STABLE CARBON CONFIGURATIONS
ULISSE STEFANELLI

ABSTRACT. Molecular Mechanics models molecules as configurations
of particles interacting via classical potentials. The specific geome-
try of covalent bonding in carbon is described by the combination of
an attractive-repulsive two-body interaction and a three-body bond-
orientation part. We investigate the strict local minimality of specific
carbon configurations under general assumptions on the interaction po-
tentials. Carbyne, graphene, some fullerenes, and diamond are proved
to be stable.

1. INTRODUCTION

The richness of Organic Chemistry comes from the capability of carbon
to constitute strong bonds to a variety of different elements. Carbon-carbon
bonds form chains and rings, resulting then in basic structures for all organic
molecules. This bonds are of covalent nature, for two carbon atoms share a
pair of electrons. As a result, the corresponding orbitals are so-called sp-,
sp?-, or sp>-hybridized, inducing indeed bonds at a given atom to align, to
form 27/3 angles, or to arrange in a tetrahedral structure, respectively. In
combination with hydrogen (hydrocarbon), these give correspondingly rise
to alkynes, alkenes, and alkanes [12].

These three different bonding modes are responsible for the geometric di-
versity of carbon allotropes, namely elemental forms of pure carbon. Linear
acetylenic carbon (carbyne) is a long chain of sp-bonded atoms. Graphene
is a sp?-based two-dimensional material consisting in a single carbon sheet.
Nanotubes and fullerenes are three-dimensional closed-cage-like structures
based on sp? bonding as well. Finally, diamond and lonsdaleite are sp-
bonded crystals [59]. The extraordinary electromechanical and optical prop-
erties of these structures have triggered an immense amount of research over
the last decades. Landmarks in this respect are the 1996 Nobel Prize in
Chemistry to Curl, Kroto, and Smalley for the experimental discovery of
fullerenes and the 2010 Nobel Prize in Physics to Geim and Novoselov for
the realization of graphene.

Our focus is on rigorously analyzing these structures within the frame-
work of Molecular Mechanics [I]. Carbon configurations are modeled as a
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collection of particle positions to which a configurational energy is associ-
ated. This energy is given in terms of classical potentials and takes into
account both attractive-repulsive two-body interactions, minimized at some
given bond length, and three-body terms favoring specific angles between
bonds [4 54} 56].

The tenet of Molecular Mechanics is that molecular structures and their
physical properties can be ascertained by inspecting the configurational en-
ergy [23,[39]. With respect to quantum-mechanical models, this phenomeno-
logical approach has the advantage of being simpler and parametrizable, al-
though at the expense of a certain degree of approximation. Remarkably,
Molecular Mechanics delivers the only computationally amenable option as
the dimension of the ensamble scales up. This advantage is indeed ground-
breaking for it paves the way to the understanding of macromolecules. The
development of Molecular Mechanics has been awarded the 2013 Nobel Prize
in Chemistry to Karplus, Levitt, and Warshel.

Inherent to the process of molecular structuring is the concept of stabil-
ity: among the many possible geometries only those showing some suitable
stability (either thermodynamic, or electrochemical, or even mechanical,
depending on the context) can be expected to be realized. This issue is
formalized within this paper by interpreting

stability = strict minimality w.r.t. the configurational energy.

The aim of this note is to discuss the stability of specific carbon configura-
tions. Our main result consists in identifying a minimal set of assumptions
on the configurational energy entailing stability of carbyne, graphene, some
fullerenes, and diamond. With respect to classical molecular-mechanical
computations the novelty of our contribution resides in providing rigorous
results instead of numerical assessments [I B9, [50]. Note that a menagerie
of different possible choices for energy terms has been implemented in Com-
putational Chemistry codes [6, 11, 25 [47, [60]. A by-product of our results
is hence the cross-validation of these choices in view of their capability of
describing stable carbon geometries.

Our analysis follows indeed two distinct but interdependent lines. The
first one consists in encoding the local geometry of the specific carbon-
bonding mode directly in the structure of the three-body interaction part
by suitably prescribing minimality at specific bond angles. This is indeed
the traditional choice [4, 54, 56] and allows to reformulate stability as a
rather geometrical rigidity-type property of the entire configuration. The
price to pay is the a priori determination of the carbon-bonding mode and,
correspondingly, a lack of generality.

The second line focuses on the search for a single potential describing
ideally all geometries at once. Instead of minimality at specific bond angles
we use here local convexity and monotonicity. The global topology of the
configuration has to come into the picture in order to translate optimality of
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small atomic ensambles to stability. We sort out some minimal assumptions
on the energy entailing the stability of all the mentioned carbon configura-
tions.

Let us briefly comment on the current literature on geometry optimiza-
tion in carbon. The global minimality of graphene in two dimensions has to
be traced back to [19]. By assuming the three-body energy term to favor sp?
bonding, the thermodynamic limit of a large number of atoms is ascertained
to correspond to a regular hexagonal lattice. This result corresponds to a
three-body version of the seminal theory in [57]. In this same direction, in
[20] the authors recover the hexagonal lattice in the thermodynamic limit
by assuming the three-body energy term to favor sp bonding instead. The
generically nonunique ground state for a finite number of atoms in two di-
mensions has been proved to be a graphene patch in [46] and characterized
in terms a discrete isoperimetric inequality in [16]. In particular, one can
quantitatively check the emergence of a hexagonal Wulff shape as the num-
ber of atoms increases. Apart from the recent [21], which however does not
describe carbon geometries, no global minimality (crystallization) result in
three dimensions is presently available.

