FINITE PLASTICITY IN P'P.
PART II: QUASISTATIC EVOLUTION AND LINEARIZATION

D. GRANDI, U. STEFANELLI

ABSTRACT. We address a finite-plasticity model based on the symmetric tensor P TP
instead of the classical plastic strain P. Such a structure arises by assuming that the
material behavior is invariant with respect to frame transformations of the intermediate
configuration. The resulting variational model is lower-dimensional, symmetric, and
based solely on the reference configuration. The constitutive model has been introduced
in Part I [24] where the corresponding analysis at the material-point level has also been
developed. Here, we combine the constitutive relation with the equilibrium system and
prove the existence of quasistatic evolutions and convergence of time-discretizations.
Secondly, we investigate the linearization limit for small deformations via a rigorous
evolution I'-convergence argument.

1. INTRODUCTION

Elastoplastic materials at finite strains are classically described in terms of their defor-
mation y : 8 — R? with respect to the reference configuration 2 C R3 and of the plastic
deformation tensor P : Q) — SL := {A € R¥*® | det A = 1}, encoding indeed all the infor-
mation on previous plastic transformations [26]. The evolution of the material is driven
by the competition between energy-storage and plastic-dissipation mechanisms [52, 61].
The former calls for the specification of the local energy density of the medium which is
assumed to be additively decomposed as W,(Vy P~') + W,(P). Here, Vy P~! stands
for the elastic deformation tensor. Its specific multiplicative form is classical [32, 33] and
has recently received a novel justification from the kinematic viewpoint [57, 58]. The
functions W, and W, are the elastic and plastic energy density, respectively.

A relevant class of finite plasticity models can be formulated in terms of the symmetric
tensor C,, := PP only [36, 38, 60, 66]. This possibility hinges upon the invariance of such
models with respect to frame tranformations of the so-called intermediate configuration.
This requires the isotropy of the elastic energy density W, and the plastic-rotation indiffer-
ence of the plastic energy density W, see (2.3). Note that the elastic isotropy assumption
is common for polycrystals under moderate plastic deformations [15, 29, 55, 56, 67], pos-
sibly also in combination with additional mechanical effects [14, 34, 63], martensitic phase
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change [16, 17, 22|, and structures [30, 48]. On the other hand, the plastic-rotation in-
difference of W, is already advocated in [8, 27| as a natural requirement in relation with
the multiplicative structure of the elastic deformation tensor Vy P!, see also [50, For-
mula (4.5)], and allows to avoid introducing the intermediate configuration, a commonly
controversial issue [50].

Finite-plasticity formulations in C), are fully Lagrangian and advantageous from the
computational viewpoint [13, 60]. The symmetricity of C,, makes the model lower-
dimensional with respect to formulations in P and allows for more efficient matrix compu-
tations. In addition Cj, is a true tensor, defined indeed in the fixed reference configuration
and the model requires no intermediate configurations. The reader is referred to the re-
cent [51] for a comparative discussion of the many finite-plasticity models based on C,
available in the literature. The main result of [51] consists in proving in the isotropic case
that all these constitutive relations coincide with the one studied in this work.

Our interest in finite-plasticity models in C), is motivated by the possibility of phrasing
them in variational terms, which in turn allows a rather complete mathematical treat-
ment. Such analysis has been initiated in Part I of this work [24], where we focus on the
constitutive model by identifying structural assumptions which make a description in C),
amenable. The above mentioned invariances of the energy densities allow the local energy
density of the medium to be rewritten in terms of Vy and C,, as W.(Vy Cp_l/Q) + W//\p(Cp).
In addition, a corresponding plastic-rotation indifference of the dissipation mechanism has
to be enforced. This modeling aspects are detailed in Part I [24] and combined with the
analysis of the constitutive problem at the material point, i.e. by assuming the stress of
the material to be given.

The aim of the present paper is to extend the results of Part T [24] to quasistatic
evolution in three dimensions. This results from the combination of the material relation
with the quasistatic equilibrium system, so that the stress of the material is itself an
unknown, evolving indeed under the effect of external forces. The stored energy of the
system takes the form

/ (We(Vy C;W) + MA/p(Cp) + §|VCP|T> dz.
Q

Our specific assumptions on the elastic energy density W, are modeled on polycrystalline
isotropic metallic materials. Following the classical setup in elasticity [4], W, is here
assumed to be polyconvexr. In addition, the stored energy is augmented by a gradient
term with 4 > 0 and r > 1. Such a term describes nonlocal plastic effects and is inspired
to the by-now classical gradient plasticity theory [19, 20, 49]. In particular, its occurrence
turns out to be crucial in order to prevent the formation of plastic microstructures and
ultimately ensures the necessary compactness for the analysis. Note that in the finite-
plasticity context, the introduction of suitable regularizing terms on the plastic variables
seems at the moment unavoidable. Even at the level of incremental problems, gradient-
like regularization are crucial [41] and their absence calls for strong modeling restrictions
[39] .
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A first result of this paper is the solvability of the quasistatic evolution problem within
the variational frame of energetic solutions [40, 47]. The corresponding existence result at
the material-point level is presented in Part I of this work [24]. Energetic solution of the
quasistatic evolution problem are obtained as time-continuous limits of time discretiza-
tions. The existence proof follows the by now well-established general theory of energetic
solvability of rate-independent systems [44]. This analysis can be compared with the first
quasistatic-evolution existence result for finite plasticity from [37], where a regularizing
term in VP is considered. Our current regularizing term in VCj, is clearly different from
the latter for it vanishes on all rotations.

The second main result of the paper is the rigorous justification of the classical lin-
earization approach for small deformations. Within the small-deformation regime it is
indeed customary to leave the nonlinear finite-strain frame and resort to linearized theo-
ries [28]. This model reduction is classically justified by heuristic Taylor-expansion argu-
ments. Here, we aim instead at providing a rigorous linearization proof by means of an
evolution T'-convergence analysis in the spirit of the general abstract theory of [45]. This
again extends to the quasistatic evolution setting the material-point results of Part I [24].

Note that a rigorous convergence result in case of the P-based formulation was provided
in [46] while we focus here on C),-based plasticity instead. In contrast with [46], we discuss
here the convergence of solutions for which existence is known. This involves the additional
difficulty of discussing the convergence of the gradient terms. On the other hand, within
the small-deformation limit we can handle the situation of a vanishing parameter p. In
other words, both local and gradient linearized elastoplasticity can be obtained as limits
of our model by letting ;1 — 0 along the limit.

While referring the reader to Part I [24] for a thorough discussion, we briefly recall the
constitutive model and its coupling with quasistatic equilibrium in Section 2. Section 3
is then devoted to the proof of the existence of energetic solutions to the quasistatic
evolution problem. Eventually, the linearization limit for small deformations is detailed
in Section 4 and two technical tools are presented in Appendices A and B.

2. MECHANICAL MODEL

Aim of this preliminary section is to introduce the mechanical model. As the constitu-
tive relation has been thoroughly discussed in Part I of this work [24], we limit ourselves
here at recalling its basic features in order to make the exposition self-contained.

All notation is obviously borrowed from [24]. Boldface symbols indicate 2-tensors in
R3, A:B := tr (AB") = A;;B;; is the classical tensor contraction product (summation
convention) where T denotes transposition, and |A|*> = A: A is the Frobenius norm. The
deviatoric part of a tensor A is defined as devA = A — (tr A)I/3, where I is the identity
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2-tensor. The following tensor sets will turn out relevant

R¥3 . —fAcR¥™ | A=A}, R ={AcR¥3|trA=0}

sym dev Sym
SL:={AcR¥” | detA=1}, SO:={AcSL|A'=A"},
GLT :={A e R¥*3| det A >0}, SLL ={AcR¥*NSL|A>o0}.

sym sym

We consider an elastoplastic body occupying the reference configuration  C R?, which
is assumed to be nonempty, open, connected, and bounded with Lipschitz boundary of2
and outward normal v. The boundary 0f) is partitioned as 02 = (Ftr U FD) where the
two sets 'y, I'p C 0f) are measurable and relatively open in 9€), I'n C 02 has positive
surface measure, and I';, N I'p = (). The set Iy, represents the portion of the boundary
where traction is exerted. On the other hand, I'p corresponds to the part of the boundary
where the body is fixed.

