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The Armstrong-Frederick model for nonlinear kinematic hardening is regarded as a
benchmark model in contemporary elastoplasticity. This work presents an existence
result to an appropriately time-rescaled evolution for that model. To do so, we have to
resort to a regularization of the dependence of the convex of plasticity upon the back
stress. Such a regularization process seems to be the unfortunate price one has to pay

for a successful mathematical analysis.

1 Introduction

The modeling and prediction of plastic effects has a long history. The first attempts
are usually traced back to the observations by Tresca [61] on the occurrence of yield
stresses in metal solidification and to the introduction by St Venant [6] of constitu-
tive equations in plane stress for rigid perfect plasticity. In turn, Lévy [38], von Mises
[62] and, later, Prandtl [53] and Reuss [55] investigated the 3D setting. The variational
description of perfect rigid elasto-plasticity, as we understand it today, was settled by
von Mises [63] early on in 1928. A fundamental tenet of plasticity consists in assuming
the stress o experienced by the body cannot exceed some given yield. Namely, one asks
that, throughout the evolution, o € K for some given elastic domain K, a convex subset

of Mg (symmetric matrices).
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A first refinement of the model takes hardening effects into account. Hardening
modifies the mechanical response of materials by encoding the history of the plastic
deformation. It is commonly interpreted as the macroscopic manifestation of disloca-
tion migration. The earliest effort in that direction is attributed to Prandtl [54] although
the current formulation of elasto-plasticity with linear kinematic hardening was set-
tled at a later stage with the work of Melan [43] and Prager [52]. In a nutshell, the yield
criterion is modified and becomes o — x € K. The additional stress x is the so-called
back stress; in the linear case, it is assumed to be related to the plastic strain p of the
material by x = Bp where B is a given hardening tensor. From that point on, many mod-
els have been put forth with a view to a more intricate phenomenology: viscous and
thermal effects, solid-solid phase changes, etc. The reader is referred to the classical
monographs by Hill [31], Lemaitre and Chaboche [37], Lubliner [40], Maugin [42] among
others.

Linear kinematic hardening shifts the elastic domain K proportionally to the
back stress. In particular, it cannot capture the so-called Bauschinger effect, that is the
observation that the plastic history of a body determines the resistance of the mate-
rial to further plasticization. It is often the case that the elastic limit in compression
is lowered by a previous tensile loading and vice versa. The crucial relevance of this
effect in applications has triggered the interest for developing suitably nonlinear kine-
matic hardening models. Among these, we focus here on the classical contribution by
Armstrong and Frederick [2] where the idea is to add a nonlinear correction term to the
rate equation for the plastic strain rate rate. In particular, the flow rule driving the back
stress x is augmented as x + |p|F x = Bp where F is a given tensor. Such a modification
entails the boundedness of the back stress yx, a desirable feature in many applications.
But there is a drawback: the normality principle [31] driving the evolution turns out to
be state-dependent.

The mathematical analysis of plastic evolution problems originates in the 1970s.
Well-posedness, regularity, and approximation of the displacement, stress, and plastic
strain fields became the main focus. Early existence results in the viscous or hardening
cases can be found in the classical monograph by Duvaut and Lions [21] and by Moreau
[50]. The more difficult perfectly plastic case is then tackled in Suquet [58, 59] and John-
son [32, 35] (see also [36] and the monograph [60]). On the numerical side, finite element
approximations in plasticity were pioneered by Johnson [33, 34].

After a 20-year lull and inspired by the work of Ortiz and Repetto [51], the
interest of the mathematical community in plasticity was re-kindled in various works of

Mielke together with many collaborators, see, for example, [41] and references therein.
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As far as pure small strain elasto-plasticity is concerned, Dal Maso et al. [12]
revisited the results of Suquet and Johnson in the setting of energetic formulations of
rate-independent evolutions [27, 44]; see also a first attempt in [22]. That reformulation
underlines the relevance of energy conservation and stability and paves the way for a
direct use of variational—lower semicontinuity—techniques in this setting. In partic-
ular, plastic evolution is obtained as the limit of sequences of time-discretized plas-
tic flows, which in turn result from incremental minimization. In the specific context
of plasticity, the viewpoint espoused in [12] proved to be subsequently successful in
the investigation of pressure-sensitive materials [17], brittle materials [19] and, in the
setting of hardening, of shape memory alloys [3] and of softening [13, 14]. Moreover,
energetic formulations have been considered in the context of strain-gradient plastic-
ity [28, 29], heterogeneous materials [25, 26, 56, 57], homogenization [24, 26, 29, 30, 48],
dimensional reduction [20, 39], and also used to derive small-strain plasticity from a
model at finite strain in [47].

Absent a standard, state-independent, normality postulate, energetic formu-
lations are also relevant in spite of their variational bias. Dal Maso et al. [15, 16, 18]
investigate the energetic solvability of the so-called Cam-Clay model for plasticization
in soils. There, the model features an explicit dependence of the elastic domain upon
an adequate internal variable. More recently, Babadjian et al. [4] focus directly on
nonassociative models of Mohr-Coulomb or Drucker-Prager type. The first step of the
analysis consists in a reformulation of the original plastic model as a quasi-variational
evolution inequality [5]. We shall follow the same path below, see Section 2.

The available mathematical contributions to the Armstrong-Frederick nonlinear
kinematic hardening model are few. Brokate and Krej¢i [8-10] consider the well-
posedness of the constitutive model. The ODE tensorial material relation is proved to
admit unique solutions both in the stress-controlled and the strain-controlled case.
These papers observe that the Armstrong-Frederick model—and, more generally, the
Mréz and the Chaboche models—can be reformulated as a system of an ODE, together
with a hysteretic relation. However, such a reformulation entails a coordinate change
which does not pair well with the equilibrium relation. The only available 3D result for
the Armstrong-Frederick model available so far is by Chelminski [11]: well-posedness
of a suitable viscous regularization of the original problem is discussed. However, the
obtained a priori estimates are not sufficient to pass to the limit as the viscosity goes to
zero in the nonlinear setting of the original problem.

This paper considers the Armstrong-Frederick model in its full 3D setting.

The constitutive relation is coupled with the system resulting from quasi-static
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equilibrium. At first, we recast the model in an equivalent quasi-variational form
(Section 2). This results in a dissipation pseudo-potential that explicitly depends on
the back stress. Then, we operate a viscous regularization of the model (Section 3) in
the spirit of [11, 59]. The existence of the visco-plastic regularization, an interesting
result per se, is obtained through a stable and convergent time-discretization proce-
dure (cf. [11]). We then definitely depart from the approach of Chetminski [11] in passing
to the the nonviscous limit (Section 4). In particular, we establish the quasi-static limit
with respect to some properly rescaled time by following an approach first advocated
by Efendiev and Mielke [23], see also the recent literature [45, 46]. That rescaling has
already been applied in the plasticity context in [4, 15, 16].

Our result is the first existence result for a the quasi-static rate-independent
plastic evolution driven by an Armstrong-Frederick-type model with nonlinear kine-
matic hardening. Note however that passing to the 0-viscosity limit forces us to focus
on a mollification of the constitutive equation by means of a convolution kernel, see
Section 2. This modification is needed to secure the crucial lower-semicontinuity of
the dissipation pseudo-potential. The analysis of the de-mollified Armstrong—Frederick
model seems to be out of reach for now.

We stress that our regularization by convolution can be expected to have a mod-
erate impact on the effective material behavior as it acts in space only and may be
assumed to be very localized. As such, we claim that it is a worthy compromise toward
a better understanding of the Armstrong-Frederick model. We comment on this and

other regularizations in the short conclusion (Section 5).

2 Description of the model

This section is devoted to recall the basic features of the model, as well as to the neces-

sary background mathematical material.

2.1 Notation

We denote by M™" the space of 2-tensors in R" (n=1,2,3) and by M>" and M=>*"

sym dev

the subspaces of symmetric and symmetric-deviatoric tensors. The space Mg is

naturally endowed with the scalar product a:b=q;b;; (summation convention) and

the corresponding norm |a|* :=a:a for all a, be M;2. Moreover, M{x" is orthogonally

decomposed as M»" =M">" ¢ R1, where R 1, is the subspace spanned by the identity

sym dev

2-tensor. In particular, for all a € M{7;l, we let a=ap + tr(a)12/n. The symbols ® and ©
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stand for the tensor product and the symmetrized tensor product, respectively. Namely,
(u®v);j =wvj and (WO v);j = (yvj+u,v;)/2 for all u, ve R™

Given a Banach space E and a convex functional ¢:E — (00,00], we let
D(p)={x€ E : ¢p(x) < oo} denote its effective domain and d¢ : E — E* (dual) be its sub-
differential (possibly multivalued) defined as

yedp(x) < x€D(p) and (y,w—x)<¢(w)—¢(x) YweE.

Here, the symbol (., -) corresponds to the duality pairing between E* and E. For instance,
given the nonempty, convex, and closed set K C E, its indicator function Ix : E — [0, 00]
defined as

0, xeKk,
Ix(x) =
0o, else

is convex, proper, lower semicontinuous and its subdifferential is
yedlg(x) <« x€K and (y,w—x)<0 YweK.

In other words, dIx = {0} in the interior of K, dIx = {riA} at dK where r>0 and X is an
outward normal to dK (possibly one of the many, due to nonsmoothness), and 9Ix =¥
outside K.

2.2 The original model revisited

The context is that of small strains. Let £2 C R"” be a bounded open set occupied by a
homogeneous elasto-plastic material. We denote by u: 2 — R the displacement field
and by Eu:= (Du+ Du”)/2 the strain tensor. As is usual in small deformations plastic-

ity, the strain tensor is additively decomposed as
EFu=e+ p,

where e € Mgit and pe M., respectively, stand for the elastic and plastic strains. This
is part of what will be referred to as kinematic compatibility. The constitutive equation
which relates the (Cauchy) stress tensor o to the elastic part e of the linearized strain is
also assumed to be linear, that is,

o= Ae

where A is the Hooke elasticity tensor. In the isotropic case, A=K(1,® 1) + 2G
(1 — 1, ® 1,/n) where K, G > 0 are the bulk and the shear modulus and 1,, is the iden-

tity m-tensor in R™ At equilibrium, and if no volume forces are applied to the sample,
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the stress satisfies
dive =0 in £2.

In the Armstrong-Frederick model, an additional kinematic hardening variable o € M. "

is also introduced. The back stress x € MJ " is then related to that variable and to the
plastic strain through

x=B(p—oa),

where B is a suitable positive-definite symmetric fourth-order tensor. We will call p — «
the back strain.
We then introduce the internal energy

W p—a):=3Ae:e+ ;B(p—a):(p—a).
Viewing W as a function of Eu, p, and « it also reads as

W(Eu, p,a) = W(Eu— p, p— a).

The thermodynamic force —%’:o]g — x associated with p is constrained to

remain in a compact convex subset K of the set M ™

op—x €K:={reM}": f(r) <0},

dev *

where f:MJ." — R is the yield function. We assume that

fis convex and Lipschitz,

— fo:= f(0) <0 and f(0)=min{f(r); T € M}, (2.1)

dev

f:=f+ fo ispositively 1-homogeneous.

In particular, O € int K.
At each point t on 9K we define Nx(r) to be the unit exterior normal cone to K
at that point, that is,

Nr(@t):={veMP™*:jvJ=1landv:(n—1) <0, Vn€K}. (2.2)

dev *
Now, the thermodynamic force associated with « is
oW
da X
The Armstrong-Frederick hardening model is characterized by the following
flow rule:

[plale A(op, x),
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where

v:(op —x)
—— B
fo

From here onward, the notation [« | 8] stands for the generic 2-vector of tensors

A(op, x) = {A |:v

_lFx]:ueNK(UD—X)andkzO; k:Oiff(oD—X)<0}.

in Mg . The tensor F is an additional positive-definite fourth-order tensor which we
will consider to be equal to B in the remainder of the paper, and this without loss of
generality.

In all fairness, the classical Armstrong-Frederick model is usually restricted to
the Von Mises setting in which case f(r) =|t| — f5. The previous flow rule can then be
rephrased in the following form:

T
b= |p| 97 (GD X)r (23)

X +1plBx =Bp,
which is that most often encountered in the literature.

Our goal is to obtain a quadruplet (u(x, t), e(x, t), p(x, t), «(x, t)) such that

Eu(x,t) = e(x,t) + p(x,t) kinematic compatibility;

o(x,t)=Ae(x,t), x(x,t)=B(p(x,t)— a(x,t)) constitutive relations;
divo (x,t) = 0 equilibrium;

op(x,t) — x(x,t) € K stress constraint;

[plal(x, t) e A(op(x, 1), x(x,t) flow rule;

together with the Dirichlet boundary condition u= w on 9£2. We know from prior works
on plasticity that the boundary condition will not always be satisfied because plastic
strains may develop at the boundary, so that, as seen later, we will have to replace that

condition by

px,t)=(w—w(x,t) Ov onas,

where v stands for the unit normal to 952.

