EVOLUTION OF ELASTIC THIN FILMS WITH CURVATURE
REGULARIZATION VIA MINIMIZING MOVEMENTS

PAOLO PIOVANO

ABSTRACT. The evolution equation, with curvature regularization, that models the mo-
tion of a two-dimensional thin film by evaporation-condensation on a rigid substrate is
considered. The film is strained due to the mismatch between the crystalline lattices of
the two materials. Here, short time existence, uniqueness and regularity of the solution
are established using De Giorgi’s minimizing movements to exploit the L?-gradient flow
structure of the equation. This seems to be the first analytical result for the evaporation-
condensation case in the presence of elasticity.

1. INTRODUCTION

In this paper we study the morphologic evolution of an anisotropic epitaxial film de-
posited on a rigid substrate, with the film strained due to a mismatch between the crys-
talline lattices of the two materials. We consider the evaporation-condensation case and
neglect surface diffusion, with the profile of the film being modeled as a grain-vapor in-
terface with the vapor being considered as a reservoir that interacts with the profile of
the film only through the evaporation-condensation process (see [20, Section 19]). We es-
sentially follow the approach that is used in [19] for the surface diffusion case, and just
as in [19] we restrict our attention to the two-dimensional model or, in other words, to a
three-dimensional epitaxially strained film with identical vertical cross-sections.

One of the earliest theories for the evolution of an interface I' between two phases is
due to Mullins (see [33, 34]), who derived the equations that describe the planar motion
of isotropic grain boundaries by evaporation-condensation and by surface diffusion. Up to
a rescaling, the equations are the motion by mean curvature and the motion by surface
Laplacian of mean curvature, i.e.,

(1.1) V=k and V =—-k,,onl,

respectively, where V is the normal velocity, k is the curvature of the evolving interface
and (-), is the tangential derivative along the interface. There is a large body of literature
devoted to the study of these equations. In particular, a generalization of Mullins’s mod-
els includes anisotropy (see [20, Section 19.7]). Precisely, the anisotropic surface energy
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functional is
(1:2) [ a0 ant,
r

where the surface energy density ¢ is evaluated at the angle 6 that the surface normal
vector v forms with the z-axis and H! denotes the one-dimensional measure on the evolving
interface I'. In particular, in [23, Section 8] and [7, 25] it is shown that the equation for
the evaporation-condensation case becomes

(1.3) BV = (9o + 9)k —U on T,

where U is a constant and the kinetic coefficient § is a material function associated with
the attachment kinetics of the atoms at the interface. We assume the kinetic coefficient to
be constant and so, up to a rescaling, we take g = 1.

Locally, the interface may be described as the graph of a one-dimensional function.
In the context of a thin film over a flat substrate, we set the z-axis on the substrate
upper boundary and describe the thickness of the film by means of a profile function
h:(0,b) x [0,T] — [0,00) for a positive length b and a positive time 7". In this way, the
graph of h represents the evolving profile 'y, of the film. We adopt the sign convention
that the normal vector v points outward from the region €2, occupied by the film and & is
negative when the profile is concave. Note that the normal velocity parametrized by the
profile function h is given by

1
V ==hy, where J:=+/1+ |hy|?

J

and we denote by h, and h; the derivatives with respect to the first and the second com-
ponent, respectively.

In [7, 23], the constant U is included in (1.3) to represent the difference in bulk energies
between the phases. As already mentioned in [23, Remark 3.1], the theory can be extended
to account for deformation (see also [20, 26]). Indeed, the inclusion of deformation is very
important to model epitaxy because the difference in lattice parameters between the film
and the substrate can induce large stresses in the film. In order to release the resulting
elastic energy, the atoms in the film move and reorganize themselves in more convenient
configurations. In analogy with [10, 18, 21] and with the surface diffusion case (see [19]), we
work in the context of the elasticity theory for small deformations. Hence, fixing a time in
[0, 7], the linearized strain is represented by E(u) = 1(Vu+ V7' u), where u defined on €,
denotes the planar displacement of the bulk material that is assumed to be in (quasistatic)
equilibrium, and the bulk elastic energy is

(1.4) W(E(u))dz,
Qp

where the elastic energy density W : M2X2 — [0, 00) is defined by

sym

W(A) = %(CA DA,
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for a positive definite fourth-order tensor C. Furthermore, we model the displacement of
the film atoms at the interface with the substrate using the Dirichlet boundary condition
u(z,0) = (egz, 0), where the constant ey > 0 measures the mismatch between the crystalline
lattices. Moreover, the migration of atoms can eventually result in the formation of surface
patters on the profile of the film, such as undulations, material agglomerates or isolated
islands. However, these non-flat configurations have a cost in terms of surface energy which
is roughly proportional to the area of the profile of the film (see (2.3) below). Therefore,
the evolution of the film profile is the result of the competition between the bulk elastic
energy and the surface energy of the film, and (1.3) becomes

(1.5) V = (990 + 9)k — W(E(u)) on Ty,
while the corresponding equation in the case of surface diffusion is
V= (—(g900 + 9)k + W(E(u)))oe on T,

where W (E(u)) is defined for each ¢ € [0,T] as the trace of W(E(u(-,t))) on I'y.4) and
u(+,t) is the elastic equilibrium corresponding to h(-, ).

These evolution equations exhibit different behaviors with respect to the sign of the
interfacial stiffness f := ggg + g. In fact, the equations are parabolic on any angle interval
in which f is strictly positive. In this case, (1.5) has been extensively studied and it
behaves similarly to V' = k (see, e.g., [5, 6, 25]). Those angle intervals in which f is
negative are relevant from the materials science viewpoint. In this range, (1.5) is backward
parabolic and unstable and so, in order to analyze its behavior, we consider a higher order
perturbation. The idea consists in allowing for a dependence on curvature of the surface
energy density ¢ in order to penalize surface patterns with large curvature, such as sharp
corners (see [35, 38]). This approach was already suggested in [7] and relies on the physical
argumentations of Herring (see [27, 28]). In [14], the authors choose a quadratic dependence
on curvature for g of the form

(1.6) 9(0,k) == g(6) + ng,

with € denoting a (small) positive constant (see also [24]). Hence, replacing the surface
energy density in (1.2) with (1.6) and taking into account the bulk elastic energy (1.4), the
total energy of the system at a time ¢ in [0, 77, is

(1.7) F(h) == W(E(uh))dz+/

where up,(+,t) is the minimizer of the elastic energy (1.4) in Q. ;) under suitable boundary
and periodicity conditions. The resulting parabolic equations are

1
(1.8) V = (gog + 9)k — W(E(u)) — ¢ (/-cm, + 2k3> on I'y,
for the evaporation-condensation case, and

(1.9) V= (—(ggg +9)k+W(E(u)) +¢ (kw + ;;&*)) on T}

oo
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for the surface diffusion case. These equations have been already proposed in [19], where (1.9)
has been analytically studied. To the best of our knowledge, no analytical results ex-

ist in literature for (1.8), unless we restrict ourselves to the case without elasticity, as in

[8, 9, 13, 17, 39] (see also [5, 6]).

In this paper, we prove short time existence, uniqueness, and regularity of spatially
periodic solutions of (1.8). Precisely, we say that (h,u) is a b-periodic configuration in €, if
h(-,t) is b-periodic in R and u(z+b,y,t) = u(z,y,t)+ (eod,0) for each (x,y) in the subgraph
of h(-,t) and any time ¢ € [0,7]. Given an initial b-periodic profile hy € HZ _(R; (0, 00)),
we find a time 7 > 0 such that, for each T' < Tj, there exists a unique solution (h,u) of
the Cauchy problem

%ht = (900 + 9)k — W(E(u)) — ¢ (k:w + ;k:3> in R x (0,7)

divCE(u) =0 in Qp

CE(u)[v] =0 on I', and u(x,0,t) = (ep z,0)
(h,u) is a b-periodic configuration in 2
h(-,0) = ho

(1.10)

\

where W (E(u)) is defined for each ¢t € [0,7] as the trace of W(E(u(-,t))) on the graph
of h(-,t). See the review article [31, Section 4.2.2] where this problem is proposed to find
further references.

