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Zusammenfassung

Die vorliegende Arbeit beschäftigt sich mit der Dimensionsreduktion des Bose–Einstein
Kondensates (BEC aus dem Englischen Bose–Einstein condensate). Bose, ein indischer
Wissenschaftler, und dann Einstein hatten 1925 vorausgesagt, dass bei sehr niedrigen
Temperaturen Gase kondensieren würden. Ein Ensemble aus Bosonen bildet einen kol-
lektiven Quantenzustand, sobald die Teilchendichte einenkritischen Wert überschreitet.
Ein BEC lässt sich durch Absenkung der Temperatur auf Werte nahe dem absoluten Null-
punkt und Einfangen in ein Fallenpotential erzeugen. Das erste BEC konnten Physiker des
Forschungsinstitutes JILA im Jahre 1995 herstellen. Großes Interesse zeigen die Forscher
auch an extrem anisotropen Magnetfallen, wodurch zweidimensionale bzw. eindimensio-
nale BEC entstehen. In diesem Fall spricht man von Dimensionsreduktion des BEC.
Die Dynamik des BEC wird bei Temperaturen unter der kritischen Kondensationstempe-
ratur durch die Gross–Pitaevskii Gleichung (GPE) beschrieben. Die GPE ist eine nicht-
lineare Schrödinger Gleichung mit harmonischem Potentialund einer kubischen Nicht-
linearität. Das harmonische Potential modelliert das magnetische Fallenpotential. Da wir
die Dimensionsreduktion betrachten, sind wir an der GPE mitstark anisotropem Fallenpo-
tential interessiert, d.h. die Fallenfrequenzen in den unterschiedlichen Richtungen haben
unterschiedliche Größenordnungen.
Wir untersuchen das asymptotische Verhalten der GPE, wenn der Quotient der Fallenfre-
quenzen gegen Null konvergiert. Im ersten Teil der Arbeit beweisen wir, dass für Anfangs-
daten, die Modulationen des Grundzustandes des dominierenden harmonischen Oszilla-
tors sind, die Lösung der GPE durch eine Modulation des Grundzustandes approximiert
wird. Die Modulationswellenfunktion erfüllt eine GPE in niedrigerer Dimension als die
ursprüngliche GPE. Der Beweis wird allgemein für einen+ d-dimensionale Schrödin-
ger Gleichung mit allgemeinerer Nichtlinearität polynomialen Wachstums und harmoni-
schem Potential durchgeführt. Der Term führender Ordnung in der Approximation erfüllt
dann einen-dimensionale Schrödinger Gleichung. Als Anwendung wird die Methode auf
eine drei-dimensionale GPE angewandt. Die reduzierte Gleichung ist dann eine zwei-
bzw. ein-dimensionale GPE. Schließlich wird die Methode auf eine GPE mit Rotations-
term, die ein rotierendes BEC modelliert, angewandt.
Im zweiten Teil der Arbeit betrachten wir das asymptotischeVerhalten der Gleichung
mit allgemeinen Anfangsdaten, wenn das Quotient der Fallenfrequenzen gegen Null kon-
vergiert. In diesem Fall können wir zeigen, dass der formaleGrenzwert ein abzählbares
System von GPE ist. Für ein endliches System von GPE können wir Wohlde�niertheit,
sowie Energie- und Massenerhaltung zeigen. Weiters entwickeln wir zwei numerische
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Zusammenfassung

Methoden zur Lösung des endlichen Systems. Die erste Diskretisierung basiert auf dem
Time-Splitting Spektralverfahren und wird in drei Teilen gelöst, wir nennen sie 'multi
step time-splitting spectral method' (MSTSS). In den numerischen Simulationen betrach-
ten wir den Fehler, den wir bei der Approximation der ursprünglichen GPE durch das
endliche System erhalten.
Da aber die MSTSS-Methode nicht so einfach auf Systeme mit größerer Anzahl von
Gleichungen zu verallgemeinern ist, haben wir eine zweite Diskretisierung entwickelt.
Die Kenntnis des Spektrums des harmonischen Oszillators, d.h. in dem Fall eines har-
monischen externen Potentials, erlaubt uns ein Hermite-Pseudospektrales Verfahren zu
entwickeln, das wir dann mit einer Methode des Typus Crank–Nicholson für die Lösung
des Nichtlinearen Teils kombinieren (HPSCN). Anschließend vergleichen wir diese zwei
Verfahren (MSTSS vs. HPSCN) miteinander. Außerdem zeigen wir, dass beide Verfahren
zweiter Ordnung in der Zeit und von spektraler Genauigkeit im Raum sind.
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Abstract

The present work deals with dimension reduction of Bose–Einstein Condensates (BEC)
in the weak interaction regime. BEC was originally conceived in 1925 by Einstein, as he
reviewed and translated a work of Bose about the statistics of photons. They predicted
that if a gas of atoms could be cooled below a critical temperature, it should suddenly
condense into a state in which all atoms have exactly the samelocation and energy, in
other words the wave-function of each atom in a BEC can overlap and create, in effect,
one super-atom.
Crucial ingredients in producing a BEC are laser cooling andtrapping of atoms. A wide
experimental interest is dedicated to BEC in highly anisotropic con�gurations. In this
context it can be observed that by changing the shape of the trapping potential, it is pos-
sible to produce cigar or disk shaped BEC. This is also calleddimension reduction of
BEC.

Below the critical condensation temperature the evolutionof BEC is well described by
the Gross–Pitaevskii (GP) equation, which is a nonlinear Schrödinger equation with har-
monic potential modeling the magnetic trap and a cubic nonlinearity describing two par-
ticle bosonic interaction. Since we are interested in dimension reduction, we consider the
GP-equation with strongly anisotropic trapping potentialthat is the trapping frequencies
in the different directions have different orders of magnitude. We analyze the asymptotic
behaviour of the GP-equation when the ratio of the trap frequencies tends to zero.

In the �rst part of the work we consider the general(n+ d)-dimensional Schrödinger
equation with general nonlinearities of polynomial growthand strongly anisotropic har-
monic potential. We prove that in the limit as the ratio of trap frequencies tends to zero for
initial data belonging to the subband of the ground state energy level of the dominating
harmonic oscillator, the mass remains concentrated in thissubband. The modulation wave
function satis�es an-dimensional Schrödinger equation. As an application, thedimension
reduction of the three-dimensional GP-equation is discussed. Then the method is applied
also in the case of the GP-equation with angular momentum rotation term.

In the second part of the work we analyze the asymptotic behaviour of the GP-equation
with general initial data, as the ration of the trapping frequencies tends to zero. The
limit is carried out by the averaging method. In the limit a denumerable system of lower
dimensional GP-equations is obtained. Since, we are interested in the numerical approx-
imation of the system, only a �nite number of limiting equations is considered, whose
well-posedness is also proven. Moreover, properties of the�nite system such as energy
and mass conservation are also discussed in this part.
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Abstract

The third part of the work deals with numerical procedures for solving the �nite sys-
tem of GP-equations. On the one hand, we present a multistep time splitting scheme for
solving the system with 1;2;3 and 4 equations. On the other hand, we develop a differ-
ent discretization based on a Hermite pseudo-spectral method combined with a Crank–
Nicholson type method. Both methods are of second order in time and spectral accuracy
in space. Finally, we present numerical simulations and compare both methods.
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Chapter 1.

Introduction

We all know about solids, liquids, gases and plasmas. But there is another matter of state
called Bose–Einstein Condensate (BEC). It was originally conceived in 1925 by Einstein
[25], as he reviewed and translated a work of Bose [16] about the statistics of photons.
They predicted that if a gas of atoms could be cooled below a critical temperature, it
should suddenly condense into a state in which all atoms haveexactly the same location
and energy, in other words the wave-function of each atom in aBEC can overlap and
create, in effect, one super-atom.
The �rst experimental realization of a BEC, achieved in 1995for atomic gases [3], stim-
ulated numerous experimental and theoretical studies in the succeeding years. Crucial
ingredients in producing a BEC are laser cooling and trapping of atoms. The laser-cooled
atoms are collected in a magnetic trap, whereby the most energetic atoms are allowed to
evaporate away. After evaporation has cooled the atoms the condensate begins to form
(see Fig. 1). A wide experimental interest is dedicated to BEC in highly anisotropic con-
�gurations. In this context it can be observed that by changing the shape of the trapping
potential, it is possible to produce cigar or disk shaped BECs [31].

Below the critical condensation temperature the evolutionof BEC is well described
by the Gross–Pitaevskii (GP) equation, which is a nonlinearSchrödinger equation with
harmonic potential modeling the magnetic trap and a cubic nonlinearity describing two
particle bosonic interaction [4, 22, 36, 41]. The cases of repulsive (e.g. for87 Rb atoms)
and attractive (e.g. for7 Li atoms) interactions correspond to defocusing and focusing
nonlinearities in the GPE, respectively. The solutiony = y (t;x;z) is the macroscopic
wave function of the condensate, de�ned forx 2 Rn, z2 Rd, n+ d = 3, andt > 0.

ih̄y t = �
h̄2

2m
Dy +

m
2

�
w2

x jxj2 + w2
z jzj2

�
y + Nagjy j2y ; (1.1)

wherem is the atomic mass,̄h is the Planck constant,Na is the number of atoms in the
condensate, andwx;wz are the trap frequencies inx- andz-directions, respectively. The
parameterg describes the interaction between the atoms in the condensate and has the
form g = h̄2a=m, wherea is the scattering length, positive for repulsive interactions and
negative for attractive interactions. We consider the normalization condition

Z

R3

jy (t;x;z)j2dxdz= 1

1



Chapter 1. Introduction

a) b)

Figure 1.1.: Images of the velocity distribution of trappedrubidium atoms as they enter
the BEC. a) Experiment done in JILA(95') with 5000 atoms, b) ETH(02')
with 300000 atoms. Left: just before the appearance of the BEC; Middle: the
condensate has begun to form; Right: nearly pure condensate.

A typical set of parameters used in current experiments at JILA with 87Rb is given by:

m= 1:44� 10� 25[kg]; wx = 10� 2p[1=s]; wz =
p

8wx; a = 5:1� 10� 9[m]

and the Plank constant has the value

h̄ = 1:05� 10� 34[Js] :

Let us write (1.1) in dimensionless form as introduced in [8]. Then we scale the equation

t̃ = wxt; x̃ =
x
xs

; z̃=
z
xs

; ỹ (t̃; x̃; z̃) = x3=2
s y (t;x;z) ;

wherexs will be speci�ed later. Letax =
p

h̄=mwx be the characteristic length of the
condensate inx-direction. We introduce the dimensionless parameters

e =
r

wx

wz
; d =

h̄
wxmx2

s
=

�
ax

xs

� 2

; g =
4paNa

ax
d5=2

The scaled version of (1.1) becomes

idy t = �
d2

2
Dy +(

jxj2

2
+

jzj2

2e4 )y + gjy j2y ; (1.2)

There are different choices forxs. They determine the observation scale of the condensate
and decide which phenomena are visible. In the strong interaction regime an appropriate
choice ofxs is xs = ( 4p jajNaa4

x)1=5, which givesjgj = O(1) andd � 1.
An appropriate choice ofxs in the weak interaction and in the moderate interaction

regime isax, the characteristic length of the condensate inx-direction. Thend = 1. In
this parameter regime (1.2) becomes:

iy t = �
1
2

Dy +(
jxj2

2
+

jzj2

2e4)y + gjy j2y ; x 2 Rn ; z2 Rd ; (1.3)

2



Chapter 1. Introduction

with g � 1 for weak interaction regime andg = O(1) in the moderate interaction regime.
We are interested in the case of strongly anisotropic potential, thus wheree � 1. In
this case we can reduce the three-dimensional GP-equation to a two- or one-dimensional
GP-equation, respectively. Then we speak of disk shaped or cigar shaped condensate.

