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Ray—Singer torison

(M, g) ...closed Riemannian manifold

(E,u) ...flat Euclidean vector bundle over M
~ deRham complex (Q*(M; E),d)

~ Laplacian A?: Q4(M; E) — Q4(M; F)

~s zeta regularized det’/A4

~ Ray—=Singer torsion

1
log TE9H = 5 S (—)iT1lglog det’ AT
q

~ deRham cohomology HY(M; E) = ker A1

~ scalar product |[ - || ga(ar: B)



Analysis of the ODE
X = —gradz(f) ... Morse-Bott—Smale

~ critical manifold ¥~ := Zero(X)

~ decomposition TM|y =T &Nt N~
~ Morse index ind =rank(N7) : X — Ng
~» unstable manifold

s 2w M
p diffeomorphic to N7, + : W — M smooth

~» vertical bundle Vi — W
rank(Vyy) = p*ind
~» space of unparametrized trajectories
m_ 7T_|_
> — T — >
m— smooth fiber bundle, 4 smooth
~» vertical bundle Vo — 7T

rank(Vr) = 72 ind —7Z ind —1



~s canonic compactification to manifold
with corners

s 7y
7— smooth fiber bundle, 74 smooth,
817 =7 XS T

~s canonic compactification to manifold
with corners

s oW g
p smooth fiber bundle, © smooth,

81W=T><ZW



Geometric complex

X ... Morse—Bott—Smale vector field
E ... flat vector bundle

Eg = (E®OyN-)ls
~ Z—graded Morse—Bott complex

CUX; E) = @ QrndB)(s; Eg)
SC>

§:=d=+ (F_)x0 (Ry)* 5°=0
~ cohomology HC*(X; F)

~ homomoprhism

QI(M: E) MY i x: B)

Int ;= pxoz”

Intod = d oInt

~ Isomorphism

H*(M: E) Y gor(X: E)



~ filtration

CL(X:E):= P Qi"E)(s; )
B ind(S)>p

~ spectral sequence coverging to HC*(X; FE)

E1CH(X;E)= & HYTP(S;Eg)
ind(S)=p
g ...Riemannian metric on M

u ...fiber metric on E

~ (X, gg) Riemannian

~ (Eg,ug) flat Euclidean vector bundle
~ scalar product || - ||g,

~ inductively || -[|g,, 1 <k < oo



Combinatorial and metric torsion
~ finite dimensional Laplacians A} on E;CY

~ combinatorial torsion

1
log TE91% - — S = Y (-7t 1qlog det'A}

comb
k q

~ GHC*(X;, E) = ExcC*(X; F)

~ det HC* = detGHC* = det ExcC*

~ geometric scalar product || - [lget Ho*(x:E)
det H*(M; E) 28" det HC*(X; E)

~ metric torsion

log Trﬁ’egt’“’X = log vol detInt

Note that H*(M; E) = 0 = logTmet = O.
§)



—3tr, Vu € QY(M;R) ... closed 1-form

0 .=
~ © = [0] € H1(M;R) holonomy of det EQOf
Ve QY TM\M; O, ... Mathai—Quillen form

T heorem A

logTM = Z(—)“”O'(S)IogTaSn
SCx

+ 109 Tmet + 109 Tcomb
+/ oA (—X) W
M

Remarks
e |ocalization theorem for analytic torsion

e spezializes to Bismut—Zhang theorem if X
Morse—Smale (X discrete, hence log 75, = 0)

e implies (a slight generalization of) a result
of Lick—Schick—Thielmann (analytic torsion of
fiber bundles)



Euler structures (Turaev)
M™ connected with base point zg

consider equivalence classes [X, ]
X vector field with non-degenerate zeros X
ce C1(M;R) ... Turaev spider (Euler chain)

Oc = > IND(z)z — x(M)zg
reX

IND(x) ...Hopf index

[X1,c1] = [X2, o] iff
Co —C1 = C(Xl, XQ) mod 3(CQ(M; R))

c(X1,X5) ...one chain obtained as the zero
set of a generic homotopy from X7 to X5

~ Culy, (M) Euler structures over R
affine version of H{(M;R)



Euler structures (deRham approach)
M™ connected with base point zg

consider equivalence classes [g, «] where
g ...Riemannian metric
a€ QU LM\ z0; Oyy) with

Eqe Q"(M;Opr) ... Euler form

l91, 1] = [g2, an] iff
o — a1 = ¢s(g1,92) mod d(Q"H(M; Oyy))

~ Culy (M) ...(co)Euler structures over R
affine version of H" 1(M; Oy)

~ isomorphism €uly; (M) = €ulyq(M)
affine over Poincaré duality

H" Y (M; Opp) = H1(M; R)



Analytic torsion
E ... flat vector bundle over M
e = [g,a] € Guly,(M) ... Euler structure

consider real line (one dim. vector space)

Detxo(M; FE) :=det H*(M; E)® (det Exo)—X(M)

choose fiber metric © on E and define

. — ON
- Ilan := Tan- e~ IO || get mecarmy © 11+ o

anomaly formula for analytic torsion implies
that this does only depend on (E,¢).

