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Zusammenfassung

Die vorliegende Arbeit beschéftigt sich mit der Dimensi@aksiktion des Bose—Einstein
Kondensates (BEC aus dem Englischen Bose—Einstein coatgg¢nBose, ein indischer
Wissenschaftler, und dann Einstein hatten 1925 vorauggedass bei sehr niedrigen
Temperaturen Gase kondensieren wirden. Ein Ensemble aon&o bildet einen kol-
lektiven Quantenzustand, sobald die Teilchendichte ekmigischen Wert tberschreitet.
Ein BEC lasst sich durch Absenkung der Temperatur auf Weatte dem absoluten Null-
punkt und Einfangen in ein Fallenpotential erzeugen. Dste @EC konnten Physiker des
Forschungsinstitutes JILA im Jahre 1995 herstellen. Gzdfderesse zeigen die Forscher
auch an extrem anisotropen Magnetfallen, wodurch zweidsio@ale bzw. eindimensio-
nale BEC entstehen. In diesem Fall spricht man von Dimessgatuktion des BEC.

Die Dynamik des BEC wird bei Temperaturen unter der kritstKondensationstempe-
ratur durch die Gross—Pitaevskii Gleichung (GPE) besbbneDie GPE ist eine nicht-
lineare Schrodinger Gleichung mit harmonischem Potental einer kubischen Nicht-
linearitat. Das harmonische Potential modelliert das retigche Fallenpotential. Da wir
die Dimensionsreduktion betrachten, sind wir an der GPEtaik anisotropem Fallenpo-
tential interessiert, d.h. die Fallenfrequenzen in deenschiedlichen Richtungen haben
unterschiedliche Gré3enordnungen.

Wir untersuchen das asymptotische Verhalten der GPE, wen@Qulotient der Fallenfre-
quenzen gegen Null konvergiert. Im ersten Teil der Arbendisen wir, dass fir Anfangs-
daten, die Modulationen des Grundzustandes des domidiemdmarmonischen Oszilla-
tors sind, die Losung der GPE durch eine Modulation des Grustdndes approximiert
wird. Die Modulationswellenfunktion erfiillt eine GPE inedirigerer Dimension als die
urspringliche GPE. Der Beweis wird allgemein fur eme d-dimensionale Schrodin-
ger Gleichung mit allgemeinerer Nichtlinearitat polynaten Wachstums und harmoni-
schem Potential durchgefuihrt. Der Term fihrender Ordnargr Approximation erfullt
dann einen-dimensionale Schrodinger Gleichung. Als Anwendung wiedMethode auf
eine drei-dimensionale GPE angewandt. Die reduzierteclileig ist dann eine zwei-
bzw. ein-dimensionale GPE. Schlielilich wird die Methodkeane GPE mit Rotations-
term, die ein rotierendes BEC modelliert, angewandt.

Im zweiten Teil der Arbeit betrachten wir das asymptotistleehalten der Gleichung
mit allgemeinen Anfangsdaten, wenn das Quotient der Halgnenzen gegen Null kon-
vergiert. In diesem Fall kdnnen wir zeigen, dass der forn@enzwert ein abzahlbares
System von GPE ist. Fur ein endliches System von GPE kdnneahlde niertheit,
sowie Energie- und Massenerhaltung zeigen. Weiters ekéviovir zwei numerische
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Methoden zur Lésung des endlichen Systems. Die erste Dislereing basiert auf dem
Time-Splitting Spektralverfahren und wird in drei Teilerl@st, wir nennen sie 'multi
step time-splitting spectral method' (MSTSS). In den nusaren Simulationen betrach-
ten wir den Fehler, den wir bei der Approximation der urstiohen GPE durch das
endliche System erhalten.

Da aber die MSTSS-Methode nicht so einfach auf Systeme riiBeger Anzahl von
Gleichungen zu verallgemeinern ist, haben wir eine zweitki@tisierung entwickelt.
Die Kenntnis des Spektrums des harmonischen Oszillatdns,rddem Fall eines har-
monischen externen Potentials, erlaubt uns ein Hermigerdtspektrales Verfahren zu
entwickeln, das wir dann mit einer Methode des Typus Cramghdson fur die Losung
des Nichtlinearen Teils kombinieren (HPSCN). AnschlieReergleichen wir diese zwei
Verfahren (MSTSS vs. HPSCN) miteinander. Au3erdem zeigerdass beide Verfahren
zweiter Ordnung in der Zeit und von spektraler GenauigkeiRaum sind.



Abstract

The present work deals with dimension reduction of BosestEin Condensates (BEC)
in the weak interaction regime. BEC was originally concdiire1925 by Einstein, as he
reviewed and translated a work of Bose about the statistiphatons. They predicted
that if a gas of atoms could be cooled below a critical tentpeea it should suddenly
condense into a state in which all atoms have exactly the $aragion and energy, in
other words the wave-function of each atom in a BEC can opeatal create, in effect,
one super-atom.

Crucial ingredients in producing a BEC are laser cooling apping of atoms. A wide
experimental interest is dedicated to BEC in highly angait con gurations. In this
context it can be observed that by changing the shape ofdpgitrg potential, it is pos-
sible to produce cigar or disk shaped BEC. This is also calietension reduction of
BEC.

Below the critical condensation temperature the evolubiobBEC is well described by
the Gross—Pitaevskii (GP) equation, which is a nonline&ar@&tinger equation with har-
monic potential modeling the magnetic trap and a cubic nealiity describing two par-
ticle bosonic interaction. Since we are interested in dsi@nreduction, we consider the
GP-equation with strongly anisotropic trapping potentigt is the trapping frequencies
in the different directions have different orders of magdé. We analyze the asymptotic
behaviour of the GP-equation when the ratio of the trap feagies tends to zero.

In the rst part of the work we consider the genetal+ d)-dimensional Schrédinger
equation with general nonlinearities of polynomial growatid strongly anisotropic har-
monic potential. We prove that in the limit as the ratio optfeequencies tends to zero for
initial data belonging to the subband of the ground stateggnievel of the dominating
harmonic oscillator, the mass remains concentrated irsttoband. The modulation wave
function satis es ar-dimensional Schrodinger equation. As an applicationgdthreension
reduction of the three-dimensional GP-equation is dismdisEhen the method is applied
also in the case of the GP-equation with angular momentuatiootterm.

In the second part of the work we analyze the asymptotic bebaof the GP-equation
with general initial data, as the ration of the trapping freqcies tends to zero. The
limit is carried out by the averaging method. In the limit andmerable system of lower
dimensional GP-equations is obtained. Since, we are stten the numerical approx-
imation of the system, only a nite number of limiting equats is considered, whose
well-posedness is also proven. Moreover, properties ofrite system such as energy
and mass conservation are also discussed in this part.
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The third part of the work deals with numerical procedurassfaving the nite sys-
tem of GP-equations. On the one hand, we present a multistepsplitting scheme for
solving the system with;2;3 and 4 equations. On the other hand, we develop a differ-
ent discretization based on a Hermite pseudo-spectraladetbmbined with a Crank—
Nicholson type method. Both methods are of second ordema &nd spectral accuracy
in space. Finally, we present numerical simulations andpaosboth methods.



Chapter 1.

Introduction

We all know about solids, liquids, gases and plasmas. Bu¢ iseanother matter of state
called Bose—Einstein Condensate (BEC). It was originallyceived in 1925 by Einstein
[25], as he reviewed and translated a work of Bose [16] abdwistatistics of photons.
They predicted that if a gas of atoms could be cooled belowiteadrtemperature, it
should suddenly condense into a state in which all atoms &eaetly the same location
and energy, in other words the wave-function of each atomBE& can overlap and
create, in effect, one super-atom.

The rst experimental realization of a BEC, achieved in 1985atomic gases [3], stim-
ulated numerous experimental and theoretical studiesdrstitceeding years. Crucial
ingredients in producing a BEC are laser cooling and tragppfratoms. The laser-cooled
atoms are collected in a magnetic trap, whereby the mosgetieatoms are allowed to
evaporate away. After evaporation has cooled the atomsah@ensate begins to form
(see Fig. 1). A wide experimental interest is dedicated t&BiEhighly anisotropic con-
gurations. In this context it can be observed that by chagghe shape of the trapping
potential, it is possible to produce cigar or disk shaped 8EB1].

Below the critical condensation temperature the evolubbBEC is well described
by the Gross—Pitaevskii (GP) equation, which is a nonlirfgarrddinger equation with
harmonic potential modeling the magnetic trap and a cubidimearity describing two
particle bosonic interaction [4, 22, 36, 41]. The cases piilgve (e.g. fo’ Rb atoms)
and attractive (e.g. fof Li atoms) interactions correspond to defocusing and forusi
nonlinearities in the GPE, respectively. The solutiorr y (t;X;2) is the macroscopic
wave function of the condensate, de ned fo2 R", z2 RY, n+ d = 3, andt > 0.

2
Myi= Dy + 0 Wi+ waid y + Negiy %y (11)

wherem is the atomic masd) is the Planck constanhy; is the number of atoms in the
condensate, angk; w, are the trap frequencies x¥a andz-directions, respectively. The
parametelg describes the interaction between the atoms in the contkeasd has the
form g = h%a=m, wherea is the scattering length, positive for repulsive interaasi and
negative for attractive interacti%ns. We consider the radization condition

iy (t;x2)j%dxdz= 1
R3
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a) b)

Figure 1.1.: Images of the velocity distribution of trappetidium atoms as they enter
the BEC. a) Experiment done in JILA(95") with 5000 atoms, @HE02")
with 300000 atoms. Left: just before the appearance of the;BHddle: the
condensate has begun to form; Right: nearly pure condensate

A typical set of parameters used in current experimentd.#t dlith 8’Rb is given by:
m= 1:44 10 9kg; w= 10 2p[l=s]; w,= IOéwx; a=51 10 I[m]
and the Plank constant has the value
h=1:05 10 **J9:

Let us write (1.1) in dimensionless form as introduced in [@jen we scale the equation
X

= 2o yEx)= Ty (txD):
Xs

7= —
Xs

t=wt; X=

. . P— -
wherexs will be speci ed later. Letax = h=mwy be the characteristic length of the
condensate ir-direction. We introduce the dimensionless parameters

e= ) d= = X
Wy WM& Xs ay

r— 2
%. h % g= 4paNid5:2

The scaled version of (1.1) becomes

2 . .2 . .2
dye= Soy+(e 13y 4 gy 12)

There are different choices fag. They determine the observation scale of the condensate
and decide which phenomena are visible. In the strong icieraregime an appropriate
choice ofxs is xs = ( 4pjajNaad) 1=, which givesgi = O(1) andd 1.

