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Abstract. We show that definable Whitney jets of class Cm,ω , where m is

a nonnegative integer and ω is a modulus of continuity, are the restrictions of

definable Cm,ω-functions; “definable” refers to an arbitrary given o-minimal
expansion of the real field. This is true in a uniform way: any definable

bounded family of Whitney jets of class Cm,ω extends to a definable bounded

family of Cm,ω-functions. We also discuss a uniform Cm-version and how the
extension depends on the modulus of continuity.

1. Introduction

Let an o-minimal expansion of the real field be fixed. Throughout the paper, a
set X ⊆ Rn is called definable if it is definable in this fixed o-minimal structure.
A map φ : X → Rm is definable if its graph Γ(φ) := {(x, φ(x)) : x ∈ X} is a
definable subset of Rn×Rm ∼= Rn+m (this natural identification is used throughout
the paper). We assume familiarity with the basics of o-minimal structures; see [5]
and [4].

Due to Kurdyka and Paw lucki [9, 10] and Thamrongthanyalak [14] we have the
definable Cm Whitney extension theorem:

Theorem 1.1. Let 0 ≤ m ≤ p be integers. Let E ⊆ Rn be a definable closed set.
Any definable Whitney jet of class Cm on E extends to a definable Cm-function on
Rn which is of class Cp outside E.

We prove a Cm,ω-version of this result.

Theorem 1.2. Let 0 ≤ m ≤ p be integers. Let ω be a modulus of continuity. Let
E ⊆ Rn be a definable closed set. Any definable Whitney jet of class Cm,ω on E
extends to a definable Cm,ω-function on Rn which is of class Cp outside E.

By a modulus of continuity we always mean a positive, continuous, increasing,
and concave function ω : (0,∞) → (0,∞) such that ω(t) → 0 as t → 0. We say
that ω is a modulus of continuity for a function f : S → R, defined on a subset
S ⊆ Rn, if there exists a constant C > 0 such that

(1.1) |f(x) − f(y)| ≤ C ω(|x− y|) for all x, y ∈ S.

Date: September 4, 2024.
2020 Mathematics Subject Classification. 03C64, 14P10, 26B35, 26E25, 32B20, 46E15.
Key words and phrases. O-minimal structures, Whitney extension theorem, Cm,ω-extension

of Whitney jets, uniform boundedness of the extension.
This research was funded in whole or in part by the Austrian Science Fund (FWF) DOI

10.55776/P32905. For open access purposes, the author has applied a CC BY public copyright
license to any author-accepted manuscript version arising from this submission. Additionally, the
research was supported by Oberwolfach Research Fellows (OWRF) ID 2244p.

1
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The class Cm,ω consists of Cm-functions that are globally bounded together with
its partial derivatives up to order m and whose partial derivatives of order m satisfy
a global ω-Hölder condition of the type (1.1). See Section 3.

We use Theorem 1.2 in [11] to show that a definable function f : E → R on a
definable closed set E ⊆ Rn that has a C1,ω-extension to Rn also has a definable
C1,ω-extension. (In [11] we assume that ω is definable, but not in the present paper.)
In fact, this application was one of our main motivations for proving Theorem 1.2.

We will show that the definable extension of Whitney jets of class Cm,ω can be
done in a bounded way:

Theorem 1.3. Let 0 ≤ m ≤ p be integers. Let ω be a modulus of continuity. Let
(Ea)a∈A be a definable family of closed subsets of Rn. For any definable bounded
family (Fa)a∈A of Whitney jets of class Cm,ω on (Ea)a∈A there exists a definable
bounded family (fa)a∈A of Cm,ω-extensions to Rn of (Fa)a∈A such that fa is of
class Cp outside Ea for all a ∈ A.

Clearly, boundedness is understood with respect to the natural norms; see Sec-
tion 3 for precise definitions. Theorem 1.2 follows as a special case from The-
orem 1.3. And already the case that (Fa)a∈A is a definable bounded family of
Whitney jets of class Cm,ω on a fixed set E = Ea, for all a ∈ A, is very interesting.
However, the method of proof (by induction on dimension) necessitates to consider
the general case that the families of Whitney jets are defined on definable families
of sets (Ea)a∈A.

The construction of the extension in Theorem 1.3 depends on ω only in a weak
sense. We may, for instance, let the modulus of continuity ωa depend as well on
a ∈ A if we impose that there is a constant C > 0 such that C−1 ≤ ωa(1) ≤ C for
all a ∈ A. This will be discussed in detail in Section 5.B in which we present a more
general version of Theorem 1.3. As a consequence, we deduce from Theorem 1.3 a
uniform version of the Cm-result Theorem 1.1 on compact sets:

Theorem 1.4. Let 0 ≤ m ≤ p be integers. Let (Ea)a∈A be a definable family of
compact subsets of Rn. For any definable bounded family (Fa)a∈A of Whitney jets
of class Cm on (Ea)a∈A there exists a definable bounded family (fa)a∈A of Cm-
extensions to Rn of (Fa)a∈A such that fa is of class Cp outside Ea for all a ∈ A.

Theorem 1.4 is proved in Section 5.C. We deduce a local version of Theorem 1.3
in Section 5.A and apply Theorem 1.3 in Section 5.D to get a definable version of
a correspondence, due to Shvartsman [13], between Whitney jets of class Cm,ω and
certain Lipschitz maps.

The proof of Theorem 1.3 (which builds upon the one of Theorem 1.1 devised
in [9, 10, 14] and also Paw lucki [12] and is very different from Whitney’s classical
method [16]) rests on two main cornerstones:

(1) Two versions of Gromov’s inequality [7]; one classical, the other incorporat-
ing the modulus of continuity. These are inequalities for the derivatives of a
definable function. Since the constants that appear in them are universal,
it is not difficult to get them uniform for definable families of functions.
See Corollary 2.18 and Proposition 2.19.

(2) Uniform Λp-stratification of definable families of sets. Roughly speaking,
definable families of sets admit a stratification into a finite number of cells
that are defined by functions satisfying certain estimates (for their deriva-
tives up to order p). The constants in these estimates and the number of
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cells are independent of the parameter of the family. See Theorem 2.16.
This is essential for the uniform extension theorem 1.3. We think that it is
also of independent interest.

It is a natural question if there exists even a continuous and/or linear extension
operator for definable Whitney jets of class Cm,ω (or Cm) on a definable closed set
E ⊆ Rn. This remains an open problem. The theorem of Bartle and Graves [2]
(see also [3, Theorem 1.6]) is not applicable since the normed spaces of definable
jets and functions (defined in Section 3) are not complete.

Azagra, Le Gruyer, and Mudarra [1] give an explicit formula for the extension of
Whitney jets of class C1,1 with an optimal control of the norms; for definable input
this explicit formula yields a definable C1,1-extension. See [11, Sections 4.2–4].

Let us point out that Paw lucki [12] presents a continuous linear extension op-
erator for (not necessarily definable) Whitney jets on definable closed sets which
preserves (up to a multiplicative constant) the modulus of continuity. This exten-
sion operator is a finite composite of operators that preserve definability on the
one hand or are defined by integration with respect to a parameter (more precisely,
convolution) on the other hand; in general, the latter leads out of the original
o-minimal structure.

While [12] was a important source of inspiration for handling the modulus of
continuity, the main difficulty (besides getting everything uniformly bounded) was
to replace the convolution operators by definable operations which at the same time
allow for preserving the modulus of continuity.

The paper is organized as follows. In Section 2 the main geometric tools are pre-
pared: Gromov’s inequality and uniform Λp-stratification. We present in Section 3
background on definable bounded families of Whitney jets of class Cm,ω, most no-
tably, how they behave under pullback along a definable family of Λp-regular maps.
The proof of Theorem 1.3 is carried out in Section 4. In the final Section 5 we give
the mentioned applications, discuss dependence on the modulus of continuity, and
prove Theorem 1.4.

