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THE GEOMETRY OF Cgp: A RIGOROUS APPROACH VIA
MOLECULAR MECHANICS*
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Abstract. Molecular Mechanics describes molecules as particle configurations interacting via
classical potentials. These configurational energies usually consist of the sum of different phenomeno-
logical terms which are tailored to the description of specific bonding geometries. This approach is
followed here to model the fullerene Cpgg, an allotrope of carbon corresponding to a specific hollow
spherical structure of sixty atoms. We rigorously address different modeling options and advance a
set of minimal requirements on the configurational energy able to deliver an accurate prediction of
the fine three-dimensional geometry of Cgo as well as of its remarkable stability. In particular, the
experimentally observed truncated-icosahedron structure with two different bond lengths is shown
to be a strict local minimizer.
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1. Introduction. The molecule Cgo is an allotrope of carbon formed by 60
atoms sitting at the vertices of a truncated icosahedron. Theoretically discussed in
[38] and [5], its serendipitous experimental discovery in 1985 led to the attribution of
the 1996 Nobel Prize in Chemistry to Curl, Kroto, and Smalley (see [30, 29]). This
truly remarkable result paved the way for extending the up-to-then known allotropes,
namely graphite, diamond, and amorphous carbon, to a whole new class of molecules
consisting of hollow carbon cages, balls, ellipsoids, and nanotubes. The resemblance
of Cgg with the geodesic domes by the American architect Buckminster Fuller has
brought to these molecules the name fullerenes.

Fullerenes have attracted an immense amount of attention. The identification of
their three-dimensional structure; the study of their chemical properties, including
aromaticity, solubility, and electrochemistry; and their application in medicine and
pharmacology have developed into the new branch of Fullerene Chemistry. A central
question concerning fullerenes is their stability [28], either from the thermodynamic,
the electrochemical, or the mechanical standpoint. Stability is believed to be the key
factor in explaining why just a few fullerene isomers out of a theoretically predicted
wide variety have actually been revealed. Among these the fullerene Cg is remarkably
stable, and considerable amounts of these molecules have been detected in interstellar
space, despite the harsh radiation environment [1].

The aim of this paper is to provide a rigorous discussion of the geometric structure
and the stability properties of the Clsp molecule. This analysis is set within the vari-
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Fic. 1. The geometry of Cso. The bonds shared by two hexagons are here indicated by double
lines.

ational frame of molecular mechanics [2, 31, 41]. This consists of modeling molecular
configurations in terms of classical mechanics: atomic relations are described by clas-
sical interaction potentials between atomic positions. Although far from the quantum
nature of molecular bonding, this approach has proved computationally effective, es-
pecially in the case of large molecules, leading to the award of the 2013 Nobel Prize in
Chemistry to Karplus, Levitt, and Warshel. We shall express the energy of a carbon
configuration as

(1) E= Ebond + Eanglc + Edihcdral + Enonbond-

Here, Fyong describes two-body interactions; it is short-ranged and favors some spe-
cific bond length, here normalized to 1. The term Fa,gc is a three-body interaction
energy instead [6, 45, 47|, favoring the formation of 27/3 or 47/3 angles between
first-neighbor bonds. This corresponds to the so-called sp?-orbital hybridization of
carbon atoms, determining indeed the geometry of approximately flat, locally two-
dimensional carbon structures, such as graphene and nanotubes. Note that reducing
to pure sp? hybridization to describe the truly three-dimensional nature of Cgg is
questionable. Still, this simplification delivers the correct geometry of the molecule,
and possible extensions of this perspective are reported in Remark 2.4. The term
Edihedral is a four-body contribution, favoring planarity of the bonds at a given atom.
Finally, the term Ejonbond represents nonbonded interactions. These may include van
der Waals attraction, steric repulsion, and electrostatic effects.

Our focus is to identify a minimal set of assumptions on F delivering the local
minimality of the correct geometric structure of Cgo: the sixty atoms sit at the in-
tersections of the edges of an icosahedron with a sphere with the same center. This
results in a football-like geometry consisting of twelve equal regular planar pentagons
and twenty equal planar hexagons. We call X’ all such truncated-icosahedral configu-
rations and remark that they are uniquely determined (up to isometries) by specifying
the length a of the side shared by two hexagons and the length b of the sides of the
pentagons (see Figure 1). The corresponding configuration is indicated by X, ;. These
two lengths are indeed different for the Cgg molecule: nuclear-magnetic-resonance ex-
periments provide values of @ = 1.40 + 0.015 A and b = 1.45 + 0.015 A, respectively
[55].
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The investigation of the structure of Cgp via variational methods was initiated
in [36, 44], where, under suitable convexity assumptions, the energy Ehond + Eangle
was proved to be locally minimized by X; ;. The short-rangedness of this particular
energy form induces this local minimizer to have all bonds of length 1, which does
does not reflect the fine geometry of the Cgo, which has two distinct bond lengths. In
order to take long-range effects into account, one is tempted to consider the energy
FEhond + Eangle + Enonbona instead. This has the effect of bringing (at least) second-
neighbors into the picture, hence potentially distinguishing between bonds of types a
and b. The addition of the nonbonded-interaction term, however, induces a shortening
of second-neighbor bonds, and a key conclusion of our paper is the observation that
without additional assumptions on the energy, local minimality of any configuration
Xa,b is eventually prevented. Our main positive result is then that the inclusion of
a dihedral term in the energy, namely E = Fyona + Eanglc + Fdihedral + Fnonbond,
restores the icosahedral symmetry and entails the local minimality of a configuration
X+ p+ with a* < b*.

In the following we critically review the effect of single terms in E, by providing
an accurate formalization of the above discussion. With respect to the original compu-
tational nature of molecular mechanics this rigorous approach seems unprecedented,
contributing a novel justification of the variational perspective and a way of validating
specific modeling choices. Indeed, a variety of different molecular mechanical codes
[7, 8, 19, 37, 53] have been presented, corresponding to different phenomenological
choices for the single terms in F (as well as for possible additional effects, not in-
cluded in our analysis). A by-product of our results is hence the cross-validation of
these choices in view of their capability in describing the actual geometry of Cgg. Let
us briefly mention that the modeling options discussed in this article are also consis-
tent with the characterization of the geometry and stability of other carbon structures
such as graphene or the fullerene Cyy. Moreover, this variational approach has proved
effective at describing a wider class of carbon structures [44], including, e.g., carbon
nanotubes [32, 33].