As for local minimality (stability) one has to record the convexity argu-
ment in [46] where it is checked that the two fullerenes Cyy and Cygy are
stable. To some extent, part of this paper corresponds to an extension of
those ideas to other configurations. Stability is also employed as a selec-
tion criterion among different carbon-nanotube and fullerene geometries in
[22, 44, [45]. To our knowledge, this paper presents the first stability result
for carbyne and diamond.

2. CONFIGURATIONAL ENERGIES

Carbon ensambles are modeled as collections of points, to which we refer
to as atoms. On configurations X = {x1,...,z,} of n atoms in R3 we
assume to be given a configurational energy E : R3™ — R U {oo} as

1 1
B(X) = B(X)+ B(X) =5 Y wallwi—aih+5 > eslfusn).
(i,9)EN (4,9,k)€T

This energy is the sum of a two-body term E5, depending solely on the mutual
distance of the atoms, and a three-body contribution E3 depending instead
on bond angles, see Figure [I Reflecting the locality of covalent bonding,
the two-body interaction density va : [0,00) — RU{oo} is assumed to be of
attractive-repulsive type and short-ranged. In particular, we ask for

—-1= 1)2(1) < ’Ug(e) A4 75 1. (1)

Condition expresses the fact that carbon bonds have a preferential bond
length, here normalized to 1. Note that this is an idealization, since bond
lengths in carbon structures actually depend on chemistry (single, double,
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triple bonds) and geometry (molecular configuration) and usually vary con-
sistently in the range 1.2-1.6 A. This is however a sensible assumption in
the case of the configurations here under consideration, where indeed bond
lengths can be assumed to be equal.

The sum defining Fy ranges over the set of indices N corresponding to
bonded atoms. We say that the two atoms z; and z; are bonded or that the
exists a bond between x; and z; iff

I—e <o — oyl < 3(-e),

where € € (0,1/3) is some small parameter. Here 1 — ¢ corresponds to some
minimal bond length modeling atomic repulsion. Short-range repulsion is the
effect of electrostatic interactions and is often modeled by asking va(¢) = oo
for ¢ < 1—e. The value 3(1—¢)/2 above is the mazimal two-body interaction
range. Note that the specific form of these bounds is chosen for definiteness
and could be generalized. The indices corresponding to bonded atoms are
defined as

N={(,j)e{l,....,n}* 1 i#j, 1—e<|v; —zj| <3(1 —¢)/2}.

The coefficient 1/2 in front of the sum in Fj reflects the fact that all bonds
are represented twice in N.

To all configurations we associate the respective bond graph resulting from
taking the atoms as vertices and the bonds as edges, and tacitly identify it
with its three dimensional realization with bonds represented as straight
segments. We shall mainly use atom and bond for vertex and edge in the
following, still resorting to the graph-theory terminology in specific places.
We use hezagon (pentagon, etc.) to indicate a simple cycle of the bond
graph with six bonds (five bonds, etc.). A bond is called cyclic if it belongs
to a simple cycle and acyclic otherwise. An acyclic bond is a cut-edge iff its
removal disconnects the bond graph.

The three-body energy term FEj3 is modulated via the interaction energy
density vs : [0,27] — [0,00). The angles 6;;, appearing in the definition of
E5 are those formed by bonds. In particular, the index set T is defined as

T =A{(i,j,k) = (i,5) € N, (k,j) € N,i # k}

and 0;j is the angle formed by the segments (z;,2;) and (xy,x;), coun-
terclockwise oriented in the plane containing x;,z;, and xy, see Figure .
Although not strictly needed from the mathematical standpoint, we assume
in the following the symmetry

v3(0) = v3(2mr—0) VO € [0, ). (2)

This ensures that the two complementary bond angles 0, and 0y;; con-
tribute the same energy to Es3. The factor 1/2 in the definition of E3 reflects
the fact that all these terms are summed. In addition, yields the invari-
ance of the energy under any relabelling of the atoms and can thus be seen



STABLE CARBON CONFIGURATIONS 5

T Ty

[ Oijk o
RN
|

Zj

Orji

FiGURE 1. Notation for bond angles.

as a consistency condition. Note that entails that m is a critical point
of v3 whenever differentiability holds. Different models may require 7w to be
locally minimizing or maximizing vs [4], 5], [54] 56].

With the intent of keeping technicalities and notation to a minimum, we
stay with assumptions — throughout the paper without further men-
tioning. On the contrary, we specify additional assumptions on vs, especially
of differentiability, convexity, or monotonicity nature, as we get along.

The energy F is invariant by translation and rotation. In the following
we tacitly assume that all statements are to be considered up to isome-
tries. Note incidentally that E is coercive whenever vy is. Under lower
semincontinuity assumptions on the interaction densities the existence of
global minimizers immediately follows. Still, the exact geometry of global
minimizers is to a large extent not known.

As bonding is energetically favored, one can easily prove that ground
states are necessarily connected configurations, i.e. configurations such that
the corresponding bond graph is connected. In order to simplify our state-
ments we will focus exclusively on connected configurations. Note that some
statements, for instance Theorem below, do not hold without assuming
connectedness. Modifications in case of not connected configurations will be
then straightforward.

3. CARBYNE

Let us start our discussion by sp-bonded carbon structures where indeed
atoms have two neighbors and the corresponding bonds tend to align. This
local configuration is prototypical of alkynes (Cy,Hay,—2) [59] where never-
theless carbon atoms are bonded to hydrogen. On the other hand, the pure-
carbon reference structure in this context is linear acetylenic carbon, also
called carbyne. This allotrope of carbon presents an unrestricted number of
doubly-sp-bonded carbon atoms (together with hydrogen or metal capping,
excluded from our analysis) [41]. The interest for carbyne is justified by its
predicted remarkable mechanical properties. With a Young modulus of 32.7
TPa it is expected be the strongest material to date [30, BI]. Our stability
result for carbyne reads as follows.
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Theorem 3.1 (Carbyne is stable). Let vs be strictly minimized at w. Then
the open carbyne chain S, := {(k,0,0) : k = 1,...,n} is a strict local
minimaizer.