Notation. Let N = {0, 1, 2, . . .} be the set of nonnegative integers. We denote by
d(x, S) := infy∈S |x − y| the Euclidean distance in Rn of a point x to a subset S
of Rn, with the convention d(x, ∅) := +∞. The open Euclidean ball with center
x ∈ Rn and radius r > 0 is denoted by B(x, r) := {y ∈ Rn : |x − y| < r}. The
closure of a set S is denoted by S and the frontier of S by ∂S := S \ S. If S is a
subset of Rk, we write S × 0 for the set {(u,w) ∈ Rk × Rℓ : u ∈ Rk, w = 0}. The
graph of a map φ is denoted by Γ(φ). For real valued nonnegative functions f, g we
write f ≲ g if f ≤ Cg for some universal constant C > 0. In particular, it should
be always understood that C is independent of a ∈ A, i.e., the parameter which
we consistently use in parameterized families of sets and maps. We write f ≈ g
if f ≲ g and g ≲ f . We use standard multi-index notation and in this context
(i) ∈ Nn is the multi-index (0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th entry.

2. Uniform Λp-stratifications

The existence of uniform Λp-stratifications (Theorem 2.16) is based on an in-
equality of Gromov [7], of which we need two versions, and on uniform L-regular
decomposition due to Kurdyka and Parusiński [8].
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2.A. Definable families of sets and maps. Let A be a definable subset of RN .
A family (Ea)a∈A of definable sets Ea ⊆ Rn is called a definable family if the
associated set

(2.1) E :=
⋃
a∈A

{a} × Ea

is a definable subset of RN × Rn. Conversely, any definable subset E ⊆ RN × Rn

defines a definable family (Ea)a∈A by setting A := {a ∈ RN : ∃x ∈ Rn, (a, x) ∈ E}
and Ea := {x ∈ Rn : (a, x) ∈ E}, where a ∈ A. If we allow Ea = ∅, we may just
take A = RN .

A family (E′
a)a∈A of subsets E′

a ⊆ Ea is said to be a definable subfamily of
(Ea)a∈A if the associated set E′ (defined in analogy to (2.1)) is a definable subset
of E.

A family (φa)a∈A of definable maps φa : Ea → Rm is called a definable family if
the map φ : E → Rm, where E is the associated set (2.1) and

(2.2) φ(a, u) := φa(u), u ∈ Ea,

is definable. This is consistent with the first paragraph, since

Γ(φ) = {(a, u, φ(a, u)) ∈ RN × Rn × Rm : (a, u) ∈ E}

=
⋃
a∈A

{(a, u, φa(u)) ∈ RN × Rn × Rm : u ∈ Ea}

=
⋃
a∈A

{a} × {(u, φa(u)) ∈ Rn × Rm : u ∈ Ea} =
⋃
a∈A

{a} × Γ(φa).

2.B. Gromov’s inequality. We need two versions of an inequality due to Gromov
[7]. We start with a Cm-version.

Lemma 2.1 ([9, Lemma 2]). Let m ≥ 1. Let f : I → R be a Cm+1-function, where
I = [t0− r, t0 + r] ⊆ R, r > 0, is an interval. Suppose that, for all j = 2, . . . ,m+ 1,
we have either f (j) ≥ 0 on I or f (j) ≤ 0 on I. Then

|f (m)(t0)| ≤ 2(m+2
2 )−2 supt∈I |f(t)|

rm
.

We combine Lemma 2.1 with the following lemma in order to get a Cm,ω-version
in Lemma 2.3.

Lemma 2.2. Let f : I → R be a C2-function, where I = [t0− r, t0 + r] ⊆ R, r > 0,
is an interval, and let ω be a modulus of continuity for f . Suppose that f ′′ ≥ 0 on
I or f ′′ ≤ 0 on I. Then

|f ′(t0)| ≤ ω(r)

r
.

Proof. We may assume that t0 = 0. Suppose that f ′′ ≥ 0 on I. Then f is convex
and, for 0 < s < r,

f(s) − f(0)

s
≤ f(r) − f(0)

r
≤ ω(r)

r
.

Letting s → 0, we find that f ′(0) ≤ ω(r)/r. The same reasoning applied to f(−t)
shows that also −f ′(0) ≤ ω(r)/r so that the assertion is proved.

The case f ′′ ≤ 0 follows from the previous one by considering −f . □
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Lemma 2.3. Let m ≥ 1. Let f : I → R be a Cm+1-function, where I = [t0−r, t0 +
r] ⊆ R, r > 0, is an interval, and let ω be a modulus of continuity for f . Suppose
that, for all j = 2, . . . ,m+ 1, we have either f (j) ≥ 0 on I or f (j) ≤ 0 on I. Then

|f (m)(t0)| ≤ 2(m+1
2 )+m−2 ω(r)

rm
.

Proof. If m = 1, then the statement is immediate from Lemma 2.2. If m ≥ 2, then,
by Lemma 2.1 applied to f ′ and in turn Lemma 2.2, we have

|f (m)(t0)| ≤ 2(m+1
2 )−2

( r
2 )m−1

sup
|t−t0|≤ r

2

|f ′(t)| ≤ 2(m+1
2 )−2

( r
2 )m−1

·
ω( r

2 )
r
2

≤ 2(m+1
2 )+m−2 ω(r)

rm

as claimed, since ω is increasing. □

2.C. Uniform bounds for definable families of functions.

Proposition 2.4. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk and let
U ⊆ RN ×Rk be the associated definable set (see (2.1)). Let (φa)a∈A be a definable
family of functions φa : Ua → R and let φ : U → R be the associated definable
function (see (2.2)). Let α ∈ Nk with |α| = p. There exists a definable subset
Z ⊆ U such that, for all a ∈ A, Za is closed in Ua, dimZa < k, φa is Cp on
Ua \Za, and, for each open ball B = B(u, r), r > 0, contained in Ua \Za, we have

(2.3) |∂αφa(u)| ≤ C(k, p) sup
v∈B

|φa(v)| r−|α|.

Proof. Consider the definable set

X := {(b, v) ∈ U : (a, u) 7→ φ(a, u) is not Cp+1 at (b, v) in u}
= {(b, v) ∈ U : φb is not Cp+1 at v}

and note that

Xa = {u ∈ Ua : φa is not Cp+1 at u}
is closed in Ua and, by o-minimality, dimXa < k.

The operator ∂α is a linear combination of directional derivatives dpv for a finite
collection V of suitably chosen unit directions v in Rk. Let φ1, . . . , φs be an enu-
meration of all functions djvφ : U \X → R, j = 2, . . . , p+ 1, v ∈ V (where djv acts

only in the u-variable: djvφ(a, u) = ∂jt |t=0 φ(a, u+ tv)). For i = 1, . . . , s, set

Yi := {(a, u) ∈ U \X : ∃ϵ > 0∀v ∈ B(u, ϵ), φi(a, v) = 0},
Zi := {(a, u) ∈ U \X : φi(a, u) = 0} \ Yi,

Z := X ∪
s⋃

i=1

Zi.

Then Z is a definable subset of U and, for all a ∈ A, Za is closed in Ua and
dimZa < k.

Now (2.3) follows easily by applying Lemma 2.1 to t 7→ φ(a, u+ tv). □

Corollary 2.5. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk and let
(φa)a∈A be a definable family of C1-functions φa : Ua → R. Suppose that there is
a constant M > 0 such that

|∂jφa(u)| ≤M, a ∈ A, u ∈ Ua, j = 1, . . . , k.
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Let p be a positive integer. There exists a definable family (Za)a∈A of closed defin-
able sets Za ⊆ Ua of dimension dimZa < k such that, for all a ∈ A, φa is of class
Cp on Ua \ Za and

|∂γφa(u)| ≤ C(k, p)M d(u, Za ∪ ∂Ua)1−|γ|, u ∈ Ua \ Za, 1 ≤ |γ| ≤ p.

Proof. Apply Proposition 2.4 to ∂jφa. □

Remark 2.6. We may assume that Za is not empty so that d(u, Za∪∂Ua) is always
finite. We will tacitly make this assumption in all subsequent results of this type.

Proposition 2.7. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk and
(φa)a∈A a definable family of continuous functions φa : Ua → R. Let p be a positive
integer. Then there exists a definable family (Za)a∈A of closed subsets Za ⊆ Ua of
dimension dimZa < k such that, for all a ∈ A, φa is Cp on Ua \ Za and

(2.4) |∂γφa(x)| ≤ C(k, p)
ω(d(x, Za ∪ ∂Ua))

d(x, Za ∪ ∂Ua)|γ|
, x ∈ Ua \ Za, 1 ≤ |γ| ≤ p,

where ω is a modulus of continuity for φa.