Before moving on, we would like to contextualize the results of this paper with
respect to the available literature. Our analysis is related to the classical crystalliza-
tion problem, which consists of characterizing crystals at zero temperature as periodic
ground states of suitable configurational energies that include two- and three-body
interaction terms.

In one space dimension, the reader is referred with no claim of completeness
to [3, 18, 22, 40, 49, 50, 51, 52] for a collection of results proving or disproving,
under different choices for the energy, the minimization property of an equally spaced
configuration of atoms and its stability with respect to perturbations.

Ground states in two dimensions have been proved to be subsets of the triangular
lattice under pure two-body interactions in [23, 39, 52] for specific potentials. The
considerably more involved case of Lennard-Jones-like potentials has been analyzed
in [48] as the number of atoms of the configuration tends to infinity. The hexagonal
case is addressed by including in the energy a three-body interaction term favoring
wells at 27/3 and 47/3 angles both in the finite crystallization case [36] and in the
thermodynamic limit [11]. The recent [14] obtains a hexagonal lattice in the thermo-
dynamic limit under the effect of an energy favoring = angles instead. Eventually, the
case of the square lattice is tackled in [34, 35]. Here the energy favors «/2, m, and
37 /2 bond angles.

The only three-dimensional crystallization result presently available is in [16],
where a face-centered cubic lattice was recovered as the thermodynamic limit under
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pairwise and three-body interactions favoring 7/3 bond angles; see also [15]. All the
mentioned results concern the zero-temperature setting. Finite temperatures have
been tackled in the one-dimensional case only [27]. We refer the reader to [4] for an
extended review on this topic.

In contrast with the classical crystallization problem, we are not concerned here
with ground-state characterization but rather with the analysis of the Cgg configu-
ration in terms of its stability. Note that various concepts of crystal stability are
available. We refer the reader to [13] for a discussion of the connections between
phonon-stability, homogenized-continuum stability, and Cauchy-born stability in the
case of three-dimensional crystals, and to [42] for an application at the continuum
level for free-standing graphene. The validity of the Cauchy-Born assumption for
crystalline solids has been also discussed in [12] and [17]. All these different stability
notions are qualified via the specification of the corresponding admissible perturba-
tions. In this regard, our stability notion seems to be the strongest, since all small
perturbations of atomic positions are allowed.

The plan of the paper is the following. We formalize our setting and state our
main results in section 2. We also provide a classification of all modeling options by
exactly characterizing the cases in which Cgy can be identified as a local minimizer of
the energy (cf. Table 1). We report in subsection 2.3 a discussion of our assumption
frame with respect to various phenomenological potentials from the literature. The
proof of the results is then developed in sections 3—5. More precisely, the description
of the geometry of Cgp is addressed in section 3, and its stability under the presence
of a dihedral term is contained in section 4. Thereafter, in section 5 we provide
some counterexamples to stability in absence of a dihedral term. These consist of
rotating one pentagonal facet or simultaneously moving the vertices of a pentagonal
facet towards the center of the cage.

2. Modeling and main results. The focus of this section is on introducing
the relevant notation and stating the main results.

2.1. Mathematical setting and modeling options. Let X = {z1,..., 260} €
R3 indicate a general configuration of sixty atoms in three-dimensional space, and let
E : (R*)% — R be a given configurational energy (1). The fundamental principle
of material objectivity imposes that F is invariant under rotations and translations.
As such, all the following statements have to be intended up to isometries, unless
otherwise specified.

We shall introduce some specific structure for the terms in (1) by modeling the
basic chemistry of sp2-covalent bonding in carbon [45, 47], namely the specific bonding
mode of Cgg. We define the two-body interaction term FEponq as

1
Ebond(X) =z Z Ubond(|$i - $j|),
(4,5)E N1(X)

where the index set NV (X) indicates first neighbors and is defined as
NU(X) = {(,5) : |ay — zj] < V23

The potential vpong : [0,00) = [—1,00) is assumed to be smooth in the closure of a
small open neighborhood Ipong of 1,

(2) 'Ubond(é) =—1iff /=1 and 'Ul/)/ond(é) >0 forall /e Tbond-
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This basic assumption corresponds to the fact that covalent bonds in carbon
atoms are characterized by some reference bond length, here normalized to 1. The
choice of the cut-off value v/2 in the definition of first neighbors is discretional, yet
it is suggested by the planar case of graphene [36]. In the following we shall also use
the notation

Ni(z;) .= {(i,7) : j€{1,...,60} and (i,5) € N1(X)}

for the set of first neighbors of the atom z; € X, and denote the tuples of lengths of
the covalent bonds shared by x; by

Bi(zi) := {lwi — x5 : (4,5) € Ni(wi)}-
The energy Eangle represents three-body interactions and is defined by
Fage(X) =5 Y vangielaize),
(4,3,k)ET(X)
where the index set 7(X) is given by
T(X) = {(i.4.k) : i # &, (i,5) € Ni(X) and (j, k) € ML (X)),

and a5, denotes the angle determined by the segments x; — x; and xy — x; (choose
counterclockwise orientation, for definiteness). The potential vangle : [0, 27] — [0, 00)
is symmetric with respect to 7, attains its minimum value 0 only at 27/3 and 47/3,
and is strongly convex in a small closed neighborhood Iangle of [37/5,27/3]; i.e.,

(3) 0 — Vangle(f) — )\angle|9|2 is convex on Iangle for some Aangle > 0.

These properties will be assumed throughout the paper and model the fact that sp2-
hybridized orbitals tend to form 27/3 bond angles [47]. The index set

A(X) = {agn © (4,4, k) € T(X) and ayj < agji}
will indicate active angles of the configuration X, while we will denote by

A(xj) == {aijr € A(X) : for some i,k =1,...,60}
the tuple of the active angles at z;. In the following, we will also make use of an
alternative three-body energy term Eyi,k of the form of Fyyg1e, namely,

1
Exink(X) = 5 - > vnklai),
(4,3,k)ET(X)

where viink fulfills the same assumptions as vangle and is additionally differentiable in
a small left neighborhood of 27/3 with

4 li ok (0) < 0.

( ) 91‘;1711'1/3 Ukink ( )

Note that viipny is not differentiable at 27/3 and 47 /3, where indeed its graph has a
kink. This is a mathematical assumption which has no explicit chemical justification.

Still, such a nondifferentiable case is surprisingly the only one allowing us to prove
that two-dimensional minimizers of Fpong + Fkink are indeed subsets of the regular
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hexagonal lattice [36]. Note that such kink assumptions arise in all finite crystallization
results to date. In particular, they have been considered in connection with the two-
dimensional triangular lattice and the square lattice as well [23, 34, 35, 39, 52]; see
[9, 10] for related results. As such, we believe the discussion of the term Fiip to bear
some relevance.