The deformation of the body y : Q — R? is assumed to be almost everywhere differ-
entiable and the deformation gradient F' := Vy is asked to have positive determinant,
namely F' € GL*. F is classically decomposed as [32, 33]

F=FP (2.1)
where F, denotes the elastic part of F' and P its plastic part.

We assume that the plastic deformation is ¢sochoric, which is typically the case for
metals [61], and we impose accordingly the constraint det P = 1.

The (right) Cauchy-Green symmetric tensors associated to the three deformation gra-
dients are defined by

C.=F'F, C..=F'F,, C,:=P'P.

Since det C, = (det P)* = 1, we have that the plastic variable C|, belongs to the
five-dimensional manifold of symmetric, positive-definite, and unit-determinant matrices

SL

sym*

The quasistatic evolution of the medium is governed by the interplay of energy-storage
and dissipation mechanisms. The local energy density of the body is additively decom-
posed as

W.(E.) + W,(P) (2.2)

in a hyperelastic and a local plastic contribution. The elastic-energy density W, : GLT —
0, o0] is assumed to be frame indifferent [65], namely W (RF,) = W,(F) for all R € SO.
The local plastic-energy density W, : SL — [0, 0] describes purely kinematic hardening
effects and is assumed to be smooth on its domain. By introducing additional internal
variables, different hardening dynamics (e.g. isotropic) could be considered as well (see
for example [37, 41] for a detailed account).
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The main assumption of the model is plastic-rotation indifference [24], namely that
the material behavior is invariant by frame transformations of the so-called intermediate
configuration, that is

We(FeQ) = We(Fe), Wy(QP) =W,(P) vQ €S0 (2.3)

for all F, € GL™ and P € SL. The condition on W, states that elastic energy is isotropic
while the one on W, is the frame indifference with respect to the intermediate config-
uration. Both conditions are considered to be well-suited for describing finite-plastic
phenomena in polycrystalline materials, see among others [15, 29, 55, 66] and [8, 27, 50,
respectively.

Plastic-rotation indifference (2.3) implies that the energy density (2.2) can be expressed
solely in terms of the tensors Vy and C), as

We(Vy C;172) + W,(Cy) (2.4)

where we have used the multiplicative decomposition (2.1) and we have introduced the
function W, : SLY  — [0, 00] in terms of W, via W,(C,) = Wp(Crl,/Q).

sym

Assume now to be given the body force b : Q x (0,7) — R?® and the traction g :
Iy % (0,7) — R3. By neglecting inertial effects we focus on the quasistatic approximation
of the equilibrium system given by

Vio+bt)=0 in Qx(0,7) (2.5)
where the total stress o fulfills

o = Oy, We(VyC, ') = 0p,W.(Vy C,'/*)C, 1.

p

The equilibrium system (2.5) is complemented with the boundary conditions
y=id in I'p x (0,7, (2.6)
ov=g(t) in I'yx(0,7) (2.7)

Let us comment that our choice of boundary conditions is dictated by simplicity. Non-
constant imposed boundary deformations could be considered as well [18].

The evolution of the plastic variable C}, will be described in terms of a balance of
dissipative and internal forces as

O¢, R(Cy, Cy) + 0, We(VyCy %) + 8, W, (Cy) — pV-([VC,['2VC;,) 5 0. (2.8)
Here E(Cp, Cp) is the local local dissipation density, defined by
R(C,,C,) := R(C;Y2C,C1 )

where we have set

p .
- ~|A| iftr(A) =0,
R(A):={ 2

400 else
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for some given yield threshold p > 0, see [24]. Note that this corresponds to the standard
normality rule along with a von Mises-type yield criterion whenever a plastic-rotation-
invariance assumption analogous to (2.3) is imposed on the dissipation [24, Formula
(2.12)]. The role of the coefficient 1/2 will be revealed by passing to the small-strain
limit, see (4.7).

The symbol 0 in (2.8) denotes the (partial) subdifferential in the sense of Convex
Analysis [7]. We recall that, letting ¢ : E — (—00,00] denote a smooth or convex,
proper, and lower semicontinuous function on the normed space E with duality pairing
(-, ), we have y* € dp(x) iff p(x) < co and (y*, w—x) < p(w) — p(z) for all w € E. The
second and third term in (2.8) are hence the subdifferential of the local energy density
from (2.4) with respect to C,.

The gradient term in (2.8) for > 1 places the model within the by now classical frame
of gradient plasticity theory [19, 20, 49] and introduces a length scale for oscillations in C|,
modulated by g > 0. Here, the gradient VC,, is a 3-tensor, namely (VC,)k = (Cp)ijk,
and its divergence is a 2-tensor reading (V-VC,);; = (Cp)ijkk- Note that a gradient
term VP is considered in the quasistatic evolution analysis in [37] as well. Although the
compactifying effects of the two terms VC|, and VP are comparable, such terms deliver
different contributions. By defining for all 3-tensors D the norm |D|* := D}, the partial
transposition (D7), = Dju, and the products (DA);jx = DijeAn and (AD);j, =
AiDyji so that |[DA|,|AD| < |A||D]|, one can compute

IVC,| = |V(P'P)| = |(P'"VP")T + P'VP|
<|P'VP'|+|P"VP| < 2|P||VP]|.

In particular, the term |V P| controls |VC,| for bounded P. On the other hand, the term
|VC,| vanishes on SO. In particular, it does not control |V P].

Eventually, relation (2.8) is complemented with boundary and initial conditions

IVC,|"*VC,v =0 in 9Qx (0,T), (2.9)
C,=C,o in Q (2.10)

where the initial datum Cjp : Q — SLY s given.

sym

Given suitable data b, g, and C,, o, the quasistatic evolution problem consists in finding
trajectories t — (y(t), C,(t)) solving the equilibrium system (2.5)-(2.6) and the material
constitutive relation (2.8), with the boundary condition (2.9) and the initial condition
(2.10).

3. ENERGETIC SOLVABILITY OF THE QUASISTATIC-EVOLUTION PROBLEM

This section aims at presenting an existence result for the quasistatic evolution problem
(2.5)-(2.10). As the strong formulation of such problem seems at present inaccessible due
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to its highly nonlinear character, we follow [37] and resort to the by-now classical weak
variational setting of energetic formulations [18, 40, 47, 44].

Let us start by introducing suitable functional spaces for the state variables. Assume
to be given the coefficients gy, g,, 7 > 1, specific requirements will be listed in (3.8). We
will ask the deformation y to belong to

YVi={ye W (Q,R*) |y =id on I'p},
whereas the state space for the internal variable Cj, is chosen to be

C={C, € L*(QR”>)NW'"(Q,R>?) | C, € SL , ae. in Q}.

sym
Note that both )} and C are weakly closed subsets of separable and reflexive Banach
spaces.

The stored energy of the system W : ) x C — [0, 00] is defined by integrating on the
reference configuration the sum of the local and the nonlocal energy densities as

W.Cp) = [ (WlTyC; ) + To(Cp) + IVC,I") do
and the generalized work of external forces reads
(t).0) = [ batiy(@) do+ [ glo0)y(a)as (31)
Q

Ftr

where dS is the surface measure on 0S2. Eventually, the total energy € : Y xC — (—00, 00|
of the body is given by

As regards the dissipation we let D : C x C — [0, oo] be defined by

D(C,, ) = / D(Cy(x), Cy(x)) da

where the local dissipation D : SLY = x SLf — [0,00] is given as

sym sym

1
D(C,,C,) = inf{/ R(C, (1), Cy(t))dt | C, € C'(0,1;SLE,),
0

sym
Cy(0) = Gy, Cy(1) = 6}

We refer the reader to Part I of this work [24] and [22, 37] for a justification of the
latter choice and limit ourselves in noting that D results in a Finsler metric on SLjym
[43] as the function R(C,, ) is smooth for C, # 0, positively 1-homogeneous, and has a
strictly convex square power. For the sake of completeness we collect here some relevant

properties of D from [24] to be used below.
Lemma 3.1 (Properties of D). The following hold.



i) D is symmetric and satisfies the triangle inequality
D(C,, C,) < D(C,,C,) + D(C,,C,)  YC,, Cp, Cy € SLE.
ii) The map D fulfills
D(C,, Cy) < R(log Cy—log C,)  VC,, C, € SLY . (3.3)

In particular, D 1s locally Lipschitz continuous.
iii) D satisfies the bound
D(Cy, C,) < 2p(|Cy|+|Cp|+6)  VC,, C, € SLE,..

iv) D can be explicitly computed by
D(C,,C,) = —|log( C;V*C,c;V?)| v, C, € SL

sym*
Note that properties (i)—(iii) directly translate to corresponding properties for D. In
particular, D is locally Lipschitz continuous, therefore weakly continuous in C x C.