The stationary case is treated in [36]. There, the limit of the three-dimensional ground
state energy is carried out (forz2 R2 andx 2 R). In [7] the dimension reduction of the
three-dimensional Gross–Pitaevskii equation is studied numerically in different interac-
tion regimes. Convergence rates for the dimension reduction of three-dimensional ground
state and dynamics of GPE are reported based on asymptotic and numerical results.

The work is organized as follows. In the following chapter the more general(n+ d)-
dimensional Schrödinger equation with general nonlinearities of polynomial growth and
harmonic con�ning potential is considered. More precisely, the con�ning potential is
strongly anisotropic; i.e., the trap frequencies in different directions are of different or-
ders of magnitude. The limit as the ratio of trap frequenciestends to zero is worked out.
For initial data belonging to the subband of the ground stateenergy level of the dominat-
ing harmonic oscillator, it can be proven that in the limit asthe ratio of trap frequencies
tends to zero the mass remains concentrated in this subband.The modulation wave func-
tion satis�es ann-dimensional Schrödinger equation. The main tools of the analysis are
energy and Strichartz estimates, as well as two anisotropicSobolev inequalities.
As an application, the dimension reduction of the three-dimensional GP-equation is dis-
cussed. Then the method is applied also in the case of the GP-equation with angular
momentum rotation term.

In chapter 3 the three dimensional GP-equation is considered and the formal asymp-
totic limit is calculated by the averaging method. In the limit a denumerable system of
lower dimensional GP-equations is obtained. Since, we are interested in the numerical
approximation of the system, only a �nite number of limitingequations is considered, of
which well-posedness is also proven. Moreover, propertiesof the �nite system such as
energy and mass conservation are also discussed in this chapter.

The subsequent chapter deals with numerical procedures forsolving the �nite system of
GP-equations. On the one hand, a multistep time splitting scheme for solving the system
with 1;2;3 and 4 equations is presented. Since it is rather cumbersometo implement this
method for a greater number of equations, we developed a second discretization based on
a Hermite pseudo-spectral method for the one-dimensional harmonic oscillator, combined
with a Crank–Nicholson type discretization for the ODE system corresponding to the
nonlinear coupling. Accuracy and stability of both methodsare discussed. They are both
of second order in time and spectral accuracy in space and areunconditionally stable.
Finally, numerical simulations are reported and both methods are compared.

3



Chapter 2.

Adiabatic approximation for well
prepared initial data

In this chapter we are concerned with the dimension reduction of the three dimensional
Schrödinger equation with harmonic potential and general nonlinearity of polynomial
growth. We are interested in the case where the external potential is strongly anisotropic.
The limit as the ratio of trap frequencies tends to zero is calculated. A concentration
of mass on the ground state of the dominating harmonic oscillator is shown to be prop-
agated, and the lower-dimensional modulation wave function again satis�es a nonlinear
Schrödinger equation. This work follows the approach used in [14] for analyzing a dimen-
sion reduction (from dimension 3 to dimension 2) for the Schrödinger–Poisson system and
where asymptotics for strong partial con�nement was introduced.

In following we deal with the asymptotic behavior of solutions of the(n+ d)-dimensional
Schrödinger equation

iy t = �
1
2

Dy + Ve(x;z)y + f (gjy j)y ; (2.1)

y I (x;z) = y (0;x;z) ; x 2 Rn ; z2 Rd ; (2.2)

ase ! 0. HereVe = jxj2

2 + jzj2

2e4 is the trapping harmonic potential andD = Dx + Dz the
Laplacian inRn+ d. y satis�es the normalization condition

Z

Rn+ d
jy j2dxdz= 1; (2.3)

which is preserved by (2.1). Since the sign of the functionf is not speci�ed, we are
dealing with both focusing and defocusing nonlinearities.Performing the limite ! 0 in
this system will enable us to write a reduced model involvinga nonlinear Schrödinger
equation in dimensionn. In section 2.3, an application to the dynamics of Bose–Einstein
condensates is presented; we justify mathematically the effective models which can be
found in the physics literature [35]. In this context, as wasremarked in [8], the use of
such approximate models signi�cantly reduces the complexity of numerical simulations.

In order to balance the kinetic and potential energy terms inthe z-direction, we in-
troduce the rescalingz ! ez. In order to keep the wavefunction normalized we have to

4



Chapter 2. Adiabatic approximation for well prepared initial data

rescale byy ! e� d=2y (t;x;z). As we want to balance the nonlinearity with the terms of
order 1, we chooseg = ed=2; thus we consider weak nonlinearities. The rescaled problem
reads

iy t = H? y +
1
e2Hy + f (jy j)y ; (2.4)

y (t = 0;x;z) = y I (x;z) ;

with H? = � 1
2Dx+ jxj2

2 andH = � 1
2Dz+ jzj2

2 , harmonic oscillators in thex- andz-directions,
respectively.

We introduce a new time scalet = t=e2, so that we have the fast oscillations inz
corresponding to the fast time scalet . If we let e ! 0, we formally obtain the equation

iY t = HY ;

which we can solve explicitly in terms of the spectral decomposition ofH:

Y = å
k� 0

f ke
� imkt rk(z) :

Here(mk; rk(z)) k� 0 are the eigenvalues and normalized (with respect toL2(Rd)) eigen-
functions ofH, and(f k)(k� 0) are coef�cients independent oft andz. The eigenvalue
problem can be solved explicitly with the eigenvaluesmk = k+ d

2 (see [45, Theorem 8.4]).
The eigenfunctions are products of a Gaussian with Hermite polynomials, and, in partic-
ular, the ground state eigenfunction is given by

r0(z) =
�

1
p

� d=4

e� jzj2

2 :

By modulation, thus introducing the slow variablesx andt, we would havef k depending
on(t;x). This motivates us to expandy e with respect to the eigenstates ofH:

y e(t;x;z) = å
k� 0

e� imkt=e2
f e

k (t;x)rk(z) : (2.5)

Our aim is to determine and justify approximations of the form

y e(t;x;z) � j (t;x)e� im0t=e2
r0(z) ; (2.6)

i.e., modulations of the ground state, under an assumption of well-prepared initial data
(see (2.11) below). A formal analysis indicates that the general case, where the transport
occurs on several modes, is more complicated and might involve coupling terms between
the limitingn-dimensional Schrödinger equations (this is not the case for the Schrödinger–
Poisson system [14], where the nonlinearity is weaker).

5



Chapter 2. Adiabatic approximation for well prepared initial data

The projectionP onto the eigenspace generated by the groundstater0(z) is given by

Py e(t;x;z) = e� im0t=e2
f e(t;x)r0(z)

with
f e(x;t) := eim0t=e2

Z

Rd
y e(t;x;z)r0(z)dz: (2.7)

It is obvious that the projection has the following properties:

¶tP = P¶t ; PH? = H? P ; PH = m0P :

By projecting (2.4) we obtain

if e
t = H? f e + eim0t=e2

Z

Rd
f (jy ej)y er0dz: (2.8)

The nonlinearity can be written as

eim0t=e2
Z

Rd
f (jy ej)y er0dz= f (jf ej)f e + he

with f (jf j) =
Z

Rd
f (jf jr0)r2

0dz

and he = eim0t=e2
Z

Rd
[ f (jy ej)y er0 � f (jf ejr0)e� im0t=e2

f er2
0]dz: (2.9)

Then the formal limit of (2.8) ase ! 0 is then-dimensional Schrödinger equation

ij t = H? j + f (jj j)j : (2.10)

When the initial data for the full problem (2.4) are chosen compatible with the ansatz
(2.6), i.e.,

y I (x;z) = j I (x)r0(z) ; (2.11)

then appropriate initial conditions for the solution of (2.10) are

j (0;x) = j I (x) : (2.12)

The main result of this chapter is a justi�cation of the limitproblem (2.10), (2.12) under
the following assumptions on the initial data and on the nonlinearity.

Assumption 1. The functionj I satis�es
Z

Rn

�
jÑxj I (x)j2 + jxj I (x)j2

�
dx< ¥ ;

Z

Rn
jj I (x)j2dx= 1:

Assumption 2. The nonlinearity f satis�es

j f (juj)u� f (jvj)v)j � C(juja + jvja )ju� vj ;

where either f� 0 (defocusing case) and0 � a < 4
n+ d� 2, or 0 � a < minf 4

n+ d� 2; 4
ng.

Additionally,a � 2
n� 2 if n > 2.

6



Chapter 2. Adiabatic approximation for well prepared initial data

Remark 1. The assumptions are suf�cient for proving existence and uniqueness of local
solutions of both the full problem (2.4), (2.11) and the limit problem (2.10), (2.12) (see
[20, 39, 17]). Note that the property of f required in Assumption 2 carries over tof .
In the repulsive case, global existence is a straightforward consequence of energy con-
servation (see section 2.1). Without sign assumptions on the nonlinearity, the additional
requirementa < 4=n leads to global solvability of the limit problem [39]. Here, however,
it is used for provinge-independent estimates for the full problem on �nite time intervals.

Theorem 1. Let Assumptions1 and2be satis�ed and lety e andj be the unique solutions
of (2:4); (2:11) and (2:10); (2:12); respectively. Then for every T< ¥ there exists a
constant cT such that

sup
t2 (0;T)

ky e(t; �; �)) � e� im0t=e2
j (t; �)r0kL2(Rn+ d) � cT e:

The rest of the chapter is organized as follows. In the following section, conservation
of energy is used to derive uniform estimates ofH1-norms of the solution of the(n+ d)-
dimensional problem and its ground state contribution. Whereas for repulsive nonlinear-
ities these results follow directly from the energy conservation, in the general case the
nonlinearity needs to be controlled by an anisotropic generalization of the Gagliardo–
Nirenberg inequality. Also the difference between the fullsolution and its projection to
the ground state is shown to be small. In section 2.2, the difference between the ground
state contribution and its formal limit is estimated. The main tools are Strichartz estimates
[20, 30, 44] and an anisotropic Sobolev inequality proved inthe appendix.

Section 2.3 deals with an application, the Gross–Pitaevskii equation, which has a cu-
bic nonlinearity and models the dynamics of Bose–Einstein condensates. In this case,
dimension reduction means obtaining disk-shaped or cigar-shaped condensates. Finally,
the method is applied on a Gross–Pitaevskii equation with a rotation term modeling the
rotating Bose–Einstein condensate.

2.1. Uniform estimates

In this section we derive somee-independent estimates from energy conservation. The
energy is de�ned by

Ee[y e(t)] :=
D

H? y e(t);y e(t)
E

+
1
e2 hHy e(t);y e(t)i + 2F [y (t)] ;

whereh�; �i denotes the scalar product inL2(Rn+ d) and

F [y ] =
Z

Rn+ d
F(jy j)dxdz; with F(s) =

Z s

0
f (s )s ds :

Note that the �rst two terms in the energy are nonnegative quadratic forms controlling the
H1-norms in thex- andz-directions, respectively.