The four-body dihedral term FEginedral is defined by

60

) 1 2 3

Edinedral(X) :=17 E Udihedral (0 , O, 7))
i=1

for a potential vginedral : [0,27)% — [0,00) for all configurations X = {w1,...,760}
such that #A(x;) =3 for all i = 1,...,60, where A(z;) = {a},a?,a?}. The constant
7’ > 0 will be chosen to be suitably small, corresponding indeed to the smallness of
four-body energy effects with respect to two- and three-body energy contributions.
We will assume vgipedqral t0 be smooth, symmetric in its variables, and satisfying

< 0.

d 3
(5) d_Udihedral (?7 2 50)
¥ p=27/3

The effect of the term FEginedral is that of favoring the planarity of active bonds at
each atom. This again corresponds to the local bonding geometry of sp2 covalent
bonding [47].

Eventually, nonbonded interactions are included in the energy by considering the
term Fyhonbond defined by

60
(6) Enonbond(X) = g Z Z Uﬂbd(|xk - x]|)

=1 (4,i,k)€T(X)

for a smooth function vybq : [0,00) — [—1,00) increasing in a small neighborhood
Iba of [2sin(37/10),v/3]. The constant 1 > 0 will be chosen to be suitably small
later on, reflecting indeed the different relevance of the effects of first and second
neighbors in covalent bonding. Note that in (6) the potential v,hq is evaluated over
second neighbors only, namely atoms corresponding to pairs

No(X) :={(i, k) : (i,4,k) € T(X) for some j =1,...,60}.

In particular, we assume nonbonded-interaction effects to be negligible except for
second neighbors. We also denote by

By(x;) = {lwi — x| = (1,5,k) € T(X)}

the tuple of distances to second neighbors related to the atom z; € X. All the
above assumptions on the potentials Ubond, Vangle, Vkinks Udihedral, and vnpq are tacitly
assumed throughout the paper.

In the following we discuss the effect of the various terms in (1). For the sake of
definiteness we introduce here a more specific notation for the configurational energy
by letting

Ec (X) = Ebond (X) + CangleEangle (X) + ckinkEkink (X)
(7 + CdinedralPdinedral (X)) + ¢nbd Enonbond (X).
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The constants Cangle, Ckink, Cdihedral, and cnpa take values in {0,1} and are hence
intended to switch on and off the different energy terms. Correspondingly, different
energies in (7) will be indicated by different vectors:

Cc= (Canglca Ckink, Cdihedral, Cnbd) S {07 1}4

In the following, Cangle and ciink are never simultaneously equal to 1, since the two
energies Fangle and Fiink indeed correspond to the same three-body contribution but
distinguish the case without or with the kink, respectively. Moreover, it seems natural
to consider the four-body contribution Egihedral only in the case where also three-body
terms are present, namely either for cangle = 1 or ckink = 1. Under these restrictions,
the discussion of all possible vectors ¢ of coefficients reduces to exactly ten cases, all
of which are addressed in Theorem 2.2; see also Table 1.

TABLE 1
Illustration of ten possible cases in Theorem 2.2. The first two from the top are already con-
sidered in [36, 44]. Cases 57 are the core result of the paper: the fine geometry of Ceo with two
different bond lengths can be modeled by allowing nmonbonded interactions in combination with a
kink-angle or a dihedral term. By providing explicit perturbations, we will see that X« p= is not
stable in the last three cases.

| Cangle | Ckink | Cdihedral | Cnbd || Local minimizer || Ref. in Theorem 2.2 |
1 0 0 0 X1,1 Assertion 3.1
0 1 0 0 X1,1 Assertion 3.1
1 0 1 0 X1,1 Assertion 3.1
0 1 1 0 X1,1 Assertion 3.1
0 1 0 1 Xox b Assertion 3.2
0 1 1 1 Xox b Assertion 3.3
1 0 1 1 Xox b Assertion 3.3
0 0 0 0 not in X Assertion 4.1
0 0 0 1 not in X Assertion 4.2
1 0 0 1 not in X Assertion 4.2

2.2. Main results. Among all configurations a specific subclass X of objective
[26] configurations with icosahedral symmetry will play a major role. These corre-
spond to truncated icosahedra with two possibly distinct bond lengths and are defined
as follows.

DEFINITION 2.1 (icosahedral configurations). The set X is the family of con-
figurations Xqp := {x1,...,%60}, a,b € Ipond, corresponding to the intersections
of the edges of a regular icosahedron with a sphere with the same center, where
Bi(z;) = {a,b,b} for alli=1,...,60.

The set X is hence a two-parameter family of configurations: by connecting first
neighbors of X, ; by a straight segment, one obtains a polyhedron with twelve regular
pentagonal facets with side b and twenty hexagonal facets with three sides of length
a and three of length b, alternating (see Figure 1). In particular, X, , is a regular
truncated icosahedron with side a, and we have that, for all z; € X,

A(z;) = {3n/5,27/3,27/3}

and
BQ(fz) = {pa hv h}a

where

(8) p:=2bsin(37/10) and h:=va®+b>+ abd.
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Note that the angular part of the energy E. given by

CangleEangle + CkinkPkink + CdihedralPdinedral

is constant over X so that the minimization of . on X reduces to the two-dimensional
problem
(9) min (Ebond (Xa,b) + Cndenonbond (Xa,b)) .

a,b€Iuona

In section 3 we will show that the latter energy is convex with respect to (a,b) when-
ever 7 is chosen small enough.

Our tenet is that the analysis of the above two-dimensional problem actually
delivers information on the 180-dimensional problem min E.. In particular, some
choices of the vector ¢ entail the local stability of specific configurations in X with
respect to all (small) perturbations in (R3)%0.

In order to investigate such stability, let us introduce perturbations of configura-
tions Xqp = {21,...,%60} € X with respect to the energy E. as
(10)

P(Xap) = {{a}, ... 260} ¢ 2} :=x; + dz; with |0z;| < & for all i = 1,...,60},
where dg > 0 is chosen to be small enough. In particular, we choose §g so small that
every P = {zf,..., x4} € P(Xq,) is such that
(11) Bi(x}) = {as, b;, b7}

with ag, bl b2 S Ibond;

2771

with 0; € O, and ¢}, ¢? € &., where O, := (31/5 —¢,37/5 + ¢€) and &, := (27/3 —
g,2m/3 + ¢) for every every a} € P; and for € small depending on dy and

(12) By (x5) = {pi, hi, b3}
with p;, h}, hf € Ipg, where

(13) pi = \/(bg)z + (b2)2 — 2b}b% cos(0;) and  h] = \/ag + (b])2 — 2a;b] cos(p])

for j = 1,2 (see Figure 2). In the following we say that P and X, ; have the same

geometry if and only if By(z;) = Bi(z}), B2(z;) = Ba(z}), and A(z;) = A(x}) for all
i=1,...,60.