Since (1.8) can be regarded as the gradient flow of the total energy functional F' with
respect to the L?-metric, we adopt the minimizing movement method introduced by De
Giorgi (see [3, 4]). The idea is based on the discretization of the time interval [0,7] in
N € N subintervals with length 7, and on defining inductively the approximate solution
hy at time i7y by a minimum problem that depends on the approximate solution at

the previous time. Precisely, we start with the initial profile Ay (-,0) := ho and for each
i=1,...,N, we find hy(-,i7n) as the minimizer of
1 .
(1.11) F(h) + 5—d® (h,hn (-, (i = 1)7n))
27N

where the function d, that measures the L2-distance between h and hy(-, (i — 1)7y), is
chosen so that the Euler equation of this minimum problem corresponds to a time dis-
cretization of (1.8) (see (3.23) below). Then, the discrete-time evolution hy is defined in
[0,T] as the piecewise constant or linear interpolant of {hn(-,i7x)}. This approach was
already adopted in [2] to deal with the motion of crystalline boundaries by mean curva-
ture. Moreover, minimizing movements have been used also more recently to study mean
curvature type flows in the case without elasticity in [8, 11, 13], and for the equation (1.9)
in [19] (see also [37] for the Hele-Shaw equation and [16]). As already observed in [12], the
basic differences between the evaporation-condensation and the surface diffusion evolution
equations are that the latter preserves the area underneath the film profile and it is a
gradient flow of F with respect to another metric, the H ~!-distance (see also [40]).
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The paper is organized as follows. In Section 2 we introduce the incremental minimum
problem (1.11) choosing the appropriate function d (see the penalization term (2.7)), and we
prove the existence of the discrete-time evolutions. Since in the evaporation-condensation
case there are no constraints on the area of ), we proceed in a different way with respect
to [19]. In fact, following an argument in [22, Chapter 12], we find hy among functions
with spatial derivative uniformly bounded by some constant » > 0. In particular, we start
considering admissible profile functions in Hg,_(RR; [0, c0)).

In Section 3 we prove that for each T" and r, the corresponding discrete-time evolutions
hn converge to a function h in C%#([0,T]; CH([0,b])) for every o € (0,3) and 3 €
(O, 17820‘). Furthermore, since we prove that {hy} is equicontinuous in time with respect

to the C1®-metric, we are allowed to select a time T small enough and 7 such that hy
is a weak solution of the time discretization of (1.8) for each T' < Tp (see (3.23)). Then,
using the time discretization of (1.8) to estimate higher order derivatives of hy, we prove
that h € L2(0,T; Hy .(R)) N H'(0,T; L% .(R)). Finally, in Theorem 3.9 we prove that h is
a solution of (1.10), and in Theorem 3.10 we state the regularity properties satisfied by
h. Furthermore, this method provides an estimate of the L>°(0,7"; L>°(R))-norm of h; in
terms of ||hf||oo-

This existence result appears to be the first in the presence of elasticity and without
surface diffusion. Moreover, we believe that the method is so general that could be applied
also to the case with surface diffusion (1.9) to prove a short time existence and regularity
result without the use of constant speed parametrizations of the profiles.

Finally, in Section 4 we prove that the solution found with the minimizing movement
method is the unique solution of (1.10) in [0,7] with 7" < Tj. Since (1.8) does not neces-
sarily preserve the area underneath the profile of the film, the proof is more involved than
the one in [19] for the case with surface diffusion.

The study of the long time existence and the global behavior of the solution of (1.8), as
well as the asymptotic stability, will be the subject of future work.

2. MATHEMATICAL SETTING

In this section we introduce the precise mathematical formulation of the problem. Fol-
lowing the literature (see [10, 19]), we consider periodic conditions on the evolving profile
and on the corresponding elastic displacement. Given a constant b > 0, we denote by
H;Z;(O,b), for m = 0,1,..., the space of all functions in H{" (R) that are b-periodic, en-

loc
dowed with the norm in H™(0,b). The class of admissible profile functions is

AP :={h:R —[0,00) : h € H3(0,b)} ,
for a positive constant b. Furthermore, given h € AP,
I'y={2=(x,h(x):0<z<b} and Q:={z=(z,y):0<2<b0<y<h(z)}

denote, respectively, the profile and the reference configuration of the film with respect to
the interval (0, b), while the corresponding sets on all the domain R are denoted by F# and
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Q# Moreover, the class of admissible planar displacements is
ADp, :={u: Q# —R%2:ue HY(Q,;R?), u(-,0) = (eo-,0) in the sense of traces,
(2.1) and u(z + b,y) = u(x,y) + (epbh, 0) for a.e. (x,y) € Q#} ,

where the constant eg > 0 represents the mismatch between the lattices of the film and
the substrate. Consequently, the functional space of admissible configurations is

Xeo :={(h,u): h€ AP,u € ADy} .
As in [19], we define the surface energy density ¢ : [0, 27] — (0, 00) by
(2.2) g(0) := 1 (cosb,sinb),

where 1 : R? — (0,00) is a positively one-homogeneous function of class C? away from
the origin. Note that these are the only hypotheses assumed on ¢ throughout the paper.
From these assumptions it follows that there exists a constant C' > 0 such that

(2.3 Slél < v < Clg

for each & € R2.
We recall that W : M2%2 — [0, 00) is defined by

sym
1
W(A) = §(CA t A,

with C a constant positive definite fourth-order tensor, and thus the total energy func-
tional (1.7) becomes

(2.4) F(hu):= | W(E())dzs+ /

for each (h,u) € X.,, where E(u) := (Vu + VTu), v is the outer normal vector to Qp, k
is the curvature of I'y, and ¢ is a (small) positive constant. In particular, given h € AP,
we have that

/
h — N1
k= —— and v = 7( ) .
1+ (h')? V14 (W)?
Consider a non-identically zero profile h € AP and introduce the elastic energy
(2.5) W(E(v))dz
Qpn

defined for each v € AD),. Then there exists a minimizer of (2.5) in AD), (see Lemma 5.1)
that is unique due to the Dirichlet condition.

Definition 2.1. Given h € AP with h # 0, we say that uw € ADy, is the elastic equilibrium
corresponding to h if u minimizes (2.5) among all v € ADy,. Moreover, (ho,up) € X¢, is
said to be an initial configuration if hg £ 0 and ug is the elastic equilibrium corresponding
to ho.
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Consider an initial configuration (hg,ug) € X¢y, fix 7 > ||A{lloc; T > 0, N € N, and set
7~ :=T/N.
We now introduce the iterative minimization process used to define the discrete-time evo-

lutions.

The incremental minimum problem. Set (hS,N’ US’N) := (ho,up), and fori =1,..., N,
define inductively (h{ y,u; 5) as a solution of the following minimum problem:

(M!y) min {Gi,N(h,u) : (hyu) € Xoy and |[B]|oo < r} .

The functional G; y is given by
(2.6) Gin(h,u) :== F(h,u) + P n(h),
with the penalization term P; y defined by

2
1 h — h:_ 1 b (h — h:_ 2
(2.7) Pin(h) = — BTN ) gt = / ( / 1,v) az,

1—1,

where Jj | 1= \/1 + (R N))2-

The incremental minimum problem is well defined. In fact, for each i = 1,..., N, we
can recursively find a solution of the minimum problem (MZ' ~) as it is established by the
following result.

Theorem 2.2. Let (ho,ug) € X, be an initial configuration and let r > ||h{lloc, T > 0
and N € N. Then, for i = 1,...,N, the minimum problem (M] y)admits a solution
(R} ot} ) € Xeg with [|(B] y) oo < 7

Proof. Fix i = 1,..., N, and if ¢ > 1, consider a solution (h} y,uj y) of (M ) for each
j=1,...,i—1 We want to find a solution of (M ). First observe that by (2.6), (2.7),
and by the minimality of (b v, u’ y), we have

F(h nyuwjn) < Gin(hi v i n) < Gin(hj_q vy i n) = F(Ri_y nyuf_g n)
and so

0< inf Gi,N(h,U) < Gi,N(hg—l Ny Ui—q N) = F(hg—l Ny Ui—q N) < - < F(ho, uo) .
(hu)€Xe, : ’ : ’

Therefore, we are allowed to select a minimizing sequence {(hy,un)} C X, for (M]y)
such that ||h],||cc < 7 for each n and sup G; n(hn, upn) < 0.
n

Since sup P; n(hp,un) < oo and Jiin < V1 + 72, we have that {h,} is bounded in
n
L?(0,b) (by a constant depending on r). Furthermore, {h,} is bounded in H?(0,b) since
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|h] ]l < 7 and

b 1\2
08 By < 5 [ =S [ RaH <o
2(1+12)2 2D A+ 2,

Thus, there exists h € AP with ||h/|| < r such that, up to a subsequence (not relabeled),
hp — hin H%(0,b) and h,, — h in W°°(0,b). Using Fatou’s Lemma, we conclude that

(2.9) Bin(h) < liminf P n(hn)
and in view of the continuity of ¢, we have
(2.10)
b b
PY(v)dH' = / Y(=h',1)dz < liminf/ Y(—h,,1)dz = liminf (v) dH?,
T, 0 n—oo [, n—00 Th,

where in the first and last equality we used the fact that v is positively one-homogeneous.
Furthermore, since (1 + (-)2)_% is uniformly continuous on [—7, 7], the sequence {(1 +
(h%)Q)_%} converges uniformly to (1 + (h’)2)_g, and so
n "
o Z: ST +}th)2)i in Z2(0,0),
n
due to the weak convergence of {h’} in L?(0,b). Thus, we have

b \2
dele/ _ W) ~dz
o 0 (1+(h)?)3

b (h//)z
(2.11) < lim inf/ —— " —dz =lim inf/ E2dH.
n—o0 0 (1 + (h;l)Q)g n—o0 th

In order to prove that the sequence {u,} is bounded in an appropriate space, we need
to apply Lemma 5.1 in the Appendix. For this purpose, we consider a constant