Assume vs to be convexr and strictly decreasing in a left neighborhood of
m and n > 5. Then the planar closed carbyne ring

Ry, :=r{(cos(2wk/n),sin(2rk/n),0) : k=1,...,n}

with radius r = 1/(2sin(mw/n)) is a strict local minimizer.

Proof. The first part of the assertion is straightforward. As for the closed
ring Ry, let us preliminarily observe that value of the radius 7 is such that all
bonds have length 1. Let now R,, = {Z1,...,Z,} be a small perturbation of
R, preserving the topology of the bond graph. All bond angles of R,, which
are smaller than 7 are indeed ™ — 27/n, as this is the internal angle of a
polygon with n sides. We indicate with 0; the corresponding bond angles of
R,,. These are all smaller than 7 if the perturbation is small enough. The
mean of all such bond angles satisfies

1 <&
0= — 0; <m—2
n; <7 w/n (3)

where the occurrence of a strict inequality would be the signature of a non-
planar R,. By using this fact we deduce that

~ () r ~ (b _
E(Ry) > —n+ Y wvs(f;) > —n + nvs(0)

©

> —n+nu3(r—27/n) = E(R,).
We have used the minimality in (a), the convexity of vz in (b), and the
monotonicity of vs combined with in (¢). In order to do this, we are
assuming the perturbation to be so small that all 8; belong to the convexity
and strict monotonicity left-neighborhood of .

The above chain of inequalities is strict whenever (a) a bond in R, has
length different from 1, (b) not all bond angles in R, are equal, or (c)
f < m— 27 /n, namely iff R, is not planar. We hence conclude that E(R,) =
E(R,) iff R, = R, so that R, is a strict local minimizer. Note that in
order to prove the local strict minimality of R,, no minimality of vg in 7 is

needed. O

Before closing this section, let us mention that E(R,) < E(S),) for n large
enough. In particular, a long open carbyne chain is stable but not a ground
state. Indeed, by comparing

E(R,) = —n+nvs(mr —2/n) and E(S,) = —n+ 1+ nvs(n)
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one finds that E(R,) < E(S,,) for
nug(m —2/n) < 1+ nvg(m). (4)

Assume v to be twice differentiable in 7 and vs(7) = 0 < v§ (7). Then for
n large we have

nvg(m —2/n) ~ nvsg(T) + %Ué’(w)

and the above right-hand side is eventually smaller than 1, so that holds.
This observation is remarkably corresponding, although necessarily in a very
schematic way, to the current debate on the possibility of realizing very long
carbyne chains [3]. In fact, under additional quantitative assumptions on
the interaction densities one could prove that either .S, or R, is the unique
global minimizer in R®. For given n, condition singles out which of
the two occurs. We plan to develop these considerations in a forthcoming
contribution [37].

4. GRAPHENE

We now move to the case of sp? bonding, where each carbon atom shares
three (pairs of) electrons with three neighboring atoms. This hybridized
bonding regime arises classically in alkenes (C) Ha,) where it gives rise to
long structures [59]. Locally two-dimensional allotropic forms of carbon
including graphene, nanotubes, and fullerenes, are based on sp? bonding as
well.

The specific geometry of sp? covalent bonding favors 27 /3 bonds. In case
v is locally strictly minimized at 27/3, namely if

0= v3(21/3) < v3(8) VO # 21/3, 47 /3, (5)

by specifically quantifying the convexity and the monotonicity of vs ground
states in two dimensions can be shown to be subsets of a regular hexago-
nal lattice and the exact value of the ground-state energy in terms of n is
established [46]. This precise knowledge of the ground-state energy allows
for a characterization of all the two-dimensional ground states, which are
generically (with respect to n) nonunique. Their complete characterization
in terms of a discrete isoperimetric inequality as well as a sharp, quantitative
study of the emergence of a hexagonal Wulff shape for large n is provided
in [16]. Note in particular that two-dimensional ground states for large n
differ from a suitably rescaled hexagonal configuration by at most O(n3/ 4
atoms, exactly as in the case of the triangular [2, [I5] 53] and the square
lattice [43]. The so-called thermodynamic limit for n — oo has been studied
in [19] by extending to the case of the analysis for the triangular lattice
n [57]. More recently, the hexagonal lattice has been obtained in the ther-
modynamic limit for some qualified vs density not fulfilling but rather
being minimized at 7 [20].
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No ground-state characterization is presently available in three dimen-
sions. Still, the stability of some three-dimensional configurations has been
already addressed in [46]. The content of this section corresponds to an
extension and refinement of the arguments in [46].

Before going on, let us define ‘H to be the hezagonal lattice with bond
length 1, lying on some plane in R3. A possible specific choice for H is

H:={nx+my+cz:n meZ c=01}

where x = (1/3,0,0), y = (v/3/2,3/2,0), z = (0,1,0). We call sp-regular
any configuration having solely bonds of length 1 and 27 /3 bond angles and
start from the following elementary observation.

Proposition 4.1 (sp?-regular configurations). Under assumption all
sp?-reqular configurations are local minimizers.

Proof. Let X be sp?-regular and X be a small perturbation of X so that the
topology of the bond graph is preserved. By indicating with b the number
of bonds in X (as well as in X') we have

E(X)>—b+ %ng(éj) > —b=E(X)
J

where éj are the bond angles in X. O

The latter proposition entails that all X C H are local minimizers. In
particular, benzene (a hexagon) and all alkenes

Ap={kzx : k=1,...,[n/21}U{kz —y+2z: k=1,...,|n/2]}

where the vectors z,y, and z are defined above,

are local minimizers. Note however that local minimizers need not be sp*-

regular: Under suitable convexity conditions an isolated pentagon is stable
(see Theorem [4.5| below).