Fi1a. 2. Angles, bonds (thick gray lines), and second neighbors (thin black lines) at an atom
:c; S 'P(Xayb).

We are now in a position to state our main result.
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THEOREM 2.2 (geometry of Cgg). Under the above assumptions on the potentials
Ubonds Vangle, Vkink, Udihedral, @Nd Unbd, the following assertions hold:

1. (Minimality in X') For all ¢ and for n small enough there exists a unique
minimizer Xo« p» of E. in X. All configurations in X different from Xg» p-
are not locally stable.

2. (Nonbonded-interaction effects) If cypg = 0, then a* = b* = 1. If cypa = 1
and

(14) V3Ula(V3) # ovly4(0) with o = 2sin(37/10),

then a*,b* < 1, a* # b*, and sgn(b*—a*) = sgn (V30 4(V3)—ovly 4(0)).
3. (Local stability) Let n be small enough.

3.1 If caba = 0 and cangle V Ckink = 1, then X1 1 is locally stable with respect
to perturbations in P(X1,1).

3.2 If ckink = Cnubd = 1 and Cangle = Cdihedral = 0, then Xg« p« is locally stable
with respect to perturbations in P(Xgx p+).

3.3 If Cdihedral = Cnbd = 1 and cangle V ckink = 1, and 0’ and n/n’ are
small enough, the configuration Xg-p+ 1s locally stable with respect to
perturbations in P(Xgx p*).

4. (Instability)

4.1 Ifc=1(0,0,0,0), then there exists P1 € P(Xq= p=) whose geometry differs
from Xg- p= such that Ec(P1) = Ec(Xg» p+).

4.2 If ¢ = (0,0,0,1) or ¢ = (1,0,0,1) and vy, (27/3) = 0, vy q(x) >
for ¥ € Iya, then there exists Po € P(Xgxp) such that E.(Py)
Ec(Xa*7b*),

Depending on which term is active in E., Theorem 2.2 asserts that different
situations may occur; see Table 1. By including nonbonded-interaction effects in the
picture (cupa = 1) as well as a kink-angular or a dihedral term (ckink V Cdihedral = 1),
the unique minimizer X, ;- in X is locally stable and has two different bond lengths
under the generic condition (14). This corresponds to the actual geometry of the
Ceo molecule and is our main result. As already mentioned in the introduction,
two distinct bond lengths a* < b* are experimentally observed. This is reflected in
assertion 2 of Theorem 2.2. Indeed, for v,,q convex and increasing in Ip,q we have
that t — tv], 4(¢) is increasing as well, so that a* < b* .

If nonbonded interactions are neglected (chpba = 0) and either angle term is
present, namely Cangle = 1 or ckink = 1, the configuration X;; is stable instead.
These cases, already addressed in [36, 44], are unsatisfactory, as they fail to deliver
the correct geometry of Cgg, featuring indeed two different bond lengths. This short-
coming was the main motivation for the present study. Let us stress, however, that
the extension of the argument of [36, 44] to the case of nonbonded interactions is
nontrivial, as noted in section 4 below.

Finally, by neglecting both kink-angular and dihedral terms (ckink = Cdihedral = 0),
we find that no icosahedral configuration in X is locally stable. Indeed, we provide an
explicit perturbation P, lowering the energy, which consists of simultaneously moving
the vertices of a pentagonal facet towards the center of the cage so to reduce the
length of second neighbors.

Our result focuses on the case where n and 7’ are small, reflecting that the terms
of Eponbond and FEgihedral can be supposed to be of lower order with respect to the
two- and three-body parts of the energy [2]. In case both dihedral and nonbonded-
interaction terms are present (assertion 3.3 of Theorem 2.2), we additionally assume

0
<
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n/n’ to be small, namely that the dihedral term dominates, which again is well moti-
vated by the basic chemistry of covalent bonding in carbon. If this is not the case, for
c¢=(1,0,1,1) the same perturbation P, of assertion 4.2 of Theorem 2.2 proves that
the configuration X« p+ is not locally stable.

Remark 2.3. An alternative, equivalent approach would have been that of con-
sidering a single Vtwo-body := [0,00) — [—1,00) for all two-body effects, namely for
both first and second neighbors, instead of using the two potentials vpong and vppq.
More precisely, one could introduce the energy term Ejyo-body defined by

1
(15) EtWO'bOdy(X) = 5 Z Utwo—body(|xi — X |)
(i,)€ N1UN>

Then, the statements of Theorem 2.2 with ¢,pq = 1 can be reformulated by replacing
Ebond + Enonbond by Etwo—body and letting

Vtwo-body = wbondvbond + n’@[]nbdvnbda

where ¥pong and Ypnpq are suitable cut-off functions supported in Ipong and Ippqg,
respectively. This approach would in particular allow Vtwo-body to have the Lennard-
Jones form vtwo-body () = kr—12 — k'r=5 for suitable positive constants k and k’. We,
however, prefer to keep our notation, as we believe that it delivers a clearer argument.

Remark 2.4. The reference to sp? hybridization, that is, the assumption that
Vangle s minimized solely at 27/3 and 47/3, is here chosen for definiteness only. This
assumption could be weakened in order to encompass more general bonding regimes.
In particular, potentials with negative slope at 27/3, such as Brenner-like potentials
favoring 7 bond angles (see [6]), could be considered as well. In this case, the results
correspond to those of Theorem 2.2 along with the choice cyinx = 1. Moreover, the case
of v3 having a (small) positive slope at 27/3 could be addressed as well. Depending
on the contribution of Fgjhedral, We get either a stability or an instability result as
in assertions 3 and 4, respectively, of Theorem 2.2. We prefer to present the results
under the slightly more restrictive assumptions of section 2.1, which allow a clearer
exposition.

2.3. Examples of admissible potentials. The assumption frame of subsection
2.1 is sufficiently weak to include virtually all the specific choices for the potentials
which have been introduced in the literature [2]. The aim of this subsection is to
illustrate some concrete examples. In the following, we shall use the indexed symbol
k to indicate different positive parameters.