Given an initial datum (yo, Cpo) € Y X C, we say that a trajectory (y,Cy) : [0,T] —
Y x C is an energetic solution of the quasistatic evolution problem starting from (yo, Cp)
if (y(0), C(0)) = (0, Cp ) and, for all £ € [0, T], the following two conditions are satisfied

(1), Cy(1)) € 5(1) = { (4,C,) € ¥ x C | £(y,C 1) < 00 and
E(y, Cp,t) EF, Cp,t) + D(C, Cy) ¥(5.Cp) €V xCh, (34)

E(y(t), Cp(t),t) + Dissp 0,9(Cp) = E(¥0, Cp0,0) — /0 (0(1),y(r)) dr. (3.5)

Relation (3.4) is the so-called global stability condition and we call S(t) the set of stable
states at time t € [0, 7). Equality (3.5) is the energy balance where the total dissipation
Dissp [0,4(Cp) on [0,] is given by

Dissp o, t] = sup {Z D(C (tZ)) }

where the supremum is taken over all partitions {0 =1, <t; <...... ty =t} of [0,¢].
Now we are in a position to state the main result of this section.

Theorem 3.2 (Energetic solvability of the quasistatic system). Assume polyconvezity of
We and coercivity of We and Wy, namely

Wo(F,) = W(F,,cofF,,det F.,) VF. € GL" for some
W : R¥? x R¥ x R, — (—00,00] convexr and lower semicontinuous, (3.6)

1 ~ 1
o ——, Wp(Cp) > Cl|Cp|qp - (3.7)

C1 1

We(Fe) =




for some positive constant c,, and qge, q, > 1. Moreover, assume that

L1 + ! >3 > 1 (3.8)
- = a0 q ) r ) .
@& e 24
e WH(0,T); *), and (yo, Cpo) € S(0). Then, there exists an energetic solution of the
quasistatic evolution problem starting from (yo, Cpp)-

More precisely, for all partitions {0 = t§ < t} < ... < th, = T} with time step
T = maxf\fl (th—tk ) the incremental minimization problems

(yia Cp,i) = Argmin {E(y, CP? tf) + D(Cp,i—lv vai) | <y7 Cp) €Y x C}
fori=1,... N* (3.9)
admit a solution {(yo, Cpp), (U, CE1), - (Y, Cst)} and, as ™% — 0, the correspond-

ing piecewise backward-constant interpolants t — (gk(t),éﬁ(t)) on the partition admit a
not relabeled subsequence such that, for all t € [0,T],

(yk(t),ﬁﬁ(t)) — (y(t), Cp(t))7 DiSSD,[O,t] (6];) — DiSSD,[o,ﬂ(Cp)>
EW (1), Chlt), 1) — Ey(t), Col(t), 1),

and 8&'(@7’“(-),6’;(-),-) — 0 E(y(t),Cp(+),) in L'(0,T) where (y,C,) in an energetic
solution of the quasistatic evolution problem starting from (yo, Cpo)-

Before moving on let us comment that the assumptions on the elastic energy density
(3.6)-(3.7) are indeed met by the actually fairly general class of Ogden materials [9, Sec.
4.9] corresponding indeed to the choice

Weo(Fy) := WZ(CG) = Z astr CY/? + Z bitr (cof C.)%/? +T'(det C1/?),
i=1 j=1
n,m>1 a;,b; >0, ~,06;>1, s~ I(s) convex on (0,00), hm+ ['(s) = 0.
s—0

Specifically, the function W,(F) is polyconvex whenever 7;,d; > 1. These energies are
designed for describing materials undergoing large deformations, including rubbers. In
the case of metal plasticity, which is the reference setting here, only the behavior of these
energies at moderate strains is relevant, for large strains are the result of the plastic flow
rather than of large elastic deformations. As their small-strain limit is the classical Saint-
Venant-Kirchhoff potential of isotropic elasticity [9, Sec. 4.10], Ogden energies appear to
be well-suited for polycrystalline isotropic metallic materials as well.

The proof of Theorem 3.2 follows the standard scheme of energetic solvability of rate-
independent systems [44]. In particular, it follows closely the theory in [37], by adapting
the proofs to the occurrence of the metric tensor P P instead of P. A caveat on notation:
in the following we use the same symbol ¢ in order to indicate a generic constant, possibly
depending on data and varying from line to line.
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The first step is to prove that the incremental-minimization problems (3.9) admit so-
lutions. The existence of minimizers ensues from the Direct Method as soon as coercivity
and lower semincontinuity is established. This is indeed the focus of the next three Lem-
mas. Let us start by checking that the energy is coercive.

Lemma 3.3 (Coercivity of the energy). Under the assumptions of Theorem 3.2, the
enerqy £ is coercive in the following sense

1

E(y, Cpat> > C2||?J|| + C2||Cp”quqp + CQHVCP e — 0_2 (3-1())

dy
whay
where co 18 a positive constant.
Proof. From the coercivity assumption (3.7), an application of Young’s inequality gives
1 1 _ . _
o WelFe) + 5 = [VyG, V21ae > ([Vyl/|CyR) " = 37|y | /|Gy %) >
1

3712 (14 )0/ 0|7y |ae/ 0D 15]C, |2/

for any 0 and ¢ positive. Moreover, I/I//\p(Cp) > ¢1|Cp|® — 1/c;. By taking ¢ sufficiently
small and ¢ such that ¢./2t = ¢,, we obtain

Wel(Fo) + Wy(Cy) > cf Wy et/ Gt |G| —c.

therefore
Wy, Cp) = | Vyll s + 1Coll i —c.
As |0,y < 1€)Ilyllywraw, by virtue of Korn’s inequality the statement follows. O

Note that indeed the coercivity lower bound (3.10) holds under the weaker condition
/g, =1/q.+1/(2¢,) < 1 as well.

We shall now proceed to prove that the energy is weakly lower semicontinuous. For all
A € R*3 we indicate by cof A its cofactor tensor (cof A = (det A) A~ T for A invertible)
and by M;(A) = A € R¥3 M,(A) = cofA, and M3(A) = detA its minors. Using the
shorthand notation M(A) = (M;(A), Ms(A),M3(A)) we can state the following.

Lemma 3.4 (Convergence of minors, [37, Prop. 5.1]). Let yp — y in Wha (Q;R3) and
P, — P in LP(Q;SL) and

1 2
q, >3, —+—-<1 3.11
y o (3.11)
Then,

M(Vy Pt = M(VyP™)  in LY(Q; RV xR¥3xR).

Note that conditions on the exponents in (3.11) are weaker than those in (3.8).

We can now establish the weak lower semicontinuity of the energy functional, see also
[37, Thm. 5.2] for the analogous result in terms of P.
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Lemma 3.5 (Lower semicontinuity of the energy). Under the assumptions of Theorem
3.2 the energy £ is weakly lower semicontinuous.

Proof. Let (yg, Cpr) — (y,Cp) in Y x C. The compact embedding of W™ CcC L" and
the weak convergence of Cp, — C,, in L% N W' entail strong convergence in L*, for all
sel,g)ifr<g,andall s € [1,r]if r > ¢,. The term

Cl—>/ \VC’|)

is hence lower semicontinuous (see, e.g., [64, Thm. 1.6, p. 9]).