Proposition leaves open the question whether sp?-regular configura-
tions are strict minimizers, namely stable under our understanding. This is
indeed not the case, as there exist sp?-regular configurations which can be
deformed without changing the energy. The simplest example in this class
is Ay (butene) which presents three bonds, forming two 27/3 angles. One
can obtain a continuum of sp?-regular configurations by rotating one lateral
bond around the central one, by keeping the other lateral bond fixed. Note
that all these configurations but A4 are not planar.

Moving from this example, we call angle-rigid a configuration which can-
not be continuously deformed without changing the bond lengths or bond
angles. More precisely, given the configuration X € R3", we say that the
continuous deformation ¢ : X — R3" is angle-rigid for X if it leaves all bond
lengths and all bond angles unchanged. We define the configuration X to
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be angle-rigid iff its only angle-rigid deformation is the identity (as well as
all isometries).

Examples of angle-rigid configurations are planar hexagons (see Theo-
rem [4.3) and pentagons. On the other hand, configuration A4 is not angle-
rigid. An immediate consequence of Proposition [£.1] is the following.

Proposition 4.2 (Angle-rigidity + sp?-regularity = stability). Under as-
sumption all angle-rigid, sp?-reqular configurations are stable.

In case v3 is locally strictly minimized at 27/3 and 47/3 the problem
of identifying which sp?-regular configurations are indeed stable is hence
reduced to the analysis of their angle-rigidity. We unfortunately do not have
a complete characterization of angle-rigid configurations. In the following,
we present some partial results.

Theorem 4.3 (Graphene is stable). Assume and that X C H is a union
of hexagons and single-bonded atoms. Then X is angle-rigid, hence strictly
MINIMIZING.

On the other hand, assume that the bond graph of X has a cut-edge con-
necting two components with at least two atoms. Then X is not angle-rigid,
hence not strictly minimizing.

Proof. Let us start by checking that the benzene cycle Cg, a single hexagon,
is angle-rigid. Assume ¢ to be a nontrivial angle-rigid deformation of Cj.
Then clearly ¢ cannot be planar. On the other hand, if ¢ (Cjg) is not planar
the sum of its bond angles (namely, those smaller than ) is necessarily
strictly smaller than 47, entailing that at least one bond angle has changed.
We conclude that the only angle-rigid deformation of Cy is the identity.

Consider now a configuration whose bond graph is the union of hexagons.
Since each hexagon is angle-rigid, a nontrivial angle-rigid deformation must
necessarily be angle-rigid for each hexagon. As the configuration is con-
nected, this means that at least two hexagons must rotate about a common
bond. This would however change the two bond angles relative to the ver-
tices of this bond and not internal to the hexagons, contradicting the fact
that the deformation is angle-rigid. Having proved the angle-rigidity of a
configuration whose bond graph is the union of hexagons the treatment of
additional single-bonded atoms is straightforward.

Assume now that the bond graph of X has a cut-edge between atoms
z' and z” disconnecting X into two subconfigurations X’ 3 2/ and X" >
x”, each of which contains at least two atoms. By keeping X’ fixed and
rotating X” around the axis 2’ — 2” we obtain a continuum of nonplanar
configurations with the same energy of X. Hence, the minimality of X is

not strict. |

Before moving on let us remark that the two topological conditions of
Theorem [£.3] are sufficient but not necessary as some configurations whose
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bond graph is not a union of hexagons and single-bonded atoms can be
angle-rigid as well. An example is the left configuration in Figure[2l On the
other hand, not angle-rigid configurations need not have cut-edges, see for
instance the right configuration in Figure

Corollary 4.4 (Stability of alkenes). Assume (). Then, Ay, Ay (ethene or
ethylene), and As (propene) are strict local minimizers. All other A, with
n > 4 are not strict minimizers.

The corollary nicely reflects, although necessarily in a very schematic way,
the richness of geometries in alkens with n > 4. These are known to exhibit
complex nonplanar configurations [58], a fact which is usually referred to
as structural isomerism and originates from the interplay of the planarity
of the three sp? bonds (connecting indeed neighboring carbon atoms and
hydrogen) with the remaining fourth orbital, which establishes a weaker
and antiplanar so-called m-bond.

Assumption is surely needed for the local minimality of alkenes: if
v3 is not minimized in 27 /3 one can find a perturbation of A, with lower
energy. The situation for graphene is however different. As we have already
seen, the hexagonal structure of the configurations entails angle-rigidity and
assumption can be dropped and replaced by strict convexity and mono-
tonicity. In particular, specific graphene patches are stable with respect to
possibly more general potentials.

Theorem 4.5 (Graphene is stable 2). Assume v3 to be strictly convez in a
neighborhood of 2w /3 and strictly decreasing in a left neighborhood of 2 /3.
Let X C H be angle-rigid and such that all atoms either have one or three
neighbors. Then X is a strict local minimizer.

Proof. Let X be a small perturbation of X preserving the bond-graph topol-
ogy and indicate with b the number of bonds in X (and in X). To each
three-bonded atom z; in X correspond three bond angles smaller than
which we indicate with 6}, 62, and 93 As

19
0} + 07 + 6} < 2,

the latter being an equality iff all bonds in w; are coplanar, we indicate by

0 the mean

0= (i) < &

S —
1

where m is the number of three-bonded atoms, and compute

) _
—b+z (U3 )+vs 92)+v3(03)> > b+ 3mus(0)

(2) —b+ 3muz(27/3) = E(X).
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F1GURE 2. Left: An angle-rigid configuration which is not
the union of hexagons. Right: a nonstrict local minimizer
under : by rotating part of the configuration around the
dashed axis the energy is unchanged.