Let us start by observing that the classical potentials

1
(harmonic) 3 kn(r—1)* —1,

, 2
(Morse) ks (eko(T*l) - 1) -1,

1 2
(Lennard-Jones) 26
fulfill assumption (2) for vpeona. The Morse and the Lennard-Jones potentials, pos-
sibly modulated by suitable additional parameters, can give account of nonbonded
interactions as well [24, 54]. In particular, they can be chosen as vyp,q and calibrated
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in such a way that assumption (6) can be met. In addition, nonbonded interactions
can be described by the classical potential [25]

1!
ke _ kB

(Buckingham) kpe g

which again fulfills (6) for a suitable choice of the coefficients. Combinations of these
potentials can also be considered in order to model two-body interactions in the spirit
of (15).

The angle potential vangle is usually defined to be quadratic around 27/3 and
47 /3, which ideally fits with assumption (3) but not with (4). Note, however, that
the latter, as already noted above, has no direct chemical justification.

Various formulations for the dihedral term appear in the literature. We mention
the molecular dynamics computational libraries AMBER [53], CHARMM [7], GRO-
MOS [19], Tripos 5.2 [8], DREIDING [37], and AIREBO [46] and refer the reader also
to [41, subsection 3.2.2] for the detailed geometric account of different choices.

In AMBER the contribution of the atom z; with bonds Bi(z;) = {a;, b?,b?} to
the dihedral term vginedral 1S

vAMBER (Vi) := kamBer [1 — cos (3(vi — m))],

where 7; is the angle formed by the two planes 77{ , containing the bonds with lengths
a; and b], respectively, for j = 1,2 [41] (see Figure 3).

Fic. 3. The dihedral potential employed in AMBER depends at every atom x; on the corre-
sponding angle ~y; shown in the picture.

In [20, 43] yet another definition for the dihedral term is introduced. This is based
on the notion of the m-orbital axis vector (POAV), namely the axis which forms equal
angles with the three covalent bonds centered at a given atom (see [21, Appendix]
for a detailed definition). Both the AMBER and the POAV dihedral terms can be
proved to satisfy assumption (5). For example, in the AMBER case we observe that
if ¢! = ¢; for j = 1,2, then

N . 4
sin 5 Sin ; = sin —,

2
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as computed in [32, Proposition 3.2], and hence assumption (5) follows from verifying
that

d
— VA <0
dy MBER(V) Y=o
for 7o € (27/3, ) such that
sin Jo sin gw = sin —.
2 3 10

3. The geometry of Cgg. In this section we specify the geometry of Cgg by
minimizing the energy in the class of icosahedral configurations X. In particular, we
prove the first and second assertions of Theorem 2.2.

Proof of assertion 1 of Theorem 2.2. For every vector ¢ the energy E.(Xqp) co-
incides (up to an additive constant not depending on a,b € Iyong) with (recall (8) and

9))
E’I (Xa7b) = 30vbond(a) + 60’Ubond(b) + Cnbd? (60vnbd (2b sin (?1)_7(1)—)>
+ 120vpp4a(V/ a? + b2 + ab))
(16) = 300bond(a) + 60vpena(b) + nf(a,b)

for a suitable function f being C? on g X Inpa (see below (6)). We first observe
that E, (X,) is strictly convex as a function of a,b € I». Indeed, the Hessian reads as
D?E,(Xap) = 300],,4(a) e1 @ e1 4+ 60v{ 4 (b) e2 @ e2 + nD? f(a,b), and the assertion
follows from (2) for n small enough.

Consequently, for such 7 small enough there exists a unique minimizer Xa;7b; of
E, in Iyona X Ipona. We observe that for small 7 we have ay, b,’; € Ipona- In fact,
as Ly is a continuous perturbation of Ey, one has (a;,by) — (af,b;) as n — 0 and
(ag,b5) = (1,1) by (2). Consequently, Xq b+ is also the unique minimizer of E, over
the family X'. For given fixed n we drop the subscript n and indicate the minimizer
as the minimizer (a*,b*), for the sake of notational simplicity. Note that the strict
convexity and a*, b* € Ipong imply

(17) DE,(X.p) =0 for a,b € Ihona iff (a,b) = (a*,b").

To conclude the proof of assertion 1 of Theorem 2.2, it remains to show that X, ; =
{z1,...,z60} € X\ {Xa+p+} is not locally stable for small perturbations. Since
DE,(Xa.p) # 0 by (17), we find o',V € Ipona with |a — a’|, |b — | arbitrarily small
such that E.(Xq pr) < Ec(Xap). It now suffices to observe that X,/ 5 can be realized
by a configuration {zf,..., x4} € X with |x; — 2| < o for ¢ = 1,...,60. Indeed,
this corresponds to moving the facets of the pentagons and hexagons (infinitesimally)
inwardly or outwardly without changing the bond angles. d

In the following let a*, b* € Iyong be the length of the bonds of X« +, and denote
by

(18) p* = Qb* sin <?1)—7(;> = b*U, h* = \/(0,*)2 + (b*)2 + a*b*

the lengths between its second neighbors, where o = 2sin(37/10). We now prove the
second assertion of Theorem 2.2.
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Proof of assertion 2 of Theorem 2.2. First, if cp,q = 0 or, equivalently, n = 0 in
E, (see (16)), we have already proved in (17) that (a*,b*) = (1, 1). Suppose now that
¢nbd = 1 and n > 0. By computing the derivative of E,(X, ), we obtain

2a+b
(19) DB, (Xas) = (300hona(a) + 1200750l (0),

2b
00 0na(8) + 6000 tLn08) + 1200 20000 (1) ).

where, similarly as above, we have set h = Va2 + b2 + ab. Since by the assumption
on vnpa (see below (6)) we have 0 < vl 4 (p*), v),4(h*), equation (17) implies that

U{)ond(a*)vv{)ond(b*) S 07

and thus a*,b* < 1 by (2).