The resulting model has resisted any incorporation attempt within a standard
generalized thermodynamical framework. To our knowledge, there are no existence the-
orems for such an evolution. We propose to remedy this, albeit on a slightly regularized
form of the evolution.

Inspired by prior work on nonassociative elasto-plasticity [4], we propose to

rewrite the stress constraint and the flow rule in an “equivalent” way. This is done
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Fig. 1. The set K(x) for f(r)=|t| — fo. The horizontal axis represents My ".

through the introduction, for any x € M}", of the set

dev '

K(x):={lr [n] e Mgy x Mz f(0) + 3n:in < 5x:xk (2.4)

dev dev

see Figure 1. In particular, recalling that we have set B=F for the sake of notational

symplicity, we have the following:

Lemma 2.1. The following holds true:

(@) op—x€K < [op—x|xleK(x);
(o) op—x€dK < [op — x| x] €K (x);
() [plale A(op, x) <= [plaledlxylop — x | x1. U

Proof. We have that op— x €K iff f(op —x) <Oiff flop — x) + x*/2<0+ x*/2 <
x?/2iff [op — x | x1€ K(x).

Similarly, we can prove that op — x € 9K iff f(op — x) =0iff f(op — x) + x?/2=
x?/2iff lop — x | x] € 3K (x).

The third equivalence is a bit less immediate. Note that K(x) is equivalently
defined as

KGO ={lt IneMyl < ME™: f(o) +inin<ix:x+ fol.

dev
Then, [p| al e aIK(X)[O'D — x| )(] iff
p:(t—(p—x)+a:(n—x)<0, Vit|nle K(x). (2.5)

In particular, taking successively t =o0p — x and n=yx in (2.5), we get that p=aiv,

v € Ng(op — x) and &« =)' x with A, 1 > 0.
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Now, consider t=(1—s5)(op — x)|s| <1 and seek n such that [t|n]€dK(x).

A simple computation that uses the one-homogeneous character of f leads to n=

1+ Zﬁfox. Inserting that [z | ] into (2.5) yields

s(=xv:(op — x)+ 2 fo) +o(s) <0,

hence A = )L”(%ﬂ() [ ]
0

The transformation devised through Lemma 2.1 highlights the dependence of
the flow rule from the state variable x, thus leading to a so-called quasi-variational
inequality.

Unfortunately, as will become clear later, this reformulation does not provide
a suitable functional framework for the analysis, most notably because the duality
product between the stresses and the plastic strains cannot be successfully defined
in the absence of an L*°-bound on op. But such a bound seems unattainable, unless an
L°°-bound is derived for x, in which case it becomes trivial since o — x € K. We do not
know how to obtain such a bound when starting with the definition (2.4) of K(yx).

To achieve such a bound, we modify Definition 2.4 and incorporate an a priori

bound on yx in that definition. We set

Ku(x) = {lt |l e M x M f(o) + 210> < 2 Tu(x19)}, (2.6)

dev dev

where Ty (r) :=min{|r|, M}. Of course, the previously noted equivalence between the
original formulation and the formulation with Ky (x) does not hold any longer, at least
when |x| > +/M. We will demonstrate at the end of the paper that a proper choice of M
actually ensures that the constraint |x| < M is not saturated, at least for small times,
provided that the initial condition on yx is so (see Proposition 4.14).

Note that, in view of the last item in (2.1),

[tInle Ku(x)=Inl<yM-2f(0)=M. (2.7)

nxn

We next define the dissipation potential Hy,: (Mdev)3 — R as the support func-
tion of Kj;(x), that is,

Hy(x,Ipla)= max t:p+7n:«,
[tInleKu(x)

which, for a fixed y, is convex, sub-additive, and positively 1-homogeneous in (p, «).
Further,

[plal €3Ik, (lop — x | x]) is equivalent to [op — x | x] € dHu(x, [p|al),
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where dHy(x,[p|&l) denotes the subdifferential of Hy(x,[-|-]) at [p|al. We note that,
given the displacement ¢+ u(t), the flow rule for the internal variables [p|«] can be

rewritten in the so-called Biot form as
IpaD(p|el, [plal) + dpa W(EW®), [p|al) 50

where the state-dependent dissipation function D is defined as D([p|al, [p|al) =
Hy(x,[p|al) = Hu(B(p—a),[p|al). Eventually, we are led to investigating the following
problem:

Eu(x,t) =e(x,t) + p(x, 1),

p(x, ) =(w—w(x,t) Ov(x) onas,

U(Xr t) = Ae(Xr t)r X(X/ t) ZB(p(Xr t) - a(XI t))r (2'8)

dive (x,t) =0,

Note that, since d Hy (x, [p | @]) C Ky (x), the last inclusion in (2.8) above entails the stress

constraint [op — x | x] € Ku(x) as well.

2.3 Properties of the dissipation potential
We now state and prove a few useful properties of the sets Kj;(x) and of the dissipation

potential Hy,.

Lemma 2.2 (Growth properties of Hy;). There exist 0 <k <k, <oo with «j, that may
depend on M such that

By (0,10) C Kaa(X) C By (0, c3) (2.9)

or, equivalently,
k|lplall < Hu(x,[plaD) <«yllp|all (2.10)
for every (x, p, &) € (Mg;h°. .

Proof. Since f(0) <0, the continuity of f implies that f(zr) + %Inl2 <0< %TM(|X|2), for
[t [ ] € Bypn2(0, k) for some small enough «. Further, in view of the continuity of f and

of (2.7), the other inclusion is obvious. Relation (2.10) follows by convex duality. [ |

Lemma 2.3 (Continuity properties of Hj). The map Hy is continuous over
(Mnxn)s. D

dev



Quasi-Static Armstrong-Frederick Model 307

Proof. Let (xx, pr.ox) = (x, p,«). We start by proving upper semi-continuity. Since
Ky (xx) is compact, for each k there exists [t | nil € K (xx) such that Hy(x, [px | oxl) = 7% :
Dk + 1k : ax. By the upper inclusion in Lemma 2.2 above, we can extract a subsequence
of {[tx | nxl} — still denoted {[zx|nil}—such that [tx|nx] — [t | nl. Since f(tx) + %|7’1k|2 <

%TM(|Xk|2), [t | n] € Ky (x) and we can pass to the limit in k obtaining
lim sup Hy(xk, [pe | oxl) =limsup t: pe+nk:axk=7:p+n:a < Hu(x, [pla).
k k
We now show lower semi-continuity. We first observe that

Hy(x,Iplal) = sup T:p+1n:a,
[t|n]eint Ky (x)
where int Ky;(x) denotes the interior of K (x). Assume that [t |n] €int Ky (x), then
f@ +1n1? < 1Tu(x1?), and thus f(r) + 3In|? < 3 Tu(xx|?) for k large enough. Conse-
quently, [t | n] € Ky (xx) for k large enough, hence

limkianM(Xk, [pr | axl) > limkinft Dkt niak=t:p+n:a.
Taking the supremum over all [t | 5] € int Ky, (x) leads to

limkinf Hyr(xx, [pe | ex]) = Hu(x, [pl al),

which completes the proof of the lemma. |
Finally, we show that H is Lipschitz continuous with respect to its first variable.

Lemma 2.4 (Lipschitz character of H). There exists a constant Cy >0 depending on
M such that

|Hu(x, [plal) — Hu(xa, [plaDl = Cullplell X1 — xal

for any xi, x2, p,o € M3" . O
Proof. Assume without loss of generality that |x;| <|xz|, so that Ky (x1) C Ku(x2). Since
Ky (x2) is compact, there exists [to | n2] € Kar(x2) such that Hy(x2, [plal) =t2: p+n2: .
We have that
di (0K (x1), 0Kum(x2)) < Cumlx1 — xzl,

where dy stands for the Hausdorff distance, for some constant C;; that we choose to be
greater than max{2, M} and that depends only on M.

If [t | n2] is given as before, then there exists [t; | 1] € Ky (x1) such that |[t; | n1] —
[t2 | n2]l < Cumlx1 — xzl. Indeed, if [73 | 2] € Kir(x1), then it suffices to take [t | n1] =12 | 02l
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and the property is trivial. On the other hand, if [t; | 2] € Ki(x2) \ Ku(x1), take [t | 1]

as the minimal-distance projection of [z, | n2] onto the convex set Kj;(x;). It follows that

[[r1 [ m] = [r2 | n2ll < da(@Knm(x1), 0Kn(x2)) < Cumlx1 — x2l. (2.11)
[ |

Remark 2.5. The sets Ky (x) have a very specific form: they can be obtained from
one another by rescaling components. In particular, let x; and x, be given. Defining
o= ((Tu(x2) >+ 2£)/(Tu(x)|? + 2 f3))/? and exploiting the 1-homogeneity of t — f(z),
we have that [t, 5] € Ky (x1) iff [o?T, anl € Ky (x2). This fact allows us to prove that, for all

nxn

X1, X2, T, 1 € Mg o,

| Py ([T 1 0]) = Pryyioy ([T [ 0D < Cual 1 — x2l,

where Pk, ) denotes the minimal-distance projection onto the convex set Ky (x) and Cy
is a positive constant that may depend on M.
Indeed, let K € R™ (m € N) be some convex and closed set containing 0 and let

a > 1. Then, Figure 2 demonstrates that, for all xe R™,
|Pr(x) — Pyr(x)| < (¢—1) diam K. (2.12)

Relation (2.12) can be generalized in order to allow different rescalings on different
axes. In particular, one can prove that the distance of the two projections P, ([z, n)
for i =1,2 can be controlled by the quantity C(a?—1)|t;| + C(a—1)|n:| where [t;,m]=
Pg,)(t,n]). The assertion follows upon noting that |7;| < C(Tu(x)*+2f) and

Fig. 2. The projection P,k (x) belongs to the ball centered in Px(x) with radius |« Pg (x)—Pg (x)| =
(—1)|Pg (%)].
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1], In2| < (M? + 2 f3)/? while a < 1/%;]00). Thus,
| Py ([T 1 1]) = Pryyny ([T 10D < Car(@® — 1) < Clylxa — x2l,

where Cj; and Cj, are positive constants that only depend on M. |

We will be resorting to a visco-plastic regularization of the problem. To that
effect, we now introduce the perturbed dissipation potential H&:(Ma’:‘?)Sﬁ [0, o0)

defined, for each ¢ > 0, as
Hi(x, [plal) = Hu(x, [plal) + §|[p|a]|2. (2.13)

Its convex conjugate (Hj,)": (Mg;?):"—) [0, 00) with respect to the second variable is
defined by

(Hp)*(x,[rInh:= sup {r:p+n:a—Hy(x [pleD}
[plale (Mg

v

Then,

[z | 7] — Pxy 0 ([t | D)
2e '

(Hy)"(x, [z [ nD) =

In particular, (Hy,)* is differentiable in the second variable, and its partial derivative is

given by
Ny, e 1) = (g G L |y = 0 Pt Q1D (2.14
Note that, since [0 ] 0] € Ku(x) (see (2.9)),
INgg Ol bl = e [l (2.15)

so that

1
[(Hpp)* (¢, [r | mD — (Hpp) " ((x, [z2 [ 2D < g(|[T1 [ 1]l + lz2 | m2D1lTy | 1] = [72 | 9211

Actually, Ny, is Lipschitz continuous as a result of the following Lemma.

Lemma 2.6 (Lipschitz property of the visco-plastic projection). Let Cp be the con-

stant in Lemma 2.4, then

Cc
N3O, oy [ mD) = Nyt [ [ nll < = = xel + 1l [ m] = 2z | nall). 0
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Proof. By definition of N}, and since the projection is 1-Lipschitz,

2
[Ny (xa, [t [ mD) — Ny (xa, [z | n2l] < Z“TI [ m]— [z2 | nall.

On the other hand, by Remark 2.5,

C
INS, G, [ | nl) — Nig(xa, [e [ n])] < TMm — Xl

But Cy; > 2 by construction, hence the result. [ |

As a final note, given x € L?(£2; M*™), define the sets

dev

K(resp. Ku)(x) :={lt | nl € L*(£2; M) : [t | nl(x) € K (resp. Ku)(x(x)) for a.e. xe 2}.

sym

Then, if x € L?(2; M¥),

sym

dista (7 | nl, Km(x))

I Ny ([ [ Dl = (2.16)

where, for any closed set C C L%(£2; (MxH?), dista([t | 7], C) is the L2-distance from [z | 5]
to C.

2.4 Mathematical setting

Throughout the paper, 2 is a bounded connected open set in R” with Lipschitz bound-
ary. The Lebesgue measure in R" and the (n—1)-dimensional Hausdorff measure are,
respectively, denoted by £" and H™!.