Here, we are assuming that the perturbation is so small that we can exploit
the convexity and the monotonicity of vs. Inequality (a) is strict whenever
the length of a bond in X differs from 1 whereas (b) is strict if a bond angle
differs from the mean 0. Eventually, inequality (c) is strict if 6 < 27/3,
namely if some triplet of bonds at a point is nonplanar. If E(X) = X then
necessarily X has all bonds of length 1 and all its bond angles are 27/3.
Since X is angle-rigid, we necessarily have X = X so that the local strict
minimality follows. ([

The assumption in Theorem on the topology of the bond graph can be
relaxed and more configurations can be proved to be stable. In particular,
the benzene cycle Cj is stable. By indicating with 6; the bond angles smaller
than 7 of the small perturbation 5’6 we readily check that

~ (@ LI () 1,
E(Cg) > —6+;Ug(9i) > —6 + 6vs 6;@

(©
> —6+ 6v3(27/3) = E(Cs).

Here we have used the convexity of vz in (b) and the fact that
1
S > 0 <23,
i=1

this being an equality iff Cg is planar, combined with monotonicity of v3 in
(¢). The above chain of inequalities is strict whenever Cg # Cg.

On the other hand, some restriction on topology of the bond graph is
needed in order to establish a stability result in the spirit Theorem The
requirement on the angle-rigidity of the configuration is of course necessary:
as FE depends on bonds and bond angles only, if X is not angle-rigid then it is
necessarily not a strict minimizer. Even under assumption one can find
configurations which are not strictly minimizing. An example is in Figure
below.
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The assumptions on vs in the statement of Theorem are on the con-
trary somehow optimal, at least in relation with benzene. Assume v3 to
convex and monotone in a neighborhood of 27/3. By dropping the strict
convexity assumption one would include the case of a locally affine vs. This
would however allow to construct a nontrivial perturbation of the benzene
cycle by reducing three bond angles and increasing the other three by the
same small quantity leaving the energy unchanged. On the other hand, if we
drop the strict monotonicity assumption we can obtain a nontrivial nonpla-
nar perturbation with the same energy by reducing all bond angles (smaller
than ) by the same small amount. In both cases the benzene cycle would
be unstable.

5. FULLERENES

Theorem [4.5] is concerned with stable planar configurations in three di-
mensions. On the other hand, sp?-bonded configurations may be nonplanar.
Relevant examples in this directions are fullerenes, namely configurations
whose bond graph contains exactly 12 pentagons and an unrestricted num-
ber of hexagons [35], 36]. Fullerenes are usually indicated by the symbol C,,,
where n is the number of carbon atoms, and are believed to exist for arbi-
trary (even) 20 < n # 22. One has however to note that, with the exception
of n = 20, a number of topologically different bond graphs can be generated
for the same n. These are what are usually referred to as different isomers.
As such, the symbol C), does not directly define the topology of the bond
graph of the configuration and some care has to be taken in order to specify
the object in study.

We can ascertain the stability of two specific fullerenes, namely Coy (un-
saturated dodecahedrane) and (a specific isomer of) Cgp. The dodecahedrane
Cyg is the smallest fullerene and it is expected to possibly show a variety of
interesting properties including superconductivity [40]. On the other hand,
Ceo is by far the most common fullerene. Usually the first one to cluster,
probably due to its evenly distributed strain energy [36], it is to be found
in interstellar space as well [9]. For the purposes of this analysis we specify
these two configurations as follows

Cy 1= {xl, .., To € R? vertices of a regular
dodecahedron with side 1}.
On the other hand, we indicate with Cgg the configuration

Ceo := {a:l, ..., x60 € R? vertices of a truncated

regular icosahedron with side 1}

where the truncation of the definition of Cgg is realized by intersecting the
edges of a regular icosahedron with a sphere with the same center. The
stability of Coy and Cgp has been discussed in [46, Thm. 7.3]. We report
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here a slightly refined version of that statement, along with its elementary
proof.

Theorem 5.1 (Cqy and Cg are stable). Assume vz to be strictly convez in a
neighborhood of 37 /5 and 27 /3 and strictly decreasing in a left neighborhood
of 3n/5 and 27 /3. Then Cyy and Cgo are strict local minimizers.

Proof. We give the detail of the proof for Cgg, the adaptation for Cyy being
trivial. Let Cgo be a small perturbation of Cgg preserving the topology of the
bond graph. We indicate by {ﬁ’f,...,ﬁ’g}, k=1,...,20 and {pk,... 5k},
k = 1,...,12 the internal bond angles of hexagons and pentagons in the
bond graph of 560 (that is, the angles which correspond to internal angles
of the undeformed planar simple cycles of Cgp). By using

6 5

1= - 1

G § hF < 2m/3, - § < 3rm/5
i=1 =1

which holds for each simple cycle, we compute

» (a) 20 6 _ 12 5
E(Coo) = =90+ > > ws(AF)+ ) > vs(ph)

k=1 i=1 k=1 i=1
(b) 20 1S . 12 13 .
> —=90+6» wvs|[=>» h/]+5)» wv3| = D

(©)
> —90 + 12003(27/3) + 60v3(37/5) = E(Cgp).