Assume that (14) holds, and observe that this implies v/3v/, ;(v/3d) # ov’, 4(od)
for all d € Iyona if we choose the neighborhood Iong small enough (depending on
Unbd). Now suppose that (a*,b*) = (d,d) for some d € Iyong. Then (17) yields
DE,(X4,4) =0, and thus by the previous computation we get

300hona(d) + 12077?11;11)(:1(\@51)

3
= 600},0,4(d) + 60n0v,,4(0d) + 120n§”£bd(\/§d) =0,

which leads to v/3v), ,(v/3d) = ov!, (0d). This contradicts assumption (14) and
eventually shows that a* # b*. Finally, again by using the first order optimality
condition, we derive

* * CL* * *
Ul/)ond(b ) — v{)ond(a’ )= 377§U1/1bd(h ) — nJU;bd(Ub )-

As v} 4 Is increasing on Ihona by (2), we get
sgn(b*—a*) = sgn <3%U;bd(h*) — ovgbd(ab*)> )

Note that we can assume that |a* — 1|, [b* — 1|, and |h* — +/3| are arbitrarily small
by simply choosing the neighborhood Iyong sufficiently small. Consequently, by the
regularity of the potentials, the term on the above right-hand side has the same sign
as v3v/,4(vV/3) — ov!y 4(0). This concludes the proof. O

4. Stability of Cgp with the kink or the dihedral term. The section is
devoted to the proof of the stability results of assertion 3 of Theorem 2.2. We follow
the general strategy proposed in [36, Theorem 7.3], which is based on convexity and
monotonicity arguments for the energy E.. In our context, however, a more elaborate
analysis of the properties of the phenomenological energy E. is required. Indeed, the
original argument in [36] is based on the possibility of treating bonded and angle
effects separately. This is not possible here, as both first-neighbor bond lengths and
angles contribute to the length of second neighbors, and hence to the term Eonbonded-
The strategy is hence to exploit the smallness of Eyonbonded, that is of 1, in order to
keep this additional intricacy under control.
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Let us start by rewriting the energy corresponding to a small perturbation P =
{2}, ..., 260} € P(Xax p+) (see (10)) as a sum

where E.(z}) is the energy contribution associated to a single atom. In view of (11)-
(13), each E.(x}) can be expressed as a function in terms of the covalent bonds and

the angles, i.e., with a shght abuse of notation F, (a;,b},b2,0;, 0}, 02) = Ec(xi), and

R R

is defined by (Set yi = (ai, b}, 02,0, o}, ¢?) for shorthand)

Ec(yz) = Ebond (yz) + CangleEangle (yz) + CkinkEkink(yi)
(20) + 77/ cdihedralEdihedral(yi) + n cndenonbond (yz)

for every z; € P, where we have

1 1 1
§Ubond(a1) + 2Ubond(b )"’ 2Ubond(b )

Eanglc (yl) = Uanglc(ei) + Uanglc(‘ﬁi ) + Vangle ((pz )7

Ebond (yl) =

Ekink(yl) = Ukink(6;) + Ukink(@}) + Ukink(‘ng)v
Edlhcdral(yz) = Vdihedral (03, ¢, ¥7), and
nonbond (yl) = Unbd(pi) + 'Unbd(h}) + Unbd (h?)
Note that the factor 1/2 in the definition of Ebond takes into account the fact that

each bond is shared by two atoms. We first use the convexity properties in (2) and
(3) to show the convexity of F..

PROPOSITION 4.1 (strict convexity of Ec) If n, ' are taken small enough, then
for every vector ¢ € {0, 1}4 With Cangle V Ckink = 1 the energy E. is strictly convex

on Ibon Iangle If cupa = 0 o7 cdinedral = 0, the choice of § or 1, respectively, is
arbitrary.

P?”OOf. AWG Spht Ec = fl +f2+,]f\‘3 into the pa};ts fl = Ebond, .f2 =n Cndenonbond+
7 Cdihedral Edihedral, a0d f3 = Cangle Eangle + Ckink Exink. We consider two points y1,ys €
I3 4 % Iangle and distinguish the bond and angle part by writing y; = (y},y?) for i =

1,2 with y},y? € R3. We let Apona = min, 7 v q(€)/2, and by the smoothness

of Eronbond and Egihedral we can choose A* € R such that for each y € Igond X Iangle

the smallest eigenvalue of D2 Eyonbond(y) and D2 Eginedral(y) is larger than A*. Tt is a
well-known fact in the theory of convex functions that this implies for ¢ € [0, 1]

filtyr + (1=t)ya) < tfi(yr) + (1-t) f1(y2) — )\bondt(l Oy —vsl?,
fa(tyr + (I=t)y2) <tfa(yr) + (1-1) f2(y2)
+ %|/\*|(UCnbd‘FTIICdihcdral)t(l_t)|yl_y2|2'

Moreover, by the strong convexity of fs in the angle variables (see (3)), we have for
te10,1]

Faltyy + (1=t)y2) < tf3(y1) + (1=1) f(y2) — Aangiet (1—) |y w3 .



THE GEOMETRY OF Cégo 2023

Thus, since Aponda > 0 by (2) and Aangle > 0, we derive for 1,7’ small enough that
. 1 1 * ’
min 5)\bond7 )\anglc - §|)\ |(776nbd + n Cdihcdral) > 07

and we conclude that Ec is strictly convex. 0

We now derive a monotonicity property which can be recovered from the kink
assumption (4) or from assumption (5). Note that in both cases the argument is
based on the fact that the planarity of the faces is energetically favored by Ekink or
Edinedral-

PROPOSITION 4.2 (monotonicity of Ec) Assume that n is small enough. If

1. ¢=(1,0,0,0) or

2. c€{(0,1,0,1),(0,1,0,0)} or

3. ¢ce{(1,0,1,1),(0,1,1,1),(1,0,1,0),(0,1,1,0)} and n/n' small enough,
then we have for all a,b € Tyond, 0 € Of, ¢ € . with 0 < 37/5 and p < 27/3 that

(21) Ec(a,b,b,O, 0, p) > Ec(a*,b*,b*,37r/5,27r/3, 27/3),

where equality holds only if a = a*, b=10b*, 6 = 3w /5, and p = 27/3.

Proof. We first observe that in case 1 one has a* = b* = 1, and the assertion
follows directly from (2) and (3) (cf. also the arguments in [36, Theorem 7.3]).

For cases 2 and 3 we split E. = f1 + f2 into the parts fi(a,b,0,¢) = Ebona(y) +
n cndenonbond (y) and f2 (97 80) = cangleEangle (y)+ckinkEkink (y)+77/ cdihedralEdihedral(y)a
where for brevity we write y = (a,b,b, 6, ¢, ¢). By the smoothness of vhona and vppg
and by (13) we can find a constant C independent of 1 such that [Dg . f1(a, b, 0, ¢)| <
Cyn for all a,b € Thona and 6 € O., p € &... Let for brevity 8y = 37/5 and @9 = 27/3.
Then we get by Taylor’s formula for all a,b € Iyong, 0 € O, and ¢ € &, that

|f1(a,b,0,0) = fi(a,b,00, 90)l < C1n(10 — Ool + | — @ol) + C1(10 — bo| + | — wol)?
(22) < Ci(n+e)(|10 = ol + | — wol);

passing possibly to a larger constant C; without introducing new notation. We now
show that there exists a constant Cy > 0 such that for all § € O, p € @, with 6 < 6,
and ¢ < ¢ one has

(23) f2(8, ) — f2(60, v0) > Ca(ckink + 1 Cdinedral) (B0 — 0) + (w0 — ¢)).