L > sup ||hnllcr (o) »
we define a set U := (0,b) x (0, —L(1+ 3b)), and we choose w € H'(U;R?) with null trace
on (0,b) x {—L(1+ 3b)} and trace equal to (eg-,0) on (0,b) x {0} such that

(212) ol wsesy < ONTPC)l gy o0

for some constant C' > 0 (see [29]), where T'r(+) is the trace operator. We may now extend
each u, to Uy, = {z = (z,y) : 0 < < b,—L(1 +3b) < y < hyp(x)} with w, without
relabeling it. Applying Lemma 5.1 to each U}, , we obtain

unQdZ—i—/ Vun|?dz < C / E(up)|? dz + | Tr(w)]?
[, ez [ el B T
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for some constant C' > 0 depending only on L. Therefore, since sup / |E(uy)|?dz < oo,
Qn,,

n

we have that ||u,| g1, re) are equibounded. Proceeding now as in Lemma 5.1, since
each Uy, has Lipschitz boundary, we extend w,, to the rectangle Ry, := (0,b) x (—L(1 +
3b), L(1 4+ 3b)) and we obtain that, up to a subsequence (not relabeled), {u,} converges
weakly in H!'(Rp;R?) to some function u with trace equal to (eg-,0) on (0,b) x {0} (see
[29]). Furthermore, we extend u to Q# by defining u(z +b,y) := u(x,y) + (epb, 0) for every
(z,y) € Q# \ Qp, so that (h,u) € Xe,.

Finally, since {E(uy,)} weakly converges to F(u) in L?(Ry;R?) and {h,} convergences
uniformly to h, we conclude that

(2.13) W(E(u))dz < liminf W(E(uy))dz,

n—oo
Qp Qn,,

which, together with (2.9), (2.10) and (2.11), implies that (h,u) is a minimizer of (M] ).

Remark 2.3. Let f € H %(0, b). The previous theorem still holds true if we replace the
Dirichlet boundary condition u(-,0) = (ep+,0) in (2.1) with the more general condition
u(-,0) = (f(-),0). Precisely, let hog € H?(0,b) be an initial profile and let r > ||hf]|oc, T > 0
and N € N. Then, for i = 1,..., N, the functional (2.6) admits a minimizer in

Xi={(u,h):he H%(0,b) with ||I/|lee <7, u € H'(Qp; R?) with u(-,0) = (f(-),0)}.
In fact, this result follows from the same arguments used in the previous proof with the
only difference that we need now to select the function w € H*(U;R?) in (2.12) with null
trace on (0,b) x {—L(1+ 3b)} and trace equal to (f(-),0) on (0,b) x {0}. We choose such
a function w by extending f to R by [15, Theorem 5.4], using the surjectivity of the trace

operator from H'(R?) to H%(]R) (see [29]), and finally truncating near R x {—L(1 + 3b)}
with a cut-off function.

In view of Theorem 2.2 we may define the notion of discrete-time evolution of (1.8).

Definition 2.4. Let (ho,ug) € Xe, be an initial configuration and let r > ||h{|loo, T > 0
and N € N. Fori=1,...,N, consider a solution h;N to (MZ’”N) given by Theorem 2.2.
The piecewise linear interpolation hhy : R x [0,T] — [0,00) of the functions hl 5, namely
the function defined by 7

(2.14) Wiy (1) := hi_y n(2) + ;V(t = (1 = Vv ) (hi N (@) = hi_q n(2))

if (x,t) € Rx [(t — )N, iTn], fori = 1,...,N, is said to be a discrete-time evolution
of (1.8). In addition, for each t € [0,T] we denote by u'y(-,t) the elastic equilibrium
corresponding to h'y (-, t).

We observe that, by Theorem 2.2, if (ho,ug) € X, is an initial configuration, r > ||h{]so
and T > 0, then for each N € N there exists a discrete-time evolution A of (1.8) and we

oh,
have that h'y(-,t) € AP and H 8;\7(-,16)

< for all ¢ in [0, T7.

o0
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Remark 2.5. In what follows, given a regular height function h : R x [0,7] — [0, 00),
h; and h; stand for the derivatives with respect to the space and the time, respectively.
Moreover, for each ¢t € [0,T], given a regular function wu(-,t) : Q#(~,t) — R?, we denote
by Vu(-,t) the gradient of u with respect to the spatial coordinates and by E(u)(-,t) :=
L(Vu(-,t) + VTu(-,t)) its symmetric part. Furthermore, E(u)(-, h(-,t)) : R — M2%2 is the

sym
trace of E(u)(-,t) on Ff(. B

We now introduce the notion of a solution of (1.10) in the interval of time [0, 7.

Definition 2.6. Let (ho,up) € X¢, be an initial configuration. A solution of (1.10) in [0, T]
with initial configuration (hg,ug) is a function h € L*(0,T; H;}E(O,b)) N HY0,T; Li(o,b))
that satisfies h(-,0) = ho(-) in [0,b], and

1 h 5¢ [ h?
2.1 hi=—c|— ] —=(Zh —hgy ) hay —
(), 5 () ancnn
in (0,b)x(0,T], where J := /1 + |hz|?, 011¢ denotes the second derivative of 1 with respect
to the first component, W(-,t) := W(E(u)(-,h(-,t))) and u(-,t) is the elastic equilibrium
corresponding to h(-,t) for each t € [0,T].

Note that (2.15) is (1.8) using the parametrization with the height function. Indeed, in
this case the curvature, the normal velocity of the evolving profile I';,, and the outward
normal vector v to €, at the point (-, h(-)) are given, respectively, by

Iy 1 1
— | ——=— ), V==h and v=—(—hy,1),
<\/1+|hx|2>x 7 g et

and (-)o = (), (see Lemmas 5.2 and 5.3 in the Appendix).

3. EXISTENCE AND REGULARITY

In this section we establish the existence of a solution of (1.10) in the sense of the Defi-
nition 2.6 for short time intervals and we study its regularity (see Theorems 3.9 and 3.10).
First, we consider an initial configuration (hg,ug) € X¢, and we prove that, if {h}} is a
sequence of discrete-time evolutions for 7 > ||A{||cc and T' > 0 (see Definition 2.4), then,
up to a subsequence (not relabeled), it converges to some function h"™ as N — oo. Next,
we select a time Tj small enough and ro appropriate to have that [[(h;% )l < 70 for
eachT < Ty, Ne N,andi=1,...,N. For T < Tj the profile function h:ON satisfies the
Euler-Lagrange equation (3.23) corresponding to the minimum problem (M;%). Finally,
using the estimates provided by (3.23), we prove that A" is a solution of (1.10) on [0, 7]
for T' < Ty.

We begin by showing that the discrete-time evolutions h'y introduced in Definition 2.4
are uniformly bounded in L>(0,7; H?(0,b)) N H'(0,T; L?(0,b)). In the following, we pay
attention to the dependence on r of the constants involved in the estimates used to select
Toy in Corollary 3.3.
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Theorem 3.1. Let (ho,ug) € X, be an initial configuration and let r > ||h{|loc, T > 0
and N € N. Fori¢=1,...,N, consider a solution hTN to (MfN) given by Theorem 2.2
and the related discrete-time evolution introduced in Deﬁmtwn 2.4. Then,

8h7’

(3.1) (-, 1)

da: dt < Co(r) and sup|lhi nllz20p) < VCo(r)T + Ci(r)

where Co(r), C (7’) > 0 are constants that depend only on r.
Therefore, up to a subsequence,
(3.2) Ky — h" in L2(0,T; H*(0,b)) and h’ — h" in HY(0,T; L*(0,b))

as N — oo, for some function h" € L?(0,T; H?(0,b)) N H*(0,T; L?*(0,b)). Moreover, for
every vy € (O, %) we have

(3.3) N = AT in CY([0,T]; L2(0,b)) as N — oo,
h" € L>(0,T; H*(0,b)), h"(-,t) € AP, and H%(-,t)”oO <r for everyt in [0,T].