We have assumed here that the perturbation is so small that we can exploit
the convexity and monotonicity of v3. In the above chain of inequalities,
relation (a) is strict whenever the length of a bond of Ceo is different from
1 and (b) is strict if a bond angle corresponding to a simple cycle of 6’60 is
different from the mean of the bond angles in that cycle. Then inequality
(c) is strict whenever a simple cycle of Ceo is nonplanar. If £ (560) = E(Cg)
then all pentagons and hexagons of the bond graph of Ceo are planar and
regular with bond length 1, namely 5’60 = Cgo. we conclude that Cgg is a
strict local minimizer. O

Theorem delivers a variational model for the geometry of Cyy and
Ceso. In the specific case of Cgy actual experiments show that the molecule
has indeed two distinct bond lengths, depending on the fact that the bond
connects two different pentagons or not [I4]. This level of detail cannot
be described within the current simplified frame but can be reproduced by
taking into account second-neighbor interactions or additional four-body
terms [22].

By inspecting the proof of Theorem [5.1] one realizes that planarity of the
simple cycles is crucial in order to establish stability. This however restricts
the applicability of the proof to the only two fullerenes with planar cycles,
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which are exactly Cog and Cgg [52]. On the other hand, we mention that the
planarity of simple cycles has been argued to have a relevant role in sorting
out the observed isomers [34]. Note that planarity alone does not entail
stability (nor minimality). An example in this direction is corannulene, a
three-dimensional configuration whose bond graph is a pentagon surrounded
by five hexagons. Measurements show that the hexagons in corannulene are
not planar [27]. Quite remarkably this corresponds to the following.

Proposition 5.2 (Corannulene has nonplanar hexagons). Assume vs to be
twice differentiable with v4(37/5) < 0 = v3(27/3). Let the configuration K
have all bonds of length 1 as well as a bond graph consisting of a pentagon
surrounded by five hexagons, all of which being planar. Then K is not a
minimizer.

Proof. We describe a small perturbation of K which lowers the energy. This
is achieved by making the five hexagons of the bond graph of K nonplanar.
FEach hexagon has exactly two atoms belonging to the pentagon, two three-
bonded atoms which do not belong to the pentagon, and two two-bonded
atoms. The small perturbation consists, in each hexagon, in keeping the first
four atoms fixed and displace the last two out of plane by rotating them along
the diagonal connecting the two three-bonded atoms x; not belonging to the
pentagon. For the sake of definiteness let us indicate by 6 the internal angle
of the hexagon at x; and by ¢ the external angle at z;, namely the only
bond angle in x; which is not internal to a hexagon. The above-described
deformation changes the bond angles 6 to 6 = §— 86 and ¢ to ¢ = p+d¢p, by
some 6 and d¢ positive and small. In particular, the energy contribution
corresponding to € increases while the one corresponding to ¢ decreases. It
is readily seen that

20+ @ > 20+ ¢

so that dp > 200 > 0. As vg is linear around 37/5 and quadratic in 27/3,
small deformations result in a global energy drop. ]

Single-walled carbon nanotubes constitute another important class of
three-dimensional sp? configurations having nonplanar simple cycles. These
can be be visualized as the result of the roll-up of a graphene strip [17]. De-
pending on the direction of the roll-up with respect to the reference frame of
H, carbon nanotubes have different bond-graph topologies (so-called zigzag,
armchair, and chiral) resulting in different electro-mechanical properties.
These remarkable effects are believed to be possibly playing a major tech-
nological role in the near future.

The investigation of rolled-up structures via configurational-energy analy-
sis is already quite classical. The reader is referred, for instance to [32, [51] for
geometries, to [24) [61] for mechanical response, and to [10} 48] for discrete to
continuum limits. In [46] it is argued that sufficiently large graphene patches
have higher energy with respect to their roll-up in a tube-like structure and
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that a constant aspect ratio for nanotubes can be expected, as the number n
of atoms increases. This in particular reflects the experimental observation
that carbon nanotube can grow as long as 10° times their diameter.

On the other hand the fine geometry of carbon nanotubes is currently still
debated and two competing models, namely the rolled-up [17, 18, [33] and the
polyhedral model [13], B8], have been advanced. Both models assume atoms
to be arranged on the surface of a cylinder by prescribing different bond
angles. It has been proved in [44, [45] that none of these models give rise to
a configurational-energy minimizer (when referred to armchair and zigzag
nanotubes). Note however that a stable periodic configuration exists and
can be characterized by solving a single scalar nonlinear equation [44], 45].

It has been recently argued that a new allotrope of sp? carbon could
possibly have the form of a so-called K4 crystal [29, [55]. This consists of a
3-regular graph (all atoms have three bonds) with all bond lengths 1 and all
bond angles 27/3. Differently from H where all bond planes (namely, given
an atom, the plane containing its three bonds) are coplanar, the bond plane
of two bonded atoms in the Ky crystal graph are orthogonal. This gives
rise to a chiral, three-dimensional structure. Owing to Proposition this
structure is a local minimizer. The complete characterization of angle-rigid
subsets of K, crystals is currently not available. Still, results in the spirit of
Theorems [4.3] and [£.5] can be obtained.

Eventually, let us mention that a variety of other locally two-dimensional
sp? carbon structures have been theoretically proposed and experimentally
investigated. Among these we could mention nanobuds [49] (resulting from
the junction of nanotubes and fullerenes), nanofunnels [26] (graphene and
nanotube), nanosieves (joining two nanofunnels) [26], Mackay crystals [42],
as well as the theoretical wealth of three-dimensional carbon architectures
which may be possibly generated by combining these. Although all of these
configurations can be addressed by variational methods and, in particular, a
global minimizer within a specific bond-graph-topology class may exist un-
der fairly general lower semicontinuity assumptions, such minimizers cannot
be expected to share properties as planarity or regularity of simple cycles. In-
deed, nonplanar heptagons and octagons seem also to come into the picture.
As such, the investigation of the stability of these structures (or, better, of
the optimal geometry within the corresponding bond-graph-topology class,
an object which is still to be identified) is currently beyond the reach of our
methods.