7



Chapter 2. Adiabatic approximation for well prepared initial data

With Assumption 1, the initial data (2.11) satisfyEe[y I ] < ¥ for �xed e. From [20]
(Theorem 9.2.5 and Remark 9.2.7) and Assumption 2 we obtain local-in-time existence
for the (n+ d)-dimensional problem (2.4) as well as energy and mass conservation:

Ee[y e(t)] = Ee[y I ] ; ky e(t)k2;2 = ky I k2;2 = kj I k2 : (2.13)

Considering the limit ofe2Ee whene ! 0, we immediately obtain uniform bounds for the
dominant term. The main dif�culty consists in �nding uniform bounds on



H? y e(t);y e(t)

�
.

Once we have this, we can derive uniform bounds on theH1-norm ofy e(t).
For the notation of norms we use the following conventions.

De�nition 1. Let 0 < T � ¥ , 1 � p;q; r � ¥ , and u(t;x), v(t;x;z) functions of t2 (0;T),
x 2 Rn, and z2 Rd. Then we de�ne the norms

ku(t)kp := ku(t; �)kLp(Rn) ;

kukr( p) :=





 ku(�)kp








Lr ((0;T))
;

kv(t)kq;p :=





 kv(t; �)kp








Lq(Rd)
;

kvkr(q;p) :=





 kv(�)kq;p








Lr ((0;T))
;

and the corresponding Banach spaces are denoted by Lp
x , Lr

t L
p
x , Lq

zLp
x , and Lr

t L
q
zLp

x .

Taking into account the expansion (2.5) of the(n+ d)-dimensional wavefunctiony e

with respect to the orthonormal basis(rk)k� 0 of eigenfunctions gives

ky e(t)k2
2;2 =

¥

å
k= 0

kf e
k (t)k2

2; (2.14)

kÑxy e(t)k2
2;2 =

¥

å
k= 0

kÑxf e
k (t)k2

2: (2.15)

At �rst sight, the energy equation seems to be of limited use,since it is dominated by
the contributions in thez-direction. However, with the mass conservation this part can be
written as

hHy e(t);y e(t)i =
¥

å
k= 0

mkkf e
k (t)k2

2

=
¥

å
k= 1

(mk � m0)kf e
k (t)k2

2+ m0kj I k2
2 ; (2.16)

and, on the other hand,
hHy I ;y I i = m0kj I k2

2 : (2.17)

8



Chapter 2. Adiabatic approximation for well prepared initial data

By using (2.16) and (2.17) we can rewrite the energy conservation as
D

H? y e(t);y e(t)
E

+
1
e2

¥

å
k= 1

(mk � m0)kf e
k (t)k2

2+ 2F [y e(t)]

=
D

H? y I ;y I

E
+ 2F [y I ] : (2.18)

In the case of defocusing nonlinearities all terms in this equation are nonnegative, and we
immediately obtain uniform boundedness ofy (t) in H1(Rn+ d), as well as the statement
that the mass remains concentrated to the ground state ase ! 0. The rest of this section
is devoted to proving the same results (Lemmas 1 and 2) without sign assumption on the
nonlinearity.

By applying Lemma 8 from the appendix withr = a + 2, we can control the term
coming from the nonlinearity:

jF [y e(t)]j � k y e(t)k2+ a
2+ a ;2+ a � ckÑxy e(t)kna =2

2;2 kÑzy e(t)kda =2
2;2 ; (2.19)

where here and in the followingc denotes possibly differente-independent, positive con-
stants. Consequently, the energy conservation multipliedby e2 yields

e2kÑxy e(t)k2
2;2+ kÑzy e(t)k2

2;2 � c+ ce2kÑxy e(t)kna =2
2;2 kÑzy e(t)kda =2

2;2 ;

and, from the Young inequality,

e2kÑxy e(t)k2
2;2+ kÑzy e(t)k2

2;2 � c+ e2hkÑxy e(t)k2
2;2 + e2C(h )kÑzy e(t)k

2da
4� na
2;2 :

Remark. The constrainta < 4
n in Assumption 2 guarantees that the exponent remains

positive.
With the choiceh = 1

2 we deduce

kÑzy e(t)k2
2;2 � c+ e2ckÑzy e(t)k

2da
4� na
2;2 :

In the caseq = 2da
4� na < 2 we conclude that

kÑzy ek¥ (2;2) � c: (2.20)

For q > 2 we obtain the result by the standard bootstrap argument, sincekÑzy I k2;2 is
independent ofe (see [18, Lemma 2.9]). Using (2.19) with (2.20) in (2.18), weget

kÑxy e(t)k2
2;2 + kxy e(t)k2

2;2 +
1
e2

¥

å
k= 1

(mk � m0)kf e
k (t)k2

2 � c+ ckÑxy e(t)kna =2
2;2 :

(2.21)
Since, bya < 4=n, the exponent in the last term is smaller than 2, uniform boundedness
of kÑxy e(t)k2;2 follows.

It is now easy to prove the following two results on uniform boundedness and on the
uniform smallness of the contributions from excited states.

9



Chapter 2. Adiabatic approximation for well prepared initial data

Lemma 1. Let the assumptions of Theorem1 be satis�ed, lety e be the solution of(2:4);
(2:11); let f e be de�ned by(2:7); and letj be the solution of(2:10); (2:12): Then

y e 2 L¥ ((0;¥ ); H1(Rn+ d)) ; f e; j 2 L¥ ((0;¥ ); H1(Rn)) ;

uniformly ine.

Proof. From (2.16) and (2.21) it is immediately clear thathH? y (t);y (t)i +
hHy (t);y (t)i is uniformly bounded with respect toe andt. The observation that this term
dominates theH1(Rn+ d)-norm completes the proof of the �rst statement of the lemma.

The representation ofy in terms of the eigenstates shows

hH? y (t);y (t)i �
1
2

(kÑxf k2
2 + kxf k2

2) ;

which proves the statement forf . Finally, the statement for thee-independentj is a
consequence of the existence theory.

Lemma 2. With the assumptions of the previous lemma,

k(I � P)y ek¥ (p;2) � ce

holds with ane-independent constant c and with p2 [2; 2d
d� 2] if d � 3, p2 [2;¥ ) if d = 2,

and p2 [2;¥ ] if d = 1.

Proof. Using (2.21) we obtain

k(I � P)y e(t)k2
2;2 =

¥

å
k= 1

kf e
k (t)k2

2

�
1

m1 � m0

¥

å
k= 1

(mk � m0)kf e
k (t)k2

2 � ce2 ;

i.e., the statement of the lemma withp = 2. On the other hand we estimate

kÑz(I � P)y e(t)k2
2;2 � h H(I � P)y e(t); (I � P)y e(t)i =

¥

å
k= 1

mkkf e
k (t)k2

2

=
¥

å
k= 1

(mk � m0)kf e
k (t)k2

2 + m0k(I � P)y e(t)k2
2;2 � ce2 :

The result is now a consequence of the Sobolev embeddingH1(Rd) ,! Lp(Rd) in z-space.

10



Chapter 2. Adiabatic approximation for well prepared initial data

2.2. Proof of the main result

The approximation error in Theorem 1 can be split into two parts:

ky e � j r0e� im0t=e2
k¥ (2;2) � k (I � P)y ek¥ (2;2) + kr0e� im0t=e2

(f e � j )k¥ (2;2)

= k(I � P)y ek¥ (2;2) + kf e � j k¥ (2) :

The �rst term is taken care of by Lemma 2. The differencec e := f e � j solves the
problem

ic e
t = H? c e + ge + he; (2.22)

c e(t = 0) = 0;

where
ge = f (jf ej)f e � f (jj j)j

andhe given by (2.9).
For the nonlinear Schrödinger equation (2.22) with harmonic potential, a local disper-

sion result can be established (see [27, 28], [20, Lemma 9.2.4]). This property allows us to
use Strichartz estimates (see [20, Theorem 3.4.1], [17, 34]), and we obtain the following
for any admissible pair(q� ;q) and aboundedtime intervalT < ¥ :

kc ek¥ (2) � cT(kgekq� (q) + khekq� (q)) : (2.23)

A pair (q;q� ) is admissible iff

2n
n+ 2

� q � 2 for n � 3; 1 < q � 2 for n = 2; 1 � q � 2 for n = 1; (2.24)

q� =
4

4� n(2=q� 1)
: (2.25)

Note that the de�nition of admissible pair is not the usual one.
Remark. We need a bounded time interval because the constant depends on the length

of the time interval. For more details, see [20].
Assumption 2 implies the pointwise estimate

jgej � c(jf eja + jj ja )jc ej :

Applying the Hölder inequality, we obtain

kge(t)kq � c(kf eka
2a q=(2� q) + kj ka

2a q=(2� q) )kc ek2 :

The assumptiona � 2=(n� 2) for n � 3 allows us to chooseq such that both (2.24) is
satis�ed andH1(Rn) ,! L2a q=(2� q)

x . Therefore we can use Lemma 1 to obtain

kge(t)kq� (q) � ckc ekq� (2) : (2.26)

11



Chapter 2. Adiabatic approximation for well prepared initial data

Forhe we also employ Assumption 2 to obtain a pointwise estimate:

jhej � c
Z

Rd
(jy eja + jPy eja )j(I � P)y ejr0dz:

Computing theLq(Rn)-norm and applying the Hölder inequality twice (to thex- andz-
integrals, respectively) lead to

khekq � c(ky eka
a p0;2a q=(2� q) + kf eka

2a q=(2� q) )k(I � P)y ekp;2 ;

wherebyp0= p
p� 1.

Let us recall all the conditions onp andq:

(i) the assumptions of Lemma 2 forp and condition (2.24) forq are satis�ed;

(ii) the embeddingsH1(Rn) ,! L2a q=(2� q)
x andH1(Rn+ d) ,! La p0

z L2a q=(2� q)
x (see Lemma 8

in the appendix) hold.

All this is possible sincea � 4=(n+ d� 2) anda � 2=(n� 2) for n � 3. As a consequence
of Lemmas 1 and 2 we obtain

khek¥ (q) � ce : (2.27)

With (2.26) and (2.27), the Strichartz estimate (2.23) becomes

kc ek¥ (2) � cT (kc ekq� (2) + e) :

Using this estimate on the time interval(0;t) with t � T gives

kc e(t)kq�

2 � c̃T

� Z t

0
kc e(s)kq�

2 ds+ eq�
�

:

Now, an application of the Gronwall lemma concludes the proof of Theorem 1.