Proof. Follow the proof of Proposition 2.4 and use Lemma 2.3. □

Remark 2.8. We want to emphasize that the construction of (Za)a∈A is indepen-
dent of ω.

2.D. Λp-regular mappings. Let U ⊆ Rk be an open set. Let p be a positive
integer. A Cp-mapping φ : U → Rn is said to be Λp-regular if there exists a
constant C > 0 such that

(2.5) |∂γφ(u)| ≤ C d(u, ∂U)1−|γ|, u ∈ U, 1 ≤ |γ| ≤ p.

Λp-regular maps behave nicely on quasiconvex sets. Let us first recall the defi-
nition of quasiconvexity.

Definition 2.9 (Quasiconvex sets). A set E ⊆ Rn is called quasiconvex if there is
a constant C > 0 such any two points x, y ∈ E can be joined in E by a rectifiable
path of length at most C |x− y|.

Let φ : U → Rn by Λp-regular. If E ⊆ U is a quasiconvex subset, then φ|E is

Lipschitz on E and extends continuously to a map φ on E.

2.E. Λp-cells. Let p be a positive integer. We define recursively Λp-cells in Rn:
A definable subset S ⊆ Rn is an open Λp-cell in Rn if,

• in the case n = 1, S is an open interval in R,
• in the case n > 1, S is of the form

S = (ψ1, ψ2, T ) := {(x′, xn) : x′ ∈ T, ψ1(x′) < xn < ψ2(x′)},
where T is an open Λp-cell in Rn−1 and each ψi, i = 1, 2, is either a Λp-
regular definable function T → R or identically −∞ or +∞, and ψ1 < ψ2

on T . (Here x′ = (x1, . . . , xn−1).)

Note that S is quasiconvex. If ψi is finite, then it is Lipschitz on T and has a
continuous extension ψi to T .

A definable subset S of Rn is a k-dimensional Λp-cell in Rn, where k = 0, . . . , n−
1, if

S = {(u,w) : u ∈ T, w = φ(u)} = Γ(φ),
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where u = (x1, . . . , xk), w = (xk+1, . . . , xn), T is an open Λp-cell in Rk, and
φ : T → Rn−k is a Λp-regular definable map.

Definition 2.10 (Λp-cell with constant C). A Λp-cell S in Rn is an open or a
k-dimensional Λp-cell in Rn. We say that S is a Λp-cell in Rn with constant C if
all the Λp-regular maps involved in the recursive definition of S satisfy (2.5) with
the same constant C.

2.F. Associated functions. We associate with any open Λp-cell S in Rn a se-

quence of 2n+ 1 definable functions ρj : S → [0,∞], for j = 0, 1, 2, . . . , 2n. We put
ρ0 ≡ 1 and define ρj for j ≥ 1 as follows:

Case n = 1: If S = (a1, a2) we set

ρ1(x) :=

{
x− a1 if a1 ∈ R,
+∞ if a1 = −∞,

ρ2(x) :=

{
a2 − x if a2 ∈ R,
+∞ if a2 = +∞.

Case n > 1: If S = (ψ1, ψ2, T ) and σj , j = 1, . . . , 2n − 2, are the functions
associated with T , we set ρj(x) = σj(x

′), for j = 1, . . . , 2n− 2, and

ρ2n−1(x) :=

{
xn − ψ1(x′) if ψ1 is finite,

+∞ if ψ1 ≡ −∞,

ρ2n(x) :=

{
ψ2(x′) − xn if ψ2 is finite,

+∞ if ψ2 ≡ +∞.

Remark 2.11. We add the function ρ0 (which is not present in [9, 10, 14]) in order
to handle the extension from unbounded Λp-cells (see the proof of Theorem 1.3).

Each of the functions ρj , that is finite, is Λp-regular on S and Lipschitz on S,
see [9, Lemma 4]. There is a positive constant C > 0 such that

(2.6)
1

C
min
j≥1

ρj(x) ≤ d(x, ∂S) ≤ min
j≥1

ρj(x), x ∈ S,

where d(x, ∅) = +∞ by convention; see [9, Lemma 3]. Consequently,

(2.7)
1

C
min
j≥0

ρj(x) ≤ min{1, d(x, ∂S)} ≤ min
j≥0

ρj(x), x ∈ S.

If ρj for j ≥ 1 is finite, then there exists a positive constant C > 0 such that

(2.8)
∣∣∣∂γ( 1

ρj

)
(x)

∣∣∣ ≤ C d(x, ∂S)−|γ|−1, x ∈ S, |γ| ≤ p;

see [9, Lemma 5] and (2.10). It follows that for all finite ρj , j ≥ 0, we have

(2.9)
∣∣∣∂γ( 1

ρj

)
(x)

∣∣∣ ≤ C min{1, d(x, ∂S)}−|γ|−1, x ∈ S, |γ| ≤ p.

Remark 2.12. The constants C in (2.6)–(2.9) only depend on the constants of the
Λp-regular maps involved in the definition of S.
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For later reference, we recall that for a non-vanishing Cp-function r we have, for
1 ≤ |γ| ≤ p,

(2.10) ∂γ(1/r) =

|γ|∑
j=1

( ∑
δ1+···+δj=γ
δ1 ̸=0,...,δj ̸=0

aγδ1,...,δj∂
δ1r · · · ∂δjr

)
r−j−1,

where aγδ1,...,δj are integers that only depend on γ and δ1, . . . , δj .

2.G. Λp-stratification of definable sets. Recall that a definable Cp-
stratification of a definable set E ⊆ Rn is a finite decomposition S of E into
definable Cp-submanifolds of Rn, called strata, such that, for each stratum S ∈ S ,
the frontier (∂S) ∩ E in E is the union of some strata of dimension < dimS. A
stratification is called compatible with a collection of finitely many definable subsets
of E if each subset is a union of strata.

A definable Cp-stratification S of E is called a Λp-stratification if each stratum
S ∈ S is a Λp-cell in Rn in some linear coordinate system.

Theorem 2.13 ([9, Proposition 4] and [10, Theorem 3]). Let E ⊆ Rn be a definable
set and let E1, . . . , Eℓ be definable subsets of E. Then there exists a Λp-stratification
S of E that is compatible with E1, . . . , Eℓ.

2.H. Uniform Λp-stratifications of definable families of sets. We prove a
uniform version of Theorem 2.13. Let us first recall a result on uniform L-regular
decompositions.

Theorem 2.14 ([8, Proposition 1.4]). Let Ei ⊆ RN × Rn, where i ∈ I, be a finite
collection of definable sets. Then there exist finitely many disjoint definable sets
Bj ⊆ RN ×Rn, where j ∈ J , and linear orthogonal mappings φj : Rn → Rn, where
j ∈ J , such that:

(1) For every a ∈ RN , each φj(Bj
a) is a standard L-regular cell in Rn with

constant C = C(n).
(2) For every a ∈ RN , the family of Bj

a, where j ∈ J , is a stratification of Rn.
(3) For any i ∈ I, there exists Ji ⊆ J such that Ei

a =
⋃

j∈Ji
Bj

a for every

a ∈ RN .

Here a standard L-regular cell in Rn with constant C = C(n) (which is terminol-
ogy used in [8]) is by definition nothing else than a Λ1-cell with constant C = C(n).

Definition 2.15 (Uniform Λp-stratification). Let (Ea)a∈A be a definable family of
sets Ea ⊆ Rn and let E ⊆ RN ×Rn be the associated definable set (see (2.1)). Let
p be a positive integer.

A finite collection S = {Sj}j∈J of disjoint definable sets Sj ⊆ RN ×Rn is called
a uniform Λp-stratification of (Ea)a∈A if

(1) there exist linear orthogonal maps φj : Rn → Rn, j ∈ J , such that, for
each a ∈ A and each j ∈ J , φj(Sj

a) is a Λp-cell in Rn with constant C
independent of a ∈ A,

(2) for each a ∈ A, the family Sj
a, j ∈ J , is a stratification of Ea.