The convergence in measure of C,; and the local Lipschitz continuity of the square

root map on SLT [24, Lemma B.1] implies the convergence in measure of C’;éQ. As C’;,QQ

are bounded in L?% we obtain the strong convergence C’;,f — Cé/ *in L? for p € [1,2g,).

Thanks to Lemma 3.4, we have
M(VyiC,,/%) = M(VyC;"/?) in L.
In fact, condition (3.11) is easily verified by checking that
1 2 38 1 3 (38 2

QG 2 Ge  2qp Qe
which implies 1/g, +2/p < 1 for p = 2¢, — ¢ € [1,2¢,) and ¢ > 0 sufficiently small. As

Wo(VyCy Y ) = W(M(VyC, Y %)), with W convex and lower semicontinuous, the lower
semicontinuity of the elastic energy term follows, see e.g. Lemma B.1. Eventually, the
time-dependent linear term is weakly continuous. 0

sym [

b

From here on the proof of Theorem 3.2 is fairly classical [44]. The only slight differ-
ence with respect to the standard setting is that the power term ¢ +— fot <£, y) d7 is here
just absolutely continuous. This lack of smoothness in time is however compensated by
linearity in y and we can argue exactly as in [2].

Once we have established that the incremental minimization problems (3.9) have a
solution (yF, C§7i) for i = 1,...,N*¥ an energetic solution of the quasistatic evolution
problem can be found by passing to the limit in the corresponding backward piecewise-

constant interpolants (7", 6];) : [0, T] — Y xC as the diameter 7* of the partition goes to 0.

Indeed, a nonrelabeled subsequence (7", 6];) pointwise converging to a limit (y, C},) with
respect to the weak topology of ) xC can be found by compactness due to the coercivity of
the energy (Lemma 3.3), the nondegeneracy of D given by D(C,,, Cp ) = 0 = Cp . — C,,
and a generalized version of Helly’s convergence theorem [40, Thm. 5.1].

The global stability (3.4) of the trajectory (y, C}) and the energy balance (3.5) follow
from the lower semicontinuity of the energy (Lemma 3.5), the weak continuity of D, and
[40, Prop. 5.7]. In particular, the separate convergence of energy, dissipation, and power
can be proved as in [40, Thm. 5.1] and the assertion of Theorem 3.2 follows.
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4. SMALL-DEFORMATION LIMIT FOR QUASISTATIC EVOLUTION

We turn now our attention to the analysis of the small-strain limit. The aim of this
section is to prove that, under suitable rescaling, the finite-strain model reduces to classical
linearized hardening elastoplasticity for small strains. Both gradient and local plasticity
can be recovered in the linearization limit by suitably choosing the rescaling of the gradient
term.

Our result consists in a variational convergence argument. In the static case, the seminal
contribution in this direction is [10] where a variational justification of linearization in
elasticity is provided. Successive refinements [1] and extensions [53, 54, 59] of the argument
have been presented. Here the proof is adapted for rate-independent evolution situation
by following the general abstract strategy of [45]. In the finite-plasticity context the first
contribution in this direction is [46] where the linearization of hardening finite plasticity
in P is ascertained. Then, linearized plate models have been derived from finite plasticity
in [11, 12] and perfect plasticity in one dimension is considered in [23].

The small-strain assumption corresponds to consider both Vy and C,, close to the
identity. By letting ¢ > 0 measure such small distance we write

Vy=1+¢eVu, C,=exp(2ez)=1+2cz+o(cz).

For all (y,C},) € Y x C we hence aim at considering the equivalent variables

1

u = g(y—id) € Vo:={ue H(QGR?) : u=0onTIp}, (4.1)
1 L2(Q; R3S if po =0,

O log Cp c CO — ( d ) Ho (42>
2¢ HY QR if o > 0.

The parameter j identifies the limiting model: linearized gradient plasticity corresponds
to pp > 0 whereas classical linearized local plasticity to uo = 0 (see (4.5) below). Note
that the matrix logarithm is uniquely defined on SLSt,m. The position for z is nonlinear
and has the effect of mapping the nonconvex set C to the linear space Cy. We can in
particular rewrite the problem in terms of (u, z) instead of (y, C,).

Let us deal with energy and dissipation densities first. Given Vu and € > 0 we define
the rescaled Green-Saint Venant strain as

1
e = ((I+eVu)T (I+eVu)—I) = Vu™™ + ~Vu' Vu

so that e = Vu™™ := (Vu + Vu')/2 to first order. We assume the potentials W,, W,
to have a quadratic behavior in a neighborhood of the identity, the precise assumption

being given in (4.10) below. In particular, we let I/I//\;(I) = V[//\p(I) = 0 (which is an
inconsequential normalization), and Op,We.(I) = 0c,W;,(I) = 0. Moreover the potentials
W, and W, are supposed to be twice differentiable at I, with

C = 403 Wo(I) = 05 Weo(I),  H:=49% W,(I),
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where the elasticity C and hardening tensors H have been introduced. These fourth-
order tensors are clearly symmetric, for they are Hessians. In addition, due to frame-
and plastic-rotation indifference the tensors C and H present also the so-called minor
symmetries, namely C,;p = Cjjpe and Hj, = Hyje. Given any symmetric, positive-
definite 4-tensor B, henceforth we denote by |AJ2 := A:BA the corresponding squared
norm on R2*3 where BA € R2%3 is defined as (BA);; := B;ju A

sym >’ Sym

Let now the rescaled local energy density be given as
1~ 1~
W.(Vu,z) = gWe(exp(—sz)(I—f—Zse) exp(—ez)) + ;Wp(exp(%z)).
The quadratic scaling in W, can be justified by computing the Taylor expansion
1 1
We(Viu,2) = 5 Tu™—2f2 + 2l +o(1)

where we have used the fact that e = Vu™™ + o(e) and exp(—ez) = I — ez + o(e).
This in particular proves that the rescaled local energy density pointwise converges to its
linearized counterpart

- 1
Wo(Vu, z) = §|Vuby —z|2 + §|z|12HI

Note that W, is function of Vu™™ and z only. Based on W, we define the rescaled total
energy functional as

E(u,z,t) = / W.(Vu,z)dx + 2“; / |V exp(2ez) > dz — (€o(t), u). (4.3)
Q Q
and, correspondingly, the rescaled stored energy as
We(u, z) = E(u, z,t) + (lo(t), ). (4.4)

This corresponds indeed to (3.2) by letting r = 2 and the generalized load ¢ be ¢ = (/.
Let us stress, that although existence of energetic solutions can be proved for all » > 1,
the linearization result deals with the quadratic case r = 2 only.

Note that we have allowed in & an independent scaling in p. in order to account for
two different linearization limits in a unified way. By assuming p. — po > 0 strictly
monotonically, the linearized total energy takes the form

Eolu, z,t) = /QWO(Vu,z) dz + 2u0 /Q |Vz2dz — (ly(t), u). (4.5)

We define the rescaled local dissipation as
1 1
D (21, z2) == ED(Cpl’ Cy) = ED(exp(ngl), exp(2e22)). (4.6)

The linear scaling is motivated by the explicit form of D from Lemma 3.1.iv. In fact, we
have that

D.(z1,22) = 2_p€‘ log (exp(—ez1) exp(—2ez) exp(—ez1))| = plz1 — 22| + 0(1).  (4.7)
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The linearized dissipation distance ensues by taking the pointwise limit of D., namely
D()(Zl, 22) = p|Zl — Z2|.