We use standard notation for Lebesgue and Sobolev spaces. In particular, for

1 < p<oo, the LP-norms of the various quantities are denoted by | - ||,. The space
M(S_Z;Mg;”) is that of all Mg;g-valued bounded Radon measures on §2, and the norm

in that space is denoted by | - ||;. By the Riesz representation theorem, M(Q;Mﬁ:f
can be identified with the dual of C(Q;Mng). Finally, BD(£2) stands for the space
of functions with bounded deformations on £2, that is, ue BD(2) if ue L'(£2;R" and

Eue M(£2; MZX"). We refer to [60] for general properties of that space.

sym
Let ue BD(R2), w € H'(2;R"), e L*(2; M%), and p e M(£2; M) be such that
Eu=e+pinR2, p=w-uwovH"! onan. (2.17)

If op € L®(£2; M*™ and divo € L™(£2; R"), it is possible to define the “scalar product” of

dev

o and p as the distribution [0 : p] on R" by setting

[o: pl(p) ::—/ o(u—w) - dive dx—/
fo)

0:(u—w)®V<de—/ o:¢(e— Ew)dx,
fo) 2
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for every ¢ € C°(R™). Actually, [0 : pl is independent of u, w, and e, provided that kine-
matic compatibility with p is achieved. It defines a bounded Radon measure on 2. We

also define the global duality pairing (o, p) by setting
(o,p):=lo:pl(1) =/ (w — w) - dive dx — / o:(e— Ew)dx. (2.18)
2 2
It can be proved (see [25, Section 6]) that

[(o, D)l < lloplleoll Pl

Moreover, if op further belongs to C(£2; M), then

dev

<o,p>=/_ oD(X):;T;(X) d| pl(x) (2.19)

2

is the usual duality pairing between C(S_Z;MZ:‘?) and M(Q;Mg:f). In the previous for-
mula, we have denoted by |p| the variation measure of p.

If instead p further belongs to L?(£2; Mgym), then the duality pairing (o, p) coin-
cides with the standard product in L2.

The space L'(0, T;C(2; M) is the space of all strongly measurable maps
t— f(t) € C(£2; M™") such that

sym

T
/0 | F Ol dt < oo

Since C(£2; M?;H'}) is separable, the dual of the space L (0, T; C(£2; I\\/JI;‘;IZ)) can be identified

to the space L (0, T; M(£2; M}:) of all weakly* measurable maps ¢ — A(t) € M(£2; M}"
such that

ess sup [|A(?)[l1 < oo,
tel0,T1]

through the duality pairing

T
N =/ (@), FO) ez e At
0

Let A and B be two fourth-order tensors satisfying the usual symmetry proper-

ties Ajjkn = Ajikh = Agnij (idem for B) for every i, j, k, he{l,...,n}, and
vIEP < k5 <y'E1, yvIEP <B&:& <y'IEP, (2.20)

for some 0 <y <y’ <oo and every & € M»". Then define, for any (e, B) € L2(§2; M™% x

sym* sym

M7, the internal energy as

Q(e, B) ::%/Q{Ae:e—i- BB : B} dx.



312 G. A. Francfort and U. Stefanelli

If x € L?(£2; M™™ and [p| al € L?(£2; (M?*™?), we define the functionals

dev dev

Ha(, p) i= / HuGx Ipla dx,  Hig(x,Iplal) i= / Hiy(x, Ip) o) dx,
2 2

while, if x € C(2; M™™ and [p| a] € M(£2; (M™™?), the first functional is defined as

dev dev

dip|«l )
H|lyx,———|d .
<X dliplall l[p|all

2

Hu(x [plal) == /

Remark 2.7. The following (lower semi-)continuity results whose proof is identical to
[4, Remark 2.8] hold:

nxn

(1) If {xx}, {[pe | akl} are L%-sequences , xx — x strongly in L%(£2; M}<"), and [p|
ar] = [p| o] weakly in L?(£2; M>?), then

dev

Hu(x, Iplel) < Him inf Har (i [pe | ).

Moreover, if [px | axl — [p| a] strongly in L2(£2; (M™")2), then

sym
Hu(x, [pla) = ,}lglo Hur(xieo L | akl)-

(2) If {xx} C C(2; M®"), {[pr | axl} C M(82; M™™M2), xx — x uniformly in £2, and

sym dev

[k | i > [p | ] weakly* in M(£2; (M<™?2), then

dev

Hu(x, [pleD) < HgglfHM(Xk: [ | o). [

When dealing with the visco-plastic approximation of the elasto-plastic prob-
lem, we will obtain the first type of convergence on our approximating sequences, while,
when letting the viscosity parameter tend to 0, we will only obtain weak convergence in
L? of the approximating o-sequence, and convergence in the space of measures of the
approximating p-sequence.

Reshetnyak lower semi-continuity Theorem is false when H fails to be (lower
semi)-continuous, and this forces us to restrict our analysis to continuous back-
stresses; but continuity is not preserved under L2-weak convergence, which is the best
we can prove for the various sequences of stresses that will enter the formulation. Con-
sequently, the analysis will soon grind to a halt for lack of lower semi-continuity of H.
This is why we will propose, in the spirit of [15, 18], to introduce a regularization of x
in the definition of Ky(x). This is achieved by introducing a convolution kernel p and

replacing Ky (x) by Ku(x * p) defined below.
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We fix p € CL(R") and set, for x € L?(2; M},

dev

XeD s 1% p) :=/Qp(x— Px ) dy.

nxn

The convolution x % p defines an element in Cl(.(_z;l\/JIdeV

). By modifying Ky (x) as Ky
(x * p) we are introducing a length scale in the model, namely, the size of the support of

the convolution kernel.

Note that, with our definition of the convolution, if x, — x weakly in L?(£2; Mg,
then, in particular,
Xe ® p— x % p uniformly on £2. (2.21)

Remark 2.8. Before closing this section, let us mention that restoring the lower
semicontinuity of H could be achieved by imparting additional compactness on x. In
particular, one could introduce a compactifying term into the energy. As we need the
dependence of K(-) upon x to be continuous, a possibility would be that of augmenting
the energy by a gradient term like «|V x|" where r is bigger than the space dimension
n. Such a term would introduce a length scale in the model as well. We will not go
down that path which in our opinion strays much further away from the original model
and would result in one which is more along the lines of gradient-plasticity. Note that,
besides the dubious phenomenology that such a model would introduce because of the
dependence of the exponent upon the dimension, the introduction of such a gradient
term would require extra boundary conditions on the internal variable x, an option

which is often disputed. O

For now, we address in the next section the visco-plastic regularization.

3 The visco-plastic model

Here, the existence of the solution to the visco-plastic regularization is established. The
viscosity parameter ¢ > 0 is fixed throughout this section.
Consider a boundary displacement w € H'(£2;R"). We set

Areg() :={(v,1,q, B) € H'(2; R"™) x L2(2; M) x L*(£2; MIXT) x L*(82; MM :

sym dev dev’/ *

Ev=n+qa.e. in 2, v=0 H" '-a.e. on 402}. (3.1)

The following existence result for the visco-plastic evolution holds true.
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Theorem 3.1 (Visco-plastic evolution). Consider w € H'(0, T; H'(£2,R™) and a quadru-
plet (up, €9, po, @0) € Areg(w(0)) such that diveg =0 a.e. in 2, where og := Aegy. Then, there

exists a unique quadruplet
(U (1), €:(1), Pe(t), e (1)) € Areg(w(t)) Vte [0, T]
with

u. € H'(0, T; H'(2;R"),
e. € H (0, T; L2(£2; MI™>")),

sym

p. € W0, T; L?(§2; M™™™)),

dev

o, € WH(0, T; L2(2; M),

dev

such that, setting o.(t):= Ae.(t) and yx.:=B(p. —«.)(t), the following items are
satisfied:

(1) Initial condition: (u:(0), e (0), p.(0), «:(0)) = (uo, €0, Po, ®0);
(2) Kinematic compatibility: For every t > 0,

Eu.(t) =e:(t) + p:(t) a.e. in £,
u(t) = w(t)yH" '-a.e. on 352;

(3) Equilibrium condition: For every t > 0, divo,(t) =0 a.e. in £2;
(4) Regularized flow rule: For a.e. t€ [0, T,

[P:(®) | &t (D] = Ny (xe (@), [((0:)p — %) (@) | xe(D)]) forae xe,
or, equivalently,
[((0)p — Xe — D) (@) | xe(t) — ede ()] € VHy (x: (D), [Pe(2) | & ()]) for a.e. xe 2.

In particular, e||[p. (¢) | & (D)]ll2 = distz2([((6:)p — xe) (@) | Xe (D], Kna(x:(2)));
(5) Estimates: There exists a constant Cr > 0 depending only on T such that, for
telo, T,

le:ll2, (e —a)®2=<Cr,
T ) C T ) C
fnawﬁwsl,/meﬁwsl.
0 & 0 &

We call such a quadruplet a visco-plastic solution. O
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Proof. The proof is very similar to that of a related result in nonassociative elasto-
plasticity; see [4, Theorem 3.1]. We provide a sketch below.
In a first step it is proved by an iteration argument that, if @ € H!(£2; R®) and

[plal e L?(2; M™™?) then, for § > 0 small enough, there exists a quadruplet (u, e, p,a) €

dev
Areg () satisfying
Qle,p—a)+Hu(x,[p— pla—al) + %Illp— pla—all3,
=Q,q—B)+Hu(xlg—pIp—ab + <llg - p| p — &l (3.2)
for any (v, 7, q, B) € Areg(), with x :=B(p— o).

To this effect, we take (up, €y, po, ag) := (w, Ew,0,0), and for any k> 1, consider

the minimization problem

. A N € N ~
min {O(,q~ )+ Hutu 1 lg—b1A—aD+ o-llg—plp—all3], @3
(v,1,9,8)€ Areg (W) 26

where xx_1:= B(pr_1 — @x—1). Elementary convexity arguments yield the existence of a
unique minimizer (u, e, px, @x) for any k> 1.

That minimizer is easily shown to satisfy
divor,=0 a.e.in £2,
as well as
[px — Dlox — &l =8N (xi—1, [(op)k — xx | xx]) a.e.in £2,

or, still,

lex | —arl = [Ewe — p| —al — 0Ny (xie—1, [(0D)k — xic | x]) a.e.in £2.

We now prove that {ex, pr, @} is a Cauchy sequence in L?(£2; Mgsm x Mgioh < M.

Indeed, from the two relations above, we get

[P — Dr—1 | o — ag—1]1 = 8{ Ny (xx—1, [(op)k — x| X&) — Npy(xr—2, [(0D)k—1 — Xk—1 | xx—1D},
while
lex — e | —(ax — -] =[Eux — Ewg—y1 | O] — 8{ Ny, (xi—1, [(oD)k — xxc | xx))
— Ny (x—2, [(0p) =1 — k=1 | Xr=1D}.

Taking the L2-scalar product of the first relation with [px — pr_1 | ax — ax_1] and of the
second with [ox — ok_1 | —(ox — ax—1)] and using the fact that, by Lemma 2.6, Ny, is

Lipschitz continuous (with a Lipschitz constant of order 1/¢), we deduce from the first
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relation that
2 Cud 2 2 2
P — Pr—1 | ke — ar—1lll5 < T(H(UD)k — (op)k—1l5 + Xk — xk—1l12 + I xk=1 — xx—2112),
while (2.20) and the second relation yields
yllex — e | — a2 < / (0 — %) : (Bt — Eugy) dx
7}
Cud
+ Tll[ka — 01 | —(ax — ar—D]ll2(l(ep)k — (0D)k-1ll2
+ X — xe—1ll2 + Ixe-1 — xx—2112)-

But since divoy=divor_; =0 a.e. in £ and u — ux_1 € HOI(Q;R"), the integral on the
right-hand side of the inequality above vanishes, hence, adding the two inequalities

above, using the other inequality in (2.20), and setting

. 2 2 2
Iy:=llex — ex1llz + | e — Pr-1llz + llok — ar-1 |2,

we obtain
Cuy'é

ka (Ik+Ik—1)r

for some constant C;, depending only on M. Hence, if § is small enough, say

24

§<—"—,
3Cyy’

(3.4)

then

I < 1I
k_2 k—1r

which shows that {ex, px, ax} is a Cauchy sequence in LZ(Q;MZ;IQ x M2 x M. Since
Uy = w on 952, Poincaré-Korn's inequality then implies that w is a Cauchy sequence in
HY(2;R").

The remainder of the proof of (3.2) is straightforward upon application of the
first item in Remark 2.7.