Proof. Fix r > ||hy|lec, T > 0 and N € N. For simplicity, in this proof, we disregard the
dependence on r in the notation of h; N and hly. For each i =1,..., N, we have that

(3.4) Gin(hin,uin) < Gin(hi—i,v,vi—1,8) = F(hi—1,n, 4i—1,N)
by (2.6), (2.7) and the minimality of (hi7N,ui,N). Thus, Pi,N(hi,N) < F<hi—1,N7Ui—1,N) —
F(hi,n,uin) and so,

m/ (hin — hi—1n)*de < F(hi—1 Ny uio1,n) — F(hin, uin) -
N 0

Recalling (2.14) and summing over ¢ = 1,..., N, since F' > 0 we obtain

(z,t) dxdt < F(hg,ug),

1+r2

i.e. the first estimate in (3.1) with C’o(r) = 2V 1+ 12F(hg,up). Now, since hy(z,-) is
absolutely continuous on [0, T, for all t1,te € [0,T], with ¢; < t2, using Holder’s inequality

and Fubini’s Theorem, we have
1
b ts h 2 2
/ (/ M(m,t)dt) dz
0 ¢, Ot

< (/ﬁ 2

3
dt | (ta—t1)2.
L2(0,b)
Therefore, from the first estimate in (3.1) we obtain

(3.5) 1h Cyt2) = hn (o t) 200 < V/Co(r)(t2 — t1)2

IN

AN (5 t2) = A (5 t)ll 22 0,0)

Ohn
X




12 PAOLO PIOVANO

and, in particular, selecting t; = 0 and ¢ = iy, since hn(-,0) = ho(-) and An(-,iTy) =
hi N (), (3.5) implies that || || r2(05) < w/CO(T)\/T‘f‘HhO”B([o,b])- Furthermore, from (3.4)

we observe that F'(h; n,u;n) < F(hi—1 n,ui—1n) for each i =1,..., N, and so,
€ €
——— || (hin)"II3 </ kK dH' < F(hin,uin - < F(ho,ug
PR 1Chi, N ) 2oy < 5 . ( ) < ( )

i

where we have used the fact that ||A] y|[oc < 7. Thus,
(3.6) 17 nll2 05y < Calr)

for C(r) := y/2F (ho, uo)(1 + 7’2)%, and the second estimate in (3.1) follows.
Therefore, since

(3.7) sup [lhn (5 D)l g2 < VCo(r)T + Ci(r

t€[0,T]

up to a subsequence (not relabeled), hy — h in L?(0,T; H%(0,b)) for some function h.
On the other hand, the first estimate in (3.1) implies that, up to a further subsequence

Ohn
(not relabeled), { 5
L%(0,T; L*(0,b)), i.e., h € H'(0,T; L?(0,b)). Finally, note that (3.5) togheter with Ascoli-
Arzela Theorem (see e.g. [4, Proposition 3.3.1]), implies (3.3). Thus, since by (3.7) for
each ¢ in [0,7], we can find a sequence {hy,(-,t)} that converges in W°°(0,b), by the

uniqueness of the limit we have that h(-,t) € AP and H%(-,t}”oo <r. O

oh
} converges weakly in L2(0,T; L?(0,b)), and we deduce that o €

From now on, we denote by {h}; } and h", respectively, a subsequence and a limit function
provided by Theorem 3.1. In the next result we improve the convergence of {h’y} to h".

Theorem 3.2. Let (ho,ug) € X¢, be an initial configuration. For r > ||h{llec, T > 0, we
have that h" € C%A([0, T]; C1([0,b])) and

(3.8) = BT in C%8([0, T); C12([0,0])) as N — oo

for ezfry a € (0,%) and B € (0,1522). Furthermore, h"(-,t) — hg in C2([0,b]) as
t—0".

Proof. Fix r > ||hj|lss, T' > 0 and N € N. In this proof, we disregard again the dependence
on 7 in the notation of h 5 and hly. Since for each ¢4, 5 in [0,T], with ¢; < t2, the function
g :=hn(:,t2) — hy(-,t1) is b-periodic, by the interpolation inequality (5.8), we have that

3 1
(3.9) Hg/Hoo < K”QNHEZ((),Z))H9Hz2(0,b)

for some constant K > 0, and since [|g”||r2(0,5) < 2sup [|A] x| 22(0,5), We obtain
i\, N

1y

3 1
19 loe < K (2C2(r))%1lgll 720 5)
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where we used (3.6). Thus, by (3.5) we find that
H Ohn Ohn

ool

(3.10) < Cs(r)(t2 —t1)3,

[e.9]

o )T gy 1)

3 1
for Cy(r) 1= 21 KC3 (r)C5 (r) > 0
Furthermore, by the Mean Value Theorem there exists z € [0, b] such that
1 b
o@) = [ sorde.
0
and so )
z)| < lg(z + < bllg'lles ;
l9(2)] < lg(x) — (@) + [9(2)] < bl \/EHQHLQ«LM
for each x € [0, b]. Therefore, by (3.5) and (3.10), we obtain

C’ob(r) (ts— 1)

Moreover, for every a € (0, %), if | - |o denotes the a-Holder seminorm, we have

NI

(3.11) hn (-, t2) = Ay (£l < Ca(r)b(tz — t1)5 +

/ ) — / _oa
12) = (I ey e oo 2y} < 0 2l
Since (3.7) implies that
oh oh
78;\/(',752) 8;:\7( t1) S 2Km (\/007%— Cy(r )

where K is the constant of the Morrey’s 1nequahty (see [1, 29]), by (3.10) and (3.12) we
deduce that

1-2«a

S C4(7’,OK7T)(tQ - tl) 78 ’

(3.13) ‘8hN Ohy

oo ) T 1)

«

2a

for Cy(r,a, T) := 2K3¢ (\/Co T+ Ci(r ) (C3(r))1 2@ > 0.

Therefore, it follows from (3.10), (3.11), and (3.13), that for every a € (0,3), hy is
uniformly equicontinuous with respect to the C'1%([0, b])-norm topology and that

1—2a

(3.14) o (estz) = by ()l oy < OO Tt — 1) 5
for some C(r,a,T) > 0. In particular, we find (3.8) applying Ascoli-Arzela Theorem (see
e.g. [4, Proposition 3.3.1]). Finally, since |[An(-,t) — hn (- t1)[|creaqog) — 0 as t — t1, we
conclude the proof choosing t; = 0. U

It follows from the previous theorem, that we can select ro and a small time 73 (the
oY

< ro for every

largest one with respect to the estimate (3.10)) so that H
L°2([0,6]x[0,T1)

T < Ty and N € N.
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Corollary 3.3. Let (ho,up) € Xe, be an initial configuration, and set

1 |12
3.15 = ||hf] 0o hi |2 1 d T ::w7
(3.15) o= e + /I + 1 and Tyi= o

where ag(g) := 219K 3F4(hg, uo) and K is the interpolation constant in (3.9). Then, for
T < Ty we have that sup ||(h.%)'[|ec < T0-
i,N ’

)

1
Proof. We recall that the constant in (3.10) is C3(r) := K<202(7"))%COS (r), where K is the
interpolation constant in (3.9), Co(r) := 2v/1 + r2F (hg, up) and Ca(r) := gF(ho, ug)(1+

1
7“2)%. Hence, C3(r) = 0§ (¢)(1 + r?). Therefore, choosing t; = 0 and ty = ity in (3.10) we
find that
r 1
1075 3) oo < (1 +1%)(00()T) + 7o ]loc

for N € Nandi=1,...,N. Thus, if 7 > [|h{]|e then it follows that sup||(h] x)[lec < 7
i,N

for every T' < Ti(r), where

r—||hhlso)®
- By TP

Choose 79 = ||h|loo + v/IIRglI2c + 1 to maximize T4 (r) and let 17 := Ty (ro). O

Remark 3.4. If hy > 0 then there exists a time T = Ty(ho) > 0 such that A} > 0 in
[0,0] x [0,T] for every T' < T». Indeed, by (3.11) with ¢t; = 0 and t2 =t we have that

C C
(e 1) = ho(z) — Caropprd — 1 0 > min o) ~ Ca(ro)b7* 01y
x€|0,
for every (z,t) € [0,b] x [0,T].
Define
(3.17) T() = min{Tl, TQ} y

and note that Theorems 3.1 and 3.2 hold true for rg and every T' < Ty. In the rest of the

paper we assume that 7' < Tp and, to simplify the notation, we denote h := h", hy := h}Y,

hin :=h%, JI% = Jin, uny == uy and u; y :=u;% forall N e Nand i =1,...,N.
Moreovér, for technical reasons, in the sequel we use the piecewise constant interpolations

of {J; N}, and {V; v}, where V; y is defined by

1 hin(z) = hi—1,n(2)
™ Ji—1,n(x)

Vin(z) =

forevery z € R, i =1,...,N and N € N. We will also use the piecewise constant inter-
polations for {u; y} and {h; v}, in place of the piecewise linear interpolations introduced
in (2.14).
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Definition 3.5. Let (ho,ug) € Xe, be an initial configuration, and for N € N and i =
1,...,N, consider I; y := ((t — 1)7n,iTn]. Define in(z,0) :=ug for all z € Qp, and

(3.18) un(z,t) :=uin(z) forall z2€Qy  if telin.
Analogously, define hy and Vi : R x (0,T] — [0,00) by, respectively,
iLN(',t) =hin and Vn(,t):=Vin if teln.
dhn

2
In addition, set Jy = |1+ () .
ox

Remark 3.6. Fix 7' < Tj. In view of Theorem 3.2, we deduce the following convergence
results for {hn}, {Jn} and {Vy}.