The rescaled dissipation distance is hence defined as
D.(z1,22) = / D.(z1, z9) dz
Q
and the corresponding linearized dissipation distance is

Do(zl,ZQ):/Do(Zl,Zg)dl’
Q

Assume now to be given £, € W11(0, T; (erqu(Q,]R‘g)))*) and initial values zg. such
that exp(2ezp.) € S(0) where S(t) denotes stable states at time ¢ € [0, 7] corresponding
to the rescaled energy

(4, Gy 1) > 5 W(5.Cy) — (D))

and the rescaled dissipation D/(2¢). By arguing as in Theorem 3.2 one can check that
there exists an energetic solution (y., Cp.) corresponding to such rescaled potentials. Cor-
respondingly, by defining (u., z.) from (y., Cpc) via (4.1)-(4.2) we find that (u., 2z.) is an
energetic solution with respect to the rescaled energy £. and the rescaled dissipation D.
in the state space )y x Co. We shall refer to such trajectories (u., z.) as finite-plasticity
quasistatic evolutions and denote the corresponding set of stable states at time ¢ € [0, T

by S.(t).

The main result of this section is the convergence of finite-plasticity quasistatic evolu-
tions (ue, z.) to the unique strong solution (u, z) of the linearized elastoplasticity system
corresponding to & and Dy, namely the system

V-o+b(t)=0 in Qx(0,7),
o=C(Vu¥"-2z) in Qx (0,7,
u=0 in I'p x (0,7),
ov=ry(t) in I'y x(0,7),
p0|z| + Hz — 4upAz >0 in Qx(0,7),
woVzr =0 in I' x (0,7),
z(0) =2y in Q
where the body force by and the traction 7y define the generalized load ¢y as in (3.1). We

refer to (u, z) as linearized-plasticity quasistatic evolution. Note that such strong solution
uniquely exists both in the gradient (1o > 0) and the local (19 = 0) case [28].

We now state our main convergence result.
Theorem 4.1 (Small-deformation limit of the quasistatic evolution). Let the compact set

K:={CeSLl :|C|<k}, Kk*>3 (4.8)

sym
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be given and assume W, to be coercive in the following sense

Wy(Cy) <0 & G, Cyl € K. (4.9)
Let VI/Z and VI/7p have quadratic behavior at identity, namely
Vo > 0des >0
Wo(I+24) | AR + \Wp(exp@A))—;A\%ﬂ <OAP VAl <ce (410)
Moreover, assume the control
|F.0p,We(F.)| < c3(14+We(F.)) VF. € GL* (4.11)
and let
Wo(F) > ¢, dist?(F,S0) VF € GL*, (4.12)
Wo(exp(A)) > ci| AP VA € R, (4.13)

for some positive constants cs, ¢y > 0. Let (u., z.) be finite-plasticity quasistatic evolutions
starting from well-prepared initial data (uge, zo:) € S:(0), namely,

(Uoe, 2oe) = (10, 20) and  E:(uoe, Zo:,0) = Eo(uo, 20,0).
Then, for all t € [0,T],
(uc(t), zo(t)) — (u(t), 2(1)),
Dissp_ j0,4(2-) — Disspy j0,4(2),
E-(u(t), z-(1),t) — E(u(t), z(t), 1)

where (u, z) is the unique linearized-plasticity quasistatic evolution starting from (ug, zo).

Note that the coercivity assumption (4.9) on I/I//\p is stronger than the former (3.7). The
assumption on the shape of K from (4.8) is of technical nature and could probably be
relaxed. On the other hand, the choice for the shape of K is immaterial with respect
to the linearization limit as all deformations concentrate around the identity for ¢ — 0.
Note additionally that it would be sufficient to assume C|, € K in order to deduce from
det C}, = 1 that C ! € K’ for a possibly larger compact set K.

Assumption (4.11) expresses the controllability of the so called Kirchhoff stress tensor
FE'0r, W, (F,) by means of the energy. In particular, it implies that 7, has polynomial
growth [6, Prop. 2.7]. This condition is compatible with polyconvexity and plays an
important role in finite-deformation theories [5, 6].

The proof of Theorem 4.1 follows the general path of [46] where the linearization limit
for finite plasticity model in P was ascertained. Here we deal with a formulation in
C, instead. This calls for adapting the argument of [46] in many technical points. In
particular, the choice of rescaled variables and functionals is here different from [46] and
especially tailored to cope with the nonlinear and symmetric structure of SL;,m. In
addition, we allow here for the gradient-plasticity case by including a quadratic term
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|VC,|? in the energy. Correspondingly, the construction of the recovery sequence is more
involved. The advantage of including such gradient term is apparent as it delivers an
existence theory for finite-plasticity trajectories, see Section 3. Note that such existence
theory was not available in the framework of [46].

The rest of this section is devoted to the proof of Theorem 4.1 which is based on the
general theory of the evolution I'-convergence of rate-independent processes from [45].
The application of this general theory will follow upon proving uniform coercivity of the
rescaled energy, two separate I'-lim inf inequalities for energy and dissipation, namely,

Eo(u, z,t) < inf { lirgiglfgg(us,zs,tg) ‘
(Ue, Ze, o) = (u,2,t) in Yy x Co x [0,T]}, (4.14)
Dy(z, 2) Sinf{limiglfpg(zg,ﬁa) | (2, 2:) = (2,2) in L*( (R} (4.15)
e—

dev

and, for any given (uo, 29, to) and (u, z.,t.) — (uo, 20, to) in Yo xCy x [0, T'] with uniformly
bounded energies, the existence of a mutual recovery sequence (t., 2.) such that

lim sSup De<zea 28) < Do(Z(), 20) (416)
e—0

lim sup (58(t7 a€7 267 tE) - ge(ta Ue, Z¢, ts)) S 50<t7 ﬁ/O’ '207 tO) - 50(t7 Uo, 20, tO) (417>
e—0

Let us start by presenting the coercivity result.

Lemma 4.2 (Coercivity of the rescaled energy). Under the assumptions of Theorem 4.1
we have that

IVull3e + [|2]|52 + pe||V exp(2e2) /e||32 + el 2] 1= < c(l—l—Wg(u,z)) (4.18)
for all (u, z) € Yy x Cy.

Proof. Assume W, (u, z) to be finite. Then, by (4.9), exp(2¢z) € K so that ¢||z||p~ < c.
Indeed, by denoting by A; the eigenvalues of z, condition trz = 0 entails max; \; >
12[[00/6, hence

est”Loo/?, < 625 max; A; < ” eXp(2€z)Hoo < C.

From the coercivity (4.13) of V[//\p we have that ||z||z2 is bounded by ¢W. and the same
holds for p.||V exp(2ez)/e||r2 from (4.3)-(4.4). Note that, for all « € R

0 k(n k-2
exp(aez) = I + aez +e°2°B., B. := (Z %) . (4.19)
k=2 ’

As |lez||p~ < ¢, we have that || B.||~ < ¢ as well.

The coercivity estimate on Vu is based on a geometric rigidity argument as in [10].
The first step is to obtain an estimate of the distance of Vy from SO. By recalling that
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F.=VyC, 2 and that C;, € K is bounded, one obtains
Vy—QF =[(F.-Q)C} + Q(C,*~I)” < c| F.—-QJ* +|C}*~II?
almost everywhere. We now use the development (4.19) with o = 1 in order to get that
Cl?=I+ez+e’2°B. =1+¢c2B.,
where B! = I + (¢z)B.. Therefore
C* TP < 22 BLP
and we can conclude that
Vy—QI* = [(F—Q)C” + Q(C*-I)” < c(|[F~Q[* + £*|2*| BL])

where || B.|| = < ¢. We now proceed as in [46, Lemma 3.1]. The last inequality combined
with the nondegeneracy condition (4.12) yields

/ dist*(Vy, SO) dz < ce?(1+W.(u, 2)).
Q

Then, the Rigidity Lemma [21, Thm. 3.1] entails
AQ €SO :  |[Vy—Q|2. < e (14 W, (u, z)).

As the rotation @ satisfies the estimate |C§—I|2 < ce?(14W-.(u, 2)) as a result of the
boundary conditions, see [10, Prop. 3.4], we have

e Vulliz = [Vy—I|7= < 2IVy—Ql72 + 2| Q—T[72 < c=” (14 W.(u, 2))

and the assertion follows. O

We now move to the proof of the I'-liminf inequalities (4.14)-(4.15). This is done in
the next two lemmas.