For all a ∈ A, let Sa := {Sj
a}j∈J . Abusing notation, we will also say that (Sa)a∈A

is a uniform Λp-stratification of (Ea)a∈A.
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Let I be a finite index set and, for each i ∈ I, let (Ei
a)a∈A be a definable

subfamily of (Ea)a∈A. A uniform Λp-stratification (Sa)a∈A of (Ea)a∈A is said to
be compatible with (Ei

a)a∈A, i ∈ I, if additionally

(3) for each i ∈ I, there exists a subset Ji ⊆ J such that Ei
a =

⋃
j∈Ji

Sj
a for

each a ∈ A.

By Theorem 2.14, there always exist uniform Λ1-stratifications. We shall see
that there exist uniform Λp-stratifications for all p ≥ 1.

Theorem 2.16. Let (Ea)a∈A be a definable family of sets Ea ⊆ Rn and let (Ei
a)a∈A,

i ∈ I, be a finite collection of definable subfamilies of (Ea)a∈A. Let p be a positive
integer. Then there exists a uniform Λp-stratification (Sa)a∈A of (Ea)a∈A compat-
ible with (Ei

a)a∈A, i ∈ I.

Proof. Let k = maxa∈A dimEa. We proceed by induction on k. If k = 0, then all Ea

are finite and the number of elements of Ea is bounded by a constant independent
of a. In that case, the assertion is trivially true.

Suppose that k > 0. We claim that there exist a finite collection of disjoint
definable sets T j ⊆ RN × Rn, j ∈ J , and linear orthogonal maps φj : Rn → Rn,
j ∈ J , such that, for each a ∈ A and each j ∈ J ,

• T j
a is either empty or open in Ea and compatible with Ei

a, i ∈ I,
• if T j

a ̸= ∅ then φj(T j
a ) is a k-dimensional Λp-cell in Rn with constant C

independent of a ∈ A, and
• dimEa \

⋃
j∈J T

j
a < k.

We allow T j
a = ∅ to account for the case dimEa < k.

Then we can use the induction hypothesis for the definable family (E′
a)a∈A,

where E′
a := Ea \

⋃
j∈J T

j
a , and the definable subfamilies (Ei

a ∩E′
a)a∈A, i ∈ I, and

((∂T j
a ) ∩ E′

a)a∈A, j ∈ J . The statement follows.
Let us prove the claim. Theorem 2.14 implies that the claim holds for p = 1:

let T j , j ∈ J , be the corresponding sets with all the properties as listed in the
claim. Now we apply Corollary 2.5 and induction on the dimension. In fact, for
each fixed j ∈ J , (T j

a )a∈A is a definable family of k-dimensional Λ1-cells T j
a in

Rn that are open in Ea. After the change of coordinates φj , we may assume
that T j

a is a Λ1-cell with constant C independent of a ∈ A. By Corollary 2.5,
there is a definable family (Zj

a)a∈A of closed definable sets Zj
a ⊆ T j

a , dimZj
a < k,

such that the functions defining the cell T j
a are Λp-regular with uniform constants

independent of a ∈ A in the complement of Zj
a. Thus there exists a definable

family (Sj
a)a∈A of subsets Sj

a ⊆ T j
a such that, for all a ∈ A, Sj

a is a finite disjoint
union of k-dimensional definable Λp-cells Sj,ℓ

a that are open in Ea with constant
C independent of a ∈ A and dimT j

a \ Sj
a < k. Thus the number of connected

components Sj,ℓ
a of Sj

a is uniformly bounded by a constant independent of a ∈ A.
This implies the claim. □

2.I. Consequences. We may use Theorem 2.16 in order to refine Proposition 2.4,
Corollary 2.5, and Proposition 2.7.

Corollary 2.17. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk. Let
(φa)a∈A be a definable family of functions φa : Ua → R. Let p be a nonnegative
integer. There exists a uniform Λp-stratification (Sa)a∈A of (Ua)a∈A such that, for
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all a ∈ A and each open stratum Sa ∈ Sa, φa is Cp on Sa and

|∂γφa(u)| ≤ C(k, p)
sup{|φa(v)| : v ∈ Sa, |v − u| < d(u, ∂Sa)}

d(u, ∂Sa)|γ|
, u ∈ Sa, |γ| ≤ p.

Proof. This follows from Theorem 2.16 and Proposition 2.4. □

Corollary 2.18. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk. Let
(φa)a∈A be a definable family of C1-functions φa : Ua → R. Suppose that there is
a constant M > 0 such that

|∂jφa(u)| ≤M, a ∈ A, u ∈ Ua, j = 1, . . . , k.

Let p be a positive integer. There exists a uniform Λp-stratification (Sa)a∈A of
(Ua)a∈A such that, for all a ∈ A and each open stratum Sa ∈ Sa, φa is Cp on Sa

and
|∂γφa(u)| ≤ C(k, p)M d(u, ∂Sa)1−|γ|, u ∈ Sa, 1 ≤ |γ| ≤ p.

Proof. This follows from Theorem 2.16 and Corollary 2.5. □

Proposition 2.19. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk. Let
(φa)a∈A be a definable family of continuous functions φa : Ua → R. Let p be a
positive integer. There exists a uniform Λp-stratification (Sa)a∈A of (Ua)a∈A such
that, for all a ∈ A and each open stratum Sa ∈ Sa, φa is Cp on Sa and

|∂γφa(u)| ≤ C(k, p)
ω(d(u, ∂Sa))

d(u, ∂Sa)|γ|
, u ∈ Sa, 1 ≤ |γ| ≤ p,

where ω is a modulus of continuity for φa.

Proof. This follows from Theorem 2.16 and Proposition 2.7. □

We will need another uniform fact:

Proposition 2.20. Let (Ua)a∈A be a definable family of open sets Ua ⊆ Rk. Let
(φa)a∈A be a definable family of functions φa : Ua → R. Let p be a positive integer.
There exists a uniform Λp-stratification (Sa)a∈A of (Ua)a∈A such that, for all a ∈ A
and each open stratum Sa ∈ Sa, φa is Cp on Sa and, for all j = 1, . . . , k,

(2.11) either |∂jφa| ≥ 1 on Sa or |∂jφa| < 1 on Sa.

Proof. Let U ⊆ RN×Rn and φ : U → R be the associated definable set and function
(see (2.1) and (2.2)). Let X ⊆ U be the set defined in the proof of Proposition 2.4.

For j = 1, . . . , k, let ∂jφ(a, u) := ∂jφa(u) and set

Yj := {(a, u) ∈ U \X : ∃ϵ > 0 ∀v ∈ B(u, ϵ), ∂jφ(a, v) = 1},
Zj := {(a, u) ∈ U \X : ∂jφ(a, u) = 1} \ Yj ,

Z := X ∪
k⋃

j=1

Zj .

Then Z is a definable subset of U and, for all a ∈ A, Za is closed in Ua and
dimZa < k. Now the statement follows from Theorem 2.16. □

3. Bounded definable families of Whitney jets

Recall that a modulus of continuity ω is by definition a positive, continuous,
increasing, and concave function ω : (0,∞) → (0,∞) such that ω(t) → 0 as t→ 0.
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3.A. Cm,ω-functions. Let ω be a modulus of continuity. Let U ⊆ Rn be an open
set. Let C0,ω(U) be the set of all continuous bounded functions f : U → R such
that

|f |C0,ω(U) := inf{C > 0 : |f(x) − f(y)| ≤ C ω(|x− y|) for all x, y ∈ U} <∞.

For a nonnegative integer m, the set Cm,ω(U) consists of all Cm-functions such
that ∂αf is globally bounded for all |α| ≤ m and ∂αf ∈ C0,ω(U) for all |α| = m.
Then Cm,ω(U) is a Banach space with the norm

∥f∥Cm,ω(U) := sup
x∈U

sup
|α|≤m

|∂αf(x)| + sup
|α|=m

|∂αf |C0,ω(U).

We say that f ∈ Cm,ω(U) is m-flat outside an open set V ⊆ U if all ∂αf , |α| ≤ m,
vanish on U \ V .

Assume that the open set U ⊆ Rn is definable. We denote by Cm,ω
def (U) the

subspace of Cm,ω(U) consisting of the definable functions in the latter space. Note
that the normed space Cm,ω

def (U) is not complete.