(i) For a € (0, 1),

(3.19) hy — hin L=(0,T; C*([0,0))),

as N — oo. This can be easily verified using the equicontinuity of the sequence {hy}
with respect to the C1%([0, b])-norm topology (see (3.14)).

(i) It follows from (i) that Jy — J := /1 + |hy|2 in L=(0,T; C([0,b])).

(iii) Furthermore,

1
(3.20) Vy = Vi= <h in L*(0,T; L*(0,b)).
Indeed, from Definition 2.4 we have that for all ¢t € ((i — 1)7n,i7n), © € R,
1 Ohn
Vi t) = —————(«,1) .
N(xa ) Jifl,N(x) ot (fL‘, )

.. 8h/N oh . 2 2

Hence, (3.20) follows from (ii) and the fact that 5 0 L*(0,T; L*(0,b)) by the

second assertion in (3.2).

For the convergence of {uyn} and {uy}, we follow the last part of the proof of [19,
Theorem 3.4], where standard elliptic estimates are used (see [21, Proposition 8.9]). In the
remainder of the paper, we assume that the initial profile is strictly positive, i.e.,

(3.21) ho >0,
and we use the notation introduced in Remark 2.5.

Theorem 3.7. Let (ho,up) € X¢, be an initial configuration with hg > 0, and let T < Tj.
Then

(i) there exists a constant C' > 0 such that for all N € N and i =0,..., N,

HVW,NHCO,%@hi’N;MZ,w) <C,

(it) E(un)(-,hn) = E()(-,h) in C*P([0,T];C1*([0,8])),
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(iii) E(un)(-, hy) — E(u)(-, h) in L>®(0,T;CH([0,0])),

for every a € (0, %) and B € (0, 1_82a), where u(-,t) is the elastic equilibrium corresponding
to h(-,t).
Proof. Recall that by Remark 3.4 we have hy,hy > 0 in [0,b] x [0,T]. Using standard
elliptic estimates (see [21, Proposition 8.9]), for all N € Nand ¢ =0,..., N, we may bound
the norm of Vu; y in %2 (ﬁhi’N;MQXZ) by a constant that depends only on the cha [0, b]-
norm of h; y (and the fourth order tensor C). Thus, the first assertion follows from the
second estimate in (3.1).

In view of Lemma 5.6 and the second estimate in (3.1), the second and third assertions
are implied by (3.8) and (3.19), respectively. O

To simplify the notation, we define the function Wy in [0,b] x (0,T] by Wy (-, t) := W N
for each N € N and ¢ € I; y, where

Win(z) =W (E(uin)(x, hin(T))) ,

for each ¢ = 1,..., N and = € [0,b]. Consider also, the function defined by W(-,t) :=
W (E(u)(-, h(-,t))) in [0,b] for each t € (0,T].

Theorem 3.8. Let (ho,up) € Xe, be an initial configuration that satisfies (3.21) and let
T < Ty. Then

(i) there exists a constant C' > 0 such that for each N € N we have

(3.22) (ATAb

(ii) h € L*(0,T; H*(0,b)) and hy — h in L*(0,T; H*(0,b)).

Proof. By Corollary 3.3, for all N € Nand ¢ = 1,..., N, h; y satisfies the Euler-Lagrange
equation

47 2
8gﬁﬁ dzdt < C;

Pl Wi 5e (b n)? ’
(3.23) / e — ———hj y¢' — OY(—h N, 1)¢ | da +/ (Win +Vin)pdz =0
0 0

€
5 7
Ji,N 2 JLN

for all p € AP, where 014 is the partial derivative of ¢ with respect to the first component
and W; y(x) is a continuous function in [0, b] by Theorem 3.7. In particular, for all N € N,
i=1,...,N,and ¢ € C?(0,b), we have that

b
/ fi7NQ0”d$ =0 )
0

where the function f; x, defined by

fl’N(I) =& 57 +/ —_ :7 h27N+8]_’l,Z)(_ ivN’l) dT—l—/ / (VI/LN"_‘/LN) dCd'I",
Ji,N 0 2 Ji,N 0 0
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for x € [0,b], belongs to L%(0,b). Therefore, we conclude that
(3.24) fin(@) = cine + din

for every x € [0,b] and some constants ¢; y and d; ny. Now, solving (3.24) for h;’ Ny We
obtain
J? v (5e (B n)?
=" - / Wiy +0 d
i, N c 0 2 JZN N+ 177/}( sz ) r

—/ / (Wi,N‘i‘%,N) dCdT—i—Ci’NCC-i-di,N
0 0

(3.25)

)

from which we conclude that h v is absolutely continuous on [0, 0], and so it is b-periodic
(since h; n is b-periodic). Furthermore, differentiating both side of (3.24) and solving the
resulting equation for hi’y, we obtain

§(h§I,N)2 ,

3 .
3:20) nly = 52+ S (<o) = [ Wi+ Vi) dr )
iN € 0

Hence, h}”y is also absolutely continuous on [0,b], and so it is b-periodic. Differentiat-

(iv)

ing (3.24) once more and solving the resulting equation for h, \;, we obtain

h;”th Nh §(h;/,N)3 35 (hgl,N)g(h;,N)Q

rY) = 10 -2
N Iy 2 Jiy 2 T
Jz5 Nh;/N J¢5,N

+ . Onp(—h;, PN 1) — (Win +VinN)-

Thus, since 1 is of class C? away from the origin, h; y € C*([0,b]), and so h; y € H;E(O, b)
with hgi}’\; b-periodic. Furthermore, by Theorems 3.1 and 3.7, we have

b
/O |h(1‘1/\7| de < C/O (1+|h”N‘6+|h”N’ |h//N|2+ )d.?;‘

b
< C’/ |h§/’N\6dx—|—C'/ ] ”/N|3d33—f—C'/ (1+V, )d:z:7
0 0

where in the last inequality we used Young’s inequality. Now we apply (5.7) and (5.8) to
hi n to estimate ||A] x| zo(0,s) and [|hi"y L3 (0,), Tespectively. It follows that

IRE2, < ORIl + ClIRY 2 IR, + C / 1+ V2y) de

. b
(3.27) < IS0 + C /0 (1+V2y) da,
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where in the last inequality we used Young’s inequality with an arbitrary v > 0 and (3.1)
to estimate ||} y|lz2. Choosing v < 1 in (3.27), multiplying for L, and summing over all
i=1,...,N, we obtain

N T b T b
Z/ yhglyv)y?dxgc/ / (1+VR) dedt.
—NJo " 0o Jo

Hence, recalling the definition of iy since Vi is bounded in L2(0,T; L2(0,b)) by (3.20) we
obtain (i).

We now prove the second assertion. We start by considering M > N, ¢+=1,..., N and
j =1,...,M. Subtracting to (3.23) the Euler-Lagrange equation satisfied by h; s, and
considering the test function ¢ = h; y — hj pr, we obtain

b h/_/ h/_/ 5 b (h/_/ )2 (h/_/ )2
i, N 3,M " 1" i, N / 3,M / / ’
- - dx:f/ By — W | (R — W yy) da
/O <']z57N JiM) ( N j,M) 9 0 ( JZN N J;M 3,M ( N ],I\/[)

b

+§/0 (10 (—hj n,1) — NY(=hj ar, 1)) (B — B o) Ao
1 b
(3.28) 2 | OVon = W) (o =) e
1 b
_g/o (Vin = Vi) (hin — hjar) da.

Fix n > 0 and recall the notation I; y = ((¢ — 1)7n, i7n] and I; o = ((j — 1)7n, j7a]. Since
hy — h in L>®(0,T;C([0,b])), for N and M sufficiently large and for every i and j such
that [I; x N I p| # 0, we have that [[h; v — hjarllcr(jop)) < 1. We claim that

b b
(3.29) /\wNwMﬁmscy/u+WMA+wMDm
0 0

for some constant C' > 0. Indeed, the left-hand side of (3.28) satisfies

A ) (h;/ _ h/{ )dx
/0 <‘]i5,N JﬁM) A

bR — R ‘2
1, N 3,M .
2/ dex
0 i, N

/b " 1 1 ( " 1 )d
',M T — ',N_ ',M €T

b b
> [ - e [
0 0

b
>C [y~ s - O
0

1 1
T T

‘ [R5 a1 (1 | + 1 a) Ao

where we used the Lipschitz continuity of the function s — (1 + 82)_2 on [0,7r], Jin <
1+ 73, and (3.6). Thus, the claim follows from the fact that the absolute value of the
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right-hand side may be estimated from above by Cn for some constant C' > 0, since h; v,
hjv < 1o, (3.6), 019 is continuous away from the origin, and in view of assertion (iii) of
Theorem 3.7.