~ analytic torsion ifraEn’e € Detyy (M)

for c € H{(M;R) we have

TaEn’e—I_U _ TaEn,e . e—(@,o)
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Localization of Euler strutures

consider equivalence classes [X,c, {eg}]

X ...Morse—Bott—Smale vector field

eg € Culy(S) ... Euler structure on S C X
c € C1(M;R) with

Oc = ) IND(S)zg — x(M)zg
SC>

+ more complicated equivalence relation

~ Culy (M) ... affine version of Hi(M; R)
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Geometric torsion

X ... Morse—Bott—Smale vector field
¢e = [—X,c,{eg}] ... Euler structure

Dety,(X; E) 1= det HC*(X; E)®(det Ey ) XM)

spectral sequence provides canonic

det HC* = detGHC* = det EocC* = - - -

_\ind(S)
=det E1C* = X) (detH*(S; E5)>( )

SCx
-+ parallel transport along ¢ provides

_\ind(S)
Det.;,(X; E) = X (Deth(S; ES)>( )

SCx

~ geometric torsion Tfe’é’r%( € Det, (X, E)

for c € H{(M;R) we have

Epeto, X _ _Ee, X —(O0
Tgeom — Tgeom " € < )
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Reformulation of theorem A

M . ..closed manifold

E ... flat vector bundle over M

X ...Morse—Bott—Smale vector field on M
¢ € Culy (M) ...Euler structure

Int: H*(M; EF) = HC*(X; E) provides

Det, (M; E) = Detyy(X; E)

Theorem B. 7° = Tfe’é’rf

Tracing back the definitions we easily find

theorem A < theorem B
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Homotopies
X ...MBS homotopy from X_ to X4

~ homomorphism
C*(X_; E) 25 C*(X4; E)

pxo00x =0x,  0px

~ homotopy
H
C*(X_;E) =% ¢ 1(X; E)

HXod—|—5X+oHX=ngoIntX_—IntX+

~ commuting isomorphisms

IﬂtX_ Nt x
/ \4—

HC*(X_; E) L HC*(X 4 E)

14



A small perturbation

X ... MBS vector field
Y ...Morse—Smale vector field on >

MBS homotopy X; .= X 4+ tY

e X = X and X Morse-Smale

e X tangential to ¥ and X4 |y =Y

o>, CXy, indé‘é(a;) = ind(S) + ind%(z)
ez, cS = TYS(:U,:E’) = TX_I_(:I:,:E’)
excSES>2, 7T(5,8=0=T(x,2)=0
e X tangential to X

ercS = Tx(x,S) = W;S(a:)

excS*S Tx(S55)=0= Tx(z,8) =0
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~ filtration compatible with dx__

CX4iE)s>p = D CX4ilsi Es)
ind(S)>p

~» homomorphism compatible with filtrations

pxc 1 CLy(X; B) = CH (X4 D)3,

~ F1—term identifies to

E1CH(X;E)—"2 ~E0cU(XT: E),

HI™P(Zp; BEx)) Nty HCTP(Yy,; Ex)
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Consider

iR € Detyy(X; E)

E.e X _
geom+ DetxO(X+, E)

FEg,eq,Y, .
geSon"? S € Deth(YS, Eg)

as linear mappings
EeX
(det By, )X(M) 190, qet HO*(X; E)

E,Q,X+
(det Ey)X(M) 1990, qet HC*(X . ; E)

ES’QS’YS
(det B, )X() 19N, qet HC*(Ys; Eg)

e =[—X,c,{es}]
es = [-Yg,cq]
cy i=c+ Y (—)NdE)cg

= ¢ = [—X_|_,C_|_]
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Ee

det H*(M; E) ~— (det B, )X(M)

Intx
/ \LIntX-F M lc'i‘
geom

det HC*(X; E) o~ det HC*(Xt; E) ———detC*(XT: E)

det E,,C*(X; E) — 2 —~det Es.C*(X T E)

det EoC*(X; E) — 2 —~det FoC*(XT: E)

det E,C*(X; E) — 2 —~det E1C*(XT; E) =———det GC*(XT; E)

Q@ (det H*(S; Es)) ™ ™R (det HC*(Ys; Es)) ™ = @ (det C*(Ys; Es)) ™

\ ®(T9Ee%r;s)i /
®(Tis»85)i ® ((det(Es)xS)X(S)> + ®(cs)*

C

(det E,, )x(M)

this commutes!!!

e Bismut—Zhang applied to X

e Bismut—Zhang applied to all § C >

e A theorem of Maumary (spectral sequences)
e what we discussed up to now
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