An appropriate choice aofs in the weak interaction and in the moderate interaction
regime isay, the characteristic length of the condensate-airection. Thend = 1. In
this parameter regime (1.2) becomes:

vi= oy (L8 L Gvity. x2 R 22 R (1.3)
2 2 2¢ ’ ’ ’
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with g 1 for weak interaction regime argE= O(1) in the moderate interaction regime.
We are interested in the case of strongly anisotropic piatierihus wheree 1. In
this case we can reduce the three-dimensional GP-equatetwo- or one-dimensional
GP-equation, respectively. Then we speak of disk shapedjar shaped condensate.

The stationary case is treated in [36]. There, the limit efttiree-dimensional ground
state energy is carried out (fa2 R? andx 2 R). In [7] the dimension reduction of the
three-dimensional Gross—Pitaevskii equation is studiederically in different interac-
tion regimes. Convergence rates for the dimension reduofithree-dimensional ground
state and dynamics of GPE are reported based on asymptdtiwamerical results.

The work is organized as follows. In the following chapteg thore genergln+ d)-
dimensional Schrédinger equation with general nonlinesrof polynomial growth and
harmonic con ning potential is considered. More precisgéhe con ning potential is
strongly anisotropic; i.e., the trap frequencies in défardirections are of different or-
ders of magnitude. The limit as the ratio of trap frequenteesis to zero is worked out.
For initial data belonging to the subband of the ground statrgy level of the dominat-
ing harmonic oscillator, it can be proven that in the limittias ratio of trap frequencies
tends to zero the mass remains concentrated in this subbhadnodulation wave func-
tion satis es ann-dimensional Schrodinger equation. The main tools of thedyeis are
energy and Strichartz estimates, as well as two anisotfeqbolev inequalities.

As an application, the dimension reduction of the threeesigional GP-equation is dis-
cussed. Then the method is applied also in the case of theqGétien with angular
momentum rotation term.

In chapter 3 the three dimensional GP-equation is congidane the formal asymp-
totic limit is calculated by the averaging method. In theitimdenumerable system of
lower dimensional GP-equations is obtained. Since, werdegasted in the numerical
approximation of the system, only a nite number of limitieguations is considered, of
which well-posedness is also proven. Moreover, propedighe nite system such as
energy and mass conservation are also discussed in thigechap

The subsequent chapter deals with numerical procedurssifang the nite system of
GP-equations. On the one hand, a multistep time splittingree for solving the system
with 1;2; 3 and 4 equations is presented. Since it is rather cumberspimgplement this
method for a greater number of equations, we developed adeliscretization based on
a Hermite pseudo-spectral method for the one-dimensi@maibnic oscillator, combined
with a Crank—Nicholson type discretization for the ODE systcorresponding to the
nonlinear coupling. Accuracy and stability of both methads discussed. They are both
of second order in time and spectral accuracy in space andrexnditionally stable.
Finally, numerical simulations are reported and both metrere compared.
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Adiabatic approximation for well
prepared initial data

In this chapter we are concerned with the dimension redudfdhe three dimensional
Schrédinger equation with harmonic potential and geneoalinearity of polynomial
growth. We are interested in the case where the externahfiaites strongly anisotropic.
The limit as the ratio of trap frequencies tends to zero isudated. A concentration
of mass on the ground state of the dominating harmonic asailis shown to be prop-
agated, and the lower-dimensional modulation wave funcigain satis es a nonlinear
Schrdédinger equation. This work follows the approach uséti4] for analyzing a dimen-
sion reduction (from dimension 3 to dimension 2) for the dimmger—Poisson system and
where asymptotics for strong partial con nement was introetl.

In following we deal with the asymptotic behavior of solutsof the(n+ d)-dimensional
Schrédinger equation

ye = SDy+VEx Dy + f(dyi)y 21)
yvix2 = y(Ox2; x2R; z2R% (2.2)

2 2
ase! 0. HereV¢é= ‘% + % is the trapping harmonic potential al= Dy + D, the
Laplacian inR™ 9. y satis es the normalization condition

z
jyj%dxdz= 1; (2.3)
R+ d

which is preserved by (2.1). Since the sign of the functiois not speci ed, we are
dealing with both focusing and defocusing nonlinearitigsrforming the limite! 0 in
this system will enable us to write a reduced model involéngonlinear Schrédinger
equation in dimension. In section 2.3, an application to the dynamics of Bose—Eins
condensates is presented; we justify mathematically tteetefe models which can be
found in the physics literature [35]. In this context, as wasarked in [8], the use of
such approximate models signi cantly reduces the compjefinumerical simulations.

In order to balance the kinetic and potential energy termthéwe-direction, we in-
troduce the rescaling! ez In order to keep the wavefunction normalized we have to
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rescale by | e 972y (t;x;2). As we want to balance the nonlinearity with the terms of
order 1, we choosg= e97; thus we consider weak nonlinearities. The rescaled pnoble
reads

. 5 1 o
iyt=H"y+ gHy + f(jyjy; (2.4)
y(t=0,x2=yi(x2;

withH? = 1D+ X andH = 1D,+ 2, harmonic oscillators in the andz-directions,
respectively.

We introduce a new time scale= t=¢?, so that we have the fast oscillationszn
corresponding to the fast time scdlelf we lete! 0, we formally obtain the equation

iYe=HY;
which we can solve explicitly in terms of the spectral decosipon ofH:

Y = § fre ™r(2):
k 0

Here (mk;ri(2))k o are the eigenvalues and normalized (with respedt’(&®)) eigen-
functions ofH, and(fy)( o are coef cients independent @f andz. The eigenvalue

problem can be solved explicitly with the eigenvalugs k+ % (see [45, Theorem 8.4]).
The eigenfunctions are products of a Gaussian with Hernoitgnpmials, and, in partic-
ular, the ground state eigenfunction is given by

d=4

1
rolz) = — e 2 ;
o(2 5

By modulation, thus introducing the slow variableandt, we would have y depending
on (t;x). This motivates us to expand® with respect to the eigenstatestdf

yet:x2= & e Mt (2.5)
k O

Our aim is to determine and justify approximations of thexfor

yet:x2) j(txe M= 3 (2.6)
i.e., modulations of the ground state, under an assumpfievel-prepared initial data
(see (2.11) below). A formal analysis indicates that theegaircase, where the transport
occurs on several modes, is more complicated and mightievadupling terms between
the limitingn-dimensional Schrédinger equations (this is not the casbé&Schrodinger—
Poisson system [14], where the nonlinearity is weaker).
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The projectiorP onto the eigenspace generated by the groundsi&eis given by
Pye(t:x2) = e ™=Fet:x)rq(2)

with z
fe(xt) := dmt=e’ Rdy‘s(t;x; 2ro(2)dz: (2.7)

It is obvious that the projection has the following propesti
"P=P%; PH’=H’P; PH= mP:

By projecting (2.4) we obtain
4

ife= H?fe+ dmt=e’ Ty )y Frodz (2.8)
The nonlinearity can be written as
Z
¢ f(iy )y rodz= T(if ) °+ h°

with  f(jfj)= ZR%f(jfjro)rSdz
and he= dmt=¢ TGy Dy ro 1(f Ciro)e imt=e’t e 21qz:  (2.9)
Then the formal limit of (2.8) as! 0 is then-dimensional Schrédinger equation
ije=H?j + TG0 (2.10)

When the initial data for the full problem (2.4) are chosempatible with the ansatz
(2.6), i.e.,

Yi(x2=ji1(¥ro(2; (2.11)
then appropriate initial conditions for the solution ofi(@) are
J(G;x)=j1(X): (2.12)

The main result of this chapter is a justi cation of the limpitoblem (2.10), (2.12) under
the following assumptions on the initial data and on the maalrity.

Assumption 1. The functiory | satis es
z z

NG 10957+ g 1(0] dx< ¥;  jji(xjdx= 1:
R R
Assumption 2. The nonlinearity f satis es
IfGuu V) CGu? + jvj®)ju vj;
where either f 0 (defocusing case) andl a < —4—,0r0 a < minf 45—, 2g.
Additionally,a =25 ifn> 2,
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Remark 1. The assumptions are suf cient for proving existence andjuemness of local
solutions of both the full problem (2.4), (2.11) and the tiproblem (2.10), (2.12) (see
[20, 39, 17]). Note that the property of f required in Assuibpt2 carries over tof.

In the repulsive case, global existence is a straightfodwawnsequence of energy con-
servation (see section 2.1). Without sign assumptions @nadinlinearity, the additional
requirementa < 4=n leads to global solvability of the limit problem [39]. Heleowever,

it is used for provinge-independent estimates for the full problem on nite timeaals.

Theorem 1. Let Assumptionsand2 be satis ed and ley € andj be the unique solutions
of (2:4); (2:11) and (2:10); (2:12); respectively. Then for every I ¥ there exists a
constant ¢ such that

sup ky é(t; ;) e i"bt:ezj (t; Irok zg+ay  Cr €
t2(0;T)

The rest of the chapter is organized as follows. In the falhgsection, conservation
of energy is used to derive uniform estimatesidtnorms of the solution of thén+ d)-
dimensional problem and its ground state contribution. e for repulsive nonlinear-
ities these results follow directly from the energy conséion, in the general case the
nonlinearity needs to be controlled by an anisotropic gaigation of the Gagliardo—
Nirenberg inequality. Also the difference between the $allution and its projection to
the ground state is shown to be small. In section 2.2, theréifice between the ground
state contribution and its formal limit is estimated. Thamiaols are Strichartz estimates
[20, 30, 44] and an anisotropic Sobolev inequality provetheappendix.