Furthermore, integrating (3.29) over I; y N I; s, we have that for N and M sufficiently

large,
/Ii,Nm /

thN aZiLM

2
81‘2 ZL’, W (IE, t) dx dt

b
SCn/ / (14 V| + [Viag]) dardt
i, NN s

for each 4 and j such that |I; y N 1| # 0. Now, we first fix i = 1,..., N, and sum the
previous estimate with respect to every j such that |I; y N I | # 0 to obtain
/ / a%N a?iLM
’L N

2
axQ x, W (.ZU, t) dx dt

b
SCU/ /<1+\VN|+\VM|> dedt,
I@N 0

and then we sum over i, so that (3.20) implies

~ 2
82hN 0?hyy

(3.30) / / 52 (x,t) — W(m,t) dzdt < Cn
for M, N sufficiently large and some constant C' > 0.

Moreover, by (5.6),

bl 937, 37

0°hn 0°hy
3
Oy g 0y Phy

dx

1
b 2 2 b
<C / dx /
0 0

Finally, we integrate with respect to ¢t and use Holder’s inequality, the first assertion
and (3.30) to deduce that

w [

for N and M sufficiently large. Thus, by (3.30) and (3.31), {8;:?5\’ } is a Cauchy sequence

in L?(0,T; H'(0,b)) and, since by Theorem 3.1 and (3.19) hy — hin L2(0,T; H?(0,b)),
we have that hy — h in L2(0,T; H3(0,b)). Hence, in view of (i) we obtain that hy — h
in L2(0,T; H*(0,b)). O

Bt DT a1 Bz 01~ T @)

83hN a?%M

2
1
53 (z,t 55 (z,t)| dzdt < Cnz,
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Note that h € L?(0,T; H;(O, b)) N HY(0,T; Li((),b)) and recall Definition 2.6. In the
following theorem, we prove the existence of a solution of (1.10) in [0, 7] for T < Ty.

Theorem 3.9. Let (ho,ug) € X, be an initial configuration such that ho > 0, and let
To > 0 be as defined in (3.17). Then the Cauchy problem (1.10) admits a solution in [0, T]
for each T < Ty in the sense of Definition 2.6.

Proof. Fix ¢ € C2°((0,b) x (0,T)). It follows from (3.23) that for all N € N,

ST b

hN)za 5¢ (h 7

/ E%‘Pmm e (e N7) (hN)aspr — O1p(—(AN)z, Dipw + Wi | da = —/ Vipde
0 Iy 2 I ’

n (0, 7). Integrating over (0,7, we obtain

(3.32) / Ay dt = / / Vo dadt,

where

b ;'f TT ) I~1 2 - ~
AN = E( ]y) Prx — c ( JY)xx (hN>x(PJ: - 81¢(_(hN)z7 1)@@‘ + " N® dx
J? 2 Jt
0 N N

n (0,7]. By Lebesgue Dominated Convergence Theorem, {Ax} converges to

5¢ h2,
A= J5 Soxz - 2 J7 hx(px - 81¢(_hz7 1)909[: +We dx

in L1(0,7). Indeed, we have that

b
|AN| < C||<P”o2((o,b)x(o,T))/0 [|(hN)xx| + |(hN)ee|® + WN} dz

n (0,7] for some constant C' > 0, since (hy), is uniformly bounded in [0,5] x (0,77,
01¢ is continuous away from the origin, and Jny > 1. Thus, by (3.1) and assertion (i)
of Theorem 3.7, Ay is uniformly bounded in (0,7]. Moreover, Ay — A Ll-ae. in
(0,T) because 011 is continuous away from the origin, Wy (-,t) — W (-,t) in C([0,b]) by
Theorem 3.7, and hy(-,t) — h(-,t) in C2([0,b]) by Theorem 3.8.

Therefore, since Ay — A in L'(0,7) and also by (3.20), we obtain that

5¢ h2, b
J5 — Oy — 5 g7 he@e — OWY(=hg, 1) + We | dzdt = — Vedzdt.
0 0

Integratlng by parts, we have

(3.33) /OT/Obfgodmdtzo,

where the function f defined in [0, ] x (0,7") by

hy 5¢ (h2,
f = (J5> + 25 <J7 h >x+(61¢(—h$,1))x+w+v,
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belongs to L2(0,T; L?(0,b)). Indeed, since h, is uniformly bounded in [0,b] x [0,7], J > 1,
and 0117 is continuous away from the origin, we have

T rb T b
/ / |f’2d$dt§ C/ / Uhxmmx‘Q—i_|hxm;’2|him‘2+‘hx:c|6+|h:vx’2+w2+|v‘2] dx dt
0 0 0 0
T rb
= C/ / [1+ sl haa | + [ha!®] ddt
0 0

T rb
< c/ / (14 |hawal® + |hao!®] dzdt
0 0

for some constant C' > 0, where in the second inequality we used the fact that h belongs to
L?(0, Tp; H*(0,b)), (3.20) and Theorem 3.7, while the last one follows from Young’s inequa-
lity. Moreover, since hy,(+,t) € H;E (0,b) for L-a.e. tin [0, Tpy], we may use the interpolation
results (5.7) and (5.8) to estimate ||hyes(-t)||L30,p) a0d [|haw (1) Lo (0,p), TESPectively, as
done in (3.27), and then applying again Young’s inequality, we obtain

T b T b T b 5
/ /IledxdtéC 1+/ /’hxmxIdedt—l—/ (/ \hm|2dx> dt| .
o Jo o Jo 0 0

Note that since h € L?(0,T; H*(0,b)) N L>(0,T; H*(0,b)), the right-hand side of the
previous inequality is bounded.

By the arbitrariness of ¢ and the density of C2°((0,b) x (0,7)) in L2((0,b) x (0,T)), we
deduce from (3.33) that f = 0. Thus, h satisfies

v==e (%), 5 () - e -w
which is (2.15). O

The following regularity result applies to the solution h of (1.10) for T' < Tj.

Theorem 3.10. Let (ho,up) € X, be an initial configuration such that ho > 0 and let
T < Ty. Then, the solution h of (1.10) in [0,T] given in Theorem 3.9, satisfies:

(i) h € L2(0, T3 HA(0,5)) 1 L(0, T H2(0, b)) 1 HY(0, T L2, (0, ),

(ii) h € COP([0,T]; C12([0,b])) for every ac € (0,3) and B € (0,122),

8
(i13) hell Lo 0,msL00,8)) < 1Polloo + 4/ lIRolI% + 1,
(iv) h e L (0, T;C%'([0,0))) N L5 (0, T C'([0,0))).

Proof. Properties (i)-(iii) have been established in Theorems 3.1, 3.2, 3.8, and Corollary 3.3.
In order to prove (iv), we fix N, M € N and we follow [19, Corollary 3.7]. By (5.8), we
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have

H@gh]\/ 63}~LM

5 () = g G|

/ ’34h1\[ _ 84}~1M (x / ‘ahN BBM (33‘ t)‘de
oot Dt dzt oz

L'-a.e. in [0,T]. Raising both sides to the power 2, integrating over [0,7] and recall-

ing (3.22), we obtain

T
/
Then, by (3.19) we have that iy — hin L5 (0, T} C%'([0,0])) and h € L5 (0,T; C2 ([0, 1))
Furthermore, by (5.6), we have

el

12 2
5 5
dt < C sup

t€[0,T)

Ohy Ohy

Bhy Bhyy
o (-t ~ o (1)

O3 '7t - ox3 (')t)

o0 o

1
Bhy OPhyy :

0?hy 0%hy
t gz D~ s O )|

Ohy Ohy
ox2 N’ ) - 0x? (1) t

=¢ a0 g Y

o0 o0 oo

L!-a.e. in [0, T]. Thus, raising both sides to the power %, we proceed as before to conclude

that hiy — hin L5 (0,T;C};'((0,8])) and h € Ls (0,T; C" ([0, b))
0

4. UNIQUENESS

From Theorem 4.1 below, it follows that the solution provided by Theorem 3.9 is the
unique solution of (1.10) in [0,7] for T" < Ty. Since (2.15) does not necessarily preserve
the area underneath the profile of the film, the proof is more involved than the one in [19]
for the case with surface diffusion.

Theorem 4.1. Let (ho,ug) € X, be an initial configuration such that ho > 0, and let
T > 0. If hi, hy € L*(0,T; Hy(0,b)) N L>(0,T; HZ(0,b)) N H'(0,T; LZ,(0,b)) are two
solutions of (1.10) in [0,T] with initial configuration (ho,ug) (see Definition 2.6), then
hi = ha.

Proof. For simplicity of notation, in this proof, we denote by (-)" the differentiation with
respect to x. Consider a constant M > 0 such that

(4.1) th‘HLoo(o,T;H;(o,b)) =M

for i = 1,2. We want to apply Gronwall’s Lemma to the function

ts H(t /]hg—h1] dx—i—/ Wy — By da.
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We claim that H € W1(0,T), and that there exists a constant C' > 0, that depends only
on M, such that

(4.2)
for almost every ¢t € (0,7"), where

G(t) = 1+ |02 + A8V ()22 .

We proceed in four steps. In the sequel of this proof, constants denoted by the same symbol
may change from formula to formula.