Lemma 4.3 (T-liminf inequality for &.). Under the assumptions of Theorem 4.1 the
[C-liminf inequality (4.14) holds.

Proof. As convergence for the linear external energy (¢y(t.),u.) is trivial, we concentrate
on the terms

1
1._
[E —g

= {;“ig /Q We((I+5vue) eXp<_€z5>) dz

/Q W, (exp(—ez.)(I+2ee.) exp(—ez.)) dz,

1 —~
I? = ;/ W, (exp(2ez.)) dz,
Q

I? = ;;2 / |V exp(2e2.)* dz = 2,u5/ |V exp(2e2.)/(2¢)|? da.
Q 0
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Let (ue, z:) — (u,z) in Yy x Co. We can assume with no loss of generality the energies
& (ue, z-,t.) to be equibounded, so that the bound (4.18) holds for all (u., z.) indepen-
dently of £. In particular, as noticed at the beginning of Lemma 4.2, exp(2ez.) € K and
leze||lL= < c.

Relation (4.19) for v = 2 entails that exp(2ez.) = I +2¢2. +&222B. with || B.||1~ < c.
As ||z||z2 < ¢, we readily check that

1 1
2—6(exp(25z6)—I> —z. = §5z§B€ EN 0

and, taking into account the L2-boundedness of the same sequence, we deduce that
(exp(2ez.)—1I)/(2¢) — z in L% On the other hand, by (4.18) we also have the gradient
bound p. ||V (exp(2ez.)—1I)/(2¢)||r2 < c. If pp > 0 the convergence

1 1

% ( exp(2ez.) — I) Lz (4.20)
€

follows. In particular,

2#0/ |Vz|?dz < liminf (Q,ua/ |V exp(2e2.)/(2¢)|? dx) = lim inf I°.
Q e—0 Q e—0

In case uo = 0, the relevant inequality is 0 < liminf. .o I3 which is trivially satisfied.

As a consequence of the quadratic behavior (4.10) one can prove the continuous con-
vergence [24, Lemma 4.2]

—~

) 1 1
C6_>C m R3X3 = E_QWp(eXp(25C5)> — §|C|]%I

dev

so that Lemma B.1 directly yields
1
—/ |z[% dz < lim inf I2.
2 Q e—0

Let us now turn to the term I!. We introduce, also for future reference, the shorthand
notation

A, = %((I—H?VUE) exp(—ez.) — I), (4.21)

which allows to rewrite I! as
1
Il = —Z/We(1+5A5)dx.
e Ja
Again the quadratic behavior (4.10) ensures the continuous convergence [24, Lemma
4.2]
: 3x3 1 1 2
a. —a in R = —W,([+ea.) — é\a](c.
€

Therefore, by Lemma B.1, in order to check the limiting behavior of I} it suffices to prove
that

L2
A, = Vu—z. (4.22)
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By expanding exp(—¢z.) = I —ez. +&?22B. according to (4.19) with a = —1 we compute
A, = (Vu.—2) + (z—2.) + e2’B. + eVu.z.(cz.B.—I).

As Vu, = Vu in L?, z. — z in L?, and | B.|r=~ + ||e2z:||z~ < ¢, the convergence (4.22)
follows. U

Lemma 4.4 (I-liminf inequality for D.). Under the assumptions of Theorem 4.1 the
[-liminf inequality (4.15) holds.

Proof. By Lemma 3.1.iv and the expansion (4.7) we have that D, continuously converge
to Dy, namely [24, Lemma 4.3]

(€. C) = (¢.€) MR X RYS = D.(¢, &) — Dol¢,€).

The assertion follows by applying the lower semicontinuity tool of Lemma B.1. 0

Having established the above I'-lim inf inequalities, the next ingredient of the evolutive-
['-convergence argument is the specification of a mutual recovery sequence. This is done
in the following lemma.

Lemma 4.5 (Mutual recovery sequence). Under the assumptions of Theorem 4.1
let (ue, ze) — (uo, 20) 1 Yo X Co be given with sup, We(ue, z:) < oco. Moreover, let

(U0, 20) = (uo, 20) + (U, 2)

where (u,z) € C(Q;R?) x OX(Q;R3X3). Then, there erists (., z.) € Vo x Cy such that

dev

the lim sup relations (4.16)-(4.17) hold.

Proof. We divide the proof into several steps.

Step 1: Definition of the recovery sequence. We define

Uz := u. + uo (id+eu,) (4.23)
~ 1 ~
Z = o log (H (exp(25(za+z)))> (4.24)
€
where IT : SL:ym — K is a contraction mapping onto the compact set K defined by (4.8).

More precisely, we ask IT to have the following properties
II|x =idg and [II(Cy1) — II(Cpy)| < |Cpi—Cha| VCp1,Cpp € SLY,,.  (4.25)
An explicit construction of a map IT fulfilling these properties is provided in Appendix A.
The definition of @, can be rewritten in terms of y. = id + eu, as
Y. = id + eu. + eu o (id4cu.) =y o ye, (4.26)

where now y = id + eu. This choice for the recovery sequence u. corresponds to the one
used in [46]. Note in particular that

det V. = det(Vy(y:)Vy.) = det Vy(y.) det Vy. > 0
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for small e, as det Vg(y.) — 1 uniformly. That is I +eVu, € GLT almost everywhere for
all e sufficiently small. Moreover, we immediately check that

~ L%

Us = . (4.27)

The recovery sequence z; is different from the one used in [46] in two respects. At first,
the choice is tailored to have a recovery sequence made of symmetric tensors whereas no
symmetry of the recovery sequence needs to be imposed in [46]. Secondly, we address
here the additional intricacy of keeping the gradient of the recovery sequence bounded
in L? while gradient terms were not discussed in [46]. Note that by neglecting log, I,
and exp in the definition of Z. we would retrieve the classical choice z. = z. + 2 which is
well-suited for quadratic energies in the linear-space setting [40]. The actual definition of
z. can hence be seen as an adaptation of the latter to the nonlinear structure of SL:ym.
On the other, in case po > 0 the choice of the recovery sequence z. can be much simplified
and, under minor adjustments (see [25] for an analogous case) one would be entitled to
take the constant sequence z. = Zj.

In the following we will use the shorthand notation

Coe :=exp(2ez.), Cp = exp(2e(z.+2)), CA'pE =1II(C,.) = exp(2eZz.).

Step 2: Preliminary results. Owing to the coercivity Lemma 4.2 we have the bound
l2ele + 219 exp(2e2) s + el < e (1.25)

The uniform Lipschitz continuity of the logarithm on the set K [24, Lemma B.1] entails
that

2e|Vz.| = |[Viog Cp.| < c|VCy|.
From (4.28) and the bound || exp(—2¢z.)||L~ < ¢ (see (4.9)), we obtain

Vit [[Vzell2 < ¢ and  ||Vz|2 < ¢ for po > 0. (4.29)

For any a € R, by expanding the exponential 5’35 = exp(2ae(z.+2z)), we obtain the
useful expression

~o =~ [e% 2
Cp. =2aez + Cj. + "L, (4.30)

where the tensor

satisfies the bound
[eLelloo + ([ Lefl22 < c. (4.31)

In fact, for all n > 2, the highest power of z. in L. is controlled by cg" 2|z.|"! and
leze||loo + || 2e||z2 < ¢. Taking the gradient, for a = 1, we have

VC,. = 2:VZ + VC,. + *VL.. (4.32)
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In order to estimate VL., we inspect the z.-dependent terms in the expansion of L.,

which behave as " 22F with 1 <k < n—1 for any n > 2. Correspondingly, the gradient

terms fulfill
eV 2 e < ke 2| (V)2 e = ke (V2 ez
< ke |V 2, | 2.
In view of (4.29) this entails
Ve |[VL.||z2 < ¢ and ||[VL.|[2 < ¢ for py > 0. (4.33)

We now define the sets
K.={zeQ|Cp(z)c K} ={z€Q|Cplx) = Cpela)}.

In particular, note that

z2.—2—2.=0 on K..