Definition 3.1 (Bounded families of Cm,ω-functions). Let m ∈ N and ω a modulus
of continuity. A family (fa)a∈A of Cm,ω-functions fa : Ua → R, where Ua ⊆ Rn is
open, is said to be a bounded family of Cm,ω-functions if

sup
a∈A

∥fa∥Cm,ω(Ua) <∞.

We say that (fa)a∈A is a definable bounded family of Cm,ω-functions if it is a
bounded family of Cm,ω-functions and, additionally, the families (Ua)a∈A and
(fa)a∈A are definable. Moreover, (fa)a∈A is called m-flat outside (Va)a∈A if, for
each a ∈ A, Va ⊆ Ua is open and fa is m-flat on Ua \ Va. We will say that (fa)a∈A

is Cp outside (Ea)a∈A if, for each a ∈ A, Ea ⊆ Ua is closed and fa is Cp on Ua \Ea.

3.B. Whitney jets of class Cm,ω. Let E be a locally closed subset of Rn. An
m-jet on E is a collection F = (Fα)|α|≤m of continuous functions Fα : E → R. An
m-jet F = (Fα)|α|≤m on E is said to be flat on a subset E′ ⊆ E if all functions
Fα, |α| ≤ m, vanish on E′.

For a ∈ E we denote by Tm
a F the Taylor polynomial

Tm
a F (x) =

∑
|α|≤m

1

α!
Fα(a)(x− a)α, x ∈ Rn,

and define the m-jet

Rm
a F := F − Jm

E (Tm
a F ),

where Jm
E (f) := (∂αf |E)|α|≤m for f ∈ Cm(Rn).

A Cm,ω (or Cm) function f : Rn → R is an extension to Rn of F if Jm
E (f) = F .

A necessary and sufficient condition for an m-jet to have a Cm,ω-extension to Rn is
to be a Whitney jet of class Cm,ω ([16], [6]): by definition, an m-jet F = (Fα)|α|≤m

on E is a Whitney jet of class Cm,ω on E if there exists C > 0 such that

(3.1) sup
x∈E

sup
|α|≤m

|Fα(x)| ≤ C

and, for all x, y ∈ E and |α| ≤ m,

(3.2) |(Rm
x F )α(y)| ≤ C ω(|x− y|)|x− y|m−|α|.
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Remark 3.2. A condition equivalent to (3.2) is

|Tm
x F (z) − Tm

y F (z)| ≤ C ′ ω(|x− y|)(|z − x|m + |z − y|m)

for all x, y ∈ E and z ∈ Rn; see [15, Proposition IV.1.5]. Moreover, (3.2) holds if
and only if

|F 0(x) − Tm
y F (x)| ≤ C ω(|x− y|)|x− y|m for all x, y ∈ E,

and, if m ≥ 1,

∂iF := (Fα+(i))|α|≤m−1 is a Whitney jet of class Cm−1,ω for all i = 1, . . . , n.

If E is quasiconvex with constant C ′ (see Definition 2.9), then (3.2) follows from

|Fα(x) − Fα(y)| ≤ C ′′ ω(|x− y|), x, y ∈ E, |α| = m;

see [15, IV (2.5.1)]; then the constant C in (3.2) depends only on n, m, C ′, and C ′′.

It is not hard to see that the set of all Whitney jets of class Cm,ω on E with the
natural addition and the multiplication FG := Jm

E (TmF · TmG) is an R-algebra.
Let F be an m-jet on E ⊆ Rn. Let G1, . . . , Gn be m-jets on A ⊆ Rk such that

(G0
1, . . . , G

0
n)(A) ⊆ E. The composite F ◦G = F ◦ (G1, . . . , Gn) of m-jets F and G

on A is defined by

(F ◦G)(x) := Jm
A (Tm

G0(x)F ◦ Tm
x G)(x).

Note that

Tm
y (F ◦G)(x) = πm

(
Tm
G0(y)F (Tm

y G(x))
)
,

where πm is the natural truncation operator (which truncates monomials of order
> m). One can show (using Remark 3.2) that, for m ≥ 1, the composite F ◦G is a
Whitney jet of class Cm,ω if F and G are Whitney jets of class Cm,ω. We will not
use this fact, but the pullback of Whitney jets of class Cm,ω along a Λm-regular
map will be crucial; see Proposition 3.5.

Definition 3.3 (Bounded families of Whitney jets of class Cm,ω). A family (Fa)a∈A

of Whitney jets Fa of class Cm,ω on Ea ⊆ Rn is said to be a bounded family of
Whitney jets of class Cm,ω if the constant C > 0 in (3.1) and (3.2) can be chosen
independent of a ∈ A, that is,

sup
a∈A

sup
x∈Ea

sup
|γ|≤m

|F γ
a (x)| <∞(3.3)

and

sup
a∈A

sup
x̸=y∈Ea

sup
|γ|≤m

|(Rm
x Fa)γ(y)|

ω(|x− y|)|x− y|m−|γ| <∞.(3.4)

We say that (Fa)a∈A is a definable bounded family of Whitney jets of class Cm,ω if
it is a bounded family of Whitney jets of class Cm,ω and, additionally, the families
(Ea)a∈A and (F γ

a )a∈A, |γ| ≤ m, are definable. We say that it is flat on a subfamily
(E′

a)a∈A of (Ea)a∈A if Fa is flat on E′
a for all a ∈ A.

A (definable bounded) family (fa)a∈A of Cm,ω-functions fa : Rn → R is called
a (definable bounded) family of Cm,ω-extensions to Rn of (Fa)a∈A if fa is a Cm,ω-
extension of Fa to Rn, for each a ∈ A.
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3.C. Separation. Let X,Y, Z be subsets of Rn. Recall that X and Y are said to
be Z-separated if there exists C > 0 such that

(3.5) d(x, Y ) ≥ C d(x, Z), x ∈ X,

or equivalently, if there is C ′ > 0 such that

d(x,X) + d(x, Y ) ≥ C ′ d(x, Z), x ∈ Rn.

If X and Y are X∩Y -separated, then we will simply say that X and Y are separated.

Definition 3.4 (Uniformly separated families of sets). Let (Xa)a∈A, (Ya)a∈A, and
(Za)a∈A be definable families of subsets of Rn. Then (Xa)a∈A and (Ya)a∈A are said
to be uniformly (Za)a∈A-separated if, for all a ∈ A, Xa and Ya are Za-separated
with a constant C > 0 (in (3.5)) independent of a ∈ A. We will say that (Xa)a∈A

and (Ya)a∈A are uniformly separated if they are uniformly (Xa ∩Ya)a∈A-separated.

3.D. Pullback along a definable family of Λp-regular maps. Let φ : U → Rℓ

be a Λm+1-regular map, where U ⊆ Rk is open and quasiconvex. Let φ : U → Rℓ

be the continuous extension of φ; see Section 2.D. Consider

φ+ : U × Rℓ → U × Rℓ, (u,w) 7→ (u,w + φ(u)),

and

φ+ : U × Rℓ → U × Rℓ, (u,w) 7→ (u,w + φ(u)).

Let M be a closed subset of U ×Rℓ and F an m-jet on M . The pullback of F along
φ+ is the m-jet

φ∗
+F := F ◦ Jm

N (φ+)

on N := φ−1
+ (M) = {(u,w) ∈ U × Rℓ : (u,w + φ(u)) ∈M}.

We shall need the following result on the pullback of a definable bounded family
of Whitney jets of class Cm,ω along a definable family (φa)a∈A of Λm+1-regular
maps. For each a ∈ A, let φa,+ and φa,+ be defined in analogy to φ+ and φ+.