We now introduce an incremental problem. Consider a sequence of nested sub-

divisions (t,‘;)ogi5 ~n(o of the time interval [0, T] with the following properties:

Sx\0ask oo, NMkS=T, t:=ié fori=1,...,N(k),
{t:i=1,...,Nk)c{f:i=1,...,ND)}, k<L

We first set (u,e?, pl, o) := (W, €, po, o) which belongs by assumption to
Areg(w(o))-
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Assume now that kis large enough for 8k to satisfy (3.4). Then, fori e {1,..., N(k)},
we define by induction (i, €l, pi, ) to be minimizers of (3.2) with @ =wi:=w(t),
p=p. ' a=0a", thatis

Qe b — o) + Hu(xio [0k — P 'l — o' D + 2—5k||[p:‘c - e — oIS

i—1

<O, q—B) +Hulxilg— Pt la—al ) + 2%'“‘1 — B — a3, (3.5)

for any (v,7,q, B) € Areg(wl), where xj = B(pl — alb).
It is easily checked that, if o} := Ael, then

divoj =0 a.e. in 2 (3.6)

. . & . . . & . . . . . . .
[«m); Al e SIS a,w] MG B — B el —ai ). (3.7)

Now, by (2.13) and the homogeneity of degree 0 of 3H (-, ) in its second entry, (3.7) also
oz,iC - ot,ic_1
Sk '

1
} =N, (xi, (o)t — xi | xi)  a.e.in £2. (3.8)

reads as

i i1
l(op)) = xik | xil € 33y <x,z, [pk —
k

which, by convex duality and (2.14), is equivalent to

i i
O — o
Ik

p.—-n
Ok

Define, for t e [t};, t,‘;“), the right-continuous piecewise constant interpolations
w(t) =1, e):=e¢, ox):=Ad, p@®):=p, o) :=a, w@):=uwj,

and the piecewise affine interpolations

R Cot—f ; . Lot—t ;

é(t) :=é + 5 kel —el), () :=pi+ 5 k(i — b,

. Lot—t P . . . .
ar(t) :=ap + k(a;i“ —ay), O(t):=Aet), xk(®):=B(p(t) — ax(?)).

Take now (4 ' +wl —wit et + Ewl — Ewl™, pit, ab!) € Aneg(wl) as a competitor in
(3.5). Then

A A i Tl i— i i ¢ i i— i i
Qe b — ab) + Hu(xpo ok — DL 1ok — o "D + z—gkn[pk—pk "ol — o 113

< Q(e;;_l + Ew,ic - Ew,ic_l, p,ic_1 - a,ic_l)
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=9, Pt —al H + 5/ A(Ewl — Ewi ") : (Ewl — Ewy ') dx
2

+/ ol ' (Ewl — Ewi ™) dx. (3.9)
2

Since Ew is absolutely continuous in time with values in L?(£2; M%), then

tl
Ewl — Ew} ! =/} Ew(s) ds.
tl

k
By (2.20),

; 2
1 ) ) . . / 4
E/ A(Ew,‘c—Ew;;l):(Ew,lc—Ew,‘;l)dxfVE f Ew(s)ds
2 .

2
2

y/ t};
s—(/, ||Ew<s>||zds>
2 i
%w(aw / IEi(s)l2ds,  (3.10)

where w: [0, 00) — [0, 00) is an infinitesimal function in 0. In view of (3.9) and (3.10),
Q€ bk — ) + Hu(xio [ok — B " e — o D) + —||[pz - o g — oIS
<Q( , i —Olk )+—w(8k) / |Ew(s)]2 ds—i—/ / or(s) : Ew(s) dxds.
Let 0<t <% <T, and consider the unique ji, j»€{1,..., N(k)} such that & e [g',§'"")

and % € [t,gz, t,g”l). Summing up fori=j; + 1 to j2, and using the 1-homogeneity of H in
its second variable, we get

J2

P i1
Q(ex(tz), Pe(tz) — ax(tz)) + Z SiHu (Xri |:pk ) Dy

i=ji+1 k
2
-1
—al
5k

|: pk
2
)// T
< Q(ex(t), pe(t) — ax(t1)) + Ew(ak)/ [Ew(s)||2 ds
0

tjz
+/.k /Uk(S)IEli)(S)dXdS.
t Je

+—Za

i=n+1
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Thus, forevery 0 <t <t, <T with t; € [t,gl, ,f“) and & € [t,{z, ,52“),

t]gz th

Qente), pulte) — o) + [ Haa(o(s),1Bu(s) | aus M ds + 3 [ IlBs) 113 ds
! g

42
< QCex(®), pr(t) — ax(tr)) + / | / o(s) : Eib(s) dxds + o, (3.11)
 Je

with o= Lo () [ [Ei(s)]2 ds.

Inequality (3.11) with ¢ =0, t, =t immediately implies the bounds of the fifth
item in the statement of the theorem.

From there onward, the proof is exactly that in [4, Sections 3.2, 3.3], using a tech-
nique identical to that employed above to establish that {ex(t), px(t), ax(t)} is a Cauchy
sequence in L2(2; M»% x M x M™™), hence, by Poincaré—Korn's inequality, that {ug}

sym dev dev

is then a Cauchy sequence in L>(0, T; H!(£2; R™). [ ]

Remark 3.2. The existence result of Theorem 3.1 holds with Nj,(x.(?), ) replaced by
Ny (x:(t) * p,-) (and, correspondingly, d Hy(x.(t), -) replaced by d Hy(x.(t) * p,-)). We then

call a solution quadruplet a p-visco-plastic solution. In that case,

elllpe (@) [ e (D]ll2 = distz((0:) p (1) — Xe (1), KXo (®) x p)).

Remark 3.4 also applies to that case. O

Remark 3.3. Note that, in lieu of the constant Cr, the bounds in item 5 of Theorem 3.1
can be restated in terms of an expression of the form a(fOT IEw(s)|» ds), with a > 0 con-

tinuous and nondecreasing. This also applies to the p-visco-plastic evolution. d

Remark 3.4 (Visco-plastic energy balance). Finally remark that, as in [15, 45, 46], the

visco-plastic flow rule in Theorem 3.1 can be equivalently replaced by

(1) Modified Stress Constraint: [(o,)p(t) — x:(t) — eP:(t) | x:(t) — et ()] € Kpr(x: (1))
for a.e. t €10, T], or equivalently, since convex analysis implies that Ky (x) =

[(0e)p () = Xe(®) — €P: (D) | Xe(B) — €0t (D] € O Hp (. (2), [0 O)

for a.e. t [0, TI;
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(2) Energy equality: (u (), e:(t), p-(t), a.(t)) satisfies the following energy equal-
ity, for every t € [0, TI:

t t
Q. (1), p.() — () + /0 Har(xe(8), [Bo(8) | e ()] ds + & /O 1pe(s) | @ (NI ds

= Q(ey, po — o) + /:/;;GS(S) : Ew(s)dxds,
or still
Q(e: (1), pe(t) — (1) + /:HM(XE(S), [D:(s) | &:(s)]) ds + /Ot I[De(8) | &t ()]l
x dist2([(0:)p($) — xe(8) | xe ()], Knm(xe(5))) ds
= Q(ey, po — o) + /Ot/.qag(s) : Ew(s) dxds.

The same applies to the nonassociative p-visco-plastic evolution defined in Remark 3.2.
In turn, in view of Remark 3.3, together with (2.10), this implies the following

bound:

T T
/ 1D () | e ()]l ds < b (/ 1Eb(s)]l2 ds) , (3.12)
0 0

with b > 0 continuous and non decreasing. O

4 Time rescaling

As in [4, 15, 23, 45, 46], we propose a rescaling of time which will permit one to pass
to the vanishing viscosity limit in the p-visco-plastic evolution. Under that rescaling
jumps in the original time correspond to intervals where the mapping from the rescaled
time to the original one remains constant.

Given the bounds in the fifth item of Theorem 3.1, we are not able to infer the
L2-regularity of the fields Euand p when passing to the 0-viscosity limit ¢ — 0 and we

thus have to redefine the set of admissible evolutions as Ayeg () from (3.1) as

AW) :={(v,n,q, B) € BD(£2) x L*(£2; M>™) x M(§2; M™™) x M (2; M) :

sym dev dev

Ev=n+qin 2, g=@ —v) OvH" ! on 982; q — B € L3(2; M)}

dev

with & € H'(£2;R"). Without loss of generality, we extend w € H' (0, T; H'(£2, R") by w(T)
fort>T.

Remark 4.1. In the spirit of [4, Remark 4.13], it can be easily established, through

an adequate regularization of any pair [z |n] in LZ(Q;MZ;I;‘ x M%" with 7p,7n in
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L>®(£2; M>™ and div rp in L™(£2; R™) that, for any (u, e, p,«) € A(w) (see definition above),

dev

MO o, plad = (mo, p) = [ 0 (p— o) dx. -

The main result of the paper is the following existence result for a rescaled
quasistatic evolution model for the Armstrong—Frederick plasticity model of nonlinear

kinematic hardening.

Theorem 4.2 (Rescaled Armstrong-Frederick evolution). Let w e H'(0, T; H!(£2; RY));
let (u, €9, po, ®o) € A(w(0)) be such that

divog =0 a.e.in £2 and [og — xo | xol € K(x0 * p),

where oj := Aey and xo := B(py — o). Then, there exist T >0 and a mapping [0, T]> s+
(Ww(s),€°(s), p°(s), a°(s), t°(s)) such that

w1 [0, T1 — BD(£2) is strongly continuous and a.e. weakly* differentiable;
e :[0, T1 — L*(2; MR

p° —a® [0, T1— L2(§2; M™"

dev

are strongly continuous and a.e. differentiable;

p°,a°:[0, Tl — M(2; M'™" are 1-Lipschitz;

dev

t°:10, T1 — [0, o0) is nondecreasing and 1-Lipschitz, with t°(T) > T.

Further, setting o° := Ae®, x°:= B(p° — «°), the following properties are satisfied:

(1) Initial condition: (u°(0), e°(0), p°(0), «°(0), t°(0)) = (u, €y, Po, o, 0);

(2) Kinematic compatibility: ~For every sel0,T], (u(s),e(s), p°(s),a°(s)) €
A(w(t>(s));

(3) Equilibrium condition: For every s € [0, T],

dive°(s) =0 a.e. in £2;
(4) Partial stress constraint: For every s € [0, T]\ U°,
lop — x° 1 x°1(s) € K(x°(s) * p),

where U°:={s € (0, T]: t° is constant in a neighborhood of s};
(5) L?-plastic strain for viscous times: For a.e. sel0,T] with [of — x° | x°I(s) ¢
K(x°(s) % p), p°(s) € L2(82; MIET;

dev
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(6) Maximum plastic work: For a.e. s € [0, T1,

(lop(s) = x“(8) | x° ()] = Pre(yo(s)xp) (lop(s) — X () | x°($)D, [P (s) [ &”(9)])

+Hu(x°(s) * p, [P°(s) | @ (9)]) = (op(s), P°(5)) — /Q x°(8): (P°(s) —a°(s)) dx.
Further, for a.e. s € [0, T] with [0 — x° | x°1(s) ¢ K(x°(s) * p),

[65(s) = x°(8) | x°($)] = Prcyoisysp ([op (8) — x°(8) | x°(s)])

is parallel to [p°(s) | a°(s)] a.e.in £2. O

Note that the equality in Item 6 above coincides with the actual version of the
classical Hill principle [31] whenever the partial stress constraint (Item 4) is fulfilled.
This motivates our reference to Item 6 as of maximum plastic work principle.

As regards the regularity of solutions, one should mention that there exist rate-
independent evolution in which better bounds can be derived. The reader is referred,
for instance, to [49] where higher-order estimates are obtained by considering the time
derivative of the flow rule. These techniques are particularly tailored to the case of a
translation-invariant dissipation function. The extension of such results in the present
setting would require the extra difficulty of allowing for a state-dependent dissipation
function instead.

The proof of Theorem 4.2 is given in Sections 4.1-4.4.

4.1 The rescaled visco-plastic evolution

First, we note that, by an argument identical to that in [4, Proposition 4.3],
A(ug, €9, Po, o) € A(w(0)) with diveg =0 a.e. in 2 and [og — xo | xol € Ku(xo * 0), (4.1)

where og:=Aey and xo:=B(pp — ap). Using, for example, [15, Lemma 5.1], we can
construct a sequence {1} C H'(£2;R" such that ©),=w(0) H" '-a.e. on 382, U — up
strongly in L'(£2; R"), and Eu, — Eup weakly* in M($2; M) Setting pfj := Euy — ey and

af =ao — po + pj, we get that (1, e, If, o) € Areg(w(0)) satisfies

uy — up weakly* in BD(£2),
Ph— pp  weakly* in M(£2; M2, (4.2)

dev

af —ap  weakly* in M(£2; MT<"

dev /*
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Theorem 3.1 and Remark 3.2 then provide, for every ¢ >0, a unique p-visco-plastic
(or visco-plastic) solution (u.(?), e:(t), p.(t), a.(t)), for t [0, T] (any T < oo will do), with
(15, eo, Py, ) as the initial condition.