The complement of K. has small measure. Indeed, from (4.19) and (4.30), it follows that
|Cpe—1I||2, < ce®. Moreover, one has that |Cp.(2)—I| > r/v/3—1 for Cpe(z) € SL,,\K,
that is for z € Q\ K.. Hence,

1 ~ 1 ~
QK}:/ dxg—/ Co.—IPde < ——————||Cp.— 1|35 < 2.

The following convergences will be used in the estimate of the lim sup of the hardening
terms
L2 -

Z.— 2. > Z, (4.34)
2
242 Bz 12 (4.35)
2
Indeed, on K. we have z.—2. = z and 2. + 2. = z + 2z. with 2, LN zo. Hence,

convergences (4.34)-(4.35) follow from |Q\K.| < Ce? and the L*-boundedness of z. and

z.. In particular, by taking the sum of (4.34) and (4.35) we conclude that
L2

25 — 2. (436)

Step 3: The limsup wnequality for the dissipation. Let us decompose
1

Da(zaw/z\a) = 2_8 0K

~ 1
D(Cy., Cpe) dz + % /K D(exp(2ez.), exp(2eZ.)) dz.

Taking into account the uniform Lipschitz continuity of D on K, we have

1 ~ 1 ~ c ~
ED(CPE’ Cpé) = ED(H(CPE)vn(CPS» < ng(Cp )_H(Cpa)|
< SC,—C.| "2 2z + L]

™
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and the right-hand side is uniformly bounded in L*. Since |Q\K.| < c£?, it follows that

limsup D: (2., 2.) < limsup [ D.(z.,2z.)dz.
e—0 e—0 K.

On the other hand, by recalling (3.3), on the set K. we have that

1 ~ ~
gD(exp(ngg),exp(%Es)) < R(z.—z.) = R(2),

hence
limsupD.(=.,2.) < [ B(Z)do = Doz, %)
Q

e—0

Step 4: The lim sup inequality for the gradient term. In case ug > 0, we aim at showing
that

limsupﬁ /|Vexp(252€)|2dx—/|Vexp(25z€)|2dx
2e2 \ Jq Q

e—0
< 2510 / V2[2dz — 2410 / V2 da. (4.37)
Q Q
The contractive character of IT, see (4.25), ensures that

|V exp(2¢2.)| = [V(II(Cye))| < |VCpel.

By the decomposition (4.32) and the bound ||VCp.||2 < ce, from the coercivity condition
(4.18) we compute

1 ~ ~
SUIVCi: = IVCpelie) = 12VEZ+VCye feteVLe|72 — [V Cpe /e|22
< 4||VZ|22 + 267 |VEVC,.+VC, VZ| 11 + ce.
Owing to convergence (4.20) we have that (2¢)'VC,. = Vzy, so that
timsup (15 (IVCpel2: = [V Cyel32))
e—0 2e
S 2M0||V2||%2 + 2M0||VEVZO+VZOVEHL1 =
= 240[|V (Z+20) 172 — 210/ V0l 72 = 200l VZI7> — 2010/ V20|22
which corresponds to (4.37) for py > 0.

Let us start by considering the case o = 0. By using |[VCp.| < |[VCpe| and (4.32) we
have

He
2e2

— limsup 2“—52 (126 VE+VCpete VL |2 — [VCye %) -
e—0

lim sup
e—0

o~ . ,UE ~
(I9Cuellzz = 1V Cpelli2) < imsup 775 (IVCoellzz — [V Ciell2)
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The Schwarz inequality gives

ie .
2 (12eVE+VCoet VL — VO] )

- g2, ~ VH
< 24| V2|72 + THIIVLEII%Q + 2/ | V2| 12 . “[|VChel| 12

~ He
+ 2 IV ENV Ellis + eIV Ll Y2 9 G

The coercivity condition (4.18) and (4.33) ensure that

v/ Me
- HVCpEHLQ < C, \/,LLEHVLEHLQ <c (438)
and, of course, ||VZz||2 < ¢. Therefore

He ~
2 (IVClits = IVCiell=) <

£2¢2
< lim sup <2ugc + T + 23/ fte & + 2e\/j1C* + ec ) =0,
e—0

namely relation (4.37) for po = 0.

Step 5: The limsup inequality for the elastic energies. Let A. be defined by (4.21) and
A, have an analogous expression in terms of . and z.. We aim at proving that

lim sup (/ Wj(ﬁa)dw—/Wj(Ag) dx)
e—0
/ Va™— 2|2 do — = / V™ — 22 da (4.39)

where we have used the shorthand notation We(A) := e W, (I+cA). We preliminarily
observe that

A2 + | el < c. (4.40)
Indeed, by using the decomposition (4.19) we have
C,)*=1+c¢L.

pe

with L. satisfying the bound (4.31). In particular, one has
A.=Vu.+ L.+ Vu.(eL,)

so that the bound for ||A.||z2 < ¢ follows. The control of A. is analogous. On the set K.
we have that

A, =Vi. + L. + Vi.(cL.)
for some L. fulfilling (4.31).

We next remark that
2
Vi, — Vu. & Va. (4.41)
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Indeed, by computing

L (146 (y) vy 1)

~ _ Lo 1
VuE—E(Vy(yE)VyS I)—g

= E(VyeJr&Vﬂ(ye)Vys—I ) = Ve + Vi(y.) + eVii(y.) V.
we obtain that
(VUi =Vue) = Vill| 2 < [|[Vi(y:) = Vi 2 + |eVii(ye) Ve 2
< ce + ce||Vue| 2 < ce.
On the other hand, we readily check that
Vi, + Vu, = 2Vu, + Vi(y.) + eVa(y.) Vue
so that the convergence
V. + Vu. 2 Vi + Vg (4.42)
follows. By combining (4.27) and (4.41)-(4.42) we obtain that

TR (4.43)

As | VZ.|| 12 is bounded, convergences (4.36) and (4.43) entail that
(Ue, Zc) — (Uo, o) in Vo % Co
as required.

We now turn to the proof of the two convergences

A~ A B vE -z = (Vig-20) — (Vuo—20), (4.44)
A+ A (Vig-20) + (Vug—z0). (4.45)

On the set K. we use (4.30) for a = —1/2 in order to get that

~ 1 o~ _
A-A.-- ((I+€Vu€)Cp€1/2 - (I+6Vu€)Cp51/2)
1/ ~_ _ - - ey S _
= (cpal/Z—cp;/?) + VAC? + (Vii.—Vu.~ Vi) C; + Vi, (Cp;/Q—cp;/z)
= (—Z+eL.) + VaC,'? + (Vi.—Vu.—Va)C,'/* + eVi. (—z + cL.)
with ||L.||z2 < ¢. The first term in the above right-hand side converges L2-strongly to

—2z. Since C'p_gl/2 Ny by (4.19), the second term strongly converges in L? to Vu. The

last two terms are easily seen to be strongly L? convergent to zero. Since |Q\K.| < ce?,
the bound (4.40) yields convergence (4.44).

The proof of the weak convergence (4.45) results as a combination of the same argument
for (4.22) on K. and the L?-boundedness of A, and A..



25
Note that the quadratic behavior (4.10) of W, is equivalent to

1
V6> 036> 00 |W(I+A)-Z|A]R| <OlAP VAl <.

We define for all § > 0 the sets
U2 = {z € Q| |cA.(2)| + e AL ()| < &)
On these sets, also by using the bound (4.40), we have

~

We(A) = WE(A) < (L)AL — (1-0) A2 < A2 — AL + 2008 =
= %(ﬁe—As):C(ﬁngAe) +2¢6¢2 on  UP. (4.46)
We can easily estimate the measure of the sets U? as follows
IO\U?| = /Q\Ug dz < % Q\Ug(leAs(x)] + |6A\€(ZE)|) dz < cé_s(; (4.47)

Thanks convergences (4.44) and(4.45), estimates (4.46) and (4.47) entail

limsup/ (Wj(A\E) — Wj(AE)) dz
u?

e—0
1 ~ N
< lim sup 2056(2;]9]4——/ (A.—A.)C(A+A,)dx
e—0 2 Ug

< 2¢663|Q| + lim sup (%/ (Vu—2):C(Vug—2zo+Vug—2o) dx)
u?

e—0
]' = Sym
< 2¢065 |9 + 5/ (IVag™=2o|g — [Vug™—20[¢) dz
Q
where the minor-symmetry property CA = CA®™ has been used.