Proposition 3.5 ([12, Proposition 4.3]). Let (Ua)a∈A be a definable family of
open quasiconvex sets Ua ⊆ Rk with constant (in Definition 2.9) independent of
a ∈ A. Let (φa)a∈A be a definable family of Λm+1-regular maps φa : Ua → Rℓ with
constant (in (2.5)) independent of a ∈ A. Let (Ma)a∈A be a definable family of
closed quasiconvex subsets Ma of Ua × Rℓ such that (Ma)a∈A and (∂Ua × Rℓ)a∈A

are uniformly separated.
If (Fa)a∈A is a definable bounded family of Whitney jets of class Cm,ω on

(Ma)a∈A which is flat on (∂Ma)a∈A, then (Ga)a∈A is a definable bounded fam-
ily of Whitney jets of class Cm,ω on (Na)a∈A, where Ga := φ∗

a,+Fa and Na :=

φ−1
a,+(Ma). If, moreover, for each a ∈ A, ta : Ua → (0,∞) is a function satisfying

ta(u) ≤ d(u, ∂Ua) for every u ∈ Ua and

|Fκ
a (u,w)| ≲ ω(ta(u))ta(u)m−|κ|, (u,w) ∈Ma, |κ| ≤ m,

then, for each a ∈ A,

|Gκ
a(u,w)| ≲ ω(ta(u))ta(u)m−|κ|, (u,w) ∈ Na, |κ| ≤ m.

Proof. Follows from the proof of [12, Proposition 4.3]. □
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We will be interested in the case that Ma = Γ(φa), a ∈ A. Then (Ga)a∈A extends
to a definable bounded family of Whitney jets of class Cm,ω on (Na = Ua × 0)a∈A

which is flat on (∂Na = ∂Ua × 0)a∈A. This follows from the following lemma and
Hestenes’ lemma (e.g., [14, Theorem 1.10]); see [12, Remark 4.2].

Lemma 3.6. Let (Ea)a∈A be a family of locally closed, quasiconvex sets Ea ⊆ Rn

with constant (in Definition 2.9) independent of a ∈ A. Suppose that (Fa)a∈A is a
bounded family of Whitney jets of class Cm,ω on (Ea)a∈A such that, for all a ∈ A

and |α| ≤ m, Fα
a has a continuous extension F

α

a to Ea. Then (F a)a∈A is a bounded
family of Whitney jets of class Cm,ω on (Ea)a∈A.

Proof. Let x, y ∈ Ea. There exist sequences (xk), (yk) ⊆ Ea such that xk → x and
yk → y. By assumption, there exist a constant C1 > 0, independent of a ∈ A and
of k, and a rectifiable path σk joining xk and yk in Ea such that for the length of
σk we have

ℓ(σk) ≤ C1 |xk − yk|.
Let F = (Fα)|α|≤m be a Whitney jet of class Cm,ω on (Ea)a∈A. By [15, IV (2.5.1)],
for all |α| ≤ m,

|(Rm
xk
Fa)α(yk)| ≤ n

m−|α|
2 C

m−|α|
1 |xk − yk|m−|α| sup

ξ∈σk

sup
|β|=m

|F β
a (ξ) − F β

a (xk)|.

We may assume that σk is parameterized by t ∈ [0, 1] with σk(0) = xk and σk(1) =
yk. By (3.4), for t ∈ [0, 1],

sup
|β|=m

|F β(σk(t)) − F β(xk)| ≤ C2 ω(|σk(t) − xk|) ≤ C2 ω(ℓ(σk|[0,t]))

≤ C2 ω(ℓ(σk)) ≤ C2 ω(C1|xk − yk|) ≤ C3 ω(|xk − yk|),

for constants Ci > 0 independent of a ∈ A. Thus

|(Rm
xk
Fa)α(yk)| ≤ n

m−|α|
2 C

m−|α|
1 |xk − yk|m−|α| C3 ω(|xk − yk|)

and letting k → ∞ shows that (3.4) is satisfied for (F a)a∈A. It is clear that (3.3)
is satisfied. □

3.E. Cutoff. We finish this section with a technical cutoff result which will be used
in the proof of Theorem 1.3.

Proposition 3.7 ([12, Proposition 3.9]). Let (Ua)a∈A be a definable family of open
quasiconvex sets Ua ⊆ Rk with constant (in Definition 2.9) independent of a ∈ A.
Let (ha)a∈A be a definable family of Cm-functions ha : Ua × Rℓ → R and (ρa)a∈A

a definable family of Cm+1-functions ρa : Ua → R. Let (ta)a∈A be a definable
family of positive Lipschitz functions ta : Ua → (0,∞) with Lipschitz constants
independent of a ∈ A such that ta(u) ≤ d(u, ∂Ua) for all a ∈ A and u ∈ Ua. For
ϵ > 0, consider the definable family (∆ϵ

a)a∈A, where

∆ϵ
a := {(u,w) ∈ Ua × Rℓ : |w| < ϵ ta(u)}.

Assume that, for all a ∈ A,

(3.6)
∣∣∣∂α( 1

ρa

)
(u)

∣∣∣ ≲ ta(u)−|α|−1, u ∈ Ua, |α| ≤ m+ 1.
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Let ξ : R → R be a definable Cm-function with compact support, fix 1 ≤ i ≤ ℓ, and
set, for all a ∈ A,

fa(u,w) := ξ
( wi

ρa(u)

)
ha(u,w), (u,w) ∈ Ua × Rℓ.

If (ha)a∈A is a definable bounded family of Cm,ω-functions on (∆ϵ
a)a∈A such that,

for each a ∈ A,

|∂γha(u,w)| ≲ ω(ta(u))ta(u)m−|γ|, (u,w) ∈ ∆ϵ
a, |γ| ≤ m,

then (fa)a∈A is a definable bounded family of Cm,ω-functions on (∆ϵ
a)a∈A such that,

for each a ∈ A,

|∂γfa(u,w)| ≲ ω(ta(u))ta(u)m−|γ|, (u,w) ∈ ∆ϵ
a, |γ| ≤ m.

Proof. It suffices to repeat the proof of Proposition 3.9 in [12] (as well as Lemma
3.5 and Proposition 3.6 which are used in the proof). □

Remark 3.8. Proposition 3.5 and Proposition 3.7 remain true if we remove every-
where the attribute “definable”.

4. Bounded definable extension of Whitney jets

This section is devoted to the proof of Theorem 1.3. Let us recall the setup:

Let 0 ≤ m ≤ p be integers and ω a modulus of continuity. Let (Ea)a∈A be a definable
family of closed subsets of Rn. Let (Fa)a∈A be a definable bounded family of Whitney
jets of class Cm,ω on (Ea)a∈A. We will show that there exists a definable bounded
family (fa)a∈A of Cm,ω-extensions to Rn of (Fa)a∈A that is Cp outside (Ea)a∈A.

For each a ∈ A, let suppFa denote the closure of
⋃

|κ|≤m{x ∈ Ea : Fκ
a (x) ̸= 0}

and let (E′
a)a∈A be a definable subfamily of (Ea)a∈A consisting of closed subsets

E′
a of Ea such that suppFa ⊆ E′

a.
Let A′ := {a ∈ A : suppFa = ∅}. The family (Fa)a∈A′ can be extended by

(0)a∈A′ to Rn. So we may assume that, for all a ∈ A, suppFa ̸= ∅ and thus E′
a ̸= ∅.

We proceed by induction on k := maxa∈A dimE′
a and show:

(Ik) Let (Ea)a∈A be a definable family of closed subsets Ea of Rn and (Fa)a∈A a
definable bounded family of Whitney jets of class Cm,ω on (Ea)a∈A. Let (E′

a)a∈A be
a definable subfamily of (Ea)a∈A of closed subsets E′

a of Ea such that suppFa ⊆ E′
a

and dimE′
a ≤ k, for all a ∈ A. Then there exists a definable bounded family (fa)a∈A

of Cm,ω-extensions to Rn of (Fa)a∈A that is Cp outside (E′
a)a∈A.

Let us fix an integer p ≥ m+ 1. (We need that p ≥ m+ 1 in the proof. The case
p = m in Theorem 1.3 is evidently a trivial consequence.)

Overview of the proof. Before we actually start the proof of (Ik), let us give a
brief general overview. Besides the induction on the dimension k, we use, for fixed k,
an induction on the number of the k-dimensional strata of E′

a. This is possible since
this number is uniformly bounded independently of a ∈ A, thanks to Theorem 2.16.
In this way, we can reduce the proof to the case that E′

a has dimension k and is
the closure of a single stratum Sa that is the graph of a Λp-regular map φa. We
can assume that the Whitney jet Fa is flat on ∂Sa; see Proposition 4.2. This case
is then checked in three gradually more general steps:

(1) In the first step, we assume that φa ≡ 0 and E′
a = Ea.
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(2) In the second step, we still suppose that φa ≡ 0 but allow that E′
a is a

proper subset of Ea.
(3) The general case in the final third step is reduced to the previous steps by

means of Proposition 3.5.

