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(M,w) symplectic manifold of dimension 2n,
need not be compact, might have non-empty
boundary.

Is said to satisfy Hard Lefschetz Theorem if
[w]® : H" R (M) — H"TF(M)
is onto, for all £ > 0.

Example. Closed Kahler manifolds.

Example [Thurston]. g nilpotent Lie algebra
with base {e1,es,e3,e4}, [e1,e2] = e3, [e;,¢e5] =
O otherwise. A co-compact lattice in corre-
sponding simply connected Lie group G.

N :=G/N

is closed symplectic manifold which does not
satisfy Hard Lefschetz Theorem.

Example [McDuff]. N — CP>, X blow up
along N. X is a closed, simply connected sym-
plectic manifold which does not satisfy Hard
Lefschetz T heorem.



t . QF(M) — XF(M) graded algebra isomor-
phism. Libermann introduced symplectic star
operator:

x Qn_k(M) — Qn+k(M), xQ = iﬂaw

n!

n

satisfies x2 = 1. Set

§ QM) = QF (M), §:=(-1)Fxdx.
Satisfies 62 = 0. But A :=dd+ dé = 0.
Brylinski introduced HE(M) C H¥(M), space
of harmonic cohomology classes, those having
representatives o with da = da = 0.

Example [Brylinski]. On closed Kahler man-
ifolds Hj(M) = H*(M).

Theorem [Mathieu]. H{j(M) does only de-
pend on [w] € H*(M), and t.f.a.e.:

1. H{(M) = H*(M).

2. M satisfies Hard Lefschetz T heorem.



Questions.

e How to compute harmonic Betti numbers
bE(M) 1= dim HE(M)
in terms of [w] € H*(M)?

e E.9g. what is HS(Ml X MQ)?
e What sort of Poincaré duality on Hj(M)7

e g . My — M. When do we have g* :
H5(My) — HE(Mq)7



Definition. Q’S(M) space of harmonic forms
a € QF(M), da = da = 0.

Oiago.

For m > 0: QF (M) C QF(M) space of a €
Qk(M), s.t. da =0 and s.t. Ja; € QF2I(M),
1 <j<m, with oa = daq, da; = dajyq, 1 <
7<m—1and éam, = 0.

O«—am—: - «—ay s+—a] >—a—0

For m < 0: QF (M) space of a € QF(M), s.t.
Ja; € QFt2i-1(M), 1 < § < —m, with a = daq,
dOéj — 5()éj+1, 1 S] S —m — 1.

X ] = Q) — < O_m—1 7 O_m
Finally set
Qk (M
HE (M) = m (M) C HF (M),

Qk (M)Nnimgd —

those classes in H¥(M) having representatives



Have F (M) C an+1(M) and
- CH(M) CH (M) C
canonic filtration of H*(M).

Set
ik 7k k
Hm(M) " Hm(M)/Hm—l(M)a
and if H*(M) finite dimensional
b* (M) := dim H* (M),

bE (M) := dim HE (M),
bF (M) 1= dim B (M).

Corresponding Poincaré polynomials
pM(t) = S bR ()tF,
oy () 1= > b, (M),
iy (£) 1= b, (M)EF.



Theorem. Suppose M symplectic manifold of
dimension 2n. Then

1. H} (M) does only depend on [w] € H*(M).

2.g: M — M, dimM’ = 2n/, g*[w] = [J].
Then g* maps Hy, (M) to H* (M').

3. HE(M) = 0 for k > 2n 4+ 2m + 1, and
HE (M) = HF(M) for k < 2m + 1.

4. [W]F - BRTTROMDY — BRTTRMD is an
iIsomorphism.