2.3. Application: Gross–Pitaevskii equation

As already mentioned the three-dimensional nonlinear Schrödinger equation with cubic
nonlinearity and an external potential is called the Gross–Pitaevskii equation and it mod-
els the temporal evolution of Bose–Einstein condensates attemperatures much smaller
than the critical condensation temperature [22, 36, 41]. Weconsider (1.1) withn = 1 or
n = 2 andd = 3� n and write it in dimensionless form. The parameters are the same as
introduced in chapter 1. With the scaling

x = axx̃; z= azz̃; y =
ỹ

q
an

xa3� n
z

; t =
t̃

wx
;

12



Chapter 2. Adiabatic approximation for well prepared initial data

and skipping the tildes, we obtain

iy t = �
1
2

Dxy +
jxj2

2
y +

wz

wx

�
�

1
2

Dzy +
jzj2

2
y

�
+ Na

a

a3� n
z an� 2

x
jy j2y :

In experiments it is observed that in a strongly anisotropiccon�nement the motion of
particles is quenched in one or two directions. This means that by changing the shape of
the con�ning potential, lower-dimensional Bose–Einsteincondensates are obtained. They
are called disk-shaped or cigar-shaped condensates, respectively. This is the motivation
to consider the Gross–Pitaevskii equation with strongly anisotropic con�ning harmonic
potential; thus

e2 :=
wx

wz
� 1:

Furthermore we assume the case of weak coupling, namely,

k :=
Naa

a3� n
z an� 2

x
= O(1) :

We then have the equation

iy t = �
1
2

Dxy +
jxj2

2
y +

1
e2

�
�

1
2

Dzy +
jzj2

2
y

�
+ k jy j2y ;

wherek jy j2 = f (jy j) with k positive, if we consider repulsive interactions, e.g., for23Na
and87Rb, or negative for attractive interactions, e.g., for7Li. Obviously, Assumption 2
on f holds witha = 2.

For repulsive interactions(k > 0) we have global existence of the solution of the(n+
d)-dimensional Schrödinger equation ifa < 4=(n+ d � 2). Sincea = 2 we obtain the
conditionn+ d < 4, which includes the physically interesting casen+ d = 3. The limiting
lower-dimensional Gross–Pitaevskii equation is

ij t = H? j + g0jj j2j with g0 = k
Z

Rd
r4
0(z)dz:

On the one hand, if we consider the strong con�nement in one direction (d = 1), we
obtain a two-dimensional approximate equation (n = 2). In this case we speak about
a disk-shaped condensate. On the other hand, we consider a strong con�nement in 2
dimensions (d = 2). Accordingly, the approximate equation is one-dimensional (n = 1)
and we call the condensate acigar-shaped condensate. Theorem 1 can be applied in both
cases.

In the case ofattractive interactions, thus fork < 0, we get stronger constraints on
the dimensions, namely,n = 1 andd < 3. Thus, Theorem 1 can only be applied for the
reduction from three dimensions to one (cigar-shaped condensate).

13



Chapter 2. Adiabatic approximation for well prepared initial data

2.4. Application: Gross–Pitaevskii equation with angular
momentum rotation term

The dynamics of a BEC in a rotational frame at very low temperatures are modeled by
the GP-equation with an angular momentum rotation term [1, 19, 21, 22, 26, 33]. By
imposing a suitable weak magnetic �eld over the trapping potential a rotation around the
z-axis may be generated.

ih̄y t = �
h̄2

2m
Dy +

m
2

�
w2

x jxj2 + w2
z z2�

y � WLzy + Nagjy j2y ; (2.28)

wherey (t;x;z) denotes the macroscopic wave function with x := ( x;y) 2 R2 andt;z2 R.
Wis the angular velocity of the rotating laser beam [2, 43],Lz = � ih̄(x¶y � y¶x) is thez-
component of the angular momentum. All other parameters were already introduced at
the beginning of chapter 1. We introduce the dimensionless variables as in the previous
section:

x = axx̃ ; z= azz̃; y =
ỹ

p
a2

xaz
; t =

t̃
wx

; W= wxW̃

and skipping the tildes, we obtain

iy t = �
1
2

Dx;yy +
jxj2

2
y +

wz

wx

�
�

1
2

Dzy +
jzj2

2
y

�
� WLzy + Na

a
az

jy j2y :

The dimensionless angular momentum rotation term becomesLz = � i(x¶y � y¶x). We
are interested in Gross–Pitaevskii equation in a rotational frame with strongly anisotropic
con�ning harmonic potential; thus

e2 :=
wx

wz
� 1:

Furthermore we assume the case of weak coupling, namely,

k :=
Na
az

= O(1) :

We then have the equation

iy t = �
1
2

Dxy +
jxj2

2
y +

1
e2

�
�

1
2

Dzy +
z2

2
y

�
� WLzy + k jy j2y ; (2.29)

with initial datay I (x;z) = y (0;x;z) andy satis�es the normalization condition
Z

R3
jy j2dx dz= 1; (2.30)

14



Chapter 2. Adiabatic approximation for well prepared initial data

which is preserved by (2.29).
In the present section we deal with the asymptotic behavior of the solution of the equation
(2.29) ase ! 0. The proof relies on the method used in the case there was no rotation
term, wherebyn = 2, d = 1 and f (j:j) = j:ja with a = 2 or even more general (see
Assumption 3). Performing the limite ! 0 in this system will enable us to write a reduced
model involving a two dimensional GP-equation with angularmomentum rotation term.
We rewrite the equation (2.29) using the operators

Hr = �
1
2

Dx +
jxj2

2
� WLz; H = �

1
2

Dz+
z2

2

iy t = Hry +
1
e2Hy + jy ja y ; (2.31)

y (t = 0;x;z) = y I (x;z) ;

The method is identical to that one used in the previous section, whereby we have to re-
placeH? by Hr . Thus, we introduce in the same manner the expansion ofy with respect
to the eigenstates(rk(z)) k2N of H (note that(mk)k2N are the corresponding eigenvalues)
and project the equation (2.31) onto the eigenspace generated by the groundstater0(z).
The projected equation containing the rotational term is:

if t = Hr f + eim0t=e2
Z

R
r0jy ja y dz: (2.32)

Where the nonlinearity can be written as

eim0t=e2
Z

R
jy ja y r0dz= g0jf ja f + he

with g0 =
Z

R
r2+ a
0 dz

and he = eim0t=e2
Z

R
[jy ja y r0 � j f ja f e� im0t=e2

r2+ a
0 ]dz: (2.33)

Then the formal limit of (2.32) ase ! 0 is the 2-dimensional GPE with angular momen-
tum rotation term:

ij t = Hr j + g0jj ja j : (2.34)

In the same way as before we can show that the solution of the three dimensional GPE
(2.31) with initial data

y (t = 0;x;z) = y I (x;z) = j I (x)r0(z) (2.35)

can be approximated by the solution of the two dimensional GPE (2.34) with initial data

j (t = 0;x) = j I (x) : (2.36)

Thus, taking into consideration the assumption 1 and the following assumption:

15



Chapter 2. Adiabatic approximation for well prepared initial data

Assumption 3. jWj < 1 and0 � a < 4.

we can show:

Theorem 2. For every T< ¥ there exist a constant cT such that:

sup
t2 (0;T)

ky (t; �; �)) � e� im0t=e2
j (t; �)r0kL2(R3) � cT e:

Remark 2. Assumption 1 is suf�cient for proving existence and uniqueness of local so-
lutions of the full problem (2.31), (2.35) and the limit problem (2.34), (2.36) both with
rotation term (see [20, 24, 38]). Assumption 3 is needed for proving e-independent esti-
mates for the full problem on �nite time intervals.

Proof of the theorem

In this section we derive somee-independent estimates from energy conservation. The
energy in this case is de�ned by

Ee[y ] :=
D

H? y ;y
E

+
1
e2 hHy ;y i +

Z

R3
[

2
a + 2

jy ja + 2 � Wy Lzy ]dxdydz;

whereh�; �i denotes the scalar product inL2(R3).
With a simple computation we can show that the energy is real,since:

iW
Z

R3
y (x¶y � y¶x)y dxdydz= WÁ

Z

R3
y (x¶y � y¶x)y dxdydz:

With Assumption 1, the initial data (2.35) satisfyEe[y I ] < ¥ for �xed e. From [24]
and Assumption 3 we obtain local in time existence for the 3-dimensional problem (2.31)
as well as energy and mass conservation. The proof of theorem2 runs analogously to that
one of theorem 1. However, we need additionally following lemma in order to deal with
the termhHry ;y i .

Lemma 3. AssumejWj � 1 then

hHry I ;y I i � 0:

Proof. Remember that

hHry I ;y I i =
D

H? y I ;y I

E
� WÁ

Z

R3
(y I (x¶y � y¶x)y I ) dxdydz:

If we use Assumption 1 and the fact that
R

R r2
0(z)dz= 1 we can rewrite the expression:

1
2

�
k¶xj I k2

2 + k¶yj I k2
2 + kxj I k2

2 + kyj I k2
2
�

� WÁ
Z

R2
(j I (x¶y � y¶x)j I ) dxdy

=
1
2

�
k¶xj I + iWyj Ik2

2 +( 1� W2)kyj I k2
2 + k¶yj I � iWxj Ik2

2 +( 1� W2)kxj I k2
2
�

� 0 for jWj � 1:
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Chapter 2. Adiabatic approximation for well prepared initial data

The rotational term can be estimated in following way:
�
�
�
�

Z

R3
y (t)(x¶y � y¶x)y (t)dxdydz

�
�
�
� �

Z

R3

�
�
�y (t)(x¶y � y¶x)y (t)

�
�
� dxdydz

� (kxy (t)k2;2k¶yy (t)k2;2 + kyy (t)k2;2k¶xy (t)k2;2)

�
1
2

�
kxy (t)k2

2;2 + kyy (t)k2
2;2 + k¶xy (t)k2

2;2 + k¶yy (t)k2
2;2

�

Consequently, the energy conservation multiplied bye2 yields

e2

2
(kÑx;yy (t)k2

2;2 + kxy (t)k2
2;2 + kyy (t)k2

2;2) + k¶zy (t)k2
2;2 + kzy (t)k2

2;2

� c+
e2jWj

2

�
kÑx;yy (t)k2

2;2 + kxy (t)k2
2;2 + kyy (t)k2

2;2
�

;

which means:
e2

2
(1� j Wj)(kÑx;yy (t)k2

2;2 + kxy (t)k2
2;2 + kyy (t)k2

2;2) + k¶zy (t)k2
2;2 + kzy (t)k2

2;2 � c

Therefore, ifjWj < 1 we deduce:

k¶zy (t)k2
2;2 + kzy (t)k2

2;2 � c (2.37)

On the other hand by using (2.16), (2.17) and Lemma 3 we can rewrite the energy conser-
vation as:

D
H? y (t);y (t)

E
+

1
e2

¥

å
k= 1

(mk � m0)kf k(t)k
2
2 +

2
a + 2

Z

R3
jy ja + 2

� WÁ
Z

R3

�
y (t)(x¶y � y¶x)y (t)

�
dxdydz

= hHry I ;y I i +
2

a + 2

Z

R3
jy I ja + 2dxdydz= c:

from which we deduce:
1
2

(kÑx;yy (t)k2
2;2 + kxy (t)k2

2;2 + kyy (t)k2
2;2) +

1
e2

¥

å
k= 1

(mk � m0)kf e
k (t)k2

2

� c+
jWj
2

�
kÑx;yy (t)k2

2;2 + kxy (t)k2
2;2 + kyy (t)k2

2;2
�

Sincem0 � mk for anyk � 0 and if we assumejWj < 1, we �nally obtain:

kÑx;yy (t)k2
2;2 + kxy (t)k2

2;2 + kyy (t)k2
2;2 � c (2.38)

Having the estimates (2.37) and (2.38) we can proceed as in the Section 2.2.
Other ingredients used in the proof of the theorem are the Strichartz' estimates. Since

a local dispersion result can be established also for the nonlinear Schrödinger equation
(2.34) with harmonic potential and magnetic �elds, (see [5,24, 47], [20] Lemma 9:1:4)
we can use Strichartz' estimates (see [20] Theorem 2:7:1, [34, 44]). The rest of the proof
continues identically to that one in Section 2.2
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Chapter 3.

