GENERIC PROPERTIES OF FINITELY PRESENTED GROUPS AND HOWSON’S THEOREM.

G. N. Arzhantseva

Department of Mathematics and Mechanics, Moscow State University, Moscow 119899, Russia. E-mail: arjantse@nw.math.msu.su

0. Introduction. Let X_m = {x^{±1}_1 , . . . , x^{±1}_m } be an alphabet with m ≥ 2. For fixed n one can consider all group presentations

G = ⟨x_1, . . . , x_m | r_1 = 1, . . . , r_n = 1⟩, (1)

where r_1, . . . , r_n are cyclically reduced words in the alphabet X_m of length | r_i |≤ t. Let N = N(m, n, t) be the number of all such presentations (1) nd N_P be the number of presentations among them such that the group G has a property P. A property P of m - generated groups is said to be generic if for any n the ratio N_P /N tends to 1 as t → ∞. We shall say that the genericity is exponential if this ratio tends to 1 faster than some function 1 − exp(ct), where c < 0. Further, we will consider the exponential genericity only. The study of generic properties is useful because the combination of an arbitrary finite number of generic properties is again a generic property of group.

The following classes of groups are generic (see [1], [2]): (1) torsion-free groups;

(2) groups satisfying the small cancellation condition C^′(λ) [3] for every fixed λ > 0; (3) m - generated groups all of whose k - generated subgroups (for any k < m) are free;

(4) m - generated groups all of whose ≤ L - generated subgroups of infinite index are free (for some given L, possibly L ≫ m) but all subgroups of finite index are not free.

To prove the genericity of class (4) we introduced in [2] a new condition on the defining relators of a finitely presented group such that the group satisfying it belongs to the considered class. The condition is formulated in terms of finite labeled graphs and is generic [2].

Recall that a subgroup P of G is quasiconvex in G if there exists ε > 0 such that any geodesic in the Cayley graph C(G) of G with endpoints in P belongs to the ε - neighbourhood of P . Obviously, the quasiconvexity property depends on the group presentation chosen. In this paper we show that in the group G with presentation (1) satisfying the mentioned above condition every subgroup with the preassigned number of generators is quasiconvex for any presentation of G.

This allows us to prove the following version of Howson’s Theorem for generic groups. Denote by N_d = N_d(m, n, t) the number of all presentations (1) such that the intersection of any pair of ≤ d - generated subgroups is finitely generated one in the group G for some preassingned d.

Theorem 1. There exists a constant a = a(m, n, d) > 0 such that the ratio N_d(m, n, t)/N(m, n, t) is greater than 1 − exp(−at), where t is positive integer.

In other words, the intersection of any two subgroups with a given number of generators is finitely generated in a generic group.

In the sequel, we will use the presentations of finitely generated subgroups of a free group by finite connected X_m - labeled graphs. Such presentations were introduced by J.Stallings and were used for investigations of subgroups of a free group, free inverse monoids, and generic properties of finitely presented groups (see [4], [5] and [1] for details).

ACKNOWLEDGMENTS This work is supported in part by the Russian Foundation for Fundamental Research grant 96-01-0420. The author is grateful to Professor A.Yu.Ol’shanskii for posing the problem, support and helpful conversations.

References

[1] G.N.Arzhantseva and A.Yu.Ol’shanskii, The class of groups all of whose subgroups with lesser number of generators are free is generic, Mat. Zametki, 59(4)(1996), 489-496 (in Russian), English translation in Math. Notes, 59(4)(1996), 350-355.

[2] G.N.Arzhantseva, On the groups all of whose subgroups with fixed number of generators are free, Fundamentalnaya i prikladnaya matematika, 3(3)(1997), 675-683 (in Russian).

[3] R.Lyndon and P.Schupp, Combinatorial Group Theory, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[4] J.Stallings, Topology of finite graphs, Invent. Math., 71(1983), 552-565.

[5] S.W.Margolis and J.C.Meakin, Free inverse monoids and graph immersions, Int. J. Algebra and Comput., 3(1)(1993), 79-99.

[6] H.B.Short, Quasiconvexity and a Theorem of Howson’s, Group Theory from a Geometric Viewpoint, Proc.ICTP.Trieste, Word Scientific, Singapore, 1991.

[7] M.Gromov, Hyperbolic groups, in: Essays in Group Theory, ed.

S.M.Gersten, MSRI Pub., 8, Springer-Verlag (1987), 75-263.

[8] E.Ghys and P.de la Harpe (eds.), Sur les groupes hyperboliques d’apres Mikhael Gromov, Progress in Math. 83, Birkhauser, Boston, Ma., 1990.

[9] A.Yu.Ol’shanskii, Almost every group is hyperbolic, Int. J. Algebra and Comput., 2(1)(1992), 1-17.

[10] E.Rips, Subgroups of small cancellation groups, Bull. London Math. Soc., 14(1982), 45-47.

[11] H.B.Short (ed.), Notes on word hyperbolic groups, Group Theory from a Geometric Viewpoint, Proc.ICTP.Trieste, Word Scientific, Singapore, 1991.