5. If H*(M) finite dimensional we set p! :=
rank ([w]j  H=21(M) — H%M)) and get

bn—l—m—k . b;zn—l-m—k — pn—l-m—l—k bn—l—m—l—k

- n+m-k421 n—l—m—l—k—l—Ql
— ZZ PrL+21—-1 ~ Pr421
>1



Theorem. Suppose M symplectic manifold of
dimension 2n and m € Z. Then t.f.a.e.:

1. H* (M) = H*(M).

2. [w]k : Htm—k(Nr) — HE™MYE(A) is onto
for all k > 0.

Theorem. Suppose M is a 2n-dimensional
closed symplectic manifold and m,k € Z. Then
the well defined bilinear pairing

A E ) @ ARE(M) = R, ([0 8) = [ ang
is non-degenerate. Moreover if n even

sign(M) = sign (ﬁg(M) ® HE (M) — ]R).



Theorem. Suppose M is a 2n-dimensional
closed symplectic manifold. Then the well de-
fined bilinear pairing

a5y © AE(M) =R, ([al,[8]) == | anxs

IS non-degenerate. It is symmetric for k even
and skew symmetric for k odd. Particularly
bg(M) is even for odd k.

Proposition. Suppose M1 and M, symplectic
manifolds with finite dimensional cohomology.
Then

~Mq x M ~M ~M
pml 2 (t) — Z pmll (t)pm§ (t)

m1+mo=m

Example. N Thurstons nil-manifold. Then
- 1 - 1
5y <P (1) = Y (Dpg T (1) = 3(1 + 13)

So N x CP! has a non-harmonic class in di-
mension 3.



g = sl(2; R) with base {e, f,h} and relations

[h,€]=2€, [h'af]:_Qfa [€7f]:h
h CbCg, base {h} resp. {h,e}.

V} category of h-modules which have decom-
position V = EBV’c into eigenspace vk of h,
only finitely many V¥ non-trivial. V, resp. Vg
category of b resp. g-modules such that under-
lying h-module in V.

Let R, denote b-module with base {z} and ac-
tion hz .= kz, ez := 0.

For V€ V, we write V € Vg if b-module struc-
ture extends to g-module structure. The later
then is unique.

Example. H*(M) € Vg via ela] = [w] A [a],
hla] := (Ja| — n)[al.



Proposition [Mathieu]. Suppose V € V.
Then:

1. There exists a unique filtration by submod-
ules V,,, of V., such that V,,, = 0 for m small
enough, Vi, = V for m large enough and

(Vi /Vin—1) @ R € Vg.

2. ¢V —- W b-module homomorphism then
gD(Vm) C Wn.

3. V=®,,e7zVm/Vm—1 and in this decompo-
sition Vimn = @pm<m Vs /Vis—1-

Set Vin 1= Vin/Vy—1 € Vp.
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Proposition. V € V,, m € Z, k> 0. Then
1. eF - =k _ 7Tk isomorphism.
2. ek ym—k _, vtk onto.

3 ek—l—l . Vm—k/vm—k _ Vm—|—k—|—2/vﬂ’r{l‘|‘k+2
: ) m
injective.

4.V finite dim., p! 1= rank (e/ : V=27 — v?)

dim V" F —dim vk = gtk gim ymtk
— Z pm—l—k—l—Ql m—l—k—|—2l.

k+21—1 — Pr421
1>1

Corollary. V € V,, m € Z. Then Vp, = V iff
ek - ym—k _, ym+k is onto for all k> 0.
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a ;= g x R? semi direct product, R? standard
g-representation. Is Z-graded Lie algebra

a=a_->da_1DagdDa; Ddas

with base {f,d, h,d, e} respectively.

Graded commutators: [h,e] = 2e, [h, f] = —2f,
e, f] = h, [h,d] = d, [h,6] = =6, [e,d] = O,
f,dl =96, [e,8] =d, [f,8] =0, [d,d] = 2d2 = 0,
6,6] = 262 =0 and [d,§] = d§ + 6d = 0.

Vs Category of a-modules with underlying b-
module in Vh' For V € V4 we get

H(V) := (kerd)/(imgd) € V.