We rescale time as follows:
t
s, (t) i=/ P + Nl ()1 + IEw(s)]l2 + 1) ds,
0

so that s> t2(s) ;= (s?)"!(s) are strictly monotonically increasing and 1-Lipschitz on
[0, c0), that is,

[t.(s1) — t.(S2)| < |s1 — 2]

for every s; and s; > 0. Note that ¢7(0) = 0 and that, by virtue of (3.12),

T T
T::Zb(/ IEw(s)|l2 ds>+/ IEw(s)|lzds + T > s (T),
0 0

so that t°(T) > T, for each & > 0.
Define, on [0, T],

wy(8) :=w(t)(5), w(s):=u(t(s), e(s):=el(t(s), o.(s):=0:(t(s)),

Do(8) i =p(t(8), o (8):=a(t(5), x.(8) 1= x:(£(5)).

Remark that p; and «f are 1-Lipschitz on [0, T], as well as t°. Then, since,
by (4.2), both s+ p’(s) and s+ «2(s) are uniformly bounded in L*(0, T; M(£2; M/X7)),

dev
Ascoli's theorem—bounded sets in M(Q;Mﬁ:j) are relatively compact and metrizable
for the weak* topology—implies the existence of a Lipschitz and nondecreasing function
t°: [0, T1 — [0, o0) and of p°, «° in Lip([O, T); M(£2; M) such that, for some subsequence

dev
of ¢, still labeled &,

t(s) = t°(s),

p.(s) — p°(s) weakly* in M(£2; MI<1), (4.3)

dev

al(s) =~ a°(s) weakly* in M(2; MI<"),

dev

uniformly on [0, T]. Further, in view of (3.12),

P — p° weakly* in M([0, T] x 2)) and in L’(0, T; M(£2; M),

_ - _ (4.4)
&, — &° weakly* in M([0, T] x £2)) and in L/ (0, T; M(82; M1 Y).

w dev

Clearly, w?(s) — w°(s) strongly in H'(R"%R"), uniformly on [0, T]. Then, a proof
identical to that leading to [4, Lemma 3.4] would establish the following.
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Lemma 4.3. For every s € [0, T], there exists a quadruplet
(W (s), €°(s), p°(s),a°(s)) € A(w°(s))
such that, with o°(s) := Ae°(s) and x°(s) := B(p°(s) — «°(s)),
dive°(s)=0 a.e.in £2,
and, for any sequence s, — s,

u(s;) ~uw(s) weakly* in BD(£2),
e (s.) — e°(s) weakly in L?(2; M™%

sym/’

pi(se) — al(s)) = p°(s) —a°(s) weakly in L?(2; M/2M), (4.5)

dev

0°(s.) — o°(s) weakly in L?(2; M¥"

sym/’

nxn
dev )

x(se) — x°(s) weakly in L*(2; M

Moreover, (u°(0),€e°(0), p°(0),«°(0)) = (up, €y, Po,®0), S+ W(s) is weakly* continuous in
BD(£2), s+ e°(s), s o0°(s) are weakly continuous in L2(£2; Mg, and s+ p°(s) — a°(s),

s+ x°(s) are weakly continuous in L?(£2; M- d

Remark 4.4. Note that the previous result implies in particular that s+ e°(s) and s+

0°(s) are weakly measurable (with values in L?(£2; M™")), hence strongly measurable, so

sym
that, in view of the fifth item in Theorem 3.1, e°, o° both belong to L*°(0, T; L%($2; M’;;Ig)),
while p° — «°, x° both belong to L>(0, T; L?($2; M), O

4.2 Stress constraint

Passing to the O-viscosity limit in the rescaled modified stress constraint—see
Remark 3.4—is not convenient because the chain rule introduces a term of the form
ep?/t. which we do not control.

We introduce the left-continuous (resp. right-continuous) inverse of ¢° defined
by s° (t) :=sup{s: t°(s) < t} (resp. s5.(¢) :=inf{s: t°(s) > t}) and S° :={t € (0, T) : s° (¥) < s5.(D)}.
Here, we use the convention sup@ =0, so that s°(0)=0. Observe that t°(s°(t)) =
t°(s(t)) =t and that the set S° is at most countable. By [15, Lemma 5.2], we know that
for each t ¢ S°, s7(t) — s2(t) = s} (). Hence, in view of convergences (4.3), (4.5) and since

p. and «; are 1-Lipschitz, we have that, for all t & S°,

U (t) — (s (t)) weakly* in BD(£2),
e.(t) — e°(s° (t)) weakly in L2(2; M

sym/’
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(P — @) (1) = (P° — a°)(s° (t)) weakly in L*(£2; MIX"

dev /7
0e(t) = 0°(s° (1)) weakly in L2(£2; MV (4.6)

sym/’

xe (1) = x°(s°(t)) weakly in L?(£2; M/,

dev

p:(t) — p°(s° (1)) weakly* in M(£2; M),

dev

o, () — a°(s° () weakly* in M (§2; M™™),

dev

Recall that

U°={se(0,T]:t is constant in a neighborhood of s},

and note that U° =, s (s (%), s5.(¢)), hence that it is open.

Then, the following partial stress constraint property holds:

Lemma 4.5 (Partial stress constraint). For every s ¢ U°, one has

[(@p)(8) = x°(S) | x° (] € K (x°(s) * p). (4.7)
0

Proof. Thanks to the energy equality in the second item of Remark 3.4 and to the fifth

item in Theorem 3.1,

elp.(t) | & (t)] — 0 strongly in L2(0, T; L(£2; M x M™™)), (4.8)

sym dev

and also a.e. in 2 x (0, T). Recall the modified stress constraint from that same remark,

namely

[(0e)p(t) = Xe(®) — €Pe(?) | xe (D) — €0t ()] € O Hp (X (2) * p,[0]0O])

for a.e. t [0, T]. Then, for any [q | Bl € M™™? and for a.e. (x,t) € 2 x [0, T,

dev
Hur((xe(®) % p)(x), [q | BD) = ((0:)p(®) — X (8) — ePe (1) : @ + (X (b) — £cte (D)) : B.

Because of the fifth convergence in (4.6) and of the bound on p. — . in item 5. of
Theorem 3.1, one has that x.(t) * p — x°(s°(t)) * p a.e. in £ and in LP(Q;M';;IQ), p < oo.
Consider a measurable subset E C §2. Integrating the relation above over E, recalling
Lemma 2.4 and convergence (4.8), we may pass to the limit in the latter inequality and

obtain, for a.e. t € [0, T1,

Hu((x°(s2(0) * p)(0),[q | B]) = (op(s2(8), %) — x"(s2(8), %)) 1 q + x°(s2(0), %) : B

for a.e. xe £2,
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or, equivalently,
[op(s2 (1) — x°(s2(2), %) | x°(s2(t), 0] € Km(x°(s2(2), X) * p).

By the left continuity of s° and the weak continuity in L*(2; M) of ¢° and x°, we
conclude that the previous relation actually holds for every ¢ € [0, T1. A similar argument

would lead to
lop(s5(®) — x°(s1.(8), %) | x°(s5.(1), )] € Ky (x°(s5.(2), %) * p)).

Since s? (t) < s{.(?) if and only if #°(s) is constant over the interval [s; (?), saL (], we finally
obtain (4.7). [ |

Let us now introduce the following sets:
A :={sel0, T]:disty(lop(s) — x°(8) | x° (9], Kn(x°(s) % p)) >0, B°:=[0, T]\ A°.

By Lemma 4.5, the inclusion A° € U° holds and, in view of the right inclusion in (2.9),
one has that (o3(s), x°(s)) € L=(£2; (M})?) for all s € B°. The function o} (s) may fail to
belong to L*>(£2; Mgy for s € A° but this will be compensated by a higher regularity on
the plastic strain.

The following lemma, whose proof is identical to that of [4, Lemmata 3.7, 3.8]

holds.

Lemma 4.6 (Lower semi-continuity of the viscous dissipation). The set A4° is
relatively open in [0, T], and, for every S € [0, T],

/ I1p°(s) | &°($)Ill2 dista([op(s) — x°(8) | x° ()], Km(x°(s) * p)) ds
A°N[0,S]

<lim inf/ 05 1B (s) | el (D]ll2 distz (o) p(s) — x.(8) | x; (9], KX, (s) * p)) ds. (4.9)
A°N[0,S]

e—0

Moreover, [p°|a®le W (A% (L2(2; M2 ™)2), while e° e WIIO'S(AO;LZ(Q;M”X”)) and we

loc dev dev
Wi (A% HY(2; R™). O
Remark 4.7. If (a,b) is any connected component of A°, then w’(s;) — w(sz) € Hj (2; R")

foranya<s; <s; <b. O

Remark 4.8. Since A° > s+ (u°(s), e°(s), p°(s),a°(s)) is absolutely continuous with val-
ues in (the reflexive space) H'(£2;R"™) x L2(2; M™") x L?(2; M) x L2(£2; M¥™) we

sym dev dev

deduce, from [7, Appendix], that the derivative (i°(s),€°(s), p°(s),@°(s)) exists for a.e.
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s € A° for the strong topology of H'(£2;R"™) x L%(2; M%) x L?(£2; M) x L*(2; Mp:"

sym dev /*

Moreover, for a.e. s € A°, that derivative belongs to A(0) since s+ w°(s) is constant in

each connected components of A°. Finally, dive©°(s) =0 a.e. in £2. q O
The dissipated energy is lower semicontinuous.

Lemma 4.9 (Lower semi-continuity of the dissipated energy). For every S € [0, T], we

have

s s
lim iglf Hur(x; () = p, [PS(s) | a;(s)]) ds > / Hu(x°(s) * p, [p°(s) | &°(s)]) ds. O
E—> 0 0

Proof. According to (4.3) and (4.4), for any ¢ € C(£2; M™™), v € C ([0, T1),

dev

T
/, _pX)Y(s) d[p°|d:°]=f w(S)f_w(X)d[PO(S)IdO(S)]ds,
[0,T1x$2 0 2

so that, by virtue of (4.4), the measure [p°|&°] disintegrates with respect to the 1D

Lebesgue measure £} as

[p°(s) [ &°(s)]

, 4.10
[p°(s) [ a°($)]I(£2) .10

gen
[p° 16 1=1[p° () [ & (D) Lg ©

gen
where ® stands for the generalized product (see [1, Section 2.5])

Appealing to Lemma 2.4, and since p{,a° are equi-Lipschitz on [0, T], for a.e.
selo, T,

IHm(x: () * p, [D(8) | &, (D) — Hu(x°(s) * p, [P(s) | & ()D]
= Cull(x:(8) = x°(9)) * plloolllPZ(s) | & ()]l
= Cull (xS () = x°(9)) * plloos

while, by (4.5) and (2.21), x2(s) * p — x°(s) * p uniformly on §2. Dominated convergence
yields

s s
lim i&lf Hu(x, (s) % p, [P2(s) | & (s)]) ds =1im iglf/ Hu(x°(s) * p, [PI(s) | & (s)]) ds.
E—> 0 E—> 0

But the weak L2%-continuity in time of s+ x°(s) established in Lemma 4.3 implies
that x°xp eC(0, T] x £2;M™™), so that Hpy(lo°(s) * pl(x),£) is continuous in (x,s,&)

sym

and convex, one-homogeneous in &. In view of (4.4), Reshetnyak’s theorem (see, e.g.,
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[1, Theorem 2.38]) yields

S
lhn%ﬁ Hu(x°(s) * p, [P2(s) | a2 (s)]) ds
E—> 0

d O o)
Z/ _Hy ([XO(S) * pl(X), %(&X)) d|[p” | a’li(s, ).
[0,51x$ d|[pe | a°]]

But [1, Corollary 2.29] applied to (4.10) yields

o . . gen |[p°(s) [a°(s)]]
o o1 — o o 0 El .
upmn|w®mmw>s®|m@m%wm

An application of [1, Theorem 2.28] implies that

dlp° | &) s X)> 1
dllpe [a°l] "7 ) |lpr(s) | ao()]](£2)
e L0, S;I[p°(s) | a° (I (2)LY),

st / H ([XO@ i« 0100, dilp(s) 1@ ()11
2

that is that s — Ha(x°(s) * p, [°(s) | @°(s)]) is £1-measurable and that
d[p°|a°] ) -

H ° el O d|[p° | &«°l|(s,

/lo,slx.o " ([X ()% pI0, gy 60 ) Al 1671168, %)

S
- / HuG () % p, [5°(5) | 6°(9)]) ds,
0

which completes the proof of the lemma. |

4.3 Rescaled principle of maximum plastic work

It is common mechanical knowledge that, in classical elasto-plasticity, the flow rule is
equivalent to what is usually referred to as Hill's principle of maximum plastic work.

The equivalent statement in our (rescaled) context is that

(e, P°(S)) — / X () — a°()) dx < (05(5), P°(5)) — / X°(8): (B°() — &°(s) dx
2 2

for a.e. s € (0, T), and every [t | x] € L2(£2; M x MM

sym dev

with divt =0 and (tp — x)(x) € Ky ([x°(s) x pl(x)) fora.e. xe $2.
Further, since H is a support function, this is also formally equivalent to

Hu(x°(s) % p, [P°(s) | &°(s)]) = (o5 (8), P°(S)) — / x°(s) 1 (p°(s) —a°(s))dx fora.e.se (0, T).

