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Segel and Goldbeter, 1994

Glycolytic Oscillations Model (GOM) ©-Glucose
upfl — p71¢(04, v) HO”;(ED +2 NAD™+ 2 ADP + 2P,
7= )‘qﬁ(a?’}/) - on
2 2
(0% (')/ + ]_) Pyruvate
lo,7) = +—5—"13 o

L+ a?(y+1)2

oﬁ)ko' +2 NADH + 2 H'+ 2 ATP + 2 H,0

[4 L. Segel, A. Goldbeter, Scaling in biochemical kinetics:
dissection of a relaxation oscillator, J. Math. Biol.(1994) 32:
147-160.
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Problem

“... scaling approach can be said to have the disadvantage that it
relies on an overall intuitive understanding of the underlying
phenomenology.

What of more conventional approaches, which are based on
the mathematical structure of the equation? "

[4 L. Segel, A. Goldbeter, Scaling in biochemical kinetics:
dissection of a relaxation oscillator, J. Math. Biol.(1994) 32:
147-160.
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(GOM) in standard form of slow-fast systems

a?b?(u — 1) + po?
b =

a’b?(1 — b) + 6%(ab® — b + 62)
(slow time ¢,

d
= — 0 1
e <ek 1)
Fast system equivalent for ¢ > 0

a/

ela?b?(p — 1) + pd?]
Vo=

a?b?(1 — b) + 6%(a®b® — b+ 62)
(fast time 7,

(2)
d
,—— =
= T:=1t/e)
«4O> «Fr «=)>» <« > o>



@ the reduced problem (obtained from (1))

a a?b?(u — 1) + pd?
0 = a22(1—b)+02(ab? — b+ 6?)

e the layer problem (obtained from (2))

al

=0

V o= a?b*(1—0b)+ 6%(a®b? — b+ 6%)

(3) defined on critical manifold S, (4) parametrized by a with equilibria on S

40> «Fr « =>»

<

>

(4)

(3)



03

B

ad

Critical manifold S

a?b*(1-b)+0%(a*b?*—b+0%) = 0
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Idea: combine (3) with (4) to
understand (1) and (2)
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0 fixed: classical relaxation oscillations
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Idea: combine (3) with (4) to S perturbs to S: by Fenichel
understand (1) and (2) theory
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6—0

The folded critical manifold S° collapses to the more singular

SO =1, Ul, Ul
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E0[a®b?(u — 1) + pd?]
a?b?(1 — b) + 6%(a®b® — b+ 62)
y =0

as a three-dimensional vector field Xz defined on R3

structure

€ is the singular perturbation parameter causing the slow-fast
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Two-dimensional critical manifold S

_ ‘h. a a
" ° °
b
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For 6 >0: S =5US, U.S, with folds along the curves
Fp:={(B%6): 6 €10,6]} and Fp:={(D%d): §€[0,0]}

For 6 =0: S limits on SY x {0} with S® =1, Ul, U1},
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@ Main task

and [, U {0}
@ How ?

© Result
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e analyze the dynamics close to the degenerate lines [, U {0}



@ Main task

e analyze the dynamics close to the degenerate lines [, U {0}
and [, U {0}
@ How 7

with respect to ¢
© Result

o perform two blow-ups of the § = 0 degenerate critical manifold
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Strategy

© Main task
e analyze the dynamics close to the degenerate lines I, U {0}
and [, U {0}
@ How ?

e perform two blow-ups of the § = 0 degenerate critical manifold
with respect to §

© Result

e complete desingularization of the problem such that uniform
results in € become possible
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Blow-up presents
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Slow-fast system

7‘51 - 5gl(b475477"4) i
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Critical manifold in K,
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Blow-up Il presents
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@ singular behavior of the folded critical manifold S° for § — 0
has been desingularized, its branched structure is visible

@ blow-up construction prevents the non-uniform collapse of S°

onto the degenerate S°
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