Formal Asymptotics

In this chapter we analyze the three-dimensional Gross-Pitaevskii equation with strongly
anisotropic con�ning potential in the weak interaction regime. The formal limit as the ra-
tio of the frequenciese tends to zero is computed in this chapter by the averaging method.
A rigorous justi�cation in a functional framework can be found in [13]. The limiting
equations for the modulation wave functions form a denumerable system of lower dimen-
sional GP-equations, strongly coupled through the cubic nonlinearities. Since our �nal
goal is to analyze the system numerically, we consider a �nite number of limiting equa-
tions, for which the well-posedness is proven in section 3.1. Moreover, properties of the
�nite system such as energy and mass conservation are also discussed in this chapter.

In following we consider the three-dimensional GP-equation introduced in Chapter 1

iy t = �
1
2

Dy +(
jxj2

2
+

jzj2

2e4)y + gjy j2y ;

y (t = 0;x;z) = y I (x;z) ; x 2 R2 ; z2 R

where the parametere, which determines the strength of the anisotropy, tends to zero.
Note that 1=e2 is the harmonic oscillator frequency in z-direction. Furthermore, we im-
pose the normalization condition:

Z

R3
jy I j2dxdz= 1; (3.1)

at timet = 0, which is then maintained by the equation.
As will be shown below, by expanding the solution with respect to the eigenstates of the

Hamiltonian in the strongly con�ned direction, the formal asymptotic analysis yields in
the limit (of 'in�nite' con�nement in z-direction) a denumerable system of GP-equations.
At �rst we perform again the rescalingz �! ez, y �! e� 1=2y . As we want to balance
the nonlinearity with the terms of order 1 we chooseg = O(e), thus we consider weak
nonlinearities. After the rescaling we obtain

iy t = H? y +
1
e2Hy + jy j2y ;

y (t = 0;x;z) = y I (x;z); ; (3.2)
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Chapter 3. Formal Asymptotics

whereH? = � 1
2Dx + jxj2

2 andH = � 1
2¶zz+ z2

2 are harmonic oscillator Hamiltonians inx
andzdirections, respectively.

In the same way as in chapter 2 we expandy with respect to the eigenstates of the
HamiltonianH in z-direction:

y e(t;x;z) = å
k� 0

e� imkt=e2
f e

k (t;x)rk(z); (3.3)

wheree� imkt=e2
f e

k (t;x) =
R

R y e(x;z;t)rk(z)dzare the Fourier coef�cients. Substitute the

expansion (3.3) into (3.2), multiply the equation byrkeimkt=e2
, and integrate with respect

to z, we obtain:

i¶t f e
k = H? f e

k + å
l ;m;n� 0

gklmne
� i(mn+ ml � mm� mk)t=e2

f e
l f e

mf e
n ; k � 0; (3.4)

wheregklmn =
R

R rk(z)r l (z)rm(z)rn(z)dz. Note that all coef�cients in the sum, for which
mn + ml � mm � mk is different from 0, tend to zero weakly. Thus, in the limite to 0 we
obtain formally:

i¶t f k = H? f k + å
l ;m;n

kglmnkf l f mf n ; k � 0; (3.5)

whereå k
l ;m;n denotes the sum over alll ;m;n � 0 such thatmn + ml � mm � mk = 0, andf m

denotes the (weak) limit off e
m ase tends to zero.

The equations (3.5) are a denumerable system of two-dimensional GPEs, strongly cou-
pled through the cubic nonlinearities. We want to investigate the properties of this cou-
pling. For every �xedk, all triples of the form(l ;m;n) = ( l ; l ;k) appear inå k

l ;m;n, leading
to the contributionå l gllkkjf l j2 to the potential in thef k-equation. However, by the special
form of the eigenvalues of the harmonic oscillator, also other coupling terms may occur,
since the conditionmn + ml � mm � mk = 0 reduces ton+ l � m� k = 0. For example, in
thef 0-equation, the termg0121f 2

1 f 2 is not of potential type.
If not all statesrk appear in the spectral decomposition of the initial datumy I , which

states will appear in the solution for positive timet? The question can be answered in
terms of the following de�nition.

De�nition 2. The index set I� f 0;1;2; : : :g is called closed, iff (l ;m;n) 2 I3 and k=
l + n� m� 0 imply k2 I. The closureI of I is the smallest closed index set containing I.

Now the answer to the above question is: De�neI = f k � 0 : f k(x;t = 0) 6= 0g. Then,
for all t � 0, f k(x;t) = 0 for k =2 I .

It remains to characterize the closed index sets.

Lemma 4. A nonempty index set I is closed iff it has the form I= f p+ jq : j � 0g with
either0 � p < q or q= 0.
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Proof. The 'if' is obvious. For the proof of 'only if', assume thatI is closed, card(I ) > 1,
and thatk0 = p < k1 = p+ q are the two smallest elements ofI . If p � q would hold, then
k0 + k0 � k1 = p� q 2 I . However,k0 + k0 � k1 < k0 contradicting the assumption thatk0
is the smallest element ofI . This provesp < q.

Now we shall prove by induction thatI has the form stated in the lemma. Assume
k j = p+ jq, 0 � j � n, are then+ 1 smallest elements ofI . Thenp+ ( n+ 1)q = kn +
k1 � k0 2 I . If there were akn+ 1 2 I with kn < kn+ 1 < p+( n+ 1)q, thenkn+ kn � kn+ 1 2 I
andkn� 1 < kn + kn � kn+ 1 < kn, i.e., there were an element ofI betweenkn� 1 andkn,
contradicting our assumption thatk0; : : : ;kn are then+ 1 smallest elements.

Closed index sets either have one element or in�nitely many.In some cases they can
be easily related to symmetries of the wave function. In chapter 2, the case ofI = f 0g is
considered, i.e. initially only the ground state is charged. According to the observation
mentioned above in this special case the system (3.5) will consist of only one equation for
f 0, the modulation of the ground state. In fact,f 0 is proven to be the approximation of
the solutiony of (3.2) on every bounded time interval (chapter 2). Moreover f 0 satis�es
(3.5) withk = 0. Other examples are the sets of even and odd integers, corresponding to
wave functions which are, respectively, even and odd in terms of the variablez.

It is a well known fact that (3.2) conserves mass

Z

R3
jy j2dxdz;

and energy

1
e2

Z

R3

�
j¶zy j2 + jzy j2

�
dxdz+

Z

R3

�
jÑxy j2 + jxy j2 + jy j4

�
dxdz: (3.6)

Mass conservation carries over to the limiting system (3.5)in the obvious way. If we
multiply (3.5) by f k, integrate by parts, take the imaginary part and sum over allk, we
obtain

d
dt å

k� 0

Z

R2
jf kj

2dx= 0:

The energy contains two terms of different orders of magnitude. We shall show that
limiting versions of both terms are conserved in the limit.

First we multiply the equation (3.5) by¶t f k, take the real part, integrate with respect to
x, and sum over allk. We introduce the abbreviation

å � := å
k� 0

å
l ;m;n

k ;

i.e., the sum over allk; l ;m;n � 0 such thatml + mn � mm � mk = 0. Taking into account
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the computation (exchanging m and k)

2Âå � gnmlkf l f nf m(f k)t = Âå � gnmlkf l f n[(f m)t f k + f m(f k)t ]

=
1
2

Âå � gnmlk
�
f l f n(f mf k)t +( f l f n)tf mf k

�

=
1
2

Âå � gnmlk(f l f nf mf k)t ;

we obtain

0 =
d
dt

Z

R2
å
k� 0

 

jÑf kj
2 + jxf kj

2 + Â å
l ;m;n

kgnmlkf l f nf mf k

!

dx:

Since, by exchanging(m;k) and(l ;n),

å � gnmlkf l f nf mf k =
1
2å � gnmlk

�
f l f nf mf k + f mf kf l f n

�

= å � gnmlk Â(f l f nf mf k);

we deduce thatå � gnmlkf l f nf mf k is real. Therefore the quantity

E1 =
Z

R2
å
k� 0

 

jÑxf kj
2 + jxf kj

2 + å
l ;m;n

kgnmlkf l f nf mf k

!

dx: (3.7)

is real and conserved by (3.5). It is clear that the �rst two terms in E1 are positive. In
order to see the positivity of the exchange term in the energywe take a functionbe(t;z)
with the expansion:

be(t;z) = å
k� 0

bke
� imkt=e2

rk(z);

and compute

0 �
Z

R
jbe(t;z)j4dz = å

k;l ;m;n� 0
gnmlke

� i(ml + mn� mm� mk)t=e2
bl bnbmbk

e! 0* å � gnmlkblbnbmbk :

This shows the nonnegativity ofE1, which is a limiting version of the second (O(1)-) term
in the energy (3.6). The �rst term in (3.6) formally converges to

E2 =
Z

R2
å
k� 0

mkjf kj
2dx:

For proving conservation ofE2, we multiply the equation (3.5) bymkf k, integrate with
respect tox, take the imaginary part and sum over allk � 0. Note that the factorsglmnk are
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invariant under permutations of their indices. Then we obtain, by appropriately exchang-
ing indices:

d
dt

Z

R2
å
k� 0

mkjf kj
2dx

= Á å
k� 0

Z

R2
mk

"

H? f k + å
l ;m;n

kglmnkf l f mf n

#

f kdx

= Á
Z

R2
å � glmnkmkf kf mf l f ndx=

1
2

Á
Z

R2
å � glmnk(mk + mm)f kf mf l f ndx

=
1
4

Á
Z

R2
å � glmnk

�
(mk + mm)f kf mf l f n +( ml + mn)f l f nf kf m

�
dx

=
1
4

Á
Z

R2
å � glmnk(mk + mm � ml � mn)f kf mf l f ndx= 0:

We easily see that
¥

å
k= K

Z

R
jf kj

2dx�
E¥

2 [F ]
mK

;

since the sequence of eigenvaluesf mkgk� 0 is monotonically increasing and tends to in�n-
ity. This motivates the truncation of the system at a �nite index.

3.1. Global Existence for Finite Sub-Systems

The �rst step in the numerical approximation of (3.5) is to cut off the denumerable system
at some �nite indexK. De�ne F := ( f k(t;x))k� K , wheref k satis�es:

i¶t f k = H? f k + fk(F ); (3.8)

f k(0;x) = f I
k(x); (3.9)

with k � K and
fk(F ) = å

mn+ ml � mm� mk= 0
n;l ;m� K

glmnkf l f mf n:

The method used to show uniqueness and global existence of the �nite system works
analogously to the proof for the well-posedness of the nonlinear Schrödinger equation in
the subcritical case [39, 20, 17, 30]. For the sake of completeness, we present a brief
sketch here.