We shall now discuss the contribution of the sets Q \ U?. Our aim is to show that the
corresponding elastic-energies terms are uniformly bounded by ce. Consider relation

VGl = (VB ) (VyCl ) (GG ).
This can be rewritten as R
1+cA. =G (1+cA.)Gs .
with
G..:=Vy.Vy !, Gy = 036/26;51/2.
Recalling the choice (4.26), we have
Gie~I=V(joy.)Vy:' —I=Vy—I=¢(Vi)oy..

Now we consider

GooI = CY* (T(C,)) 2 = €M)

pe
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By using the Lipschitz-continuity of the matrix square root [24, Lemma B.1], we have
1Go.—1| < ¢|TI(C,.)—Ce| < ¢|Cpe—Che| < c2|2Z + L.
The uniform bounds
|G1e—1I||p < ce, |Goe—I||e < ce (4.48)

then follow. These bounds allow us to use the following estimate [46, Lemma 4.1]

(We(GLFG2) =W, (F)| < c(14+Wo(F))(|Gi—1I| + [Go—1]) V|Gi, [Ga| <6 (4.49)
for some constants ¢, § > 0. By combining this with the bounds (4.48) one has that

1

(WE(AL) —WE(A)) dz = — [ (We(G1E.Gy.) — We(E)) da
Q\U? €% Ja\us
(4.49) ¢
< 5 (I+W(F))(|G1—1I| + |G —1I|) dx

9 Q\U?$

(4.48) (4.47)
2 / (4 W, (F))dz < ce,
o\U?

which completes the proof of the lim sup relation (4.39).

Step 6: The limsup inequality for the plastic energy. We aim at showing that

lim sup (/ W;5(z:) dx—/W}f(zg)dx) < /|z0|de— /|z0|de (4.50)
e—0

where we have used the short-hand notation W (2) := e W, (exp(2¢2)). The strategy is
similar to the one used for the elastic energy. Flrst we deﬁne the sets

Z2 = {z € Q| lez:(2)| + |e2:(2)| < cs},
with ¢ from (4.10), so that

~ L, ~
Wi(z:) = Wi(z.) < é(zg—ze):]H[(zEjLzE) +2¢6¢2 on Z°. (4.51)
Arguing exactly as in Step 5, we can prove that the complementary sets Q\Z° fulfill
oz <
‘3
Owing to the Lipschitz-continuity of VIA/p on K, the contraction property of IT and (4.30)
~ . 1 — e
/ (WS(’ZE)_Wp(zE)> de = - (Wp(cpa)_wp(cpa)> dr <
\z? e Jo\zs
c ~ c ~ c 5
5,16 Cnlr< 5 / GGl < S0\ 2l = e (42

By combining (4.51)-(4.52) and (4.34)-(4.35), the limsup condition (4.50) follows from ¢
being arbitrary. 0
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Proof of Theorem 4.1. Lemmas 4.3, 4.4, and 4.5, allow us to apply the abstract conver-
gence theorem in [45, Thm. 3.1]. Although Lemma 4.5 deals with smooth and compactly
supported competitors only, the full strength of the recovery condition in (4.16)-(4.17)
can be easily deduced by density. The pointwise strong convergence of (u., z.) and the
convergence of energies and dissipation follow at once from the uniform convexity of the
linearized energy &, along the same lines as [46, Cor. 3.8 and Cor. 3.9]. OJ

APPENDIX A. THE MAP II

We collect here some comment on the existence of a map

Im:SLf — K

sym
having properties (4.25). Note that this has been used in the definition of the recovery
sequence (4.24).

Recall that
K ={CeSLy, ||C| <k}, k>[I =3
and let the flux ®,, t > 0, be associated to the following differential equation on GL™
C=-(Cc-3lc™2Cc™). (A1)
In particular, ¢ — ®,(C) is the solution of the differential equation (A.1) with initial
datum C. Note that the manifold SL, _ is invariant under the flux ®,. In fact, symmetry

sym
and determinant constraint are preserved along solutions C(t) of the equation (A.1), as

the symmetry of C' induces that of C' and
tr (C(t)"'C(t)) = —tr (I — 3|C72C2%) = —(3=-3|C~}|72C~21) = 0.
Moreover, the flux @, is norm-contractive for we readily check that
1d

53 Ct)> =tr (CC) = —tr (C*-3|C~|721)

=—(CP-9Cc*) <3-|C] <0.

We have here used the fact that C~' € SLJ,, and [C~'|* > 3. More precisely, as |C|* > 3

on SL , (with equality corresponding to C' = I), we have checked that
1d

C|>V3 = 5@0@)\2 < 0. (A.2)

Let us record some additional properties of the flux ®, in the following lemma.

Lemma A.1. The flux ®,; satisfies the following properties

i) Let C, Cy € SL,... Then

sym*

d
|,(C)| > |Co| = &]q)t(C)—Cd <0. (A.3)
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ii) For allt >0, ®; is a contraction on SLL  namely

sym’

|®,(C1)—P,(Cy)| < |C1—Cy| VCy, Cy € SLY,.. (A.4)
Proof. Ad i). Let C(t) = ®(C) for some C € SL,,. The differential equation (A.1)

entails that

2dt|c< )-Cof? = tr (C(C—C))

— —tr (C(C—Cy)) + (3—tr(C™'Cy))

3
[C112
By the invariance of the trace by cyclic permutation of the factors we have that

tr (C71Cy) = tr (C™2Co,C7 V%) > 3
since C~1/2C,C~1/% ¢ SL{,.,. Moreover,
€] > |Gol = |CJ? = t2(C?) = 1t (CCy),
which proves the statement.

Adii). Let Cy(t) = ®,(C;) for C,, C, € SL . By using again the differential equation

we get A

1d 5 . .

§E|cl<t>—cz<t>| —tr [(C1-Ca)(C1—Ca)| =

3
= —tr |:<Cl ‘C ’20— CQ + |C 1|QC_1> (Cl_CQ):| =
3 —tr (0_102) 3 —tr (C_lcl)
—|C1—Co* + 3 1 2 <0
ot (g CAA

proving the assertion. 0

For any initial datum C € SLSym, by (A.2) there exists a minimum time ¢, > 0 for

which |, (C)| = k > v/3, namely
to(C) =min{t >0 | ¢, (C) € K} < 0.
We define the map II : SLSym — K as follows
II(C) := P4y (C).
Of course, IT |k = id, so that the first condition in (4.25) is satisfied.

Let now Cy, C, € SL;;,m be given and assume with no loss of generality that t; :=

to(C1) < to(Cs) =: t; + 6. We can write
[II(C1) — II(Cy)| = |4, (C1) — P4, (C2)| = |1, (C1) — P5(Py, (C2))]
(A.3) (A.4)
< [9,(C1) — 94, (Co)| < [C1—Cyf.

The map IT is hence contractive in SL. . which is the second condition in (4.25).

sym’
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APPENDIX B. LOWER SEMINCONTINUITY TOOL

For the sake of completeness, we report here the lower-semicontinuity tool which has
been repeatedly used above. The lemma is in the spirit of [3, Thm. 1] and [31]. A proof
can be found in [62, Thm 4.3, Cor. 4.4], in [42, Lemma 3.1] in one dimension, and in [35]
in case of local uniform convergence.

Lemma B.1 (Lower-semicontinuity tool). Let fy, f- : R — [0, 00] be lower semicontin-
uous,

fo(ve) < inf { liminf f.(v.) | v. — vo} Yy € R"
e—0

and w. — wq in L'(Q;R™). By denoting by ¢ the Young measure generated by w. we have

that
/ < fo(w)dCx(w)) dz < liminf/ fe(ws> dz.
Q R™ e—0 Q

In particular, if fo is convex we have

/Qfo(wo) dz < 1igiglf/szf5(w5) dx.
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