Step 1: We begin by proving that H € W11(0,T), and that for almost every ¢ € (0,T),
we have

b Ohy  Oh
B 2 . 2 1 -
(4.3) 2at/ lhy — hy)? dz = /0(875 8t>(h2 hy)dz
and
b /Ohy Oh
(4.4) zat/ by — By da /0 (81&2_(9151) (h — h)dx .

To this purpose, we mollify the b-periodic function h defined in R x (=T, 2T by

(h2_hl)('at) ifte [OvT]a
h(-,t) := { (ho — h1)(-, —t) if t € (=T,0),
(ha — h1)(-,2T —t) ifte (T,2T).

For each € > 0 small enough, the mollification k. is defined and smooth in R x [0, 7] and
so, it satisfies

10 [°- Oh, - b Ohe -
4.5 —— | |hfrdx = hL?dz = — h!d
(45) 28t/0||$08 20/" , ot <
in [0, T], where we used the fact that he(-,t) is b-periodic for each ¢ € [0,T]. Furthermore,
he — hin H'((0,b) x (0,T)) since h € H'((—b,2b) x (=T,2T)), and h” — h" in L?((0,b) x
(

,T)) since h” € L?((—b,2b) x (—T,2T)) (see [29]). Therefore, by (4.5) we obtain that
B|2

dz and fo |h’|? dz are weakly differentiable in the sense of distributions in (0,7") and
satl fy (4.3) and (4.4), respectively.
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Step 2: Inserting (2.15) for h; and hy in (4.3), integrating by parts, and using the
periodicity of hi(-,t) and ha(-,t), we obtain

10 b b h! h!
[ e —mpas=—< [ [2<J2<h2—h1>>"—1<J1<h2—h1>>"} da
0 0

20t J5 J?
5 b h// Zh/ , h// Zh/ ,
5 | [t =y = U g =)y o
b
(4.6) + /O O1p(—hy, 1)(Ja(hy — h1))" — O1p(—hy, 1) (J1(he — hy)) dz

b
— / (WQJQ — lel)(hg — hl) de=L+ 1L+ 13+ 1,
0

where J; and W refer to the function h; for i = 1, 2. In the sequel of this step, we estimate
the integrals on the right-hand side of the previous equality.
First, we consider I; and I and observe that

b/ "2 b
hy —h 1 1
11+12+5/ de:e/ h’{( )(hg—h’{)dx
0

o I3 JiJf
3¢ [P ((hy)%hy (BB ., o,
— — ho — hy)d
BTAG S LSO
e [0 ((RY)3(hy)*  (RY)3(R))?
— - ho — hy)d
T3 0 < J§ J} (he = h) da
_ /b (hy)® + h'hghh + hy'h (hy)®  (RY)® + h{"hRY + hi'hY (R))? (ha — h1) da
0 J3 Jy 2T

In view of (4.1), h} and hf are uniformly bounded and so there exists a constant Ce > 0
that depends on M such that

€
>C:.

4.7 —
(4.7) (o,b)lil(o,T) Jy =

Thus, since for n € N the function s — (1 + s?) 2 is locally Lipschitz continuous and we

have

(4.8) [(8)" = ()" | < (Il + g 15 IR — |



EVOLUTION OF ELASTIC THIN FILMS 25
in (0,b) x (0,T), we obtain
b b b
ntta+ Ce [ - P < | [ ing - g - o+ [ igRIng - 1 o
0 0 0
b b )
+ummw+wmw»4|%hmmgMMm+A<WM%hw@%Hmthx
b b
+UMW§+H%%&AI@—hﬂMm—MMw+A(MW%—hmO%ﬂm—hmdx

b b
[0 = s = o+ [0 = Bl — ]
0 0
We now apply Young’s inequality to each integral on the right-hand side of the previous

inequality. Precisely, for the integrals that present the term |hY — hY| or |k’ — hY’|, we use
Young’s inequality with a parameter > 0. In this way, we have that

b b b
11+12+05/0 |hY — '{degn/o |h’2”—h’1”\2dx+n/0 |hly — Y2 dz
b
(4.9) +C (191 + 1151 [ 1t~ mif? o

b
+Cn(Hhé’HZo+llh’1’Hﬁo+IIh’Q’IIfioJrIIh’{’HioJrllh’z”llio)/o |ha — ha|* da.

Next, we estimate I3 from above. As before, we begin by observing that

b
h:A@WPQM&—mm—mem&wnm

b AN "yt
hoh hih
+/ (alw(_ /271) 2= _alw(_ /171) ! 1)(h2—h1)d$.
0 J2 Jl

Then, using the fact that the function s — 919(s,1) is locally Lipschitz continuous, and
again invoking the fact that h)] and k), are uniformly bounded, we have

b b b
nsc| [P [ g - ik mldos [0 = alie - by as
0 0 0

b b b
(4.10) gn/ |h’2’—h’1’|2d:):+0/ \hg—h3\2dx+c7,(1+thugo)/ iy — By 2 dz .
0 0 0

Now, we consider Iy. Observe that by Lemma 5.6 and by the definition of W, there
exists a constant C, that depends on M, such that [[W;||pe((0,)x(0,r) < C for i = 1,2,
and

b b b
(4.11) /|W2—W1|2dx§0||h1—h2||§,2gc/ \hg—h1\2dm+(]/ \hYy — BY|? dx
0 0 0

in (0,7), where in the last estimate we applied Poincaré inequality. Therefore, since the
function s — (1 + 52)% is locally Lipschitz continuous, W; and h} are uniformly bounded
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for i = 1,2, we have
b
I4 = —/ (W2J2 — lel)(hg — hl)dl'
0
b b
gc/ \Wz-W1Hh2—h1\dz+C/ Y — 1|y — by dz
0 0
b b b
(4.12) gn/ yWQ—Wl\deJrC/ \h’Q—h’l\de—i—Cn/ |hg — hi)? da
0 0 0
b b b
gn/ |h’2’—h’1’|2dx+C’/ |h’2—h’1|2d:c+0n/ \hy — hy|*dz,
0 0 0

where in the second inequality we used Young’s inequality (with and without a small
parameter 1 > 0), while in the last we used (4.11).
Finally, combining (4.9), (4.10) and (4.12) with (4.6), we obtain that

b b b b
gt/ |h2—h1|2dm~|—C€/ |h’2’—h’1’|2dx§n/ |h’2”—h’1”|2dx+n/ |hYy — Y2 dz
0 0 0 0
b b
(4.13) + Gy (1+Hh’1’H§o+llh’2’H§o)/ \h’z—h’l\zderCn(HD)/ |hy — hy*da,
0 0

for a small 7 > 0 and for a function D defined in (0,T) by

(4.14) D(t) =Y (1B (1% + 107 Colla + 18 ¢ ol1%) -
i=1,2

Step 3: We now insert (2.15) for hy and hg in (4.4). Since

AN BN mapnr\ '’
() = () = (5
T T i
for i = 1,2, integrating by parts and using the periodicity of hi(-,t) and ha(-,t), we have
that

b b h/// h// 2h/
so | tpae=— [ [2—55( 2 h2 | oy 5@)} (ol — W) de
0 0

201 B2 ]
b " I/AVAN]
h 5¢ (h7)°h
(4.15) +/0 [6!]15 — 2( 1J)7 L+ duep(— /lal):| (J1(h — hY)) d
1 1

b
+/ (Wady — WiJy)(hly — ) da =1 + I, + I3.
0

Proceeding analogously to the second step, we estimate the integrals on the right-hand side
of the previous equality.
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First, we observe that

b "2 b
FoT |hy" — hY'| 1 1
Il + I2 + 5\/0 T dl’ =—¢€ ) h’lll Té — Tf (hg, — hllll) dSC

2
b 1ANGN] /ANIAN]
hy' hsh h{"h{h
5e b h// 2h/ h! 2h/
+? i (( 2J)6 2_( 1}6 1>(h/2//_h/1//)dx
2 1
be [V ((hy)P(h)* (W) (W) v
— — hy —hi)d
S )i
b
~ [ @ 1) = (g D) — B da
b "yt "yt
h3h hih
- [ @ ) — drn 1) 1 — ) e

