(Intjm ) resp.
7(Intg, ,) for the relative torsion of (13) in Section 1 when applied to the first
resp. second system.
Suppose now we have two systems (M, E, g, b, f) and (M, E,q,b, f)7 and sup-

pose that f and f have the same number of critical points in each index. Since
dim M = n is odd we have (—X)*¥, = —X*W¥,, and therefore Corollary 2.3 yields

) -1 (u
/5, (6] TEEU; ?Eéui -t (14 0(e™)) (86)

with a real number §. We know that the left side of (86) is constant and

log 7'1: (u) - 7, (w)
" ﬂ:(u) T (1)
has an asymptotic expansion whose free part is by Theorem 3.6 equal to 0. This
implies that
St/ Shm =1

We choose M to be the sphere, E the trivial flat bundle of the same rank as
E and b the canonical symmetric bilinear form. We note that since dim M = n is
odd, one can always provide a Morse function f on M := S4mM with the same
number of critical points as f in each index. Since 82 . = 1 we conclude that

B,[b]
S%M =1. q.e.d.
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4. Appendix; Remarks on the proof of Conjecture 1.3

It is likely that in Theorem 1.4 one can replace +1 by 1. For this purpose notice
that for each Morse function f one can produce a square root S}, v], 7 of Sgpp and
by the same arguments as in the proof of Theorem 1.4 one can show that

Sep.s Sep—r =1
Clearly, if we show that Sb[b” is independent of f, then SE,[b] =1.

To define a square root of Sg ) we use the formulas (7) and (8). We need
two additional data: a Morse-Smale vector field X and an orientation of the to-
tal space of the mapping cone complex associated with the quasi isomorphism
Intsmu: Qsm(M; E,) — C(X; E,). The orientation provides a square root of
7(Intsm,,). Both 7. and exp(—2 fM\X wp, b A (—X)*¥,) have an unambiguous
square root. We can choose X = —grad,, f in which case Intsy o, is an isomorphism
for u large enough and a canonical orientation is implicit in the construction of
the mapping cone. The product of these square roots give our desired square root.

It is possible to show that this construction extends to generalized Morse
functions. Recall that by a result of H. Chaltin [16] any two Morse functions f;
and fy can be joined by a homotopy f; with f; Morse function for all ¢ € [1,2]
but t1,ts,...,t;, and generalized Morse function for ¢t = t1,ts,...,t,. One can
even arrange that each generalized Morse function has only one birth/death or
death/birth critical point. Then the independence of S’'(E,[b], f) of the Morse
function f follows for from the continuity in ¢t of S}E,[b], i for a homotopy of the
type provided by Chatlin result.

Recall that a generalized Morse function is a smooth function whose critical
points are either non-degenerate or are birth-death/death-birth critical points, cf.
[16]. For each g, let my be the number of non-degenerate critical points of index ¢
and m;, the number of degenerate (birth/death) critical points of index ¢. It was
established in [16] that for u large the spectrum of Ag, 45, decomposes in three
disjoint parts Specgy, ,; SP€Cy1a us SPECyl, ,, Called small spectrum, moderately
large spectrum and and very large spectrum. The small spectrum Spec,, ,, consists
of (rank E) - m, complex numbers converging exponentially fast to 0, Specg,, ,
consists of 2(rank F) - m; complex numbers whose both real part and absolute
value are converging to co but not faster than Cu??® and Spec,y, ., the rest of the
spectrum, consists of complex numbers whose real part is converging to oo faster
than C'u, with C, C’ some constants. Actually this was established for a flat vector
bundle equipped with a Hermitian structure but we expect the statements hold
true for a non-degenerate symmetric bilinear form also.

To define the square root of Sg ) for such generalized Morse function one can
use instead of Qg (M E,) and . (M; E,,) either Qg (M; E,,) and Quia(M; E,) @
D1 (M; Ey) or Qs (M; E,) ©Qmia(M; Ey) and Q4 (M; E,,). One can choose con-
veniently a Morse-Smale vector field, for example a vector field which away from
the degenerate critical points is gradient like for the generalized Morse function;
in this case canonical orientations exist for the mapping cone of the corresponding
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integration morphisms in both cases. The square roots obtained by either choice
are the same.

While the continuity at ¢’ when fy is a Morse function is straightforward
at t’ when fy is generalized Morse function is more subtle. It is easier to check
this continuity when there is only one birth/death or dearth/birth critical point
and this can be done separately from left and from right using the two possible
definitions of the square root.

An extension of the result Sg ;) = 1 to smooth odd dimensional manifolds
with boundary combined with a product formula for Sg;, (like the product for-
mula for for analytic or combinatorial torsion,) will imply the result for even di-
mensional manifolds as well. The details of the above remarks will be presented in
a forthcoming paper.
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