! (4.11)
The maximum plastic work identity (the sixth item of Theorem 4.2) can be viewed as a
variant of the previous equality, accounting for the fact that the stress constraint could

not be met at all times, but only in B°.
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Of course, the relations above are only meaningful if, on the one hand, the
duality (-, -) is meaningful for the quantities involved (see (2.18)), that is here if p°(s) €
M(£2; M can be associated to a pair (i°(s), €°(s)) so that the kinematic compatibility
(2.17) is satisfied, and, on the other hand, if the integrals are well defined, that is, if
P(s) —a°(s) € L*(2; M.

The proof of the sixth item of Theorem 4.2 (the remaining item in that theorem
that needs proof) will be the object of Theorem 4.13, the proof of which is in turn is

based on the following derivability result.

Theorem 4.10 (Derivability of the strain and back strain). The maps
s> e°(s) and s+ p°(s) — a°(s)

are differentiable for a.e. s €[0, T] for the strong L?(£2; M")-topology. Moreover, for

sym

every 0<s; <s; <T,

Q(€e°(s2), p°(s2) — a°(s2)) — Q(e°(s1), p°(s1) — a” (1))

S2
=/ / {o°(s,x): €°(s,x) + x°(s) : (p°(s) — &°(s))} dxds. (4.12)
S1 2
Finally, the map s+ (W(s),€°(s), p°(s) — a°(s)) is strongly continuous in BD(£2) x
LZ(Q;MQ;IQ) X LZ(Q;MZ{:‘:‘ . |

Remark 4.11. In view of the Lipschitz character of p°(s), of Theorem 4.10, and upon
appealing to Poincaré-Korn's inequality in BD(£2), we conclude that the map s+—
w(s) is weakly* differentiable in BD(£2) for a.e. se (0, T), and that the quadruplet
(U0 (s),€°(s), p°(s),a°(s)) belongs to A(w°(s)) for those s's. q O

Proof. The proof of Theorem 4.10 is based on the following energy equality:
Proposition 4.12 (Energy equality in rescaled times). For every S € [0, T1,
s
Q(e(S), p°(S) —a’(9)) +/ Hu(x°(s) % p, [p°(s) [ &°(s)]) ds
0

S
+/ I[D°(s) | & ()]l dista(lop(s) — x° () | x° (9], Kn(x°(s) * p) ds
0

s
= Q(e’(0), p°(0) — «°(0)) + / / 0°(s) : Ew°(s) dxds. (4.13)
0o Je
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We will not provide the proof of Proposition 4.12 since it is a verbatim adapta-
tion of that of [4, Propositions 3.15, 3.18]. Note however that the proofs in [4] in turn
closely follow that of [15, Equation (8.2)] (the difficult point is to show the > in the
equality of Proposition 4.12).

In particular, from the above proposition we deduce that, for every 0 <s; <

Sy =< T,
Q(e°(sz), p°(s2) — a’(s2)) +f Hu(x°(s) * p, [p°(s) | a°(s)]) ds
< Q(e°(s1), p°(s1) — a°(s1)) +/ ’ / 0°(s) : Ew°(s) dxds. (4.14)
S1 2

Thanks to this relation, we are now in a position to assert the a.e. differentiability in
time of s+ e°(s) and of s+ p°(s) — a°(s) (see below).

Finally, the energy equality immediately implies that
Q(e’(s), p°(s) — a°(s)) € W' (0, T). (4.15)

According to Remark 4.8, we already know that s+ e°(s) and of s+ p°(s) — a°(s)
are absolutely continuous in A° with values in the reflexive space L?(£2; Mgrm) (or
L%(£2; Mi:h). Hence, from [7, Appendix] we conclude that those are differentiable almost
everywhere in A° for the strong L?(£2; Mgym), respectively, L%(£2; Mg, topology. It suf-
fices to prove the a.e. differentiability of e° and of p° — «° in B°.

Let0<s, <s, <T, and assume that s; € B°. Thanks to the Lipschitz continuity of
H in its first variable (see Lemma 2.4) and to the Lipschitz character of p°,«°, for a.e.

s € (s1,82),

Hu(x"(s1) % p, [P°(s) [ a”($)D)
<Hu(x"(s) * p,[p°(s) [a” (] + Cull[P°(s) [ & ()]l (X" () = x°(51)) * plloo
<Hu(x"°(s) * p,[P°(s) [ a°(]) + CI(p° —a”)(s) — (P" — a®)(s1) 2,

for some constant C > 0 independent of s and s;. Next, using (4.14) between s; and s,, we
infer that

Q(e°(Sz),p°(Sz)—aO(Sz))+/ Hu(x°(s1) * p, [p°(s) | &°(s)]) ds
< Q(e"(sl),p"(sl)—a°(sl))+f 2/ o°(s): Ew’(s)dxds
S1 2

+ C/ [(p" —a”)(s) = (p" — a®)(s1) |2 ds. (4.16)
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Since x°(s1) * p is continuous, it is uniformly continuous on £2. Thus, for each ¢ >
0, there exists § > 0 such that if xand y € £2 are such that |x — y| <8, then |[x°(s;) * pl(x) —
[x°(s1) * pl(p)| < e. Let us split 2 into a finite family of pairwise disjoint sets {Q;}1<i<m,
such that

Q:Uéi, diam(Q;) <8,
i=1
/ 2 [P 1a’1(9)(2N0Q;)ds=I[[p° |«’l(s2) — [p° | a’l(s)|[(£2N3Q;) =0

forallie({l1,...,m,}. Fix a point x; € Q;. Then, appealing to Lemma 2.4, for a.e. s € (51, S2),

d o
/@ H, [p° 1 &°1(s) ( )>

di[pe | a°l(s)]
— Hy ([x"(sl) * pl(x;),

(lx"(sl) * pl(x),

d[p® | a°I(s)

dip 1al® ™ >)‘dlip |&1(9)] (0

< Cuellp 16°11(Qy).
Hence,
/ Hu(x°(s1) % p, [P” | &°1(s)) ds
fs / ([x (s1) % pl(x), D1 &)S) )) dIlF | 6°1(9)|(x) ds — Cue (s — 1),

dl[p° | a°l(s)|
(4.17)

By virtue of [12, Theorem 7.1] applied to Hu([x°(s1) * pl(x),-), we get, for each i€

{1,...,m.},

S2 d O 2,0
/ H([x"(sl)*p](&'),%( )) dllp’ | 6°1(s)|(x) ds

o dllp el — 7 [@)(sy)] o
zf-iHOX (sl)*p](x‘)'dupo|a01(sz>—[p0|a01(s1)|(x)>d”p el =P lelionieo

d (e} o _ (e} o
. / . ([XO(Sl)*,O](X), (P @")(s2) — [P | ")) (X)> AlLE° o159 — 15 | a°KsnI 0
; dlp® [e°l(s2) — [p° [el(s)]

— Cuellp® | a®l(s2) — [p” [ e®1(s1)(Q1),

where we used Lemma 2.4 once again. Using the Lipschitz character of p°, «° once again,

we conclude from (4.17) that

/ Hu(x (s1) * p,[p° 1 @°1(s)) ds = H (x°(s1) * p, [p° | «°1(s2) — [P° | «°1(s1)) — 2Cme(s2 — 51),
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and letting, ¢ \ 0, that
f Hu(x°(s1) * p, [P 1&°1(s)) ds = H(x (s1) * p, [p” | @’1(s2) — [P | «”(51)).
S1
Thus, (4.16) yields

Q(€°(s2), P°(s2) —a’(s2)) + H(x"(s1) * p,[p° | a®1(s2) — [P° | «°1(s1))

S2
< Q€ (s1), P'lsy) —a*(s1) + / f o°(s) : B (s) dxds
S 2
S2
+C [ I =) - (0 — a5 2 ds.
S1
Since s; € B°, [6° — x°| x°1(s1) € Ky (x°(s1) * p) and thus, by virtue of Remark 4.1,

(op(s1), P°(s2) — pP°(81)) — / x°(s1) : [(p° —a®)(s2) — (Pp° — ”) (sl dx
2

<H(x°(s1) * p,[p” | «’l(s2) — [P° | «’I(51)).

Hence,
Q(e°(s2), p°(s2) — a°(s2)) + (o (s1), p°(S2) — P (51))
- /Q X0 1P — ) (2) — (P — o) (sp))dx
< Qe (s1), PP (s1) — a(s1) + f i fg o°(s): Eir*(s) dxds
+c / I(pF — a*)(s) — (" — ") (s ds.
Since

Q(e°(s2), p°(s2) — &”(s2)) — Q(€°(s1), P°(s1) — ”(s1))
= Q(€°(s2) — €°(s1), (P°(s2) — a”(52)) — (P°(s1) — ”(51))) + fg{ao(sl) 1 (€°(s2) — €°(s1))
+ x°(s0) : [(p" — a”)(s2) — (p” — ") (s} dx,
we obtain
Q(e’(s2) — €°(s1), (P7(s2) — ”(s2)) — (P°(s1) — &°(s1)))
< f [ @ © =0 : Bir(s) dxds + / I(p" —a*)(s) — (" —a*)(s1)]l2 ds.

In deriving the inequality above, we have also made use of kinematic compatibility, and

of the duality (2.18), together with the fact that o°(s;) is divergence free.
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In view of the coercivity (2.20) of Q, Cauchy-Schwartz inequality and the fact

that || Ew°(s)||2 < 1 for a.e. s, we obtain that

le°(s2) — € (s1)ll3 + 1(P°(s2) — @°(s2)) — (P°(s1) — & (s1))I3

<c / 1B (8) — a°(8)) — (D°(51) — & (s1) |2 ds,

S1

for some constant C >0 independent of s; and s,. Hence a form of Gronwall Lemma

implies that
l€°(s2) — e (sD)llz + [(P°(s2) — a®(s2)) — (P7(s51) — a®(s1))ll2 < L(sz2 — $1), (4.18)

for some constant L > 0 (independent of s; and s;) for every 0 <s; <s; < T with s; € B°.
Thus, by [16, Theorem 3.1], s+ €°(s) and s — p°(s) — «°(s) are differentiable a.e. in B° for
the strong L*(£2; M1 topology.

Then, we deduce that
d
d—SQ(eO(S), p(s) —a’(s) = /Q{U"(S) D €(s)dx+ x°(s): (p°(s) —a°(s)} dx

for a.e. s € [0, T], and thus relation (4.12) follows, since, thanks to (4.15), the right-hand
side of the previous equality is in L!(0, T).

By Remark 4.8 together with (4.18), we conclude that s+ (e°(s), p°(s) — «°(s)) is
actually strongly continuous into L2(£2; M’;;rg) x L2(82; M7, and recalling that p°(s) is

Lipschitz into M(£2; M™), together with Poincaré-Korn's inequality and the H!-regul-

dev
arity of w°, that s+ 1°(s) is strongly continuous into BD(£2). |

We now establish the maximum plastic work identity for the vanishing viscosity
limit.
Theorem 4.13 (Maximum plastic work). For a.e. s € A°, one has
/Q([(UO)D = X1 x°1S) = Pyiesep (lop — x°) [ x°1()) - [P° 1 °1(s) dx
+Hu(x"(s) * p, [P [&°1(s)) = /Q{UO(S) 1PU(S) — x°(s) 1 (p° — &) ()} dx, (4.19)
and for a.e. s € B°,

Hu(x"(s) * p, [p° [ &°1(5)) = (o (s), P°(8)) — /g x°(8):(p°(s) —a°(s)) dx. (4.20)
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Further,

lop(8) = x°(8) | X“ ()] = Pry x50 (lop () — x°(8) [ X" ($)D)

is parallel to [p°(s) | &°(s)] a.e. in £2. (4.21)

Proof. For a null test function, the flow rule in the fourth item of Theorem 3.1, once
integrated over £2 x (0,(S)), Se (0, T] yields

t2(S)
f f [(0):(5) — xo(8) — £5(8) | xe(8) — 866 ()] - [P (5) | e (5)] dxds
0 2

t(S)

> Hm(x:(S) * p, [Pe () | &te (s)]) ds.
0

Rescaling time with the map ¢, the above implies, thanks to the chain rule, to the fourth

item in Theorem 3.1, and to the 1-homogeneous character of [p|al— Hy(x,[p|a]),

e—0

S
lim inf { / Hurxe(5) + p, L () | 62(9)) ds
0
S
+ f 1B (5) 12 )z dista (0 p(s) — x2(5) | XSS, Kna(xC(S) # p) ds}
0

S
<timsup [ [ 0791 51 < X9 (£166) — (9D dx

=0

Then, according to Lemmas 4.6 and 4.9, we get in particular that

S
/ Har(*(s) # p, [5°(s) | 4°(9)]) ds
0
S
+ / ID°(s) | a®($)]ll2 distz([o°(s) — x°(8) | x° ()], K (x°(s) * p)) ds
0

s
<lim sup/ / {o.(8): p(s) — x.(s) : (PJ(s) — e (s))} dx ds. (4.22)
0 Je

e—0

Kinematic compatibility implies that

s s s
/ /of(s):pg(s) dde=/ /of(s):EUj(s) dde—/ /Aej(s):é;’(s) dxds
0 Ja 0 Ja 0o Je