Another interesting class of carbon nanostructures emerges as stratifi-
cation of many two-dimensional substructures. These include multiwalled
nanotubes [28] and carbon onions [8]. The underlying two-dimensional sub-
structures can be interpreted as sp?-bonded configurations and the overall
stratification is classically assumed to be governed by the weaker, antipla-
nar m-bonds as well. This finer description is currently not included in our
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simplified variational frame. For some initial result in the direction of the
variational modelization of m-bonds we refer the reader to [22].

6. DIAMOND

Let us now move to the analysis of sp>-bonded configurations. This is the
basic bonding mode in alkanes, a reference structure being pentane (CsHi2)
where the four neighbors of the central atom sit at the vertices of a regular
tetrahedron. Correspondingly, the four bonds form six tetragonal angles of

0, = 2arctan(v/2) = arccos(—1/3).

sp3-bonded configurations are genuinely three-dimensional. An impor-
tant example are subconfigurations of the diamond lattice D corresponding
indeed to the face-centered-cubic structure of tetrahedra

D=TU(T+v)+ Zw.
Here, T stands for the triangular lattice
T={kx+jy:k jeL}

with = (£,0,0), y = (£/2,v3£/2,0), £ = 2sin(6,/2) ~ 1.633, and we
have used the short-hand notation for the shifts v = (£/2,¢/(2v/3),1/3) and
w = v+ (0,0,1). Note that all bonds in D have length 1 and all bond
angles are 6. We shall refer to configurations having these two properties
as sp3-reqular.

The sp® geometry can be enforced by imposing the minimality
0=uv3(0;) <wv3(0) VO +#6,, 2m —0,. (6)

The latter entails the local minimality of sp3-regular configurations. Indeed,
we have the analogue of Proposition

Proposition 6.1 (sp-regular configurations). Under assumption @ all
sp3-reqular configurations are local minimizers.

In the same spirit of Theorem angle-rigidity characterizes stability
within the class of sp>-regular configurations. We have the following.

Theorem 6.2 (Diamond is stable). Assume and that X C D is a union
of hexagons and single bonded atoms. Then X is angle-rigid, hence strictly
Minimaizing.

On the other hand, assume that the bond graph of X C D has a cut-
edge connecting two components with at least two atoms. Then X is not
angle-rigid, hence not strictly minimizing.

Proof. The assertion follows along the very same lines as that of Theorem
upon noticing that hexagons with bond length 1 and bond angles 6. are
angle-rigid. O
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Once again, we remark that the topological assumptions of Theorem
are not necessary conditions: angle-rigid configurations with cut-edges con-
necting two components with at least two atoms and not angle-rigid config-
urations with no cut-edge can be found in D in the spirit of Figure

Let us now consider the possibility of dropping assumption @ and replac-
ing it by monotonicity and convexity requirements, in analogy with Theorem
Note that sp3-regular configurations are not planar. In particular, iso-
lated hexagons in D cannot be minimal if v5(6;) # 0. This motivates a
restriction of possible subconfigurations of D as in the following.

Theorem 6.3 (Diamond is stable 2). Assume that vs is C? in a neighbor-
hood of 0 and 0 < —0.334v5(0;) < v§(0;). Let X C D be angle-rigid and
such that all atoms have either one or four neighbors. Then X is a strict
local minimizer.

Proof. The local geometry of the configuration at a four-bonded atom is
described by six bond angles and four bond lengths. Equivalently, instead
of the six bond angles one could consider the three bond angles 6, 2, 63
formed by one specific bond and the three incidence angles v*, 42, 42 formed
by the planes containing #' and 6%, #? and 63, and ' and 63, respectively.
In particular, given A%, #2, and ', the third bond angle can be computed
via basic trigonometry as

1
V2

see Figure |3l By recalling that ' + 2 + 43 = 27, the three-body part of

B(6',6% 41) ;= 2arcsin < v/1— cos ! sin 01 sin §2— cos 61 cos 92> ,

FIGURE 3. The function 3 = 5(0',0%,~).

the energy contribution of a four-bonded atom whose geometry is described
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by the quintuple (0',62,03, ~',42) can be expressed as
E(el’ 927 937 ’Yla ’72) = U3(91) + U3(92) + U3(93)
+ vs (6(017 927 71)) +v3 (5(927 93) 72>)
+u3(B(6°,0",2r—7" —7%)).

In particular, the local geometry of D corresponds to the quintuple of tetrag-
onal values (0;,0-,0-,2m/3,2r/3). Note that indeed one has the identity
B(0r,0-,2mw/3) = 0.

We now proceed in proving that
Eis uniformly convex in a neighb. of the tetragonal values. (7)

This follows by checking that D2F is positive definite in the tetragonal
values. Elementary computations ensure that in such points we have

3 3
Dy E = v5(6-)] + v5(6-) Y DpB'@DeB +v4(6,) Y D8’ (8)
=1 =1

where I stands for the identity matrix in R3*3, Dy denotes differentiation
with respect to the three variables (91,02, 0%), and we have used the notation

BHOY,0%,6° 41, v?) = B0, 6%,41),
B2(0,0%,6° 41, v) = B(6%,6°,47),
63(017927037717"}/2) 5(937917277-_71_72)'

At the tetragonal values (0;,0;,0.,27/3,27/3) one can directly compute

3 6 1 1
: |
v3(0-)1 +v5(0,) Y DpB’ @ Dy’ = J0) |16 1
i=1 1 16
On the other hand, one has that
3 2 3 3
: 3v4(0;)
! 2 i 3\VT
v3(97)ZD995 =——==13 2 3
P 8V2 \3 3 o
so that Dgeﬁ at the tetragonal values reads from as
6 1 1 ' 2 3 3
~ 1 _
D} E = Jv5(6:) [1 6 1] - 3vs07) (35 3
116 8V2 \3 3 2
In particular, it has the form
a b b

S
S
S
—~
)
~—
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with
3 1! 3 / 1 i 9 !
=_ — ——=v3(0;), b= —v5(0;) — —=v
4\/5 3( ) ( ) 8\/§ 3

Z 3
The matrix in @ is positive definite @ > b > 0. This condition can be
rewritten as 0 < —3v4(0;) < 10v/204(6,) which follows under the quantita-

tive assumption of the statement. Hence, Dgeﬁ’ is positive definite at the
tetragonal values. In particular we also have that

(6,).