Section 2.3 deals with an application, the Gross—Pitaeeskiation, which has a cu-
bic nonlinearity and models the dynamics of Bose—Einsteimdensates. In this case,
dimension reduction means obtaining disk-shaped or @hjaped condensates. Finally,
the method is applied on a Gross—Pitaevskii equation withtaion term modeling the
rotating Bose—Einstein condensate.

2.1. Uniform estimates

In this section we derive someindependent estimates from energy conservation. The
energy is de ned by
D E 4
ESly ()] := H’y°(t):ye(t) + thye(t);ye(t)i +2F [y (O]

whereh; i denotes the scalar productliA(R™ 9) and
z Z,
Flyl= ; F(jyj)dxdz with F(s) = f(s)sds:
R 0

Note that the rst two terms in the energy are nonnegativedgatac forms controlling the
H1-norms in thex- andz-directions, respectively.



Chapter 2. Adiabatic approximation for well prepared alitiata

With Assumption 1, the initial data (2.11) satiggf[y ] < ¥ for xed e. From [20]
(Theorem 9.2.5 and Remark 9.2.7) and Assumption 2 we obdagd-in-time existence
for the (h+ d)-dimensional problem (2.4) as well as energy and mass caatgen:

E°ly ®(1)] = E°yil; ky ®(t)ko2 = ky koo = Kj ka: (2.13)

Considering the limit o8°E€ whene! 0, we immediately obtain uniform bounds for the
dominant term. The main dif culty consists in nding uniforbounds onH? y €(t); y &(t) .
Once we have this, we can derive uniform bounds orHth@&orm ofy &(t).

For the notation of norms we use the following conventions.

Denition 1. LetO< T ¥,1 p;q;r ¥,andyt;x), v(t;x;2 functions of 2 (0;T),
x2 R", and z2 RY. Then we de ne the norms

ku(t)kp = Kku(t; )Kiprny;

kukrpy = ku()kp L (GT) :
kKv()kgp = kv(t; )kp Lo( Rd);
kvKrqp = KV()Kgp L (0T ,

and the corresponding Banach spaces are denoted?pi/LY, LILY, and LLILY.

Taking into account the expansion (2.5) of {fme+ d)-dimensional wavefunctiog €
with respect to the orthonormal bagig)x o of eigenfunctions gives

¥
ky Sk, = @ kFE(DKS; (2.14)
k=0
kN S(K32 = @ kRxf S(DKS: (2.15)
k=0

At rst sight, the energy equation seems to be of limited wsece it is dominated by
the contributions in the-direction. However, with the mass conservation this pantloe
written as

¥

MHy e(t);y ()i = Q& mkf2E(t)k3
k=0
¥
= A (m mkfEtks+ mkj k3; (2.16)
k=1
and, on the other hand,
hHy | yii = mpkj (K3: (2.17)
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By using (2.16) and (2.17) we can rewrite the energy consiervas
D E
H?y S(t);y &(t) + 2| a (M my)kfE(tKs+ 2F [y ()]
D E
= H’yuyr +2F [yil: (2.18)

In the case of defocusing nonlinearities all terms in thisatgpn are nonnegative, and we
immediately obtain uniform boundednessyoft) in HY(R™ 9, as well as the statement
that the mass remains concentrated to the ground staté a8. The rest of this section
is devoted to proving the same results (Lemmas 1 and 2) wigign assumption on the
nonlinearity.

By applying Lemma 8 from the appendix with= a + 2, we can control the term
coming from the nonlinearity:

iF [ye)]j k ye()ka. cknye(t)kna_szzye(t)kda'z, (2.19)

2+ a2+ a

where here and in the followingdenotes possibly differeindependent, positive con-
stants. Consequently, the energy conservation multipleef yields

kRl S(t)k3,+ kNoy S(t)kZ, o+ ce?kRy E(t)koy KNy S(t)kSS ~;

and, from the Young inequality,

2da

ekNyy e(t)k3,+ kNoy 8(t)k3, ¢+ e*hkRyy e(t)k3,+ €°C(h)kN,y °(t)k3.5° :

Remark The constraing < ‘ﬁ‘ in Assumption 2 guarantees that the exponent remains
positive.
With the choiceh = 3 we deduce

2da

kNzy €(t)k5, ¢+ eckNgy (t)ks. 22

2da

Inthe caseg = ;~; < 2 we conclude that

kNzy ®ky22) C: (2.20)

For g > 2 we obtain the result by the standard bootstrap argumente &N,y ko, is
independent oé (see [18, Lemma 2. 9]) Using (2.19) with (2.20) in (2.18), get
kRy (k32 + kxy S(t)kzo+ ez a (M m)kFEKE o+ ckly S()Ky -

(2.21)

Since, bya < 4=n, the exponent in the last term is smaller than 2, uniform lbedness

of kNiy €(t)k2:2 follows.

It is now easy to prove the following two results on uniformubdedness and on the
uniform smallness of the contributions from excited states
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Lemma 1. Let the assumptions of Theordrbe satis ed, lety € be the solution of2:4);
(2:11); let f € be de ned by(2:7); and letj be the solution 0f2:10); (2:12): Then

y 2 LY((0¥); HYRMY) ;e 2 L¥((0:%); HY(RY);
uniformly ine.
Proof. From (2.16) and (2.21) it is immediately clear thaH?y (t);y (t)i +
RHYy (t);y (t)i is uniformly bounded with respect toandt. The observation that this term

dominates théi1(R™ 9)-norm completes the proof of the rst statement of the lemma.
The representation gf in terms of the eigenstates shows

hH?y (t);y (t)i %(kNka§+ kxf k3) ;

which proves the statement fér. Finally, the statement for the-independenj is a
consequence of the existence theory. O

Lemma 2. With the assumptions of the previous lemma,
k(l P)y ek¥(p;2) ce

holds with ane-independent constant ¢c and witl2(d2; dz—dz] ifd 3, p2[2¥)ifd= 2,
and p2 [2;¥]ifd = 1.

Proof. Using (2.21) we obtain

¥
k(I P)y®(t)k3, = @& kfE(t)k3
=1

=~

¥

1
=2 kfE()KE ce?:
m m)ke.l(ni my)kf (ks ¢

i.e., the statement of the lemma wiph= 2. On the other hand we estimate

¥

kNAl P)y®étks, hH(I P)yet);(I P)ye(t)i= & mkf(t)k3
k=1

(M m)KfE(t)ks+ mk(l  P)ye(t)ks, ce*:
1

T Qo

The result is now a consequence of the Sobolev embeditfitig?) | LP(RY) in z-space.
O

10



Chapter 2. Adiabatic approximation for well prepared alitiata

2.2. Proof of the main result
The approximation error in Theorem 1 can be split into twdgar

ky® jroe ™Fkyoa K (I P)y ket kroe MTE(FE j )ky (2o
= k(I P)y°kypp+KkF® jkyy:

The rst term is taken care of by Lemma 2. The differenrc®:= f€ | solves the
problem

ice= H?c®+ g+ h®; (2.22)
c(t=0)= 0;

where
9°= f(feNFe f(j i
andh€ given by (2.9).

For the nonlinear Schrddinger equation (2.22) with harm@aitential, a local disper-
sion result can be established (see [27, 28], [20, Lemm4]. 2 his property allows us to
use Strichartz estimates (see [20, Theorem 3.4.1], [17, 844 we obtain the following
for any admissible paifg ;q) and aboundedime intervalT < ¥:

kCek¥(2) CT(kgekq (@ + khekq (q)) . (2.23)
A pair (g;q ) is admissible iff
nZTnz g 2forn 3; 1<q 2forn=2; 1 q 2forn=1;(2.24)
4
= 2.2
977 n(2=q 1) (2.25)

Note that the de nition of admissible pair is not the usuaéon

Remark We need a bounded time interval because the constant deparitie length
of the time interval. For more details, see [20].

Assumption 2 implies the pointwise estimate

99 c(f G+ jj j®)jck:
Applying the Hoélder inequality, we obtain

kge(t)kg  C(Kf °ka

B2 o Ki kS )keko:

2a0~2 q)

The assumptiom 2=(n 2) forn 3 allows us to choosg such that both (2.24) is
satis ed andH(R") | L23%( 9 Therefore we can use Lemma 1 to obtain

kge(t)kq (a) CkCekq 2 . (226)

11



Chapter 2. Adiabatic approximation for well prepared alitiata

For h® we also employ Assumption 2 to obtain a pointwise estimate:
z

i ¢ Rd(J'yeja +Py M)l P)y rodz:
Computing theL9R")-norm and applying the Hélder inequality twice (to tkeand z-

integrals, respectively) lead to

kh%q  o(ky *K3pzacez o * Kf Kaagz q)K(I Py “Kpz;

E

wherebyp®=
Let us recaﬁ

Il the conditions gmandq:

o,

(i) the assumptions of Lemma 2 fprand condition (2.24) foq are satis ed;

(i) the embeddingsi}(RY) | L2292 @ gngHi(R™d) ) 2P 2F2 9 (see Lemma8
in the appendix) hold.

Allthisis possiblesinca 4=(n+d 2)anda 2=(n 2)forn 3. Asaconsequence
of Lemmas 1 and 2 we obtain
khek¥ (@) ce. (2 . 27)

With (2.26) and (2.27), the Strichartz estimate (2.23) bee®
kCek¥(2) CT(kCekq ) + e) .

Using this estimate on the time inter@t) witht T gives
z t
kcé(t)ky  &r kce(9)k3 ds+ €
0

Now, an application of the Gronwall lemma concludes the poddheorem 1.

