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(M,w) symplectic manifold of dimension 2n,
need not be compact, might have non-empty
boundary.

Have # : Q1 (M) — X(M) vector bundle isomor-
phism. Extends to #: QF(M) — xk(M) graded
algebra isomorphism. Libermann introduced
symplectic star operator:

n

« 1 QVTRE(M) — QUTR(M), ko= o,

n!

satisfies x2 = 1. Set
§ QM) - QF (M), 5= (=1)Fxdx.
Satisfies 62 = 0. But A :=8d+ dé = 0.

Brylinski introduced HE(M) C H¥(M), space
of harmonic cohomology classes, those having
representatives o with da = da = 0.

Example [Brylinski]. On closed Kahler man-
ifolds Hj(M) = H*(M).



(M,w) is said to satisfy Hard Lefschetz Theo-
rem if the wedge product

[w]®: B k(M) — BHE (W)

is onto, for all £ > 0.
Example. Closed Kahler manifolds.

Theorem [Mathieu]. H (M) does only de-
pend on [w] € H2(M) and the following are
equivalent:

1. HS(M) = H*(M).
2. M satisfies Hard Lefschetz Theorem.

Counter Examples:
Thurston '76: 4-dimensional, closed.

McDuff '84: simply connected 10-dimensional,
closed.



Questions.

e How to compute harmonic Betti numbers
bE(M) 1= dim HE(M)
in terms of [w] € H*(M)?

e E.9g. what is HS(Ml X MQ)?
e What sort of Poincaré duality on Hj(M )7

e g . My — M. When do we have g* :
HAy(Mp) — HZ(M71)7?

e [Khesin and McDuff]. Which closed mani-
folds admit a family w¢ such that b’é varies?
These are called flexible.



g := sl(2;R) with base {e, f,h} and relations

[h,€]=2€, [hvf]=_2f7 [€,f]=h

On a symplectic manifold Q*(M) becomes a
g-module via

w N\«

€ -«

fra

h-a= (la —n)a

o

Note that only finitely many weight spaces -
thus good representation theory.

a ;= R2 x g semi direct product, R? standard
g-representation. Is Z-graded Lie algebra

a=a o-da_q1Bagday day

with base {f,4d, h,d, e} respectively.

Operators d and 6 make Q*(M) an a-module.
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b C g subalgebra with base {e, h}.

Example If V is an a-module, then H*(V) =
kerd/imgd inherits a b-module structure.

R; 1-dimensional b-module with base {z} and
action hz := kz, ez 1= 0.

Theorem [Mathieu]. Suppose V a b-module.
Then there exists a unique filtration by sub-
modules Vy, of V', such that V,;,,, = 0 for m small
enough, Vi, =V for m large enough and such
that (Vin/Viym—1)®R_,, is a g-module. Moreover

m

as b-modules, but not canonically.

Theorem [Mathieu] a-module V, H3(V') har-
monic cohomology classes, H*(V)q filtration
space from above. Then Hj(V) = H*(V)o.
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Description of the other filtration spaces H*(V ),
in terms of ‘harmonicity conditions’ on repre-
sentatives.

Definition. V an a-module.

For m = 0: Z§ space of v € V¥ with:

02040

For m > 0: ZE space of v € V¥, s.t. Ju; with:

O«—wvm — - «—vy 25— v] —»—v—0

For m < 0: ZE space of v € V¥, s.t. Ju; with:

V= V] =V — +++ < V_,y_1 — Ve
Finally set
)y = Pk,
Zk nimgd —

This is filtration of H*(V).



For an a-module V we have two filtrations on
H*(V):

1. H» (V) from the previous slide.

2. H*(V), Mathieus filtration from the b-module
structure on H*(V).

Proposition. V an a-module. Then H}, (V) =
H*(V)m.

Proof. Check, that H} (V) are b-submodules.
Check, that H} (V) = 0 for m small.

Check, that H} (V) = H*(V) for m large.
One then can explicitly extend the b-module
structure on (H;,,(V)/H} _1(V))®R_,, to a g-

module structure.

Now done, since a filtration with these proper-
ties is unique. [



Proposition. Let V be a b-module and set
ViE =V /V* . Then:

~

1. ek m—k _ 7tk isomorphism.
2. ek ym—k Mtk onto.

3 ek—l—l . Vm—k/vm—k _ Vm—|—k—|—2/vn"%1+k+2
: : m
injective.