De�nition 3. Denote by(Lp)K the following space:

(Lp)K =
�

F = ( f k)k� K j f k 2 Lp(R2) 8k � K; max
k� K

kf kkLp(R2) < ¥
�

;
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equipped with the maximum normjF j(Lp)K = maxk� K kf kkLp(R2). De�ne by

S :=

(

Y = ( y k)k� K j å
k� K

ky kk
2
H1(R2) + å

k� K
kjxjy kk

2
L2(R2) < ¥

)

:

First one has to show by a contraction argument uniqueness and existence of the Cauchy
problem on a small time intervalI � R; jI j < T in

X (I ) := C(I ; (L4)K):

Note thatS is continuously embedded in(L4)K. Since the time interval of existence of
a local solution with initial data inS depends only on theS-norm, one can show global
existence if one �nds an a priori estimate for theS-norm of the solution. Notice that the
energy is positive. This fact allows then to recover directly estimates for theS-norm. In
order to prove the conservation laws at a nonformal level onehas to introduce a regular-
ization, which can be removed subsequently by a standard limiting argument. Hereafter
we sketch the existence result.

Theorem 3. Let F I 2 S. Then the IVP (3.8), (3.9) has a unique solutionF in X (R).
FurthermoreF 2 Cb(R;S) and satis�es the following equalities:

E1[F I ] = E1[F (t)]; jF I j(L2)K = jF (t)j(L2)K ; (3.10)

with

E1[F (t)] :=
1
2

"

jÑF (t)j2(L2)K + j jxjF (t)j2(L2)K +
Z

R2
å

k� K
fk(F (t;x)) f k(t;x)dx

#

:

For the proof we proceed as in[39]. The following Lemmas and the derived conserva-
tion laws provide the tools needed in the proof.

Lemma 5. The mapF 7! f(F ), wheref(F ) = ( fk(F )) k� K, is continuous from(L4)K to
(L4=3)K and satis�es the estimate:

jf(F ) � f(Y )j(L4=3)K � CjF � Y j(L4)K

�
jF j2(L4)K + jY j2(L4)K

�
; (3.11)

where C is a generic constant and may depend on K.

Proof. We easily obtain:
�
�f l f mf n � y l y my n

�
�

�
�
� f l f mf n � y l f mf n

�
� +

�
�y l f mf n � y l y mf n

�
� + jy l y mf n � y l y my nj

= jf l � y l jj f mf nj + jf m � y mjjy l f nj + jf n � y njjy my l j

�
1
2

�
jf l � y l j(jf mj2 + jf nj2) + jf m � y mj(jy l j

2 + jf nj2) + jf n � y nj(jy mj2 + jy l j
2)

�
;
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such that the nonlinearity can be estimated by:

k fk(F ) � fk(Y )kL4=3

� C å
mn+ ml � mm� mk= 0

n;l ;m� K

glmnk

h
kf l � y l kL4(kf mk2

L4 + kf nk2
L4)

+ kf m � y mkL4(ky l k
2
L4 + kf nk2

L4) + kf n � y nkL4(ky mk2
L4 + ky l k

2
L4)

i
:

Summing up over allk � K, making use of the symmetry of the indices in the sum over
ml + mn = mk + mm, we obtain:

å
k� K

k fk(F ) � fk(Y )kL4=3

� C å
mn+ ml � mm� mk= 0

n;l ;m� K

glmnkkf k � y kkL4 �

�
kf lk

2
L4 + kf mk2

L4 + kf nk2
L4 + ky l k

2
L4 + ky mk2

L4 + ky nk2
L4

�

� C

 

å
k� K

kf k � y kk2
L4

! 1=2

�

"

å
k� K

 

å
mn+ ml � mm� mk= 0

n;l ;m� K

glmnk
�
kf l k

2
L4 + kf mk2

L4

+ kf nk2
L4 + ky l k

2
L4 + ky mk2

L4 + ky nk2
L4

�
! 2#1=2

� C

 

å
k� K

kf k � y kk2
L4

! 1=2  

å
l � K

(kf lk
2
L4 + ky l k

2
L4)

!

� CjF � Y j(L4)K (jF j2(L4)K + jY j2(L4)K ):

Corresponding to (3.8) we write the integral equation:

f k(t) = U(t)f I
k + [ Fk(0;t)F ](t); (3.12)

with (U(t)) t2R being the group of isometries generated by� iH ? and

[Fk(t1; t2)F ](t) := i
Z t2

t1
U(t � t ) fk(F (t ))dt :

Lemma 6. The map(t1; t2;F ) 7! F(t1; t2)F is a continuous map from I� I � X (I ) to
X (I ). Moreover F satis�es:

jF(t1; t2)F � F(t1; t2)Y jX (I ) � Cjt1 � t2j1=2jF � Y jX (I )

�
jF j2X (I ) + jY j2X (I )

�
:
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Proof. As a consequence of Lemma 5 we have for anyF 2 X (I ) continuity of the func-
tion t 7! f (F (t )) . Furthermore we can use information on the operatorU(t), which
is actually a bounded operator fromL4=3 to L4, for t different from zero, such that for
Q 2 C(I ; (L4=3)K) the mapt 7! U(t � t )Q(t ) (where we apply the operator componen-
twise) is continuous fromI n f tg to (L4)K. Finally the combination of the two maps
provides the desired continuity result and we estimate:

j[F(t1; t2)F � F(t1; t2)Y ](t)j(L4)K

� å
k� K

k[Fk(t1; t2)F � Fk(t1; t2)Y ](t)kL4

� å
k� K

Z t2

t1
kU(t � t )[ fk(F (t ) � fk(Y (t ))]kL4dt

� å
k� K

Z t2

t1
[jt � t j � 1=2k fk(F (t )) � fk(Y (t ))kL4=3]dt

=
Z t2

t1
[jt � t j � 1=2 å

k� K
k fk(F (t )) � fk(Y (t ))kL4=3]dt

� j t1 � t2j1=2j fk(F ) � fk(Y )jC(I ;(L4=3)K):

The statement is then a consequence of Lemma 5.
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Chapter 4.

Numerical Methods for solving systems
of Gross–Pitaevskii equations

In this chapter we describe the methods used to numerically solve the asymptotic approx-
imation of the GPE with strongly anisotropic potential

iy t = H? y +
1
e2Hy + jy j2y ;

y (0;x;z) = y I (x;z); x;z2 R: (4.1)

We have already seen in chapter 3 that in the limite to zero ('in�nite' con�nement in
z-direction) we formally obtain a system of GPEs. To treat thesystem numerically we
truncate the expansion at a �nite indexK and consider only a �nite number of limiting
equations (3.8), with 0� k < K. Moreover we consider here a spatial dimension reduction
from 2D to 1D, for which the theory developed in the previous sections applies just as for
the presented case of reduction from 3D to 2D.

i¶t f k = H? f k + å
l ;m;n

kglmnkf l f mf n ; 0 � k < K ; (4.2)

f k(t = 0;x) = f I
k(x) ; x 2 R

In order to solve the GPE (4.1) (for benchmark tests), we use the time-splitting spectral
method (TSSP)[8]. For solving the system (4.2) we introducetwo numerical methods,
which we present in the next sections. Both are of second order in time and spectral
accuracy in space.

4.1. Multistep time-splitting spectral method

For K=1, we have only one equation in the limiting system:

i¶t f 0 = H? f 0 + g0000jf 0j2f 0;

f (0;x) = f I
0(x); x 2 R; (4.3)
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Chapter 4. Numerical Methods for solving systems of Gross–Pitaevskii equations

where
gklmn =

Z

R
rk(z)r l (z)rm(z)rn(z)dz;

(mk; rk) is thek-eigenpair satisfying

1
2

(� ¶zz+ z2)rk(z) = mkrk(z);

with rk normalized to 1 inL2(R).
ForK = 2, we have following limiting coupled system:

i¶t f 0 = H? f 0 +
�
g0000jf 0j2 + 2g0011jf 1j2

�
f 0;

i¶t f 1 = H? f 1 +
�
2g0011jf 0j2 + g1111jf 1j2

�
f 1: (4.4)

It is obvious that for both cases,K = 1[8] andK = 2[6] respectively, we can use (the
Strang-splitting version of) TSSP for discretizing the system in a straightforward way,
since both equations are of NLS-type such that the moduli of the wave functionsf 0 and
f 1 are conserved in the potential-splitting step.

On the other hand, if we considerK = 3 we have:

i¶t f 0 = H? f 0 +( g0000jf 0j2 + 2g0011jf 1j2 + 2g0022jf 2j2)f 0 + g0112f 2
1 f 2;

i¶t f 1 = H? f 1 +( 2g0011jf 0j2 + g1111jf 1j2 + 2g1122jf 2j2)f 1 + 2g0112f 0f 1f 2;

i¶t f 2 = H? f 2 +( 2g0022jf 0j2 + 2g1122jf 1j2 + g2222jf 2j2)f 2 + g0112f 0f 2
1 :

For t 2 [tn; tn+ 1] we discretize this system of 3 equations by splitting it in three subsys-
tems which we are going to solve in 5 steps:

Step 1). For the time step of lengthDt=2 we solve:

i¶t f 0 =
�

x2

2
+ g0000jf 0j2 + 2g0011jf 1j2 + 2g0022jf 2j2

�
f 0;

i¶t f 1 =
�

x2

2
+ 2g0011jf 0j2 + g1111jf 1j2 + 2g1122jf 2j2

�
f 1;

i¶t f 2 =
�

x2

2
+ 2g0022jf 0j2 + 2g1122jf 1j2 + g2222jf 2j2

�
f 2:

Since for this time step each ODE leavesjf 0j, jf 1j and jf 2j invariant in time, we can
integrate each equation (separately) exactly in time, given initial data attn.

Step 2). For the time step of lengthDt=2 we solve:

i¶t f 0 = �
1
2

Dxf 0;

i¶t f 1 = �
1
2

Dxf 1;

i¶t f 2 = �
1
2

Dxf 2;
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by using the Fourier pseudospectral discretization in space and then integrating the ordi-
nary differential system (ODEs) in phase space exactly in time.