Quasi-Static Armstrong-Frederick Model 335

and, since divo?(s) =0 a.e. in 2 and W (s) = wi(s) H" !-a.e. on 352, then this yields in

turn

s
/ / 0.(s): p.(s)dxds
0 Je
s s
=f / 0.(s): Ew](s)dxds — / / Ael(s): € (s)dxds
0 Je 0 Jo
§ , 1 1
= 0.(s):Ew(s)dxds — - | Ael(S):e(S)dx+ - | Aey:edx.
0 2 2 2 2 2
But the first integral in the last term in the string of equalities above also reads as

t(S)
/ f o.(t) : Ew(t) dxdt,
0 2

and, thanks to the fourth convergence in (4.6), to the uniform convergence of ¢ to t°, to

the fifth item in Theorem 3.1 and to the dominated convergence theorem, it converges to

£(S) s
/ / o°(sg (1) : Ew(t) dth=/ / o°(sy (t°(s))) : Ew°(s) dxds,
0 2 )

where we used the change of variable t=1¢°(s). But since Ew°(s) =0 for all s€ U° and
Sy (t°(s)) =s for a.e. s ¢ U°, we get that

s s
f fo;(s):ij(s)ddeef /o"(s):Eu’)o(s)dxds.
o Jo o Je

Now,

s S
[ [ oo —aenasds= [ [ B —aon: b - axion axas
0 ¢ 0 2
1
9 /.Q B(p(S) —a (S) 1 (p2(S) — e (S)) dx
1
~ 5 [ B = a0 (- ey dx
2

so inequality (4.22) reads as
s
|| o510, 15700 16051 ds
0
s
+/ 1D°(s) | &°($)]ll2 dista([o®(s) — x°(s) | x ()], Km(x°(s) * p)) ds
0

s
< / / 0°(s) : Ew°(s)dxds — limionf Qe (S), pi(S) —a (S)) + Q(ep, pp — ag).  (4.23)

0 0 E—>
But, in view of convergences (4.5), weak lower semi-continuity immediately implies that

lim inf Q(€;(S), P, (S) — () = Q(e(s), p*(5) — a”(5)),
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thus, by Theorem 4.10 and since, in view of Remark 4.11, the quadruplet
(1 (s), €°(s), p°(s),@°(s)) belongs to A(w°(s)) and divs°(s) =0 a.e. in £ for a.e. s€0, T],
we can apply the duality formula (2.18). We deduce that (4.23) reads as

s
/ " () % p, 1B°(5) | &°(5))) ds
0
S
+/ I1p°(s) | &”($)1llz dista(op(s) — x°(s) | x“ ()], Knr(x°(s) * p)) ds
0
s s
5/ /oo(s):Ewo(s) dde—/ /{oo(s):éo(s)—Xo(s):(po(s)—deo(s))}dxds
0o Je 0o Jeo
s

:/ {(og(s),po(s)) —/ x°(8): (P°(s) — a°(s)) dX} ds. (4.24)
0 Q
Recalling Remark 4.1, we obtain, for a.e. s € B°,

Hu(x°(s) x p, [P°(s) [a°($)]) = (op(s), P°(5)) — /Q x°(s) 1 (P°(s) —a°(s)) dx.

On the other hand, since p°(s) e L?(2; M} for a.e. se A°, the duality pairing

dev

(6°(s), p°(s)) coincides with the L? product for a.e. s € A°, so that
Hu(x°(s) * p, [P°(s) [ &°($)]) = /9 Pt ([(0p = X)) | x°(9)]) - [P°(5) [ a°(s)] dx.
Consequently, since, by Cauchy-Schwarz inequality,
ID°(s) | a®()]ll2 dista(lo°(s) — x° () | x“ ()], Kna(x°(s) * p))
> /Q([(GB = xS 1 x° O] = Py (lop = xS | x° (D) - [P°(s) | a”(s)] dx,
we get

Hu(x°(8) % p, [p°(s) [ &°($)D) + I1P°(s) [ & ()]ll2 distz([o”(s) — x°(s) | x° ()], K (x"(5) * p))
= Hu(x(s) * p, [p°(s) | & (s)])

* /g([(a;;, — X)) | X = Prsrsrn (@5 — xS | x°©D) - [F(5) | ()] dx
> /Q 05— X)) | x° )] - () | &° ()] dx

for a.e. s € A°.
In conclusion, for a.e. s € [0, T],

Hu(x°(8) % p, [P°(s) [ & ($)D) + I1P°(s) [ & ()]ll2 distz([o°(s) — x°(s) | x* ()], Knm(x"(5) * )

= (op(s), P°(s)) — /;2 x°(8) 1 (p°(s) —a°(s)) dx,
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and, with (4.24), we obtain that, for a.e. s € [0, T,

HauG(s) # o, 157 () | &) + IE () | &2 dista (o5 (5) — x°(6) | x° ()], Kar(x°(S) % p))
— Har(x°(8) % p, [P (8) | & ()]) + / (15— x*)) | x°©)]
2
— Pryiresrem (@5 — xS | G - [F() | a°(s)] dx

=(op(s), p°(s)) — /Q x°(s): (p°(s) — a°(s) dx.

The proof of (4.19), (4.20), and (4.21) is complete. [ |

4.4 Removal of the cap

We propose in this short section to derive a classical partial flow rule, at least for a.e.
s € B%. We will then show that we can actually get rid of the artificial bound M on the
back stress in the definition of K and still keep the stress constraint and the flow rule.
Of course the set of points B® may a priori depend on M, so that we have not completely
removed the impact of the presence of that cut-off on the evolution. Also, in all fairness,
we do not even know how to establish the existence of a strictly positive s; such that
[0,5:] € B®. In other words, the set of points A° where we do not know whether the
(rescaled) stress constraint is met might contain s =0 in its closure, in which case our
result is truly useless.

The following proposition holds.

Proposition 4.14 (Partial flow rule). For a.e. xc £2 and a.e. s € B?,

po(s, X) — do(sr X) € 8IIQM'X (s,X,aB(s,X))(XO(S' X))

where, for every 7 € My " and for all (x,s) € £2 x [0, S,

Ky (5, %,7) = {n e M [r — | nl € K((x°(5) * p)(x))}.

Further, define s; :=max{s: [0, s] € B°}. We can choose «g in (4.1) and M large

enough, so that, for every s € [0, 511,

[op(8) — x°(9) | x° ()] € K(x°(s) * p),

and the flow rule in the sixth item of Theorem 4.2 is satisfied with H in lieu of Hy,. [
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nxn

Proof. Recall Remark 4.1. For every 7,7 € L?(£2; M,
K(x°(s) * p),

) such that divt =0, [tp —n|nle

Hu(x°(s) * p, [P°(s) | &°(s)]) = (tp, P°(5)) — / n:(pP°(s) —a’(s)) dx.
2
Now, with the result of Theorem 4.13, this implies that

I[p°(s) | & ()]l dista(lop (s) — x° () | x“ (], K(x°(s) * p))

— ((tp — 035, B(S)) — / (0= x°()): (F — °)(s) dx <0,
2
hence, a fortiori,
— ((tp — 03(s)), P(S)) — / (n—x°(8)): (F° —&°)(s) dx < 0. (.25)
2

Note that, for all s € B?, x°(s, x) € I%M,Xo(s, x,05(s,x)) a.e. in 2. Thus, for such s’s,
(4.25) (with t =0°(s)) implies that

—f (m—x"():(p" —a")(s)dx =0,
o)
which, by convex analysis arguments, is equivalent to
—(p°(s,x) —a°(s,x)) € aIéM,Xc(s,x,ag(s,x»(XO(X)) for a.e. xe £2,

or, still, in view of the Lipschitz character of f, to the existence of A¢x > 0 such that

pO(SIX) - dO(SlX) :)"S,X <§f

o

(op(s, %) — x°(s, %) — XO(S,X)) ' (4.26)

since, by (2.6), 9K, (s, X, 7) 1= {n € M f(r — ) + [112/2 = 1T (1 (x°(8) * p)(x)]2)}.
Set

F :=max{(3f/d0)(7) : 7 € Bynen(0, 1)},
and take M to be > y'F/y with y, y’ the coercivity and boundedness constants in (2.20).

Then, define g := p° — «°, multiply (4.26) by 1{xe:s(sx/>F/y}(X)B(s,x) and integrate the

resulting expression over §2. We get

/Q Lixe:|8Gs,0/=F/y) (0 B(S, %) : B(s,x) dx

0
= /Q Asx Lixe: (s> F/y) (X) </3(S, X): a—f(UB(S, x) — x°(s,x)) — BA(s,x): ﬂ(S,X)) dx

o

< / hox Lixeszips,mner/y1 (O1B(S D I(F — y1B(s, 0)]) dx < 0.
2
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But the left-hand side of the previous inequality is the time derivative of

1 , F2\"©
E/Q(LB(S,XN —?) dx

which is thus a decreasing function over any closed interval [a, b] included in B°. Thus,
if |x°(a,0)| <y'F/y <M, then

Ix°(s,x)| <M, sela,bl

so that both the stress constraint and the flow rule in Theorem 4.2 do not activate the
bound M. In other words, Ky can be replaced by K (resp. Hy by H) for those times.
Remark that the last part of this proof follows closely that of [11, Lemma 1]. B

Remark 4.15. If s; > 0, then the previous proposition actually demonstrates that, for
reasonable initial data, Theorem 4.2 holds for K in lieu of Ky on [0, T] in which case
we can immediately recover the corresponding evolution in un-rescaled time over [0, T].
Unfortunately, we do not know how to prove that the L*°-bound on y is preserved when

crossing intervals in A°. O

5 Concluding remarks

In guise of conclusion, we discuss below the impact of the regularization of the stress
constraint via the kernel p.

The regularized stress constraint a priori reads as

[op — x | x1(x) € K((x % p)(x)) < flop(x) — x(2) + 31x* )|
< 3Tu((x * p)(®)[*) a.e. in 2.

By letting | pllz1 <1, we clearly have that

1 1 1
5/ TM<|<x*p)<x>|2>dxs§/ Ix*plde§§/ xI? dx.
2 2 2

Hence, we conclude that
lop — x | xI(x) € K((x * p)(x)) a.e.in 2 = / flop — x)dx<0.
2

In other words, the regularized stress constraint entails the fulfillment of the origi-
nal stress constraint f(op — x) <0 in some integrated (weaker) form. This shows that
the regularized flow is not activated at the boundary op(x) — x(x) € 9K, that is [op — x |

x1(x) € 0K (x(x)), but rather at [op — x | x1(x) € IK((x * p)(x)). Correspondingly, the flow
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rule of the regularized model [p|d] € dIx( 40 (0D — X, x) (see again Theorem 4.2) differs
from that of the original Armstrong-Frederick model, namely [p|d&] € Ik (op — X, X)-
Note however that, by choosing the support of p to be contained in a suitably small
interval centered at 0, the dynamics of the regularized model can be made arbitrarily
close to that of Armstrong—Frederick, at least formally.

Before closing this section, we mention an alternative regularization approach
to the Armstrong-Frederick model. This corresponds to a mollification of the original

Armstrong-Frederick relation (2.3), the new relation being
x +IDIF(x *p)=Bp,

or, equivalently,

[plal(x, t) € A(op(x,8), (x * p)(x,1)). (5.1)

It is thus assumed here that the nonlinear hardening term arises in a nonlo-
cal fashion via space-averaging. This modification of the original Armstrong-Frederick
model seems new. It has the effect of taming the quadratic (nonlinear) term in the orig-
inal Armstrong—Frederick flow rule.

Note that, in the notation of Section 2, for x € 2 and ¢ given,

e the stress constraint is satisfied iff [(ocp — x) | (x * p)I(x,t) € K((x * p)(x, 1));
e (0 — x)(x,t) €dK iff [(op — x) | (x * P)](x, 1) € IK((x * p)(X,1));
e the flow rule (5.1) is satisfied iff [p| &l(x, t) € Ik (s xonlop — x | (x * p)I(x, 2).

The alternative regularized model has the advantage that it preserves the original non-
regularized stress constraint, although it does modify the flow rule.
An existence result for quasi-static evolution driven by (5.1) can then be obtained

by faithfully reproducing the analysis presented in this paper.

Acknowledgement

G.A.F. wishes to acknowledge the hospitality of the Courant Institute of Mathematical Sciences,
where a large part of his contribution to this work was carried out. Both authors thank Jean-Louis
Chaboche for a fruitful exchange on the many intricacies of the Armstrong—Frederick model. They
also thank both referees for their many insightful and pointed remarks.

Funding

This work was partially supported by the FP7-IDEAS-ERC-StG Grant # 200947 BioSMA, the CNR-
AVCR grant SmartMath, and the CNR-JSPS grant VarEvol (to U.S.)