4. V finite dim., p}- ‘— rank (ej 27 Vz')

dim V™ F —dim vk =
= ptF — dim etk

. m-+k-+21 m+k-+21
—ZZ Pr+21—1 — Pr421 -
>1

Corollary. V a b-module then V,,, = V iff &f
ym—k _, ym+k js onto for all k > 0.



Theorem. Suppose (M,w) symplectic mani-
fold of dimension 2n. Then

1. H} (M) does only depend on [w] € H*(M).

2.g: M — M, dlmM’ = 2n/, g*[w] = [&].
Then g* maps Hy, (M) to HY ,(M").

3. If H*(M) finite dimensional we set
pl == rank ([w]j  H2I(M) — Hi(M)>
and get

bn—l—m—k . bn—l—m—k —
m
— n+m—+k bn—l—m—i—k
— P m
_ n+m-+k-+21 n—I—m—I—k-I—Ql
— lzl Prk+21—1 — Pr+421
>

where bt = dim H. (M)



Theorem. Suppose M symplectic manifold of
dimension 2n and m € Z. Then the following
are equivalent:

1. H* (M) = H*(M).

2. [w]k : grtm—Fk(pr) — HEMTE(AD) s onto
for all kK > 0.
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For a symplectic manifold we set:
Ay, (M) := Hp, (M) /H}, 1 (M)
bk = dim A (M)
pm(t) = Zgﬁntk
k

Proposition. Suppose My and Mo, symplectic
manifolds with finite dimensional cohomology.
T hen

~M1x M ~M ~M
pml 2 (t) — Z pmll (t)pm§ (t)

mi1+mo=m

Proof. Have isomorphism of b-modules
H*(M1) @ H*(My) — H" (M7 x Mp)

Mathieus filtration of tensor product is the ten-
sor product of the filtrations . ..
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Theorem. Suppose M is a 2n-dimensional
closed symplectic manifold and m,k € Z. Then
the well defined bilinear pairing

ar ko @ m@tE() — R

(lol,[8) == | anp

iIs non-degenerate. Moreover if n even

sign(M) = sign (ﬁg(M) ® HE (M) — R).

Proof. Poincaré duality

¢ HOM) — HOD',  ¢(@)(B) = [ anp

iIs an isomorphism of b-modules. Mathieus fil-
tartion of the dual is the dual filtration ...
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Well known fact. On a closed Kahler mani-
fold the Betti numbers in odd degree are even.

This fails to be true for general closed sym-
plectic manifodls, but

Theorem. Suppose M is a 2n-dimensional
closed symplectic manifold. Then the well de-
fined bilinear pairing

AE(M)® ASM) =R, (lal, [8]) = [ ans

iIs non-degenerate. It is symmetric for k even
and skew symmetric for k odd. Particularly
b§(M) is even for odd k.
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Nilmanifolds.
g nilpotent Lie algebra
G simply connected Lie group to g

Suppose AN C G cocompact lattice. This ex-
ists iff structure constants are rational [Mal-
cev]. Essentially unique. M := G/A is called
nilmanifold.

Nomizu's theorem: H*(g;R) = H*(M).
Sometimes these admit symplectic structures.

For instance Thurstens example is a nilmani-
fold where g has a base {eq, e5, e3,e4} and struc-
ture [e1,ep] = e3, [e;,e;] = 0 otherwise.
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M = G/N\ symplectic nilmanifold. Then C*(g; R)
IS an a-module, too.

Proposition. H} (g;R) = H} (M). Particu-
larly if a cohomology class in H*(M) is har-
monic it even has a G-invariant harmonic rep-
resentative.

D. Salamon gave a complete classification of
6-dimensional nilpotent Lie algebras - all 33
of them have rational structure constants. All
but 8 admit symplectic structures.

Ibanez, Rudyak, Tralle and Ugarte computet
bg and b8 for every single case and concluded

Theorem [Ibanez, Rudyak, Tralle, Ugarte]
There are at least 5 flexible nilmanifolds of di-
mension 6.

Corollary. There are more than 5 flexible nil-

manifolds of dimension 6.
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Example. M C CP", codimension 2k symplec-
tic submanifold.

X, the blow up of CP™ along M.
McDuff constructed symplectic form on X.

One can show

(1) = S () + P W2 + - + 12572,
Here
pSE () = 1412 4 - 4420
~<CPn(t) =0, form=#D0.

Particularly X satisfies Hard Lefschetz Theo-
rem iff M does.

Main point in the proof. Have splitting short
exact sequence of b-modules

H*(M) W — H*(X) — H*(CP")
where W 1= @0 H/(CPk1).
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