2.3. Application: Gross—Pitaevskii equation

As already mentioned the three-dimensional nonlinear&@thger equation with cubic
nonlinearity and an external potential is called the GrBgsevskii equation and it mod-
els the temporal evolution of Bose—Einstein condensatésngperatures much smaller
than the critical condensation temperature [22, 36, 41].c@fesider (1.1) witm= 1 or
n= 2 andd = 3 nand write it in dimensionless form. The parameters are theeszs
introduced in chapter 1. With the scaling

. . Y f

X= aX;, zZ= ayZ; y:qyi; t=—;
ana3 n WX

X A2

12



Chapter 2. Adiabatic approximation for well prepared alitiata

and skipping the tildes, we obtain

i w, 1 7 a . .,
v+ £ = + = + Ny :

X

. 1
Iyt = EDXY"'

In experiments it is observed that in a strongly anisotrauio nement the motion of
particles is quenched in one or two directions. This meaaskiy changing the shape of
the con ning potential, lower-dimensional Bose—-Einsteimdensates are obtained. They
are called disk-shaped or cigar-shaped condensatesctiespe This is the motivation
to consider the Gross—Pitaevskii equation with strongig@nopic con ning harmonic

potential; thus
= i 1:
Wz

Furthermore we assume the case of weak coupling, namely,

Naa
k= ——7—"—-=0(1):
ad al 2 D
We then have the equation
. 1 )2 1 1 i72 .
iyi= 5Dy + %y t5 Dy %y + Kiyi%y;

wherekjyj?= f(jy]) with k positive, if we consider repulsive interactions, e.g. fiha
and®'Rb, or negative for attractive interactions, e.g., for. Obviously, Assumption 2
on f holds witha = 2.

Forrepulsive interactiongk > 0) we have global existence of the solution of {he-
d)-dimensional Schrédinger equationdf< 4=(n+ d 2). Sincea = 2 we obtain the
conditionn+ d < 4, which includes the physically interesting cased = 3. The limiting
lower-dimensional Gross—Pitaevskii equation is

Z
iji=H?j +@jjj3 withg=k Rdrg(z)olz:

On the one hand, if we consider the strong con nement in omection d = 1), we
obtain a two-dimensional approximate equatior=(2). In this case we speak about
a disk-shaped condensaté€n the other hand, we consider a strong con nement in 2
dimensionsd = 2). Accordingly, the approximate equation is one-dimenaign = 1)
and we call the condensateigar-shaped condensat&€heorem 1 can be applied in both
cases.

In the case ofttractive interactionsthus fork < 0, we get stronger constraints on
the dimensions, namelp,= 1 andd < 3. Thus, Theorem 1 can only be applied for the
reduction from three dimensions to one (cigar-shaped awate).

13



Chapter 2. Adiabatic approximation for well prepared alitiata

2.4. Application: Gross—Pitaevskii equation with angular
momentum rotation term

The dynamics of a BEC in a rotational frame at very low tempuees are modeled by
the GP-equation with an angular momentum rotation term 1,21, 22, 26, 33]. By

Imposing a suitable weak magnetic eld over the trappingeptial a rotation around the
z-axis may be generated.

. R2 m . . o
ihyt= 5Dy + 5 WEXi2+ W22y WLpy + Nagjy %y ; (2.28)

wherey (t;x; 2) denotes the macroscopic wave function witkX x;y) 2 R? andt;z2 R.
Wis the angular velocity of the rotating laser beam [2, 43 ih(xfy, yfk) is thez-
component of the angular momentum. All other parameterg wkeady introduced at
the beginning of chapter 1. We introduce the dimensionlesisbles as in the previous
section:

X= aX, zZ= a,Z; yzpy—; t:L; W= WX\7V
a.)z(az WX
and skipping the tildes, we obtain
iv: = }DX +jX_j2 +% }DZy+JZJ_2 WL +NE' i2y -

The dimensionless angular momentum rotation term becdmes i(xfy, yf). We
are interested in Gross—Pitaevskii equation in a rotatiwame with strongly anisotropic
con ning harmonic potential; thus

ez::% 1:
W,

Furthermore we assume the case of weak coupling, namely,

Na

k:=—=0(1):
. =0
We then have the equation
1 jxj? 1 1 7 o
lyr= SDy+—y+ 5 SDy+oy Wy +kjyify; (2.29)

with initial datay,(x;2) = y (0;X;2) andy satis es the normalization condition
z
jyjldxdz= 1; (2.30)
R3

14



Chapter 2. Adiabatic approximation for well prepared alitiata

which is preserved by (2.29).
In the present section we deal with the asymptotic behavithreosolution of the equation
(2.29) ase! 0. The proof relies on the method used in the case there wastaton
term, wherebyn = 2, d = 1 and f(j:j) = j:;j# with a = 2 or even more general (see
Assumption 3). Performing the limg! 0 in this system will enable us to write a reduced
model involving a two dimensional GP-equation with angueyxmentum rotation term.
We rewrite the equation (2.29) using the operators

A N ' 17
= by W H= obhesy

. 1 o
iyr=H"y + 2Hy+ ity (2.31)
y(t=0,x2= yi(x;2;

The method is identical to that one used in the previous@ecivhereby we have to re-
placeH? by H". Thus, we introduce in the same manner the expansignwith respect
to the eigenstategy(2)on of H (note that{m)kon are the corresponding eigenvalues)
and project the equation (2.31) onto the eigenspace gedebgtthe groundstate(z).
The projected equation containing the rotational term is:

Z
ifi= H'f + d™¢"  riyjlydz: (2.32)
R
Where the nonlinearity can be written as
Z
d™ jyjdyrodz= gjf j3f + h°
R 7
with = rg"adz
Z
and he= ™= [jyjayry j fjafe M= 2+ alqz: (2.33)
R

Then the formal limit of (2.32) as! 0 is the 2-dimensional GPE with angular momen-
tum rotation term:

ijo=HYj +ajj j% : (2.34)
In the same way as before we can show that the solution of tee thmensional GPE
(2.31) with initial data

y(t=0x2= yi(x2=ji(X)ro(2 (2.35)
can be approximated by the solution of the two dimensiond GP34) with initial data
jt=0x)=j1(x): (2.36)

Thus, taking into consideration the assumption 1 and tHevihg assumption:

15



Chapter 2. Adiabatic approximation for well prepared alitiata

Assumption 3. jWf < 1and0 a< 4.
we can show:

Theorem 2. For every T< ¥ there exist a constantrcsuch that:

sup ky (t; ;) e ™ (t; rokiegs)  CT €
t2(0;T)
Remark 2. Assumption 1 is suf cient for proving existence and unicgssnof local so-
lutions of the full problem (2.31), (2.35) and the limit pleim (2.34), (2.36) both with
rotation term (see [20, 24, 38]). Assumption 3 is needed fovipg e-independent esti-
mates for the full problem on nite time intervals.

Proof of the theorem

In this section we derive someindependent estimates from energy conservation. The
energy in this case is de ned by
D E Z

1
e — ?y- v
Elyl= Hiysy + oMyyi+ o5

jyi®*t? Wylgyldxdydz

whereh; i denotes the scalar productlif(R?).
With a simpIZe computation we can show th%t the energy is seadge:

iwW RBV(Xﬂy yT)ydxdydz= WA R3V(Xﬁy yT)y dxdydz

With Assumption 1, the initial data (2.35) satiggf[y ] < ¥ for xed e. From [24]
and Assumption 3 we obtain local in time existence for theethsional problem (2.31)
as well as energy and mass conservation. The proof of the®drems analogously to that
one of theorem 1. However, we need additionally followingpea in order to deal with
thetermH'y ;yi.

Lemma 3. AssumgWj 1then
MH'y;yii 0

Proof. Remember that
D E z

My yi= H’yiyr WA iy 0 (xTy  yh)yi)dxdydz
R
If we use Assumption 1 and the fact th@trg(z)dz: 1 we can rewrite the expression:
Z

1 . . . . P a .

5 KB kg + KMy kG + kog k3 + kyj kG WA (T 1)) 1) dxdy

= 5 K+ W K3+ (1 Wokyj K3+ Ky 1 I (kG + (1 Wo)log 1K5
0 forjiny 1L
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Chapter 2. Adiabatic approximation for well prepared alitiata

The rotational term can be estimated in following way:
z z

LY OOK yRy ©dxdydz y 0y yRJy (1) dxdydz
(kxy (D) kz2k Ty (ka2 + kyy (Dkz2k Ty (t)kz2)
1
5 oy (OKz2+ kyy (kg2 + KTy (kg2 + KTy (K2,

Consequently, the energy conservation multipliedbyields

€ .

- (KNxyy (DK32+ kxy (K32 + kyy (DK32) + kTby (DK32+ kay (k3

AW
2

c+

KRiyy (1)K3+ kxy (k3.0 + kyy (t)k3,

which means:

&€
- (11 W(KRieyy (K32 + ko (K52 + kyy (DK3) + Ky (Dk52+ kay (DK3,  c
Therefore, iff W < 1 we deduce:
KTy (K3 + kzy (K3,  © (2.37)

On the other hand by using (2.16), (2.17) and Lemma 3 we caritegiive energy conser-
vation as:

? o1y 2 2 z +2
? . - ivia
H yz(t),y(t) * ezkfi\l(mt m)kh(Oke+ 275 VI
WA R3 y (O yhy(t) dxdydz
VA
2
— Moo iy ia+t2 .
= Hysyi+ oo Wyt fdxdydz c:

from which we deduce:
1 . 1 ¢
S (KRheyy DKz + Ky (Dkz2+ kyy (DK + 5 & (M m)KF (DK
k=1
o+ 100 Kflyy 0K+ Ky (0B + kyy (DK3,
Sinceny mforanyk 0 and if we assumpM < 1, we nally obtain:
kNiyy (/K32 + kxy (K32 + kyy (K3, © (2.38)

Having the estimates (2.37) and (2.38) we can proceed ag idhtion 2.2.

Other ingredients used in the proof of the theorem are theh@itz' estimates. Since
a local dispersion result can be established also for théne@m Schrodinger equation
(2.34) with harmonic potential and magnetic elds, (seed8, 47], [20] Lemma 9.:4)
we can use Strichartz' estimates (see [20] Theorefl2[34, 44]). The rest of the proof
continues identically to that one in Section 2.2
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Chapter 3.