Induction basis (I0). If k = 0, then each E′
a is a finite set (but Ea might be

infinite) and there is a constant which bounds the number |E′
a| of elements of E′

a

independently of a ∈ A, by uniform finiteness; see [5, 4.4].
Let us make induction on s := maxa∈A |E′

a|. The base case s = 1 is treated in
the following lemma.

Lemma 4.1. Let (Ea)a∈A be a definable family of closed subsets Ea of Rn and
(E′

a)a∈A a definable subfamily of (Ea)a∈A such that, for each a ∈ A, E′
a = {xa}.

Let (Fa)a∈A be a definable bounded family of Whitney jets of class Cm,ω on (Ea)a∈A

such that suppFa ⊆ {xa}, for all a ∈ A. Then there exists a definable bounded
family (fa)a∈A of Cm,ω-extensions to Rn of (Fa)a∈A that is Cp outside (E′

a)a∈A.

Proof. Note that, for each a ∈ A, xa is an isolated point of Ea, by continuity of Fa.
Let χ : Rn → R be a definable Cp-function that equals 1 in a neighborhood of 0

and has support contained in the unit ball. For each a ∈ A, set

da :=

{
min{1, d(xa, Ea \ {xa})} if Ea \ {xa} ≠ ∅,
1 otherwise.

Define, for each a ∈ A,

fa(x) := χ
(x− xa

da

)
· Tm

xa
Fa(x), x ∈ Rn.

Then (fa)a∈A is a definable family of Cp-functions fa : Rn → R such that each fa
has support contained in the ball Ba := B(xa, da) with radius da around xa and
extends the jet Fa. We will prove that the family (fa)a∈A is bounded in Cm,ω(Rn).

Let γ ∈ Nn, where |γ| ≤ m. Then

∂γfa(x) =
∑

α+β=γ

(
γ

α

)
d−|α|
a ∂αχ

(x− xa
da

)
∂βTm

xa
Fa(x).

By (3.4) (for y ∈ Ea \ {xa} with da = |xa − y| if da < 1) and (3.3) (if da = 1),

|F β
a (xa)| ≤ C ω(da)dm−|β|

a , |β| ≤ m,

for a constant C > 0 independent of a ∈ A. For the rest of the proof, C will denote
a constant independent of a ∈ A; its actual value may change. Thus, for x ∈ Ba,

|∂βTm
xa
Fa(x)| =

∣∣∣ ∑
|κ|≤m−|β|

1

κ!
Fκ+β
a (xa)(x− xa)κ

∣∣∣ ≤ C ω(da)dm−|β|
a , |β| ≤ m.

It follows that, for all x ∈ Rn,

|∂γfa(x)| ≤ C ω(da)dm−|γ|
a ≤ C ω(1), |γ| ≤ m.(4.1)

Now assume that |γ| = m. To see that |∂γfa|C0,ω(Rn) is bounded by a constant
independent of a ∈ A, it suffices to estimate, for α+ β = γ,

D(x, y) :=
∣∣∣d−|α|

a ∂αχ
(x− xa

da

)
∂βTm

xa
Fa(x) − d−|α|

a ∂αχ
(y − xa

da

)
∂βTm

xa
Fa(y)

∣∣∣.
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Let us first assume that x, y ∈ Ba. Then

d−|α|
a

∣∣∣∂αχ(x− xa
da

)
− ∂αχ

(y − xa
da

)∣∣∣|∂βTm
xa
Fa(x)|

≤ C
ω(da)

da
|x− y| ≤ 2C ω(|x− y|),

since ω is concave and |x− y| ≤ 2da. On the other hand,

d−|α|
a

∣∣∣∂αχ(y − xa
da

)∣∣∣|∂βTm
xa
Fa(x) − ∂βTm

xa
Fa(y)|

≤ C d−|α|
a

∑
|κ|≤m−|β|

1

κ!
|Fκ+β

a (xa)||(x− xa)κ − (y − xa)κ|

≤ C ′ ω(da)

da
|x− y| ≤ 2C ′ ω(|x− y|).

So D(x, y) ≤ C ω(|x− y|) for a constant C > 0 independent of a ∈ A.
If x and y lie outside of Ba, then D(x, y) = 0. If x ∈ Ba and y ̸∈ Ba and z is

the point, where the line segment [x, y] meets ∂Ba, then

D(x, y) = D(x, z) ≤ C ω(|x− z|) ≤ C ω(|x− y|).
This ends the proof. □

Assume that s > 1. For each a ∈ A, choose a numbering of the ele-
ments of E′

a = {xa,1, . . . , xa,sa}, where sa ≤ s. By the induction hypothe-
sis, (Fa|Ea\{xa,2,...,xa,sa})a∈A admits a definable bounded family (f1a )a∈A of Cm,ω-

extensions to Rn that is Cp outside ({xa,1})a∈A. Then (Fa − Jm
Ea

(f1a ))a∈A is a
definable bounded family of Whitney jets of class Cm,ω on (Ea)a∈A which is flat on
(Ea \ {xa,2, . . . , xa,sa})a∈A and has a definable bounded family (f2a )a∈A of Cm,ω-
extensions to Rn that is Cp outside ({xa,2, . . . , xa,sa})a∈A, again by the induction
hypothesis. Thus, (f1a + f2a )a∈A is the desired definable bounded family of Cm,ω-
extensions to Rn of (Fa)a∈A.

This ends the induction on s and the base case (I0) of the induction on k.

Setup for the induction step. Let k > 0 and suppose that (Ik−1) holds. We
will prove (Ik). This will be accomplished by showing Proposition 4.2 below, but
first we make a few preparatory reductions.

By Theorem 2.16, there is a uniform Λp-stratification (Sa)a∈A of (Ea)a∈A com-
patible with (E′

a)a∈A such that, for each a ∈ A and each |κ| ≤ m, Fκ
a is of class Cp

on the strata in Sa.
By (Ik−1), we may assume that dimE′

a = k for all a ∈ A and there is a definable
bounded Cm,ω-extension (f0a )a∈A to Rn of the restriction of (Fa)a∈A to (Ea\Pa)a∈A,
where

Pa =
⋃

{Sa ∈ Sa : Sa ⊆ E′
a, dimSa = k}.

Replacing Fa by Fa − Jm
Ea

(f0a ), for each a ∈ A, we may assume that Fa is flat on
all strata Sa ∈ Sa, Sa ⊆ E′

a, with dimSa < k and also on Ea \ E′
a.

Let us now see that we may furthermore reduce to the case that, for each a ∈ A,
E′

a is the closure of just one k-dimensional stratum Sa and that Fa is flat on its
frontier. Indeed, the number sa of k-dimensional strata of E′

a is uniformly bounded
by a constant not depending on a ∈ A. We may use induction on s := maxa∈A sa of
which the above statement is the base case that we take for granted for the moment.