Step 3). For the time step of lengthDt we solve:

i¶t f 0 = g0112f 2
1 f̄ 2;

i¶t f 1 = 2g0112f 0f 2f̄ 1;

i¶t f 2 = g0112f 2
1 f̄ 0: (4.5)

Here we discuss in detail how we implement the discretization of (4.5) . We can rewrite
this system as:

i¶tF = g0112A(F )F ; where A(F ) :=

0

@
0 f 1f̄ 2 0

f 2f̄ 1 0 f 0f̄ 1
0 f 1f̄ 0 0

1

A (4.6)

andF = ( f 0; f 1; f 2)T . Integrate (4.6) over the time interval[tn; tn+ 1], approximate the
integral by the trapezoidal quadrature, we get

F (tn+ 1) = e� ig0112
Rtn+ 1
tn A(F (t ))dt � e� ig0112

Dt
2 [A(F (tn))+ A(F (tn+ 1))]

� e� ig0112
Dt
2 [A(F n)+ A(F (1))] := e� ig0112DtB(F n);

whereF n := F (tn) andF (1) is an approximation ofF (tn+ 1) and can be computed from the
ODEs (4.6) by any explicit method. Here we use the Forward Euler method to compute
it as:

F (1) = F n � iDtg0112A(F n) F n;

B(F n) =
1
2

h
A(F n) + A(F (1))

i
:=

0

@
0 b12 0

b̄12 0 b23
0 b̄23 0

1

A ;

whereb12 = 1
2

�
f n

1 f̄ n
2 + f (1)

1 f̄ (1)
2

�
; b23 = 1

2

�
f n

0 f̄ n
1 + f (1)

0 f̄ (1)
1

�
: SinceA is Hermitian,

i.e. ĀT = A, thusB is Hermitian, too. Therefore, we can �nd explicitly a unitary matrixP
with P� 1 = P̄T and a real diagonal matrixL such that

B = PL P� 1 = PL P̄T ;

where

l =
q

jb12j2 + jb23j2; L =

0

@
0 0 0
0 l 0
0 0 � l

1

A ; P=
1

l
p

2

0

@

p
2b23 b12 � b12
0 l l

�
p

2b̄12 b̄23 � b̄23

1

A :

Thus we can compute one-step approximation of the ODEs (4.6)as

F n+ 1 = P e� ig0112DtL P̄T F n:
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Remark 3. Since B is Hermitian and thusL is a real diagonal matrix, it is then obvious
that we have total mass conservation, i.e.

kF n+ 1k2 := ( F̄ n+ 1)TF n+ 1 = ( F̄ n)T P eig0112DtL P̄T P e� ig0112DtL P̄T F n

= ( F̄ n)T F n = kF nk2:

Step 4). For the time step of lengthDt=2 we solve again:

i¶t f 0 = �
1
2

Dxf 0;

i¶t f 1 = �
1
2

Dxf 1;

i¶t f 2 = �
1
2

Dxf 2:

Step 5). For the time step of lengthDt=2 we solve again:

i¶t f 0 =
�

x2

2
+ g0000jf 0j2 + 2g0011jf 1j2 + 2g0022jf 2j2

�
f 0;

i¶t f 1 =
�

x2

2
+ 2g0011jf 0j2 + g1111jf 1j2 + 2g1122jf 2j2

�
f 1;

i¶t f 2 =
�

x2

2
+ 2g0022jf 0j2 + 2g1122jf 1j2 + g2222jf 2j2

�
f 2:

ForK = 4 we can use the analogous type of discretization as in the case ofK = 3. Writ-
ing the system forK = 4 explicitly we immediately realize that the matrixA is Hermitian.

We remark that the presented time splitting-spectral technique forK = 1;2;3;4 is sec-
ond order in time and of spectral accuracy in space.

Numerical examples

Example 1 For K = 1, i.e. in the case of one limiting equation, we choose as initial
condition for (4.1)

y I (x;z) = r0(z)f I
0(x) ;

and solve the IVP on[� 8;8] � [� az;az] with periodic boundary conditions. Secondly, we
solve (4.3) with initial condition

f 0(0;x) = f I
0(x) =

�
1
p

� 1=4

e� x2=2 ;

on [� 8;8] with periodic boundary conditions.
Nx denotes the number of grid points inx-direction,Nz denotes the number of grid points
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e az Nx Nz Dt
0:8 6 128 256 10� 3

0:4 3 128 256 10� 3

0:2 1:5 256 512 10� 4

0:1 0:8 256 512 10� 4

0:05 0:4 256 512 10� 5

Table 4.1.: Values for the parameters used in numerical experiments.

0 1 2 3 4 5
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

t

s i(t)

0 1 2 3 4 5
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

t

s i(t)

0 1 2 3 4 5
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

t

s i(t)

Figure 4.1.:s e
1 (t) with e = 0:8;0:4;0:2;0:1 and 0:05 (in the order of decreasing peaks).

in z-direction andDt the time step. The numerical values for the experiment set-up can be
seen in Table 4.1.
In Figure 1, we plot theL2 norm of the approximation error as function of time, with �nal
timet = 5, i.e.

s e
1 (t) = ky (:; :; t) � f 0(:; t)r0(:)e� im0t=e2

kL2(R2) ;

for differente.

From Fig. 1, we can see that whene decreases by half toe=2, the error decreases by
half too, and the oscillation frequency of the error increases four times.

Example 2ForK = 2, i.e. in the case of two equations (4.4), we choose initial data as

f 0(0;x) = f I
0(x) =

�
1

p
2

� �
1
p

� 1=4

e� x2=2;

f 1(0;x) = f I
1(x) =

p
2xf I

0 ; (4.7)

and solve the coupled system of GPEs on thex-interval[� 8;8] subject to periodic bound-
ary conditions. The initial condition for (4.1) is taken as:

y I (x;z) = r0(z)f I
0(x) + r1(z)f I

1(x);
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with f I
0 andf I

1 as in (4.7). As before we solve the 2D GPE[� 8;8] � [� az;az] subject to
periodic boundary conditions. Furthermore we consider thesame experimental set-up as
before (see detail in Tab. 4.1) and plot in Figure 2 the following quantity for different
values ofe:

s e
2 (t) = ky (:; :; t) �

1

å
k= 0

f k(:; t)rk(:)e
� imkt=e2

kL2(R2):
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Figure 4.2.:s e
2 (t) with e = 0:8;0:4;0:2;0:1 and 0:05 (in the order of decreasing peaks).

Example 3For K = 3, we proceed analogously for the coupled system (4.5) of three
GPEs. We choose initial conditions as

f 0(0;x) = f I
0(x) =

�
1

p
3

� �
1
p

� 1=4

e� x2=2;

f 1(0;x) = f I
1(x) =

p
2xf I

0;

f 2(0;x) = f I
2(x) =

1
p

8
(4x2 � 2)f I

0; (4.8)

and solve on thex-interval [� 8;8] subject to periodic boundary conditions. Then we
choose initial datum for (4.1) as:

y I (x;z) = r0(z)f I
0(x) + r1(z)f I

1(x) + r2(z)f I
2(x); (4.9)

with f I
0; f I

1 andf I
2 as in (4.8), and solve as before on[� 8;8] � [� az;az] subject to periodic

boundary conditions. Analogously toK = 1;2 we depict in Figure 4.3 the error:

s e
3 (t) = ky (:; :; t) �

2

å
k= 0

f k(:; t)rk(:)e
� imkt=e2

kL2(R2):

From Figs. 1-3, we can draw the following conclusions: i). WhenK = 1, the approxi-
mation error clearly 'tends to 0' ase 'tends to zero' (cf. Fig. 4.1). ii). WhenK = 2;3, the
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Figure 4.3.:s e
3 (t) with e = 0:8;0:4;0:2;0:1 and 0:05 (in the order of decreasing peaks).

approximation error decreases whene decreases and is not too small. Whene is small, it
stabilizes at some nonzero values althoughe is still decreasing (cf. Figs. 4.2&4.3). This
is due to the fact that no other Fourier terms are generated for K = 1, while all Fourier
terms (with indicesk > = 0) appear instantaneously forK = 2;3.

Example 4 Finally, we compare for �xed values ofe the functionss e
1 (t), s e

2 (t) and
s e

3 (t), wherey (t) is solved with initial data (4.9). Figure 4 shows these functions and a
reference GPE-solutionjy (t = 5)j2 computed with the initial datum (4.9) for differente.

From Fig. 4, we can observe that: i) the reference solution concentrates more and
more in thez direction ase tends to zero; ii) the more Fourier terms are considered in
the approximation, the smaller the approximation error becomes; iii) whenK is �xed, the
approximation error doesn't decrease whene is decreasing but small, i.e. this implies that
expansion error becomes dominant whene is suf�ciently small. In fact, the approximation
error consists of two parts: one is from the truncation error, and the other is from the
anisotropic con�nement.
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Figure 4.4.: Surface plots (left column) of the position density jy e(x;z;t = 5)j2 and the
approximation errorss e

1 (t) (upper),s e
2 (t) (middle),s e

3 (t) (lower) (right col-
umn) for differente: a)e = 0:8; b)e = 0:4; c) e = 0:2; d)e = 0:1.
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4.2. Hermite pseudo-spectral method

We propose a time-splitting method, where the following twosubproblems are solved for
0 � k � K:

i¶t f k = H? f k ; (4.10)

i¶t f k = å
0� l ;m;n� K

mk+ mm� ml � mn= 0

gklmnf l f mf n : (4.11)

Note that the splitting is different from the one used in the previous section, where the
con�nement potential was a part of the second step.

We denote the eigenstates and eigenvalues ofH? by:

r n(x) = hn(x)e� x2=2; sn = n+ 1=2;

with n � 0 andhn(x) being the scaled Hermite polynomials [23]:

hn(x) =
1

p1=4
p

2nn!
Hn(x) :

For the spatial discretization we take as grid points the scaled Hermite–Gauß points. For
quadrature of orderN they are given by the rootsxi with i = 0; : : : ;N of HN+ 1(x) [23],
which lie symmetrically aboutx = 0. Let the time step beh > 0 andt j := jh, j � 0. The
numerical approximation off k(t j ;xi) is denoted byf j ;i

k ,
Given the approximate solution at timet j , i.e.,f j ;0

k ; : : : ; f j ;N
k , we start by solving (4.10).

As a �rst step, these values are interpolated by a linear combination of the �rst N + 1
eigenstates ofH? :

f j ;i
k =

N

å
n= 0

a j ;n
k r n(xi) ; i = 0; : : : ;N:

For the computation of the Fourier coef�cients, we introduce the scaled Hermite-Gauß
weights (see [11, 29])

wi =
2N N!

p
p

(N + 1)HN(xi)2ex2
i ; i = 0; : : : ;N:

Then the Fourier coef�cients are computed by Gauß–Hermite quadrature [29]:

a j ;n
k =

N

å
i= 0

wi f
j ;i

k r n(xi) ; n = 0; : : : ;N:

Now the solution after the �rst half-step (4.10) is given by

cf j ;i
k =

N

å
n= 0

a j ;n
k r n(xi) e� isnh :
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Before the discretization of the nonlinear part is introduced, we rewrite (4.11) in vector
notation:

i¶tF = A(F )F : (4.12)

The choice of the matrixA(F ) is not unique. For arbitraryp 2 R and with the de�nition

A(F )kn := å
0� l ;m� K

mk+ mm� ml � mn= 0

aklmngklmnf l f m; with aklmn =

8
<

:

p if k = n 6= l ,
2� p if k = l 6= n,

1 otherwise,

the right hand sides of (4.12) and of (4.11) are the same. The observation that the coef-
�cients aklmn andgklmn are symmetric with respect to(k; l ) $ (m;n) shows thatA(F ) is
hermitian.