In case 2 we use the convexity of vkink in Iangle and condition (4) to derive viink(€) —
Ukink(B0) > A(Bo — ) and vkink(®) — vkink(w0) > A(po — @), where we set A :=
— limgqor /3 Vi (@) > 0 by (4). This implies (23). In case 3 we first observe that
the strong convexity of vangle assumed in (3) and the fact that the minimum value
is attained at 6y = 27/3 implies Vangie(6) — Vangle(0o) > C3(6p — ) for a constant
Cs > 0 depending only on Aangle. Moreover, the smoothness of vginedral implies
Vdihedral (05 ¥, ©) — Vdihedral (B0, ©, ) > —C4(0p — 0) for a constant Cy > 0 large enough.
Now we use (5) and Taylor’s formula to compute

Vdinedral (00, 95 @) — Vdinedral (00, 90, ©0) = X (0o — ) —Cs (o —p)* > (XN —Cs) (w0 —¢)
for C5 > 0 large enough, where
A/

d
- T3 icraov 5 >0a
3 Vdibed l(oww)wz%/g
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by assumption (5). Collecting the last estimates and using vangie() > Vangle($0), We
conclude

f2(0,9) > fa(fo, o) 4+ (C3 — Can') (00 — 0) + 7' (N — Cs¢) (w0 — ),

which for 7" and ¢ small enough implies (23).
We are now in the position to show (21). By combining (22) and (23), we derive
for n/n’ small and ¢ small with respect to n and 7’

Ec(a‘7b7 ba 07 2 80) > Ec(a‘7b7 b? 00) 2 800)7

where equality holds only if 8 = 6y and ¢ = ¢y. Recalling (16) and the fact that
(a*,b*) minimizes E, (X, ), we conclude

1
E. ,0,0,0 > —E,(Xap

where due to the uniqueness of the minimizer of E,,, equality holds only if a = a* and
b=b*. d
We are now in the position to prove the stability of X+, under small perturba-

tions. In the following proof we will treat assertions 3.1, 3.2, and 3.3 of Theorem 2.2
simultaneously.

Proof of assertion 3 of Theorem 2.2. Let P = {xf,..., x40} € P(Xq+p+) be given,
and suppose that the assumptions stated in assertion 3.1, 3.2, or 3.3 are satisfied. Re-
calling (11)—(13), to each , i = 1,...,60, we associate a;,b},b?,0;, o}, p?. Let us
assume that P does not have the same geometry as Xg- p=; i.e., not all bond lengths
and angles coincide with the corresponding values of X, ;«. We show that then
indeed E.(P) > Ec(Xqa* p+)-

Deﬁne the mean values

E (Xa*,b*) = Ec(a*ab*ab*aeoa ©o, 300)7

L TR 1 &
— L2y, fg=— , 5= Ly p?
; - 120;(@ o), 0= > 6 and ¢ = oo ;(% + 7).

Then we apply Proposition 4.1 for 7 and n’ small enough (if ¢ppg = 1 O Cdihedral = 1,
respectively) and use the strict convexity of F, twice to obtain

ZE (as, b}, b2, 05, 0}, 02)

bi+02 b} +b2 ol +¢2 ol + 2
> E (2] ) eia L la L L
Z (a 2 2 2 )

(24) Z 60 EC (EL?b)baHv@a @) 9

where we have equality iff each bond and each angle coincides with the corresponding
mean value. As the five angles of each pentagon sum up to at most to 37, we obtain
6 < 37/5. A similar argument for the angles of a hexagon, whose sum does not exceed
4m, yields ¢ < 27/3. We observe that for each vector ¢ in the assertions 3.1-3.3 one
of the assumptions 1-3 of Proposition 4.2 is satisfied. Consequently, we obtain

S o 2
(25)  60E.(a,b,b,0,p,¢) > 60E, <a b*,b%, 3; ; ;) = Bo(Xap+),

where equality holds only if @ = a*, b = b*, § = 37/5, and ¢ = 27w/3. As, by
assumption, P does not have the same geometry as Xq- p+, equations (24)—(25) yield
Eo(P) > Ee(Xa- 4+). O
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5. Nonstability results. In this section we establish assertion 4 of Theorem
2.2. After translation and rotation of Xg- - = (z7,...,28y), we may assume that
zf € R xR x [0,00) for all indexes ¢ = 1,...,60, and that one pentagon of X« p+ is
contained in R x R x {0} with vertices

V; := (cos(2im/5), sin(2i7/5),0)

for i =1,...,5. Let us relabel the atoms of X, - ;- so that, for i =1,...,5, we have
x; =V, and, for ¢ = 6,..., 10, the atom « is the only neighboring atom of z}_ not
lying in {Vi,...,V5}. By Hf,..., H} we denote the planes in R? containing the five
hexagonal faces of X+ 5+ adjacent to the pentagon formed by {V1,...,Vs}.

The perturbation P, = {z], ..., 24} is defined by setting z} := x for ¢ > 6 and

x; = (cos(2im/5 + t1),sin(2iw/5 + t1), t2)

fori=1,...,5 and for some positive (small) constants t; and t2 to be specified; i.e.,
the transformation rotates one of the twelve pentagonal faces of the molecule.

Proof of assertion 3.1 of Theorem 2.2. First we see that for ¢1, to sufficiently small,
Py € P(Xg p=). Moreover, the geometries of P; and X, 3= are clearly different as,
e.g., the hexagons adjacent to the pentagon formed by zi,. .., 25 are not planar. Re-
call that by assertion 2 of Theorem 2.2 we have X+ ;- = X;,;. Consequently, to prove
E.(Py) = E.(X11) for ¢ = (0,0,0,0), it suffices to show that each bond has length 1.

