GROWTH TIGHTNESS FOR WORD HYPERBOLIC GROUPS

G. N. ARZHANTSEVA AND I. G. LYSENOK

Abstract. We show that non-elementary word hyperbolic groups are growth tight. This means that, given such a group G and a finite set A of its generators, for any infinite normal subgroup N of G, the exponential growth rate of G/N with respect to the natural image of A is strictly less than the exponential growth rate of G with respect to A.

1. Introduction

Let G be a finitely generated group and A a finite set of generators for G. By |x| we denote the geodesic length of an element x ∈ G in the generators A, i.e. the length of a shortest word in the alphabet A^{±1} representing x. Let B(n) denote the ball {g ∈ G | |g| ≤ n} of radius n in G.

The exponential growth rate of the pair (G, A) is the limit

λ(G, A) = lim_{n→∞}^np#B(n)

where #X denotes the number of elements of a finite set X. The existence of the limit follows from the submultiplicativity property of the function #B(n): #B(m + n) ≤ #B(n)#B(m) for any n, m ≥ 0, see for example [8, VI.C]. The uniform exponential growth rate λ(G) of G is the infinum inf_A λ(G, A) over all finite generating sets A of G.

We say that a pair (G, A) is growth tight if λ(G, A) > λ(G/N, A) for all infinite normal subgroups N of G, with A denoting the canonical image of A in G/N. (This is a modification of the definition in [5].) Observe that, for a torsion-free group G, “infinite” means “any nontrivial” in this definition and it coincides then with one given in [5]. On the other hand, if N is finite it is not hard to see that we always have λ(G, A) = λ(G/N, A). It is known that for a free group F_k of rank k ≥ 2 and for a free basis X_k of F_k, the pair (F_k, X_k) is growth tight. The direct product F_k × F_k generated by X = (X_k × {1}) ∪ ({1} × X_k) is an example of a pair which is not growth tight [5].

For results and applications related to the exponential growth rate and the growth tightness property, see [5, 8, 9]. We mention here that the exponential growth rate

Date: December 2001, revised version.

Key words and phrases. Growth of groups, word hyperbolic groups, Hopf property. The work has been supported by the Swiss National Science Foundation. The second author has been supported also by INTAS, grant No. 97–1259. 1

of the pair (G, A) and its logarithm, sometimes called the entropy of the pair (G, A), give rise to bounds of the growth of the volume of balls in a Riemannian manifold M with fundamental group G as well as to bounds of the topological entropy of the geodesic flow on M, see [6, Section 5.B].

Recall that a group G is called Hopfian if every epimorphism G → G is an isomorphism, i.e. there is no a proper quotient G/N of G isomorphic to G. As an immediate consequence of the above definitions we have the following Observation. Let G be a finitely generated group. If there exists a finite generating set A of G such that λ(G, A) = λ(G) and if (G, A) is growth tight, then G/N cannot be isomorphic to G for any infinite normal subgroup N of G.

In this paper, we restrict our attention to the class of word hyperbolic groups G in the sense of M.Gromov [7]. Note that any word hyperbolic group is finitely generated and even finitely presented [7, 2.1A, 2.2A], [4, Proposition 4.17]. It is known also that there are only finitely many conjugacy classes of finite subgroups in a word hyperbolic group G, see for example [2, Ch.III.Γ, Theorem 3.2]. This implies in particular that G/N is not isomorphic to G for any nontrivial finite normal subgroup N of G. Indeed, if such an isomorphism ϕ : G → G/N would exist then we could define an infinite strictly increasing sequence N_i (i ≥ 0) of finite subgroups of G by N_0 = N and N_{i+1} = ψ^{−1}ϕ(N_i) where ψ : G → G/N is the canonical epimorphism.

Thus, the observation provides a possible way to prove the Hopf property for word hyperbolic groups. Note that torsion-free word hyperbolic groups are already known to be Hopfian [10]. For word hyperbolic groups with torsion, the question whether or not they are Hopfian is still open.

Our main result concerns the second condition in the observation above and gives an affirmative answer to the question about growth tightness of word hyperbolic groups, posed by R. Grigorchuk and P. de la Harpe [5]. Recall that a word hyperbolic group is called elementary if it is either finite or a finite extension of the infinite cyclic group.

Theorem 1. Let G be a non-elementary word hyperbolic group and A any finite set of generators for G. Then, for any infinite normal subgroup N of G, λ(G, A) > λ(G/N, A), where A is the canonical image of A in G/N.