Quasi-Static Armstrong-Frederick Model 341

References

[1]

[2]

[3]

[4]

(5]

(6]

[71

(8l

(9l

[10]

[11]

(12]

[13]

[14]

[15]

Ambrosio, L., N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Disconti-
nuity Problems. Oxford Mathematical Monographs. New York: The Clarendon Press, Oxford
University Press, 2000.

Armstrong, P. J. and C. O. Frederick. “A mathematical representation of the multiaxial
Bauschinger effect.” Central Electricity Generating Board & Berkeley Nuclear Laboratories,
Research & Development Department Report RD/B/N731, 1966. Reprinted in Materials in
High Temperature 24 (2007): 11-26.

Auricchio, F., A. Mielke, and U. Stefanelli. “A rate-independent model for the isothermal
quasi-static evolution of shape-memory materials.” Mathematical Models & Methods in
Applied Sciences 18, no. 1 (2008): 125-64.

Babadjian, J.-F., G. A. Francfort, and M.-G. Mora. “Quasistatic Evolution in non-associative
Plasticity—The Cap Model.” SIAM Journal of Mathematical Analysis 44, no. 1 (2012): 245-92.
Baiocchi, C. and A. Capelo. Variational and Quasivariational Inequalities. Applications to
Free Boundary Problems. New York: Wiley, 1984.

Barré de Saint Venant, J. “Mémoire sur l'établissement des équations différentielles

”

des mouvements intérieurs opérés dans les corps solides ductiles....” Journal de
Mathématiques Pures et Appliquées 16 (1871): 308-16.

Brézis, H. Operateurs maximaux monotones et semi groupes de contractions dans les
espaces de Hilbert. Amsterdam/New York: North-Holland/American Elsevier, 1973.

Brokate, M. and P. Krejci. “Maximum norm wellposedness of nonlinear kinematic hardening
models.” Continuum Mechanics and Thermodynamics 9, no. 6 (1997): 365-80.

Brokate, M. and P. Krejci. “On the Wellposedness of the Chaboche Model.” Control and
Estimation of Distributed Parameter Systems (Vorau, 1996), 67-79. International Series in
Numerical Mathematics 126. Basel: Birkhduser, 1998.

Brokate, M. and P. Krejci. “Wellposedness of kinematic hardening models in elastoplasticity.”
RAIRO Modélisation mathématique et analyse numeérique 32, no. 2 (1998): 177-209.
Chelminski, K. “Mathematical analysis of the Armstrong-Frederick model from the theory of
inelastic deformations of metals. First results and open problems.” Continuum Mechanics
and Thermodynamics 15, no. 3 (2003): 221-45.

Dal Maso, G., A. De Simone, and M. G. Mora. “Quasistatic evolution problems for linearly
elastic—perfectly plastic materials.” Archive for Rational Mechanics and Analysis 180, no. 2
(2006): 237-91.

Dal Maso, G., A. De Simone, M. G. Mora, and M. Morini. “A vanishing viscosity vpproach
to quasistatic evolution in plasticity with softening.” Archive for Rational Mechanics and
Analysis 189, no. 3 (2008): 469-544.

Dal Maso, G., A. De Simone, M. G. Mora, and M. Morini. “Globally stable quasistatic evolution
in plasticity with softening.” Networks and Heterogeneous Media 3, no. 3 (2008): 567-614.
Dal Maso, G., A. De Simone, and F. Solombrino. “Quasistatic evolution for Cam-Clay plas-
ticity: a weak formulation via viscoplastic regularization and time rescaling.” Calculus of
Variations and Partial Differential Equations 40, nos. 1-2 (2011): 125-81.



342

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

(271

[28]

[29]

[30]

[31]
[32]

[33]

[34]

G. A. Francfort and U. Stefanelli

Dal Maso, G., A. De Simone, and F. Solombrino. “Quasistatic evolution for Cam-Clay plas-
ticity: properties of the viscosity solutions.” Calculus of Variations and Partial Differential
Equations 44, nos. 3-4 (2012): 495-541.

Dal Maso, G., A. Demyanov, and A. De Simone. “Quasistatic evolution problems for pressure
sensitive plastic materials.” Milan Journal of Mathematics 75 (2007): 114-34.

Dal Maso, G. and F. Solombrino. “Quasistatic evolution for Cam-Clay plasticity: the spatially
homogeneous case.” Netw. Heterog. Media 5, no. 1 (2010): 97-132.

Dal Maso, G. and R. Toader. “Quasistatic crack growth in elasto-plastic materials: the two-
dimensional case.” Archive for Rational Mechanics and Analysis 196, no. 3 (2010): 867-906.
Davoli, E. and M. G. Mora. “A quasistatic evolution model for perfectly plastic plates derived
by Gamma-convergence.” (2012): submitted.

Duvaut, G. and J.-L. Lions. Inequalities in Mechanics and Physics. Grundlehren der Mathe-
matisches Wissenschaften 219. Berlin: Springer, 1976.

Ebobisse, F. and B. D. Reddy. “Some mathematical problems in perfect plasticity.” Computa-
tional Methods in Applied Mechanics and Engineering 193, nos. 48-51 (2004): 5071-94.
Efendiev, M. and A. Mielke. “On the rate-independent limit of systems with dry friction and
small viscosity.” Journal of Convex Analysis 13, no. 1 (2006): 151-67.

Francfort, G. and A. Giacomini. “On periodic homogenization in perfect elasto-plasticity.”
Journal of European Mathematical Society (2012), to appear.

Francfort, G. and A. Giacomini. “Small strain heterogeneous elasto-plasticity revisited.”
Communications on Pure and Applied Mathematics 65, no. 9 (2012): 1185-241.

Francfort, G., A. Giacomini, and A. Musesti. “On the Fleck and Willis homogenization proce-
dure for strain gradient plasticity.” Discrete and Continuous Dynamical Systems Series S 6,
no. 1 (2013): 43-62.

Francfort, G. and A. Mielke. “Existence results for a class of rate-independent material mod-
els with nonconvex elastic energies.” Journal fiir die Reine und Angewandte Mathematik
595 (2006): 55-91.

Giacomini, A. “On the energetic formulation of the Gurtin and Anand model in strain gradi-
ent plasticity.” Discrete and Continuous Dynamical Systems Series Series B 17, no. 2 (2012):
527-52.

Giacomini, A. and A. Musesti. “Two-scale homogenization for a model in strain gradient
plasticity.” ESAIM Control Optimisation and Calculus of Variation 17, no. 4 (2011): 1035-65.
Hanke, H. “Homogenization in gradient plasticity.” Mathematical Models & Methods in
Applied Sciences 21, no. 8 (2011): 1651-84.

Hill, R. The Mathematical Theory of Plasticity. Oxford: Clarendon Press, 1950.

Johnson, C. “Existence theorems for plasticity problems.” Journal de Mathématiques Pures
et Appliquées 55, no. 4 (1976): 431-44.

Johnson, C. “On finite elements methods for plasticity problems.” Numerical Mathematics
26, no. 1 (1977): 79-84.

Johnson, C. “A mixed finite element method for plasticity problems with hardening.” SITAM
Journal on Numerical Analysis 14, no. 4 (1977): 575-83.



[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[61]

Quasi-Static Armstrong-Frederick Model 343

Johnson, C. “On plasticity with hardening.” Journal of Mathematical Analysis and Applica-
tions 62, no. 2 (1978): 575-83.

Kohn, R. V. and R. Temam. “Dual spaces of stresses and strains, with applications to Hencky
plasticity.” Applied Mathematics and Optimization 10, no. 1 (1983): 1-35.

Lemaitre, J. and J.-L. Chaboche. Mechanics of Solid Materials. Cambridge: Cambridge Uni-
versity Press, 1990.

Lévy, M. “Extrait du mémoire sur les équations générales des mouvements intérieurs des
corps solids ductiles. . .. Journal de Mathématiques Pures et Appliquées 16 (1871): 369-72.
Liero, M. and A. Mielke. “An evolutionary elastoplastic plate model derived via
I'-convergence.” Mathematical Models & Methods in Applied Sciences 21, no. 9 (2011):
1961-86.

Lubliner, J. Plasticity Theory. New York: Macmillan Publishing Company, 1990.

Mainik, A. and A. Mielke. “Global existence for rate-independent gradient plasticity at finite
strain.” Journal of Nonlinear Science 19, no. 3 (2009): 221-48.

Maugin, G. A. The Thermomechanics of Plasticity and Fracture. Cambridge Texts in Applied
Mathematics. Cambridge: Cambridge University Press, 1992.

Melan, E. “Zur Plastizitat des rdumlichen Kontinuums.” Archive of Applied Mechanics 9,
no. 2 (1938): 116-126.

Mielke, A. “Evolution in Rate-Independent Systems (ch. 6).” In Handbook of Differential
Equations, Evolutionary Equations, edited by C. Dafermos and E. Feireisl, vol. 2, 461-559.
Amsterdam: Elsevier, 2005.

Mielke, A., R. Rossi, and G. Savaré. “Modeling solutions with jumps for rate-independent
systems on metric spaces.” Discrete and Continuous Dynamical Systems Series A 25, no. 2
(2009): 585-615.

Mielke, A., R. Rossi, and G. Savaré. “BV solutions and viscosity approximations of rate-
independent systems.” ESAIM Control, Optimisation and Calculus of Variations 18 (2012):
36-80.

Mielke, A. and U. Stefanelli. “Linearized plasticity is the evolutionary I"-limit of finite plas-
ticity.” Journal of European Mathematical Society (2012), to appear.

Mielke, A. and A. Timofte. “Two-scale homogenization for evolutionary variational inequali-
ties via the energetic formulation.” SIAM Journal on Mathematical Analysis 39, no. 2 (2007):
642-68.

Mielke, A. and S. Zelik. “On the vanishing viscosity limit in parabolic systems with rate-
independent dissipation terms.” Annali della Scuola Normale Superiore di Pisa Classe di
Scienze (5) (2012), to appear. WIAS preprint 1500.

Moreau, J.-J. “Application of convex analysis to the treatment of elastoplastic systems.”
In Application of Methods of Functional Analysis to Problems in Mechanics, edited by
P. Germain and B. Nayroles. Berlin: Springer, 1976.

Ortiz, M. and E. Repetto. “Nonconvex energy minimization and dislocation structures in
ductile single crystals.” Journal of the Mechanics and Physics of Solids 47, no. 2 (1999):
397-462.



344

[52]

[53]

(54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

G. A. Francfort and U. Stefanelli

Prager, W. “Recent developments in the mathematical theory of plasticity.” Journal of
Applied Physics 20 (1949): 235-41.

Prandtl, L. T. “Spannungverteilung in plastischen Kérpern.” In Proc. 1st International Condr.
Mechanics, Delft, 43-54 (1924).

Prandtl, L. T. “Ein Gedankenmodell zur kinetischen Theorie der festen Korper.” Zeitschrift
flir Angewandte Mathematik und Physik 8 (1928): 85-106.

Reuss, A. “Beriicksichtigung der elastischen Formdnderung in der Plastizitdtstheorie.”
Zeitschrift flir Angewandte Mathematik und Physik 10 (1930): 266-74.

Solombrino, F. “Quasistatic evolution problems for nonhomogeneous elastic plastic materi-
als.” Journal of Convex Analysis 16 (2009): 89-119.

Solombrino, F. “Quasistatic evolution in perfect plasticity for generalized multiphase mate-
rials.” (2012): preprint. Downloadable at http://cvgmt.sns.it/person/120/

Suquet, P. “Un espace fonctionel pour les équations de la plasticité.” Annales de la Faculté
des Sciences de Toulouse 1, no. 1 (1979): 77-87.

Suquet, P. “Sur les équations de la plasticité: existence et régularité des solutions.” Journale
de Mécanique 20, no. 1 (1981): 3-39.

Temam, R. Mathematical problems in plasticity. Paris: Gauthier-Villars, 1985. Translation
of Problemes mathématiques en plasticité. Paris: Gauthier-Villars, 1983.

Tresca, H. E. “Mémoire sue 1'écoulement des corps solids.” Mémoire Présentés pas Divers
Savants, Academié Science Paris 20 (1872): 75-135.

von Mises, R. “Mechanik der festen Kérper im plastisch deformablen Zustand.” Nachrichten
von der Gesellschaft der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse
(1913): 582-92.

von Mises, R. “Mechanik der plastischen Forménderung von Kristallen.” Zeitschrift fiir Ange-
wandte Mathematik und Mechanik 8 (1928): 161-85.


http://cvgmt.sns.it/person/120/

	Introduction
	Description of the model
	Notation
	The original model revisited
	Properties of the dissipation potential
	Mathematical setting

	The visco-plastic model
	Time rescaling
	The rescaled visco-plastic evolution
	Stress constraint
	Rescaled principle of maximum plastic work
	Removal of the cap

	Concluding remarks