We observe that the only bonds that can present a different length in P, with
respect to X« p+ are the ones in Ule Bi(x}). As the pentagon contained in RxRx {0}

is just rotated, we find |[z1,22]| = |[x2,23]] = -+ = |[z5,21]] = 1. Finally, for a
suitable choice of t2 with respect to t; one can additionally obtain |[z;,x;5]| = 1 for
i=1,...,5. This concludes the proof. a

The definition of perturbation P is more involved. One pentagonal face of X« p-
is moved in such a way that the length of the bonds in U?21 Bi(z}) shared by two
hexagons does not change to first order. More precisely, for each i = 1,...,5 we find
a unique vector

v; = (acos(2im/5), asin(2in/5),b) € R?
for suitable constants a,b € (0,1) such that
(26) lvil =1 and w;- (2] —2j,5) =0.

Then we define P, = {zf,...,x5,} by setting z := af for ¢ > 6 and z} := z} + tv;
for i = 1,...,5 and for a small constant t > 0. By (26), each segment [z},z}] C R?
is not contained in the planes H7, j =1,...,5, and therefore the five hexagons of P,
adjacent to the pentagon {z,...,25} are not planar, but each one is kinked along
the corresponding segment with endpoints in {zf, ..., 2},}. Observe that the essential
point of the transformation P, is the nonplanarity of these hexagons since hereby (i)
the length of the second neighbors can be reduced and (ii) the energy increase due to
the modification of the angles is negligible since v} .. (27/3) = 0.

angle

Proof of assertion 3.2 of Theorem 2.2. Let P, be defined as above, and note that
for ¢ sufficiently small we have that P, € P(Xg= ). We now proceed in two steps.
In Step I we analyze the modification of bond lengths and angles induced by the
perturbation. In Step II, we calculate the energy difference of the two configurations
X+ p= and Py, which in view of the first order optimality condition derived in (17)
depends only on the angles (see (30) below). We will then be able to conclude, since
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the sum over all angles strictly decreases due to the nonplanarity of the five hexagons
(see (29) below).

Step 1. The transformation changes only the bond lengths Ule Bi(x;)UBs(z;), the
angles Ugl A(x;), and the second neighbors U}iﬁ Ba(x;). In particular, there exist

O, 6, € R such that for the covalent bonds and the angles associated to i, . .., zf we
have fori=1,...,5

(27a) ai = a* + O(t?),

(27b) bl =" +t0, + O(t?), j=1,2,

(27¢) 0; = 3n/5,

(27d) @) = 21/3 + 16, + O(t?).

Note that, due to the symmetry of the transformation, all these quantities are actually

independent of 7 and j, and the pentagon {z], ..., z%} is regular and planar. Moreover,

(27a) follows from the fact that the length of the bonds shared by two hexagons does

not change in first order by (26). Likewise, for the second neighbors an elementary

computation yields, in view of (13), (18), (27), and cos'(27/3) = —/3/2 for i =
.5, =1,2 (we again set o = 2sin(37/10) for brevity),

pi = /2(1 — cos(6;))(b* + toy + O(tz)) =p* + tdpo + O(tQ),

h = /a2 + (b))? — 2a3b] cos(¢)

= (@) + (0°)2 + a*b* + 2180 — 2ta* (cos(27/3)8, — b*V/36,/2) + O(t2)

= b+ (t/07) (8 (07 + @ /2) + VBab'5,/2) + O(t2).
Moreover, for i =6,...,10, j = 1,2, we find for 5;, € R by a similar computation
(28a) a; =a*, bl =b*, 0;=3r/5, p;=7p",
(28b) ol =2m/3 410, + O(t?),

h{ = \/ + (b )2 — 2ale cos(goz) \/(a*)2 + (b*)% — 2a*b* cos(@g)
= /(@) + ()2 + @b + VBtab*3,) + O(12)

(28¢) = h* +V/3t/(2h*)a*b* 8, + O(t?).

We close the discussion about the modification of bonds and angles by showing

(29) dp + 95, < 0.
To see this, we recall that the five hexagons adjacent to {z],..., 2%} are kinked along
the corresponding segment with endpoints in {xf, ..., 2},}. Each hexagon consists of

two planar quadrangles Q1, Q? with angles 27/3, 27/3, /3, 7/3 and ¢, p, T— @, T—p,
with ¢ := ¢} as given in (27d).

We have already noticed below (26) that the segment [z}, z}] is not contained in
HY 4,5=1,...,5. Consequently, the angle enclosed by the the two planes containing
Q1 and @7 is larger than Ct for a sufficiently small universal constant C' > 0. By
an elementary trigonometric argument, this implies that ¢! is smaller than the sum

of the two corresponding angles m — ¢, 7/3 of the quadrangles at z;. More precisely,
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f < (m—¢)+7/3—Ct for C'" > 0 small enough for all « = 6,...,10, j = 1,2.
Therefore, in view of (27d) and (28b), we derive

23 + ], +O(t2)<2§—t5 —C't+O(t?)

and see that (29) holds true since ¢ > 0.

Step II. We now estimate the difference between E.(Xg+p-) and E.(P»). Let us
start from the case ¢ = (1,0,0,1). By (27), (28) and the fact that v, (27/3) = 0,
we get Ubond (@) = vbond(a*) + O(t?) and Uangle((pl) = Vangle(27/3) + 0(t?) = O(t?)
for i = 1,...,10, j = 1,2. Consequently, recalling (20) and (27)-(28), we obtain
E.(Py) — Ec(Xgwp+) = A + B+ C with

5 R 5 1
A= Z (Ebond (xz) Ebond ) Z Z ( vbond §Ubond (b*)> + O(t2)
=1 =1j=1

=5V l/)ond (b*)tdb + O(t2)7

10
Bi= 3 (Bunste(wi) — Fungo(a?)) = O(2),
=1
C Z n ( nonbond xz) - Enonbond(fz))
3t
= 50pa (P )1tdso + 10v55,4(h*)n \2/}; a’b*d,

+ 10v1’]bd(h*)n% <5 (b* ) +V3a*b* *") + O(t?).

In case ¢ = (1,0,0,0) we obtain the same estimate with B = 0. Recall that we have
identified the geometry of Xy« p« by optimizing the energy F, (X, ;) defined in (16)
in terms of a,b. In particular, the first order optimality condition

d
S B (X, -
db n(Xavp) b=b* 0

yields (cf. (19))

N a* + 2b* N
Vhona (b)) + novh,q(p*) + 20— Sh vpa(h*) = 0.

Combining the last two estimates, we derive

(80)  Eu(Ps) = Be(Xar ) = 100a(h* s f’f a*b* (8, + L) + O(F2).

In view of (29) and the fact that v}, 4(h*) > 0 and ¢ > 0, we conclude that E.(Pz) —
Eo(Xge ) < 0. O
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