As a motivation for the discretization of (4.12), we �rst consider the nonlinear part of
the original equation (2.4):

i¶ty = jy j2y : (4.13)

Note that the absolute value ofy is conserved in time by this equation. This implies

y (t j+ 1) = e� ihjy (t j )j2y (t j)

Using the rational approximationeiz � 1+ iz=2
1� iz=2, which is of third order inzand shares with

eiz the propertyj 1+ iz=2
1� iz=2j = 1, the solution of (4.13) can be approximated by

y j+ 1 =
1� ih=2jy j j2

1+ ih=2jy j j2
y j ; (4.14)

which corresponds to the trapezoidal scheme

i
y j+ 1 � y j

h
= jy j j2

y j+ 1 + y j

2
: (4.15)

This is a second order discretization of (4.13) since the density jy j2 is constant in time
for solutions of (4.13). A second order method for (4.11) canbe obtained by a two-step
procedure, with

i
F j+ 1=2;i � dF j ;i

h=2
= A(dF j ;i)dF j ;i ;

i
F j+ 1;i � dF j ;i

h
= A(F j+ 1=2;i)

F j+ 1;i + dF j ;i

2
: (4.16)

Remark 4. The computation ofF j+ 1;i involves the solution of a linear system with coef-
�cient matrix I + i h

2A, which is invertible since A is hermitian.
Note that for different values of p2 R we have different discretizations, although the

original problem (4.11) is not affected by the choice of p.
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Summarizing, one step of the Strang splitting method written in vector notation is given
by:

• Solving (4.10) on a half time step:

a j ;n =
N

å
i= 0

wiF j ;ir n(xi) ; n = 0; : : : ;N; (4.17)

dF j ;i =
N

å
n= 0

a j ;n r n(xi)e� isnh=2 ; (4.18)

• Secondly, solving (4.11) on a whole time step

F j+ 1=2;i =
�

I � i
h
2

A(dF j ;i)
�

dF j ;i ; (4.19)

ddF j ;i =
�

I + i
h
2

A(F j+ 1=2;i)
� � 1 �

I � i
h
2

A(F j+ 1=2;i)
�

dF j ;i ; (4.20)

• And �nally, solving again (4.10) on a half time step:

dda j ;n =
N

å
i= 0

wi
ddF j ;ir n(xi) ; n = 0; : : : ;N; (4.21)

F j+ 1;i =
N

å
n= 0

dda j ;n r n(xi)e� isnh=2 : (4.22)

Discretization error and stability

The time discretization error comes on one hand from the splitting, which is globally of
second order inh since we do a Strang splitting. On the other hand, the discretization
scheme (4.16) for the nonlinearity is of second order in time. We study the precision of
the scheme by using Taylor series around the pointt j + h=2. All in all the time discretiza-
tion error is of second order.
Moreover, in Fig. 4.5 we plotted the absolute errorkF � F hk whereby we computed the
solutions by Strang splitting (quadratic growth) and by simple splitting (linear growth).
The "exact"F is obtained by solving the problem withh = 10� 4. k:k denotes the norm
supt kg(t; :)kL2(R). As expected the Strang splitting leads to a second order time discretiza-
tion error, whereas the simple splitting to a �rst order timediscretization error.

The introduced method is of spectral accuracy in space. Moreover, it conserves mass.
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Figure 4.5.: Absolute errorkF � F hk computed with Strang splitting ('-+') and simple
splitting ('-� ').

Lemma 7. The Hermite pseudo-spectral method combined with the Crank–Nicolson type
method HPSCN (4.18-4.20) is unconditionally stable, sincemass is conserved:

å
0� k< K

hf j
k ; f j

k i = å
0� k< K

hf I
k; f I

ki :

wherehf ;gi := å N
i= 0wi f (xi)g(xi)

Proof. We �rst show the conservation of (4.18), thushf j
k ; f j

k i = hcf j
k ; cf j

k i for all k < K.
We have:

hcf j
k ; cf j

k i = h
N

å
m= 0

a j
k;me� ismh r m;

N

å
l= 0

a j
k;l e

� is l h r l i =
N

å
l ;m= 0

a j
k;l a j

k;mei(s l � sm)h hr l ; r mi
| {z }

dlm

=
N

å
l= 0

ja j
k;l j

2 =
N

å
l= 0

jhf j
k ; r l ij

2 =
N

å
l= 0

hf j
k ; r l ihr l ; f

j
k i = hf j

k ; f j
k i

For the second step (4.20) we want to showå 0� k< Khcf j
k ; cf j

k i = å 0� k< Kh
ccf j

k ;
ccf j

k i . If we
use the fact thatA is Hermitian we can easily show that

�
ddF j ;i

� T
ddF j ;i =

�
dF j ;i

� T
dF j ;i :

All in all, we have conservation of the total mass:

å
0� k< K

hf j
k ; f j

k i = å
0� k< K

hf j+ 1
k ; f j+ 1

k i
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e Nx h
0:8 256 10� 3

0:4 256 10� 3

0:2 512 10� 4

Table 4.2.: Values for the parameters used in numerical experiments.

e h MSTSS HPSCN
hh:mm:ss hh:mm:ss

0:8 10� 3 00:05:44 00:01:59
0:2 10� 4 04:09:31 00:37:25

Table 4.3.: Running times for the different methods.

Numerical experiments

In this section we present some numerical results obtained by the method (HPSCN) in-
troduced in the previous section.

Example 1: In the �rst example we analyze the approximation error depending one
andK, when we approximate the solutiony of the original problem (2.4) by the solution
(f k)0� k< K of the reduced problem (3.5).y is solved by Time-splitting spectral method
(TSSP) [9, 8] with the parameter values used in previous section. (f k)0� k< K is solved
by the Hermite pseudo-spectral method combined with the Crank–Nicolson type method
(HPSCN) for the nonlinearity. Since we want to compute the approximation error, we
have to evaluate both solutions at the same grid points. Thisimplies that for these ex-
periments we have to use uniform grid points in the space discretization of HPSCN. We
choose the interval[� a;a] (a � 0) such that it contains the support of all Hermite polyno-
mials(Hk)k< N+ 1. Moreover forNx a positive integer (see Table 4.2)we choose the spatial
mesh sizehx = 2a=Nx and let the grid points be:

xi = � a+ ihx i = 0;1; : : :Nx :

However, for the evaluation of the Fourier coef�cientsa j
k;n we use the trapezoidal quadra-

ture. The discretization error in space is then of second order. In our computation the
parameter have following values:a = 16, N = 64. Denote the approximation error by
s e

K(t):

s e
K(t) = ky (:; :; t) � å

0� k< K
f k(:; t)rk(:)e

� imkt=e2
kL2(R):

wherey is the solution of (2.4) with initial datay I (x;z) = å 0� k< K f I
k(x)rk(z) andf I

k(x)
the �rst eigen states of the harmonic oscillator inx, respectively.
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Figure 4.6.:s e
K(t) with e = 0:8;0:4 and 0:2 (in the order of decreasing peaks) and a.)

K = 3, b.) K = 4, c.) K = 5.

In Fig. 4.6 we see the approximation error for decreasinge and increasingK. ForK = 3
we compared the running times for the two methods (see Table 4.3). Here, we computed
additionally to section 4.1 the approximation error forK = 4 andK = 5. However, we
can draw the same conclusions as in section 4.1.

Remark 5. During the numerical experiments it turned out that the parameter p has little
impact on the results. Therefore, we make the choice p= 2. This value is moreover the
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appropriate one for comparisons with the numerical method presented in section 4.1.

In the following experiments the grid points are the roots ofthe Hermite polynomial
HN+ 1(x). We chooseN = 46, which means that we have 47 grid points on thex-axis. The
parameterp of the discretization is chosen equal to 2. All results obtained by HPSCN are
�nally compared to the corresponding quantities computed by the multistep time-splitting
scheme presented in section 4.1, which we call MSTSS. In order to achieve similar qual-
ity of the data we use for MSTSS 257 uniform grid points on the interval [� 16;16].
Moreover, we choose the time steph = 0:001. The initial data are chosen as the �rstK

eigenstates of the operator� 1
2¶xx+ g2

I
2 x2, whereby the sum of their masses is normalized

to one. The value ofgI will be speci�ed individually in every example.
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Example 2. In this example we compare the condensate widths as functions of time
computed by the two different numerical methods. Let(t k)0� k< K be the condensate width
of the corresponding wave functionf k:

t k =
q

h(x�h xi )2i wherehf i :=
Z

R
f (x)jf kj

2dx with 0 � k < K :

Here, we solve the system forK = 3, thus 0� k < 3. Moreover,gI = 10.
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Figure 4.7.: Condensate widthst k as functions of time. The solution(f k)k< 3 is obtained
by HPSCN ('-� ') with p = 2 and 47 grid points and by MSTSS ('-') with 257
grid points on the interval[� 16;16]. a.) k = 0, b.) k = 1, c.) k = 2.

Example 3 Here we compute the mass for every component of the solution,namely
kf kk2

2 =
R

R jf k(x)j2dx, with 0 � k < 3, with K = 3. For the initial datagI = 1. We know
that the total mass of the system is conserved. This experiment indicates us that there is
mass exchange between the different states(f k)0� k< 3. (see Figure 4.8).

Example 4 Here we observe the evolution in time of the central densities for every
component of the solution, namelyjf k(t;0)j2, with 0 � k < K, with K = 3. For the initial
datagI = 10 (see Figure 4.9).
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Figure 4.8.: Masskf kk2 as function of time,k = 0 ('-� '), k = 1 ('-� ') and k = 2 ('-+ ').
The solution is obtained in a.) by HPSCN withp = 2 and 47 grid points and
in b.) by MSTSS with 257 grid points on the interval[� 16;16].
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Figure 4.9.: Central densityjf k(t;0)j2 as function of time,k = 0 ('-� '), k = 1 ('-+ ') and
k = 2 ('-� '). The solution is obtained in a.) by HPSCN withp = 2 and 47
(N = 46) grid points and in b.) by MSTSS with 257 grid points on the interval
[� 16;16].

The examples (1-4) show that both methods give similar results. However, comparison
of the running time in Table 4.3 highlights the fact that HPSCN is faster than MSTSS.
Another advantage of the new method HPSCN is the fact that we can implement it for a
greater number of equationsK, which is rather cumbersome for the MSTSS method.

Remark 6. The representation of the position densities for a greater number of equations
indicates that the solutions may go beyond the interval, in which lie the roots of the chosen
Hermite polynomial H47. Therefore, if we increase K, we have to increase N, too.

Example 5Here we want to display the surface plots of the position densities jf k(t;x)j,
0 � k < K with K = 5 andN = 64. For the initial data we havegI = 10 and observe the
solutions up tot � 5.

The analysis of Fig. 4.10 allows us to assert that the number of peaks increases with
K. This is an expected behavior since initially thek-th excited state hask+ 1 peaks (the
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Figure 4.10.: Position densitiesjf k(t;x)j for 0 � k < 5

ground state has one peak, the �rst excited state has two peaks etc). In addition, the greater
the con�ning potential, the steeper are the peaks. Last but not least, we observe periodic
behavior of the solutions, which is not surprizing in view ofthe Duhamel's formula for
nonlinear Schrödinger equations [17, 20]. Not so evident isthe fact that the period length
is the same for all states.
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Appendix A.

Anisotropic Sobolev inequalities

In this section, we state anisotropic Sobolev embeddings and a generalized Gagliardo–
Nirenberg inequality. The proof of this lemma, rather straightforward, is skipped. It
uses standard Sobolev embeddings and Gagliardo–Nirenberginequalities, combined with
interpolation estimates. We generalize here a result of [12] (see also [32], where a similar
Sobolev embedding is obtained). Recall that in this work thewhole dimension isn+ d
and the space variable is written(x;z), wherex 2 Rn andz2 Rd.

Lemma 8. Let 2 � p;q � ¥ be such that

n
p(n+ d)

+
d

q(n+ d)
�

1
2

�
1

n+ d

(with q< ¥ if d = 2; p < ¥ if n = 2; and strict inequality if n= d = 1). Then

H1(Rn+ d) ,! Lq
z(Rd;Lp

x(Rn)) :

Furthermore, for any r2 [2; 2(n+ d)
n+ d� 2] we have

kukLr
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1� (n+ d)( 1
2 � 1

r )
L2

x;z
kÑxuk

n( 1
2 � 1

r )
L2

x;z
kÑzuk

d( 1
2 � 1

r )
L2

x;z
:
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