Thus, recalling (4.7) and using as before the facts that A} and h}, are uniformly bounded,
that for n € N, (4.8) holds, and that the functions s — (1 + s2)”2 and s — d11(s, 1) are
locally Lipschitz continuous, we obtain
b b
L+ + C’E/ |ny" — nY"|? dx < C[/ [RY'||hy" — BY'||hy — b | da
0 0

b b
+ [ nglng — w g, ~ e+
0 0

b
IR — B — h’f\dx+/ ()[R — B da
0
b b
+/ |h’2’|2|h§”—h’{’||h’2—h&ldm+(|\h’{||oo+||h’2’||oo>/ IR — || — B da
0 0
b b
+ / (IR — K RSPIRG — By da + (IR + 1412 / 1Y — B2 da
b b b
+/0 [ —ha|dx+/0 2| — B —h&\dx+/0 |h;~’—h’1'|2dx] |
We then apply Young’s inequality to each integral on the right-hand side of the previous

inequality. Precisely, for the integrals that present the term |hY — h{’| we apply Young’s
inequality with a parameter n > 0. In this way, we have

b b
hot I C [ = nPds < [ - 1P as
b
(4.16) +Cy (L4 [IRY 1% + [R5 15 + | '1"||oo)/0 |nG — n[* dz

b
+ Cp(1+ 10313 + A5 115 + 112 + 175113 /0 |y — hi | da.
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Next, we estimate I3 from above. From the facts that the function s ~ (1 + 82)% is
locally Lipschitz continuous, that W; and h} are uniformly bounded for ¢ = 1,2 and (4.11),
it follows that

b b
IggC/ \WQ—Wth’Q’—h’l’\derC/ IR — BY|[hy — B da
0 0

b b b
(4.17) gc/ |h’2’—h’1’|2dx+0/ yhg—h’ldex+c/ \hg — hy |2 dx,
0 0 0

where we used Young’s inequality and (4.11).
Now, since

1 1
[h — bl g2 < C|[hy' — hy'|| 72 he — hil7.
by (5.6) applied to kY — b} with j =1 and m = 2, we observe that

b
<%(1+Hhﬂ@f+ngué+wr?wmyﬁ WY — W2 da
(4.18) < (14 R - 12 B o) RS — R 2y — ] g
b b
SnA%“JﬁF+GALHMN&+M%&+W#@JAI%—hW

where, in the last inequality, we used again Young’s inequality for n > 0.
Finally, by (4.15), (4.16), (4.17) and (4.18), we obtain

b b
‘9/ |h’2—h’1|2dx+05/ \hy — B2 dz <
b b b
(4.19) gn/ |h’2"—h’1”|2da:+0,7(1+D)/ |h’2—h’1|2dx+0/ |hg — h1|*dz,
0 0 0

where D is the function defined in (0,7") by (4.14).
Step 4: Adding (4.13) and (4.19), and choosing 1 small enough, we deduce that
OH
(4.20) E(t) <C(1+D(t)H(t),
for some costant C' > 0 and for each ¢ € (0,7"). We note that, for each ¢t € (0,7) and for
i=1,2, by (5.7) with m = 2, p =2, and ¢ = oo applied to h/(-,t), we have

iv 1 3 3 iv 1
1B (8 loo < CIRS (D) oo 1Y o D10y < CMAIRS (0 Fao )
and by (5.8) with m =2, j =1, p =2, and ¢ = oo again applied to h}(-,t), we have

iv 3 1 1 iv 3
157C ) loo < R ()| 2o o 105 Ol oy < CM AR () g -

Therefore, we may find a constant C' > 0 that depends only on M such that D(t) < CG(t),
and so (4.2) follows from (4.20). In view of the fact that G € L'(0,T), we may apply
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Gronwall’s Lemma to obtain that H satisfies

H(t) < H(0) exp < /O ") ds>

for every ¢t € [0,T]. Since H(0) = 0, this concludes the proof.

5. APPENDIX

In this section we collect some results used throughout the paper. We begin by estab-
lishing a Korn-type inequality for subgraphs of Lipschitz functions.

Lemma 5.1. Let h : [0,b] — [—L, L] be a Lipschitz function with Liph < L for some
L > 0 and consider Up :={z = (z,y) : 0 <z <b,—L(1+3b) <y <h(z)}. If1 <p< oo,
then there exists a constant C = C(p,b, L) > 0 such that

(5.1) /\u]pdz—i—/ vupds < [ [B@Pd:,
U, U Uy

for all uw € WP (Up; R?) with u(-, —L(1 + 3b)) = 0 (in the sense of traces).

Proof. Fix a ball B contained in (0,b) x (—L(1 4 3b), —L(1 + 2b)). Since U, is an open
bounded domain starshaped with respect to B, by a classical version of Korn’s inequality
(see [32, 36]) there exists a constant C; = C(p,b, L) > 0 such that

(5.2) /U VP dz < ¢ </U ufP dz + /U |E(u)|pdz>

for all u € WHP(Uy; R?). Thus, it is enough to prove that

(5.3) / ufP dz < 02/ E(u)f? dz

Uh Uh
for some constant Cy = Cy(p,b,L) > 0. By contradiction, assume that there exists a
sequence {h,} as in the statement and a sequence {u,} C W1P(U,, ;R?) of functions with
un(-,—L(1 4 3b)) = 0 (in the sense of traces) such that

/ ]un|pdz>n/ B ()P d.
Uhn Uh

By the Ascoli-Arzelad Theorem, since {h,} is bounded in C%!([0,b]) by L, up to a subse-
quence (not relabeled), it converges uniformly to a Lipschitz function h with Liph < L.
Furthermore, for every n € N, the function
Un
Up 1= —————
HunHLP(Uhn)

satisfies

(5.4) / lup|Pdz =1, / |E(vp)|Pdz — 0 as n — oo,

Up, Uhn

n
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and its trace on the segment (0,b) x {—L(1 + 3b)} is equal to zero. Hence,

sup/ Vo, [P dz < 400
Un

n
n

by (5.2), and since Up, has Lipschitz boundary we can extend the functions v, to the
rectangle Ry, := (0,b) x (L(1 + 3b), —L(1 4 3b)) in such a way that {v,} is bounded in
WP (R;R?) with null trace on (0,b) x {—L(1 + 3b)}. Thus, up to a subsequence (not
relabeled), {v,} converges weakly in W'P(Rp;R?) to some function v. Note that (5.4)
implies that

(5.5) / P ds =1,
Us,

since {vnxv,, } converges to vxy, in LP(Ry; R?) by the Lebesgue Dominated Theorem and
the uniqueness of the limit. Moreover, v has trace zero on the segment (0,b) x {—L(1+3b)}
(see [29]), and {E(v,)} converges weakly to E(v) in LP(Ry;R?). Thus, in view of the
uniform convergence of {h,} to h and by the Lebesgue Monotone Convergence Theorem,
we have
/ |E()Pdz < liminf/ |E(vy)|Pdz =0,
U;L n—oo Uhn

and so E(v) = 0 £L?-a.e in Uj. Since U}, is connected, this yields that v(z) = a + Az for
some a € R? and some skew-symmetric matrix A € M?*2. Thus, since v is continuous,
v(-,—L(1+3b)) =0 in (0,b) and so a = 0 and A = 0. We have reached a contradiction
with (5.5).

]

The following two lemmas provide the identities used to derive (2.15). The proofs can
be found in the Appendix of [19].
Lemma 5.2. Let g be the function introduced in (2.2). Then,

0111 (cos 8, sin 6
0(0) + gof®) = AL

for every 6 € (0,27) \ {~}.

Lemma 5.3. The curvature regularization term satisfies the identity

14 - 5 (h2,
oo+ 8= (), 3 (5),

for h sufficiently smooth.

For the convenience of the reader, we present here some interpolation inequalities that are
used throughout the paper, and that are essentially contained in [1] and in the Appendix of
[19] (see also [30]). We recall that given a bounded open interval I C R, W3""(I) denotes

the space of all functions in W, wP(R) that are |I|-periodic, endowed with the norm of
WmP(T).
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Theorem 5.4. Let I C R be a bounded open interval. Let j, m be positive integers such
that 0 < j <m, and let 1 < p < q < o0 be such that mp > 1. Then, there exists a constant
K >0 such that for all f € W,"(I)

() (m) || 70 i
(5.6) 1D oty < KIF 70 1l 5
In addition, if either f vanishes at the boundary or fI fdx =0, then
(5.7) 1 llzacny < KN 1F15E,
where 0 = % (% — %)

The following result follows from Theorem 5.4.

Corollary 5.5. Let I C R be a bounded open interval. Let j, m be positive integers such
that 0 < j < m and let 1 < p < q < oo be such that (m — j)p > 1. Then, there exists a
constant K > 0 such that for all f € W;f’p(f)

53) 1Dy < KIS 150

wheren::% (%—éjtj).

Proof. Since fU) € Wg_j’p(I) and [; fWdz =0, by (5.7) we have
1Pl oy < KNF N 19152,

with 0 := 1 (l - l), which, together with (5.6), yields (5.8). O

m—j \p ¢
Finally, the following elliptic estimate was established in [19, Lemma 6.10] using [21,
Proposition 8.9]. Recall Remark 2.5 for the notation.

Lemma 5.6. Let M > 0 and ¢g > 0. Consider hy, hy € Hi(o,b) with h; > ¢ and
||hi||Hi(0,b) < M fori = 1,2, and let w1 and us the corresponding elastic equilibrium in

Qp, and Qp,, respectively. Then, for every o € (0, %]
[ E(u1)(+, h1(-)) — E(u2) (- ha())llcraqop)) < Cllb1 = hallcrao,n)

for some constant C' > 0 depending only on M, ¢y and «.
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