Example [Mathieu]. (M,w), dmM = 2n.
Then Q*(M) € Vq, via d de Rahm differential,
e 1= wAa, fa = i,a, ha = (Ja| — n)a,
Sa = (=D)-1 4 dxa.
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Definition. V € V,. Z§ space of harmonic
elements v € V¥, dv = év = 0.

Oﬁng.

For m > 0: Zk C Vk space of v € V%, s.t.
dv =0 and s.t. Ju; € VF72J, 1 < j < m, with
ov = dvy, dv; = dvjgpq, 1 <5 < m-—1 and
dvm = 0.

O«—vm — - «—vy >— v —-—v—0

For m < 0: ZF, space of v € V¥, sit. Ju; €
vht2i-1 1 < j < —m, with v = dvy, dv; =
Svip1, 1<j<—m—1.

VU] = U — -+ VU_,y_]1 —¢ VU
Finally set
)= Zm )
Zk Nnimgd
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For V € Vs we have two filtrations on H(V):

1. Hy (V) from the previous slide.

2. H(V)m;m Mathieu’s filtration which comes
from the b-module structure on H(V).

Proposition. V € V,. Then Hp, (V) = H(V)m.
Proof. Check, that H,,(V) are b-submodules.
Check, that H,, (V) = 0 for m small.

Check, that H,, (V) = H(V) for m large.

One then can explicitly extend the b-module
structure on (Hn(V)/H—1(V)) ®R_,, to a g-
module structure.

Now done, since a filtration with these proper-

ties is unique. [
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Lemma. V,W € V. Then
VeW)m= B Vi @ W,

mi+mo=m

Proof of Kunneth theorem. Kunneth theo-
rem yields b-module isomorphism:

H*(M1) ® H*(M) — H*(M1 x M>)
Since A* (M) = H*(M),,
Hy, (M1 x Mp) =
= H*(M1 x M2),,
= (H*(M1) ® H*(M2))m
= & lﬁ(\%)m1 ®H%)m2

m=mi—+mo

= & H,, (M) Hy, (M)

m=mj1-+my

And thus

~M1 x M ~M ~M
pmlx 2(75) — Z pmll(t)pm§ (t) L]

mi1+mo=m
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Lemma. V € V. Then
VIm={peV 9|y _, =0}

Proof of Poincaré duality. Isomorphism
& H(M) — H(M)*, &(a)(3) = /Ma A B.
of b-modules. Lemma above gives
S H(M)p = {gp e HOM)* = @lgarny., = o}.
Thus
An(M) ® Am(M) =R, ([a].[8) = [ anp
well defined and non-degenerate. Write
H"(M) = H"1 & A§(M) © Q.

In this decomposition H*"(M) @ H"(M) — R

0 0 A

( 0 S B)

At Bt T

So sign(M) = sign (ﬁg(M) ® HY (M) — R). []
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HS(M) is g-module. Uniqgue decomposition

H(M) = P @
[>0
where @Q; direct sum of g-representations with
highest weight [.

@; orthogonal to @y with respect to pairing
f{lg(M) ® ﬁg(M) — R.

Forl >0 choose 0 < k <[ with n—k even and
let o;(M) be the signature of non-degenerate
pairing

QrrFeQr* -R, a®pfr (a,ep).

Does not depend on k. If n even

sign(M) = ) o;(M).
[>0
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Example. M C CP", codimension 2k symplec-
tic submanifold.

X, the blow up of CP™ along M.
McDuff constructed symplectic form on X.

One can show

(1) = S () + P W2 + - + 12572,
Here
pSE () = 1412 4 - 4420
~<CPn(t) =0, form=#D0.

Particularly X satisfies Hard Lefschetz Theo-
rem iff M does.

Main point in the proof. Have splitting short
exact sequence of b-modules

H*(M) @ W — H*(X) — H*(CP™)
where W 1= @,-o H/(CP*1) € V.
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