Formal Asymptotics

In this chapter we analyze the three-dimensional GrossetAkii equation with strongly
anisotropic con ning potential in the weak interactionirag. The formal limit as the ra-
tio of the frequencies tends to zero is computed in this chapter by the averagingadet
A rigorous justi cation in a functional framework can be fad in [13]. The limiting
equations for the modulation wave functions form a denubiersystem of lower dimen-
sional GP-equations, strongly coupled through the cubidinearities. Since our nal
goal is to analyze the system numerically, we consider a& niamber of limiting equa-
tions, for which the well-posedness is proven in section Bldreover, properties of the
nite system such as energy and mass conservation are asossied in this chapter.

In following we consider the three-dimensional GP-equaidroduced in Chapter 1
oo
iyt = %Dy +( J%+ %)y +gyi’y;
y(t=0x2= y(x2; x2R’; z2R

where the parametear, which determines the strength of the anisotropy, tend®to.z
Note that Ee? is the harmonic oscillator frequency in z-direction. Ferthore, we im-
pose the normalization condition:
z
jyij2dxdz= 1; (3.1)
R3

at timet = 0, which is then maintained by the equation.

As will be shown below, by expanding the solution with regpge¢he eigenstates of the
Hamiltonian in the strongly con ned direction, the formayanptotic analysis yields in
the limit (of 'in nite' con nement in z-direction) a denumerable system of GP-equations.
At rst we perform again the rescaling! ez y ! e ™y. As we want to balance
the nonlinearity with the terms of order 1 we choagse O(e), thus we consider weak
nonlinearities. After the rescaling we obtain

. 1 o
iye=H"y + SHy +jyj%y;
y(t=0,x2=yi(X2;; (3.2)
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Chapter 3. Formal Asymptotics

whereH? = %DX+ % andH = %1]22+ é are harmonic oscillator Hamiltonians xn
andzdirections, respectively.

In the same way as in chapter 2 we expanavith respect to the eigenstates of the
HamiltonianH in z-direction:

yetx2= & e ™Ere(t: ) (2); (3.3)
k 0

N R . . .
wheree 'W‘ezflf(t;x) = rYE(xzt)ri(zdzare the Fourier coef cients. Substitute the

expansion (3.3) into (3.2), multiply the equation tt‘mi””*t:ez, and integrate with respect
to z, we obtain:

Iﬁtfkez H?f|5+ é Kimn€ i(m+m M m()t:ezflef_ne‘lfr?; kK O: (34)

I'mn O

R
wheregumn= rk(2n(2rm(2rn(2)dz Note that all coef cients in the sum, for which
m+ m my, nmis different from O, tend to zero weakly. Thus, in the liraito 0 we
obtain formally:

ifific= H? fict & “Gmad1Ffn; kO (3.5)
I:m;n
Whereé}‘;m;n denotes the sum over &llm;n  Osuchtham+m m, m= 0, andfy
denotes the (weak) limit of$ ase tends to zero.

The equations (3.5) are a denumerable system of two-dimealstPES, strongly cou-
pled through the cubic nonlinearities. We want to inveséghe properties of this cou-
pling. For every xedk, all triples of the form(I;m;n) = ( I;I;k) appear iré}‘;m;n, leading
to the contributiord| gijf1j? to the potential in thé-equation. However, by the special
form of the eigenvalues of the harmonic oscillator, alseottoupling terms may occur,
since the conditiompy+ m ny, ng= O0reducestm+| m k= 0. For example, in
the f g-equation, the terngyi21f 12f_2 is not of potential type.

If not all statesr appear in the spectral decomposition of the initial dagumwhich
states will appear in the solution for positive tirti® The question can be answered in
terms of the following de nition.

De nition 2. The index set I f 0;1;2;:::9 is calledclosed iff (I;m;n) 2 13 and k=
l+n m Oimply k2 I. The closurd of | is the smallest closed index set containing |.

Now the answer to the above questionis: Delne fk 0: fy(x;t = 0) 6 Og. Then,
forallt O, f(x;t)= Ofork2I.
It remains to characterize the closed index sets.

Lemma 4. A nonempty index set | is closed iff it has the formi p+ jg: j Ogwith
either0 p<qorqg= 0.
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Chapter 3. Formal Asymptotics

Proof. The 'if' is obvious. For the proof of 'only if', assume thats closed, card) > 1,
and thako = p< ky = p+ gare the two smallest elementslofif p gwould hold, then
kot ko ki=p q21l. Howeverko+ kg ki < kg contradicting the assumption that

is the smallest element bf This provegp < q.

Now we shall prove by induction thathas the form stated in the lemma. Assume

ki= p+Jg,0 | n,arethen+ 1 smallest elements ¢f Thenp+(n+ 1)g= k,+

ki ko2 l.Ifthere were &n+12 | withky < kne1 < p+(n+ 1)q, thenky+ ky  kp+12 1
andk, 1< kn+ ky kn+1 < kn, 1.€., there were an element bbetweenk, 1 andkp,
contradicting our assumption thigf; : : : ; ky are then+ 1 smallest elements. 0J

Closed index sets either have one element or in nitely mdnysome cases they can
be easily related to symmetries of the wave function. In tda, the case df= f0g is
considered, i.e. initially only the ground state is chargAdcording to the observation
mentioned above in this special case the system (3.5) willisbof only one equation for
fo, the modulation of the ground state. In fatg,is proven to be the approximation of
the solutiony of (3.2) on every bounded time interval (chapter 2). Moredyesatis es
(3.5) withk = 0. Other examples are the sets of even and odd integerssponding to
wave functions which are, respectively, even and odd insesfithe variable.

It is a well known fact that (3.2) conserves mass

Z
R3jyj2d><dz
and energy
14 L,
@ g JYITHIZYIT dxdze IRy T Xy Ty )T dxdz (3.6)

Mass conservation carries over to the limiting system (§13he obvious way. If we
multiply (3.5) by fy, integrate by parts, take the imaginary part and sum ovek, alle
obtain 7
d o 2d 0
— jfrjcdx= 0:
dt kao RZJ W
The energy contains two terms of different orders of magi@ituWe shall show that
limiting versions of both terms are conserved in the limit.
First we multiply the equation (3.5) bf¢f i, take the real part, integrate with respect to
X, and sum over ak. We introduce the abbreviation

a=aa:.
k OlI;mn

i.e., the sum over ak;l;m;n 0 suchthatm+ m m, m= 0. Taking into account
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Chapter 3. Formal Asymptotics

the computation (exchanging m and k)

2AQ gmififafm(f) = A& g i Fal(Fm)ific+ Fm(Fid]
l o
= 5 Aa gmik fifa(Fmf)t+(fifn)ifmfx
1
= zAa Gmidfifa Ff it
we obtain
Z !
_d 2 iRif.i2. ivfi2L A QK 'R :
0=— a INfg°+jxfii+ A a Gmififnfmfc dx:
dt RZk 0 I:m;n

Since, by exchangingm; k) and(l;n),

o - 10 _ -
a Gmififnfmfk = >a Ghmik fifnfmfr+ Ffififn
= & Gmk A ifafmfy);

we deduce thad gnmikf 1 nf mfk is real. Therefore the quantity

z

o) .~ . . . o k s
Ei= A NG+ ixfd?+ @ g iffmfic dx: (3.7)
R o I;m;n

is real and conserved by (3.5). It is clear that the rst tworte in E; are positive. In
order to see the positivity of the exchange term in the enexgyake a functiorbé(t; 2)
with the expansion:

b(t;2)= & bee ™M= r(2);
k O

and compute
Z
0 jbS(t;dj%dz = &  guue (MM ™ WEEp bbb
R kl;mn O
40 & Gmikbi bnbmb:

This shows the nonnegativity &, which is a limiting version of the secon®(1)-) term
in the energy (3.6). The rstterm in (3.6) formally convesg®
z

E,= a mqfj2dx:
k 0

For proving conservation d&,, we multiply the equation (3.5) bgify, integrate with
respect t, take the imaginary part and sum overlall 0. Note that the factorgmnk are
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Chapter 3. Formal Asymptotics

invariant under permutations of their indices. Then we iohtay appropriately exchang-
ing indices:
Z

d o 0
d Rzkaonpdfkj dx
Z mn #
A O o k J— _
= Aa 2”?( H?fk"' a Gmnkfifmfn frdx
kKkoR I')mn
z o 1.2 o
= A %Za AmnkMkf kf mf1 fndXx= EA Rza Amnk( M+ M) i f mf | FrdX
1. o _ -
= ZA Rza Omnk (Mk+ M) fefmf i fa+(m+ mp)fifoffm dx
Z
1. ° .
= g @ oMt Mmoo m)fifmf i fadx= 0:
We easily see that
¥ 2 o EF]
a jfdidx ———;
k=k R

since the sequence of eigenvalfiegg, is monotonically increasing and tends to in n-
ity. This motivates the truncation of the system at a nitden.

3.1. Global Existence for Finite Sub-Systems

The rst step in the numerical approximation of (3.5) is td off the denumerable system
at some nite indexXK. De ne F := ( fi(t;X)), , wheref satis es:

iffi= H’ fi+ fi(F); (3.8)
Fr(0;%) = FL(X); (3.9)
with k K and L
f(F) = a Grmnkl 1 F mf n:
e °

The method used to show uniqueness and global existence dafite system works
analogously to the proof for the well-posedness of the meali Schrodinger equation in
the subcritical case [39, 20, 17, 30]. For the sake of corapkds, we present a brief
sketch here.