9 — E(6,6,0,21/3,21/3) has a strict local minimum in 6,. (10)
Indeed, we can compute that

d ~
@E(H, 0,0,2m/3,27/3)|g=0,

= 3v5(0;) + 3v5(B(0-, 0, 2%/3))%5(9, 0,2m/3)|o=¢.
= 31)5(97) (1 + %5(9, 0, 2%/3)‘9;@) =0

so that 6, is critical. The strict minimality in follows from the positive
definiteness of DgeE at the tetragonal values.

By computing the hessian of E with respect to the wvariables
v = (v',~4?) at the tetragonal values (0,,0.,0,,27/3,27/3) we get

03B = (20— =000 (3 ).

Finally, one directly computes Dzwﬁ at the tetragonal values as

In order to check for the positive definiteness of the block matrix

b DZ,E Dgwﬁ
D E=1p2 7 p2 &
0y ¥y

at the tetragonal values we exploit the following equivalence
D?E >0 <= D2 E>0 and D},E—D} E(D? E)'DE" >0.

Since v5(6;) < 0 < v4(6;) the matrix D%WE > 0 is positive definite. On
the other hand, the matrix Dgeﬁ - D(%WE(D%E)_IDZYET > 0 has form (9]
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along with the choices

b= 103 (0-) — ﬁv?)(gf)

(Lo + Loy, 2(2 ”<9>—1'<9>)1
3 \/603 . 1 v3(0r 39507 3\&1)3 N )

One can check that the condition a > b > 0 for positive definiteness can be
rewritten as

219 ,

v (0,) > V3 v3(07) >0

which is slightly weaker than the quantitative assumption of the statement.
We conclude that D2E is positive definite at the tetragonal values. The
local uniform convexity of E follows.

Let X be a small perturbation of X preserving the bond-graph topology
and indicate with b the number of bonds in X (and in X). We indicize by
i =1,...,m the four-bonded atoms and describe the local geometry of X
at these atoms via the quintuples (0~1, 92 01 .74, 4%) which can be assumed

to be arbitrarily close to the tetragonal values (6;,6;,0,,27/3,27/3). By
indicating by 6 the mean value

and using the symmetries

/8(0’7 bvv) = /B(bv CL,’}/) = B(bv a, 271—_7) (11)
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one can compute

| \/

Z E(6},07,0,7 747

_b+§ZE 91 02 9?7:}/7,17:)/1)

E(62 93 61 75/7, 7271—_;5/7,1_/712)

Wl

+
1

©
I

E(62,6},62, 2r—~} —32,3})

AR A A

Wl

+

=1

=i

> —b+mkE(0,0,0,2r/3,21/3)

) ~
2 —b+mE(6;,0,,0,,21/3,21/3) = E(X).

E

Note that the first inequality is strict whenever the length of a bond of X
is different from 1 while the second is strict iff GJ # 0 or vF # 271/3 for
somei=1,....mand j=1,2,30r k=1,2. Fmally, the last inequality is
strict iff 6 ;é GT We have proved that E(X ) = E(X) implies that X and
X have the same bonds and the same bond angles. As X is angle-rigid, we
necessarily have X = X. O

An analogous stability result holds for specific subconfigurations of the
lonsdaleite or hexagonal-diamond lattice [7]

T U(T+v) U (T+w) U (T+(0,0,1—2cos(f-)) + Z(0,0,2—2 cos ).

This possibility follows from the fact that the local topology of L is exactly
the same as that of D.

Let us remark that, in order some stability in the diamond (or the lons-
daleite) lattice to hold, the angle-rigidity assumption in the statement of
Theorem is necessary, for the energy is constant along angle-rigid de-
formations. At the same time, some quantitative assumption relating the
convexity and the monotonicity of vs in a neighborhood of 6, is necessary.
Indeed, assume that v5 < 0 but —3v; > 10\/51}5’ in a neighborhood of 6.
By following the argument of the proof of Theorem one realizes that, in
this case, even pentane, namely a single tetragon, is not a minimizer, for the
function

(6',6%,6%) — E(0',62,0% 27 /3,27/3)
is not minimized at (6,,0;,6,).
Let us conclude this discussion by recording that, by assuming vz to

be strictly convex and strictly decreasing in a neighborhood of (37/5, )
with —0.334v5(0;) < v5(6;), carbyne chains and rings, graphene patches
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(under the topological assumptions of Theorem , the fullerenes Coy and
Cso, and diamond and lonsdaleite subconfigurations (under the topological
assumptions of Theorem are stable. By letting vs be homogeneous in a
neighborhood of (37/5, 1), namely

v3(0) ~ |m — 0],

and choosing a > —(2—+/19)(7—0,)/(5v/2) +1 ~ 1.411 the density v3 would
then fulfill all the above-mentioned assumptions. This is compatible with the
classical behavior of the so-called Brenner potential [4, 5], and [20, App. Al.
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