To prove the theorem we first observe that the growth tightness of G is related to the growth tightness of certain languages over A^{±1} and we obtain a stronger result (Theorem 2 below) which implies Theorem 1.

We fix an arbitrary linear ordering on the alphabet A^{±1}. A word w in the alphabet A^{±1} is called geodesic if w has the minimal possible length among all the words representing the same element of G. If w is geodesic and is minimal in the induced lexical ordering, among all geodesic words representing the same element of G, it

GROWTH TIGHTNESS FOR WORD HYPERBOLIC GROUPS 3

is called shortlex geodesic. By L we denote the set of all shortlex geodesic words in A^{±1}. Clearly, every element x ∈ G has a unique representative in L which we denote x. It is obvious also that any subword of a shortlex geodesic word is itself shortlex geodesic.

Definition 1. Let C > 0. We say that two elements x, y ∈ G are C-close if there are u, v ∈ G such that x = uyv and |u|, |v| ≤ C. We say that x C-contains y if x has a subword representing an element which is C-close to y. For a given w ∈ G, we denote Z_{w,C} = {x ∈ G | x C-contains w}. We define the exponential growth rate of the set G \ Z_{w,C} by

(1) λ_{w,C} = lim sup_{n→∞}^nq#(B(n) \ Z_{w,C} )

Theorem 2. Let G be a non-elementary word hyperbolic group and A a finite set of generators for G. Let λ = λ(G, A) be the exponential growth rate of G with respect to A. Then there is a number C = C(G, A) such that λ_{w,C} < λ for any w ∈ G.

Note that Theorem 2 is of somewhat technical nature because the definition of λ_{w,C} uses the language of shortlex geodesic words in G. But it easily implies a stronger result which does not make use of any specific language. To formulate this result, we use, in an informal sense, “the strongest” form of the relation “x C-contains y” which leads to the “smallest possible” appropriate set Z_{w,C} and, consequently, to the “largest possible” appropriate parameter λ_{w,C} .

We say that x strongly C-contains y if any geodesic word representing x contains a subword which is C-close to y. Let

Z_{w,C} = {x ∈ G | x strongly C-contains w}

and let λ_{w,C} be the exponential growth rate of the set G \ Z_{w,C}, defined as in (1). Theorem 3. Let G be a non-elementary word hyperbolic group and A a finite set of generators for G. Let λ = λ(G, A) be the exponential growth rate of G with respect to A. Then there is a number C = C(G, A) such that λ_{w,C} < λ for any w ∈ G.

Acknowledgments. This work has been done during the second author’s visit to the University of Geneva in May 2001. He thanks P. de la Harpe for hospitality. We thank also the referee for useful comments.

References

[1] G. N. Arzhantseva, On quasiconvex subgroups of word hyperbolic groups, Geometriae Dedicata

85 (2001), 191–208.

[2] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 319, Springer-Verlag, Berlin, 1999.

[3] M. Coornaert, Mesures de Patterson–Sullivan sur le bord d’un espace hyperbolique au sens de Gromov, Pacific J. Math. 159 (1993), 241–270.

[4] E. Ghys and P. de la Harpe (editors), Sur les groupes hyperboliques d’après Mikhael Gromov, Progress in Math. 83, Birkhäuser, 1990.

[5] R. Grigorchuk and P. de la Harpe, On problems related to growth, entropy, and spectrum in group theory, J. Dynam. Control Systems 3 (1997) 1, 51–89.

[6] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, edited by J. Lafontaine and P. Pansu, Progress in Math. 152, Birkhäuser, 1999.

[7] M. Gromov, Hyperbolic groups, in: Essays in group theory, ed. S.M. Gersten, M.S.R.I. Publ.

8, Springer, 1987, 75-263.

[8] P. de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathematics. University of Chicago Press, Chicago, IL, 2000.

[9] A. Sambusetti, Growth tightness of free and amalgamated products, preprint. Universitá degli Studi di Roma “La Sapienza”, 2001.

[10] Z. Sela, Endomorphisms of hyperbolic groups. I. The Hopf property, Topology 38 (1999) 2, 301–321.

Section de Mathématiques, Université de Genève, CP 240, 1211 Genève 24, Switzerland

E-mail address: Goulnara.Arjantseva@math.unige.ch

Steklov Institute of Mathematics, Gubkina str. 8, 117966 Moscow, Russia E-mail address: lysionok@mi.ras.ru