De nition 3. Denote by(LP)X the following space:

(L)X = F=(fk kjfk2LP(RY) 8k K; maxkf ki p(re) < ¥
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Chapter 3. Formal Asymptotics

equipped with the maximum nofifj sk = maxc k kfxk pr2). De ne by
( )
S= Y=(Yk k ] é kYkkal(RZ) + é. ijijkEZ(RZ) < ¥
k K k K

First one has to show by a contraction argument uniqueneksxastence of the Cauchy
problem on a small time interval R;jlj< T in

X (1) = C(1;(LYHYK):

Note thatS is continuously embedded {iL.*)K. Since the time interval of existence of
a local solution with initial data ir5 depends only on th&-norm, one can show global
existence if one nds an a priori estimate for tBenorm of the solution. Notice that the
energy is positive. This fact allows then to recover diseetitimates for th&-norm. In
order to prove the conservation laws at a nonformal levell@seto introduce a regular-
ization, which can be removed subsequently by a standartiigrargument. Hereafter
we sketch the existence result.

Theorem 3. LetF! 2 S. Then the IVP (3.8), (3.9) has a unique solut®rin X (R).
FurthermoreF 2 Cy(R;S) and satis es the following equalities:

EafF'1= Ea[F(O);  iF'jig = JF Ok (3.10)

with

n Z #

EafF (0] = 5 INFOigzy+1I6F Wi+, & FE0)d6dx :
k K

1
2

For the proof we proceed as in[39]. The following Lemmas dmderived conserva-
tion laws provide the tools needed in the proof.

Lemma 5. The mapF 7! f(F), wheref(F) = ( f(F))x «, is continuous fronfL*)X to
(LK and satis es the estimate:

if(F) f(Viesyc  CIF Yigax Fifax*iYigax (3.11)
where C is a generic constant and may depend on K.
Proof. We easily obtain:
fifmfn Y1¥myn

fifmfn Yifmfn + Yifofn YiVmfn +iYi¥Vmfn YiVmyni
= jf YIjjmfnj"'jfm Yol Yifni+ifn YolVmYi
5 Ifi Vi(fe?+ if®)+ ifm  ymi(yii2+ifai®+ifn yai(ymi?+iviid ;
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such that the nonlinearity can be estimated by:

kfk(F)  fu(Y)k s
h
C a Omnk Kf| )/|k|_4(kfmkf4+ kfnkf4)

i
+kfm  Ymkia(Ky K2+ KfnkZ) + Kfn Yk a(kymkZ, + Ky (K2,)

Summing up over ak K, making use of the symmetry of the indices in the sum over
m+ my= m+ my,, we obtain:

a kfi(F)  filY)K e
C a AmnkKfk  YiKpa

KFkCa+ Kf mkCa+ Kf kot Ky KCa+ Ky mkZa+ Ky nkCs
I n
*1=2

C é. kfk YKkEA a é. Amnk kfIkE4"' kfmkEA
k K k K m+m

Pt
+ kfnkE4 + Ky kE4 + kYmkE4 + kYnkE4

! 1=2 !

C & kfk yik% A (kf k2, + ky k2,)
k K | K

CJF Yj(L4)K(ij€L4)K + ij€L4)K):

Corresponding to (3.8) we write the integral equation:
Fr() = U +[R(ODFI(D); (3.12)

with (U(t))i2r being the group of isometries generated ki ? and
Zy,
[Rty)FI(t) =0 Ut ) f(F(t))dt:

t1

Lemma 6. The map(ty;to; F) 7! F(ty;t2)F is a continuous map from 11 X (I) to
X (). Moreover F satis es:

Ftut)F  Fltut)Yix ) Citt &i'59F  Yix oy iFik oy *iYi% o)
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Chapter 3. Formal Asymptotics

Proof. As a consequence of Lemma 5 we have for Bri X (1) continuity of the func-
tiont 7! f(F(t)). Furthermore we can use information on the operak(r), which

is actually a bounded operator fron™ to L4, for t different from zero, such that for
Q2 C(I;(L*®)K) the mapt 7! U(t t)Q(t) (where we apply the operator componen-
twise) is continuous from nftg to (L*)X. Finally the combination of the two maps
provides the desired continuity result and we estimate:

][F(tl,tZ)F F(tlltZ)Y](t)J(L4)K
A KRt t)F Rt t) Y]tk

k K
th
a KU OUE) Al ()t
k K_1
t2
a it ] B2 (F (1)) filY (1)) K as]dlt
k K 41
)
= Ot o 122 & kfw(F(t)) (Y (£))k a]dt
1 k K

jt t2j1:2jfk(F) fk(Y)jC(|;(|_4:3)K):

The statement is then a consequence of Lemma 5. O
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Chapter 4.

Numerical Methods for solving systems
of Gross—Pitaevskii equations

In this chapter we describe the methods used to numeriaalihg $he asymptotic approx-
imation of the GPE with strongly anisotropic potential

: 1 .
iye=Hy + SHy +iyi%y;
y(0;x2=y'(x2; xz2R: 4.1)

We have already seen in chapter 3 that in the lienib zero ('in nite' con nement in
z-direction) we formally obtain a system of GPEs. To treatgiistem numerically we
truncate the expansion at a nite ind&and consider only a nite number of limiting
equations (3.8), with 0 k< K. Moreover we consider here a spatial dimension reduction
from 2D to 1D, for which the theory developed in the previoest®ns applies just as for
the presented case of reduction from 3D to 2D.

iffik= H fu+ & “Gmnf i Fmfn; 0 k< K; (4.2)

I:m;n

frt= 0;x) = Fi(x); x2R

In order to solve the GPE (4.1) (for benchmark tests), we hiséme-splitting spectral
method (TSSP)[8]. For solving the system (4.2) we introdiwe® numerical methods,
which we present in the next sections. Both are of secondr andiéme and spectral
accuracy in space.

4.1. Multistep time-splitting spectral method
For K=1, we have only one equation in the limiting system:

ififo=H?fo+ aoodfoj’fo;
f(0;x) = FH(X); x2 R; (4.3)
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Chapter 4. Numerical Methods for solving systems of Grogaelskii equations

where Z
Gimn= Rrk(Z)rl(Z)rm(Z)rn(Z)dz;

(m; ry) is thek-eigenpair satisfying

2 ot Ad = mi(a);

with r, normalized to 1 ii_?(R).
ForK = 2, we have following limiting coupled system:

ififo=H?fo+ aoodfoi®+ 2to11if1j® fo;

ihfi=H?f1+ 2go1gfoi®+ Guaiifai® fu (4.4)
It is obvious that for both case& = 1[8] andK = 2[6] respectively, we can use (the
Strang-splitting version of) TSSP for discretizing theteys in a straightforward way,
since both equations are of NLS-type such that the moduheftave functiong and

f1 are conserved in the potential-splitting step.
On the other hand, if we considkr= 3 we have:

ififo = H”fo+(aoodfoi’+ 2aoriif1j°+ 2024 21°) fo+ @urof F2;
ihfr = H’f1+(2mo1ifo®+ quurif1i®+ 2011241 2%)f 1+ 2aa1of of 17 2;
iff2 H? f2+( 20024 0*+ 211241 12+ G224 2°) F2+ Graaf of -
Fort 2 [tn; th+ 1] we discretize this system of 3 equations by splitting it irethsubsys-

tems which we are going to solve in 5 steps:
Step 1). For the time step of lengih=2 we solve:

2
iffo= >+ @ood foj2+ 2ao11if1j°+ 20h024f 2i° fo;
. X2 .o .0 .o .0 . 22
ifhf1= > 20014 f o)+ Q11 f1j°+ 2ch1024F 2 fa;
. X2 i :2 i :2 .r 2
ifhfa= >+ 200024 0l “+ 201124 1]+ @ood o] fo:

Since for this time step each ODE leayégj, jf1j and|jf, invariant in time, we can
integrate each equation (separately) exactly in time gingial data at,,.
Step 2). For the time step of lengih=2 we solve:

. _ 1 .
iifi= Dy
1- 2 1,
. 1
ifhfo= éDkfz;
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Chapter 4. Numerical Methods for solving systems of Grogaelskii equations

by using the Fourier pseudospectral discretization inesp@acl then integrating the ordi-
nary differential system (ODES) in phase space exactlyne ti
Step 3). For the time step of lengih we solve:

ififo = ouafffa
ikf1 = 2g)112f0_f2f1;
ififo =  gouaof 2o (4.5)

Here we discuss in detail how we implement the discretipadio(4.5) . We can rewrite
this system as:

0 fifa O
ifF = g11A(F)F; where A(F):= @fyfy 0 fofy A (4.6)
0 fifg O

andF = (fo;f1; fz)T. Integrate (4.6) over the time intervih; tn+ 1], approximate the
integral by the trapezoidal quadrature, we get

Fltey) = e @ AFO g iguuablAF ) AF (o)

e ih1122 [AF M)+ A(F(D)] = e ig)llthB(Fn);
whereF ":= F (t,) andF () is an approximation df (t+ 1) and can be computed from the

ODEs (4.6) by any explicit method. Here we use the ForwareEulethod to compute
it as:

FO=F" iDtgn12A(F") F";

1
1h i 0 b O
BFM =S AFN+AFW) = @b, 0 by h;
2 —_
0O by O
wherebi,= 3 fPf0+ ffl)f_él) ;b= 3 fgf_ln+f(()l)f_£l) : SinceA is Hermitian,

i.e. AT = A thusB is Hermitian, too. Therefore, we can nd explicitly a uniyganatrix P
with P 1= P and a real diagonal matrix such that

B=PLP '=PLPT;
where
p 1

0 1 _
q 00 O 1 2bpz b1z b2
| =  jbyoj2+ jbogi2; L=@o | 0 A; P= 5@ p0_ 1A
0O 0 | 2 2b1p by bps

Thus we can compute one-step approximation of the ODEs é4.6)

Fl=pe i9udl pT En.
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Chapter 4. Numerical Methods for solving systems of Grogaelskii equations

Remark 3. Since B is Hermitian and thus is a real diagonal matrix, it is then obvious
that we have total mass conservation, i.e.

KF™%? = (F™HTEM™I=(FMT p doudtl pT p e iGubtl pT g0
(F™MTF"= kF"*

Step 4). For the time step of lengih=2 we solve again:

. 1 .
. 1
ifhfi= éDxfl;
. 1
Iﬂfzz éDg(fzi

Step 5). For the time step of lengih=2 we solve again:
. X2 .p .2 .p .2 .r 22
ifhfo= >+ Goodfoj+ 2to11if 1)+ 2¢024f 21" fo;
ifif1= Xt 2ovifo+ Guuifi2+ 2auzdfa? f
thi= 5 Go1dTo)” + Ga1171) G112471 2] 1,
2

iffo= >+ 20024 f 0j° + 201123 1J°+ @o2df2* f2:

ForK = 4 we can use the analogous type of discretization as in tleeat&s= 3. Writ-
ing the system foK = 4 explicitly we immediately realize that the matixs Hermitian.

We remark that the presented time splitting-spectral teglenforK = 1;2;3;4 is sec-
ond order in time and of spectral accuracy in space.

Numerical examples

Example 1 ForK = 1, i.e. in the case of one limiting equation, we choose alnit
condition for (4.1)

y'(%2) = ro(2 (9
and solve the IVP op 8;8] [ ag az] with periodic boundary conditions. Secondly, we

solve (4.3) with initial condition

fo(0;X) = Fi(x) = % e X2,

on[ 8;8] with periodic boundary conditions.
Ny denotes the number of grid pointsxrdirection,N, denotes the number of grid points
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Chapter 4. Numerical Methods for solving systems of Grogaelskii equations

e a | Ny | N, Dt
08| 6 [ 128]256] 10 3
0:4 | 3 |128|256] 10 3

02 | 1:5|256|512| 10 4
0:1 | 0:8| 256|512 10 4
0:05| 0:4 | 256| 512| 10 °

Table 4.1.: Values for the parameters used in numericalrerpats.

0.05

0.045F
0.04f
0.035(
0.03
£0.025¢
0.02F
0.015F
0.01f

0.005,

TAY ‘
% 1 2 3 4 5
t

Figure 4.1.:52(t) with e = 0:8;0:4;0:2;0:1 and 005 (in the order of decreasing peaks).

in z-direction andt the time step. The numerical values for the experiment getan be
seenin Table 4.1.
In Figure 1, we plot thé&2 norm of the approximation error as function of time, with Ina
timet= 5, i.e. .

sf®) = ky (55t fo(itro()e Mk xrey;

for differente.

From Fig. 1, we can see that wherdecreases by half te=2, the error decreases by
half too, and the oscillation frequency of the error incesafour times.

Example 2ForK = 2, i.e. in the case of two equations (4.4), we choose iniath@s
1=4

2_
e X —2;

fo(0;%)

I\)-IOF'_\

1
fo(¥) = o

f1(0; %) Fl(x) = g 2xf); (4.7

and solve the coupled system of GPEs onxieterval[ 8;8] subject to periodic bound-
ary conditions. The initial condition for (4.1) is taken as:

y'(x2) = ro(2fo(x)+ (2 1(X);
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Chapter 4. Numerical Methods for solving systems of Grogaelskii equations

with f} andf] as in (4.7). As before we solve the 2D GPEB;8] [ a;a,] subject to
periodic boundary conditions. Furthermore we considestirae experimental set-up as
before (see detail in Tab. 4.1) and plot in Figure 2 the follmwquantity for different
values ofe:

1 e
S5 = ky (55t A fGDr)e ™k ap):
k=0

0.05

0.0451
0.04
0.035F
0.03
£0.0251
0.02
0.015F
0.01f

0.005r

00 1 2 3 4 5
t

Figure 4.2.:55(t) with e = 0:8;0:4;0:2;0:1 and 005 (in the order of decreasing peaks).

Example 3ForK = 3, we proceed analogously for the coupled system (4.5) ekthr
GPEs. We choose initial conditions as

11=4

fo(0;X) = Fo(x)= p% b e X2,
f1(0;x) = fi(x)= IOExf(');
fo(0;X) = Fh(X)= p%(4x2 2)f (4.8)

and solve on the-interval [ 8;8] subject to periodic boundary conditions. Then we
choose initial datum for (4.1) as:

y' (%2 = ro(Qf 509+ ri(AF 10+ r2(2f 3(x); (4.9)

with f;f1 andf} as in (4.8), and solve as beforeorB;8] [ az;a,] subject to periodic
boundary conditions. Analogously Kbo= 1;2 we depict in Figure 4.3 the error:

2 o
s8t)= ky (;;5t) & f(GDr()e 'm‘t_eszz(Rz)Z
k=0

From Figs. 1-3, we can draw the following conclusions: i). 8WK = 1, the approxi-
mation error clearly ‘tends to 0' ag'tends to zero' (cf. Fig. 4.1). ii). WheK = 2;3, the
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0.05

0.045}
0.04f
0.035}
0.03F
£0.025F
0.02
0.015f
0.01f

0.005F,

0O 1 2 3 4 5
t

Figure 4.3.:55(t) with e= 0:8;0:4;0:2;0:1 and 005 (in the order of decreasing peaks).

approximation error decreases whedecreases and is not too small. Wheeis small, it
stabilizes at some nonzero values althoegs still decreasing (cf. Figs. 4.2&4.3). This
is due to the fact that no other Fourier terms are generated fo 1, while all Fourier
terms (with indicek > = 0) appear instantaneously fidr= 2; 3.

Example 4 Finally, we compare for xed values of the functionss 7(t), s5(t) and
s$(t), wherey (t) is solved with initial data (4.9). Figure 4 shows these fioret and a
reference GPE-solutigty (t = 5)j2 computed with the initial datum (4.9) for differeat

From Fig. 4, we can observe that: i) the reference solutiorcentrates more and
more in thez direction ase tends to zero; ii) the more Fourier terms are considered in
the approximation, the smaller the approximation erroobees; iii) wherK is xed, the
approximation error doesn't decrease wiggaa decreasing but small, i.e. this implies that
expansion error becomes dominant wieessuf ciently small. In fact, the approximation
error consists of two parts: one is from the truncation eraod the other is from the
anisotropic con nement.
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1

0.8
0.6
VOA
0.2
a) G0 1 2 . 3 4 5
1
0.8
0.6
v0.4
0.2
b) G0 1 2 . 3 4 5
1
0.8
0.6
VOA
0.2
C) G0 1 2 . 3 4 5
1
0.8
0.6
v0.4
0.2
d) CO 1 2 . 3 4 5

Figure 4.4.: Surface plots (left column) of the position signjy é(x;zt = 5)j2 and the
approximation errors ;(t) (upper),s5(t) (middle),s$(t) (lower) (right col-
umn) for differente: a)e= 0:8; b)e= 0:4;c)e= 0:2;d)e= 0:1.
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4.2. Hermite pseudo-spectral method

We propose a time-splitting method, where the following subproblems are solved for
0 k K:

ifif. = H’fy; (4.10)
ifhfx = a  Gamnfifmfn: (4.11)
0 Irmn K

n’k+nm n? nm=0

Note that the splitting is different from the one used in thevppous section, where the
con nement potential was a part of the second step.
We denote the eigenstates and eigenvalués’oby:

r(¥) = ha(¥e X2 sp= n+ 1=2;

with n 0 andh,(x) being the scaled Hermite polynomials [23]:

1
hn(X) = pl—ﬂpﬁHn(x) .

For the spatial discretization we take as grid points théesgddermite—Gaul3 points. For

which lie symmetrically about= 0. Let the time step be> 0 andt; := jh, j 0. The
numerical approximation dfi(t;; x;) is denoted by‘kj;i,

Given the approximate solution at tirjei.e., f J0..... flj;N, we start by solving (4.10).
As a rst step, these values are interpolated by a linear ¢oation of the rstN+ 1
eigenstates dfl ? :

N
Fll= & alrn(x); i=0;N:
n=0
For the computation of the Fourier coef cients, we introdube scaled Hermite-Gaul3
weights (see [11, 29])

we 2NN!pp 2,
N+ DHN(G)2 T

Then the Fourier coef cients are computed by Gaul3—Hermitedgature [29]:
j.n L\I j.i
a; = aWwfrn(x); n=0;:::;N:
i=0

Now the solution after the rst half-step (4.10) is given by

N _
= & a"ra(x)e '
n=0
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Before the discretization of the nonlinear part is intragllicwe rewrite (4.11) in vector
notation:
ikF = A(F)F: (4.12)

The choice of the matriA(F) is not unique. For arbitrarp 2 R and with the de nition

g p ifk=nél,
A(F)kn:= é. akmnGdmnf 1fm;  with agympn=_, 2 p ifk=16n,
et =0 " 1  otherwise,
the right hand sides of (4.12) and of (4.11) are the same. Bkerwation that the coef-
cients aymn andgqmn are symmetric with respect {&;1) $ (m;n) shows thatA(F) is
hermitian.
As a motivation for the discretization of (4.12), we rst cder the nonlinear part of
the original equation (2.4):
ity = jyj’y: (4.13)

Note that the absolute value pfis conserved in time by this equation. This implies
y(tis1) = e YOy (g))
1+iz=2

Using the rational approximaticg? :—=, which is of third order irz and shares with

1 iz=2?
&7 the propertyj %j = 1, the solution of (4.13) can be approximated by

1 1 ih=2jyljz o

= Trhey 2 (4.14)
which corresponds to the trapezoidal scheme
Lyl VS L ARV
RSN As H 4 :jyljziy 5 Y. (4.15)

This is a second order discretization of (4.13) since thesithefy j is constant in time
for solutions of (4.13). A second order method for (4.11) barobtained by a two-step
procedure, with

pit2i dii o
- = HAY - SHE
— A i
j*+Li jii ] . j*+ Li jsi
iE———H—E—— = /«FJ*FZWE———éifL—: (4.16)

Remark 4. The computation df I* I involves the solution of a linear system with coef-
cient matrix | + igA, which is invertible since A is hermitian.

Note that for different values of » R we have different discretizations, although the
original problem (4.11) is not affected by the choice of p.
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Summarizing, one step of the Strang splitting method wriltbevector notation is given
by:

* Solving (4.10) on a half time step:

, N .
ali"= & WiFrn(x); n=0;:::;N; (4.17)
i=0
Bii= & alMry(x)e o2 (4.18)
n=0

» Secondly, solving (4.11) on a whole time step

Firiio | igA(ﬁj;i) dii- (4.19)

1

Hj;i - I+ igA(Fj+1=2;i) | igA(FHl:Z;i) ﬂj;i; (4.20)

« And nally, solving again (4.10) on a half time step:

N
gi?”= a Wiﬂi;irn(xi); n=0;:::;N; (4.21)
i=0
o Ng |
FiI*ii= 3 Ql:nrn(me Isnh=2. (4.22)
n=0

Discretization error and stability

The time discretization error comes on one hand from thétisygj which is globally of
second order ifh since we do a Strang splitting. On the other hand, the digatein
scheme (4.16) for the nonlinearity is of second order in tine study the precision of
the scheme by using Taylor series around the gdinth=2. All in all the time discretiza-
tion error is of second order.
Moreover, in Fig. 4.5 we plotted the absolute ekbr Fk whereby we computed the
solutions by Strang splitting (quadratic growth) and by @ensplitting (linear growth).
The "exact"F is obtained by solving the problem with= 10 . k:k denotes the norm
sup kg(t; )k 2(r)- As expected the Strang splitting leads to a second orderdiscretiza-
tion error, whereas the simple splitting to a rst order tidiscretization error.

The introduced method is of spectral accuracy in space. ddereit conserves mass.
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Figure 4.5.: Absolute errckF  Fk computed with Strang splitting ('-+') and simple
splitting (- ).

Lemma 7. The Hermite pseudo-spectral method combined with the Gifditlolson type
method HPSCN (4.18-4.20) is unconditionally stable, smess is conserved:

a nlifli= & nLfli:
0 k<K 0 k<K

wherehf ;gi := &N wi f(%)g(x)

Proof. We rst show the conservation of (4.18), thhékj; fkji = h‘fli‘fl:l for all k< K.
We have:

I:m=0 -

e N e N e N |
tﬁi;?di = ha ae S rm; A 3y e Shri= @ 3, a‘li;mel(sI Sm)hr\rl{lzrnﬁ
m=0 =0 g -

W) sriihry £l = bf ) f
0

Qo=

. N .
jagi?= a infg;rii?=
0 =0 |

I
Qo=

For the second step (4.20) we want to shipgv .«Krﬁj ;?kji = ao k<KI‘§kj ;?kji . Ifwe
use the fact thad is Hermitian we can easily show that

ﬂi;i Tﬂi;i: dji Tﬁi;i;

All in all, we have conservation of the total mass:
a n)rli= & n)thelt
0 k<K 0 k<K
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e | Ny h
0:8] 256/ 10 3
0:4 | 256 10 3
0:2|512| 10 4

Table 4.2.: Values for the parameters used in numericalrerpats.

e h MSTSS | HPSCN
hh:mm:ss| hh:mm:ss
0:8 | 10 3| 00:05:44 | 00:01:59
0:2 | 10 4| 04:09:31| 00:37:25

Table 4.3.: Running times for the different methods.

Numerical experiments

In this section we present some numerical results obtaiggidomethod (HPSCN) in-
troduced in the previous section.

Example 1 In the rst example we analyze the approximation error dejeg one
andK, when we approximate the solutignof the original problem (2.4) by the solution
(f)o k<k Of the reduced problem (3.5) is solved by Time-splitting spectral method
(TSSP) [9, 8] with the parameter values used in previousaec{fy)o k<k IS solved
by the Hermite pseudo-spectral method combined with thekGidicolson type method
(HPSCN) for the nonlinearity. Since we want to compute theraximation error, we
have to evaluate both solutions at the same grid points. iffipies that for these ex-
periments we have to use uniform grid points in the spaceeatigation of HPSCN. We
choose the intervdl a;a] (a 0) such that it contains the support of all Hermite polyno-
mials (Hy)k< N+ 1. Moreover forNy a positive integer (see Table 4.2)we choose the spatial
mesh sizén, = 2a=Ny and let the grid points be:

xi= a+ihy i=0;1;:::Ng:

However, for the evaluation of the Fourier coef cieraitlgn we use the trapezoidal quadra-
ture. The discretization error in space is then of seconeérorth our computation the
parameter have following valuest= 16, N = 64. Denote the approximation error by
sk(t):
sgt)= ky (;xt) a fGonG)e "m:eszz(R):
0 k<K

wherey is the solution of (2.4) with initial datgt' (x,2) = 8¢ ek Fr(X)rk(2) andf \(x)
the rst eigen states of the harmonic oscillatoriirespectively.
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Figure 4.6.:52(t) with e = 0:8;0:4 and 02 (in the order of decreasing peaks) and a.)
K=3,b)K=4,c)K=5.

In Fig. 4.6 we see the approximation error for decreasiagd increasing(. ForK = 3
we compared the running times for the two methods (see TaB)e Mere, we computed
additionally to section 4.1 the approximation error K= 4 andK = 5. However, we
can draw the same conclusions as in section 4.1.

Remark 5. During the numerical experiments it turned out that the paeser p has little
impact on the results. Therefore, we make the choiee2p This value is moreover the
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appropriate one for comparisons with the numerical methesented in section 4.1.

In the following experiments the grid points are the rootshaf Hermite polynomial
Hn+1(X). We chooséN = 46, which means that we have 47 grid points on#axis. The
parametep of the discretization is chosen equal to 2. All results aotdiby HPSCN are
nally compared to the corresponding quantities computgthie multistep time-splitting
scheme presented in section 4.1, which we call MSTSS. Irr dodechieve similar qual-
ity of the data we use for MSTSS 257 uniform grid points on thienval[ 16;16).
Moreover, we choose the time step 0:001. The initial data are chosen as the kst

eigenstates of the operator% Tx + %xz, whereby the sum of their masses is hormalized
to one. The value off will be speci ed individually in every example.
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Example 2 In this example we compare the condensate widths as fursctbtime
computed by the two different numerical methods. {g}o <k be the condensate width
of the corresponding wave functidn:

q — Z
tk= hxh xi)2i wherehfi ;== f(X)jfij2dxwith0 k< K:
R

Here, we solve the system f&r= 3, thus 0 k< 3. Moreoverg = 10.

Figure 4.7.: Condensate widthgas functions of time. The solutigif k)< 3 is obtained
by HPSCN (- ") with p= 2 and 47 grid points and by MSTSS (*-') with 257
grid points on the intervdl 16;16]. a.)k= 0,b.)k=1,c.)k= 2.

Example 3 Here we compute the mass for every component of the solutamely
kfeka = Rjfk(X)j%dx with 0 k< 3, withK = 3. For the initial datag = 1. We know
that the total mass of the system is conserved. This expetiméicates us that there is
mass exchange between the different states) «<3. (see Figure 4.8).

Example 4 Here we observe the evolution in time of the central derssiie every
component of the solution, namgff(t; 0)j%, with 0 k< K, with K = 3. For the initial
datag = 10 (see Figure 4.9).
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Figure 4.8.: Mas&f ko as function of timek=0 (- "), k=1(- Yandk= 2 (-+").

The solution is obtained in a.) by HPSCN wiph= 2 and 47 grid points and
in b.) by MSTSS with 257 grid points on the interyall6; 16].

a \ s 1 15 : 25 3 35 4 s 5 b)
. t .
/

Figure 4.9.: Central densify (t; 0)j? as function of timek= 0 (- '), k= 1 (-+") and
k= 2 (- "). The solution is obtained in a.) by HPSCN wifh= 2 and 47
(N = 46) grid points and in b.) by MSTSS with 257 grid points on thieival
[ 16;16)].

The examples (1-4) show that both methods give similar tesdbwever, comparison
of the running time in Table 4.3 highlights the fact that HRSS faster than MSTSS.
Another advantage of the new method HPSCN is the fact thatanemaplement it for a
greater number of equatios which is rather cumbersome for the MSTSS method.

Remark 6. The representation of the position densities for a greatenber of equations
indicates that the solutions may go beyond the interval hichvlie the roots of the chosen
Hermite polynomial i;. Therefore, if we increase K, we have to increase N, too.

Example 5Here we want to display the surface plots of the position tiess$f «(t; X)j,
0 k< Kwith K= 5andN = 64. For the initial data we hawg = 10 and observe the

solutionsupta 5.

The analysis of Fig. 4.10 allows us to assert that the numbpeaks increases with
K. This is an expected behavior since initially théh excited state has+ 1 peaks (the
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|
| plﬁ

Figure 4.10.: Position densitigg(t;x)j for0 k< 5

ground state has one peak, the rst excited state has twepgtek In addition, the greater
the con ning potential, the steeper are the peaks. Last buteast, we observe periodic
behavior of the solutions, which is not surprizing in viewtbé Duhamel's formula for

nonlinear Schrédinger equations [17, 20]. Not so evidetitadact that the period length
is the same for all states.
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Appendix A.

Anisotropic Sobolev inequalities

In this section, we state anisotropic Sobolev embeddingsaageneralized Gagliardo—
Nirenberg inequality. The proof of this lemma, rather gfhéforward, is skipped. It
uses standard Sobolev embeddings and Gagliardo—Niremegpgalities, combined with
interpolation estimates. We generalize here a result gf(Eg2 also [32], where a similar
Sobolev embedding is obtained). Recall that in this workwhele dimension i1+ d
and the space variable is writtéx 2), wherex 2 R" andz2 Rd.

Lemma 8. Let2 p;q ¥ be such that

n_ . d 1 1
p(n+d) q(n+d) 2 n+d

(withg< ¥ ifd = 2; p< ¥ if n= 2; and strictinequality if = d = 1). Then
HYR™ %) | LIRS LR(RY):

Furthermore, for any 2 [2; ﬁfr”g d%] we have

1 1y _ 1 1y _ 11
i%Z(”*d)(z f’kNXukE(%i ')szukﬁé_i 2

kuk|_rx;Z Ckuk
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