18 ADAM PARUSIŃSKI AND ARMIN RAINER

The induction step works just as for finite sets E′
a: for each a ∈ A, let Sa,1, . . . , Sa,sa

be a numbering of the k-dimensional strata of E′
a. By the induction hypothesis,

(Fa|Ea\Ra
)a∈A, where Ra :=

⋃
i≥2 Sa,i, admits a definable bounded family (f1a )a∈A

of Cm,ω-extensions to Rn that is Cp outside (E′
a\Ra)a∈A. Then (Fa−Jm

Ea
(f1a ))a∈A is

a definable bounded family of Whitney jets of class Cm,ω on (Ea)a∈A which is flat on
(Ea\Ra)a∈A and has a definable bounded family (f2a )a∈A of Cm,ω-extensions to Rn

that is Cp outside (Ra)a∈A, again by the induction hypothesis. Thus, (f1a +f2a )a∈A

is the desired definable bounded family of Cm,ω-extensions to Rn of (Fa)a∈A.
In the case that k = n, Sa is open in Rn and extending Fa by 0 outside Sa, for

all a ∈ A, yields a definable bounded family (Fa)a∈A of Whitney jets of class Cm,ω

on (Rn)a∈A so that (F 0
a )a∈A is the desired family of Cm,ω-extensions. This follows

from Hestenes’ lemma (e.g., [14, Theorem 1.10]); indeed, if x ∈ Sa and y ̸∈ Sa

and z is the point, where the line segment [x, y] meets ∂Sa, then, by (3.4) and
Remark 3.2, for any u ∈ Rn,

|Tm
x Fa(u) − Tm

y Fa(u)| = |Tm
x Fa(u)| = |Tm

x Fa(u) − Tm
z Fa(u)|

≤ C ω(|x− z|)(|u− x|m + |u− z|m)

≤ 2C ω(|x− y|)(|u− x|m + |u− y|m),

for a constant C > 0 independent of a ∈ A, since |u− z| ≤ max{|u− x|, |u− y|}.
Consequently, we may assume that ℓ := n− k > 0.
We reduced the proof to showing the following. (We may assume that Sa is a

Λp-cell in a fixed orthogonal system of coordinates of Rn, which is independent of
a ∈ A, thanks to Theorem 2.16.)

Proposition 4.2. Let (Ea)a∈A be a definable family of closed sets Ea in Rn.
Let (E′

a)a∈A be a definable subfamily of (Ea)a∈A of closed subsets E′
a of Ea with

dimE′
a = k such that E′

a = Sa, where

Sa = {(u, φa(u)) ∈ Rk × Rℓ : u ∈ Ta} = Γ(φa),

and (φa)a∈A is a definable family of Λp-regular maps φa : Ta → Rℓ, Ta an open
Λp-cell in Rk, and all constants in the definition of Ta and φa are independent of
a ∈ A. Then any definable bounded family (Fa)a∈A of Whitney jets of class Cm,ω

on (Ea)a∈A such that, for all a ∈ A, suppFa ⊆ E′
a, Fa is flat on ∂Sa, and F

κ
a ,

|κ| ≤ m, is Cp on Sa, admits a definable bounded family (fa)a∈A of Cm,ω-extensions
to Rn that is Cp outside (E′

a)a∈A.

The proposition is proved in three gradually more general steps:

Step 1: φa ≡ 0 and E′
a = Ea for all a ∈ A.

Step 2: φa ≡ 0 for all a ∈ A.
Step 3: The general case.

Step 1. For all a ∈ A, Ea = E′
a = T a × 0, where Ta ⊆ Rk is an open Λp-cell with

constant C independent of a ∈ A. We will prove Proposition 4.2 in this special case
with the additional property that (fa)a∈A is m-flat outside (∆(Ta × 0))a∈A, where

(4.2) ∆(Ta × 0) := {(u,w) ∈ Ta × Rℓ : |w| < min{1, d(u, ∂Ta)}}.

For each a ∈ A, we write

Fa = (F (α,β)
a )(α,β)∈Nk×Nℓ,|α|+|β|≤m.
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Fix β ∈ Nℓ with |β| ≤ m. Let Fa,β be the m-jet which results from Fa by setting

all F
(α,β′)
a equal to 0 whenever β′ ̸= β. Then (Fa,β)a∈A is a definable bounded

family of Whitney jets of class Cm,ω on (T a × 0)a∈A. Indeed, for each a ∈ A,
the definable Whitney jet Fa of class Cm,ω on T a × 0 can be identified with a
collection F̃a,β , |β| ≤ m, where F̃a,β is a definable Cm−|β|,ω-function on T a such

that ∂αF̃a,β(u) = F
(α,β)
a (u, 0) for all u ∈ T a and α ∈ Nk, |α| ≤ m − |β|; see [10,

Remark 5] and [6, pp. 87-88]. It suffices to prove that, for each β, (Fa,β)a∈A

admits a definable bounded family of Cm,ω-extensions to Rn that is m-flat outside
(∆(Ta × 0))a∈A and Cp outside (T a × 0)a∈A. Thus, we may suppose that, for each

a ∈ A, F
(α,β′)
a = 0 whenever β′ ̸= β. By assumption, F

(α,β)
a is Cp on Ta × 0.

By Theorem 2.16, Corollary 2.17, and Proposition 2.19, there is a uniform Λp-

stratification (Da)a∈A of (T a)a∈A such that, for all a ∈ A, each open k-dimensional

Da ∈ Da, and all α, β, F
(α,β)
a is Cp on Da × 0, and, for all u ∈ Da and γ ∈ Nk with

|γ| ≤ p, we have

(4.3) |∂γF (α,β)
a (u, 0)| ≤ L

sup{|F (α,β)
a (v, 0)| : v ∈ Da, |v − u| < d(u, ∂Da)}

d(u, ∂Da)|γ|
,

and, if 1 ≤ |γ| ≤ p,

(4.4) |∂γF (α,β)
a (u, 0)| ≤ L

ω(d(u, ∂Da))

d(u, ∂Da)|γ|
,

where L > 0 is a constant independent of a ∈ A.
For each a ∈ A, let Za :=

⋃
{Da ∈ Da : dimDa < k}. Setting

Ga(x) :=

{
Fa(x) if x ∈ Za × 0,

0 if x ∈ Rn \ ∆(Ta × 0),

defines a definable bounded family (Ga)a∈A of Whitney jets of class Cm,ω on ((Za×
0) ∪ (Rn \ ∆(Ta × 0)))a∈A. This follows from Hestenes’ lemma (e.g., [14, Theorem
1.10]) and the following reasoning. Clearly, (Ga)a∈A satisfies (3.3). To see (3.4) it
suffices to consider the case that x ∈ Za × 0 and y ∈ Rn \ ∆(Ta × 0) and to show
that

(4.5) |Fκ
a (x)| ≤ C ω(|x− y|)|x− y|m−|κ|, |κ| ≤ m,

for a constant C > 0 independent of a ∈ A. We have

|Fκ
a (x)| ≤ C ω(d(u, ∂Ta))d(u, ∂Ta)m−|κ|, |κ| ≤ m,

by (3.4), since (Fa)a∈A is flat on (∂Ta × 0)a∈A, and

(4.6) |Fκ
a (x)| ≤ C =

C

ω(1)
· ω(1)1m−|κ|, |κ| ≤ m,

by (3.3). Then (4.5) follows, since we have |x − y| ≥ c min{1, d(u, ∂Ta)} for a
universal constant c > 0, by (4.2).

By (Ik−1), there exists a definable bounded family (ga)a∈A of Cm,ω-extensions
to Rn of (Ga)a∈A that is Cp outside (Za × 0)a∈A. So, instead of (Fa)a∈A, it is
enough to consider (Fa − Jm

Ea
(ga))a∈A.

If Da and D′
a are distinct open k-dimensional strata in Da, then ∆(Da × 0) ⊆

∆(Ta×0) and ∆(Da × 0)∩∆(D′
a × 0) ⊆ Za×0. Thus it suffices to find, separately

for each (Da)a∈A, a definable bounded family (fa)a∈A of Cm,ω-extensions to Rn of
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((Fa − Jm
Ea

(ga))|Da×0)a∈A that is m-flat outside (∆(Da × 0))a∈A and Cp outside

(Da × 0)a∈A.
For each a ∈ A, set

ha(u,w) :=
1

β!
F (0,β)
a (u, 0)wβ − ga(u,w),

and define fa : Rn → R by

fa(u,w) :=

{
ra(u,w)ha(u,w) if u ∈ Da,

0 otherwise,

where

(4.7) ra(u,w) :=

ℓ∏
i=1

2k∏
j=0

ξ
(
C
√
ℓ

wi

ρa,j(u)

)
with ξ : R → R a semialgebraic Cp-function which is 1 near 0 and vanishes outside
(−1, 1), ρa,0, ρa,1, . . . , ρa,2k the functions associated with the open Λp-cell Da (see
Section 2.F), and C is the constant from (2.7) which may be taken independent
from a ∈ A, since it is determined by the constants in the definition of the Λp-cells
Da, a ∈ A; see Remark 2.12. Note that the m-jet of ha at (u, 0) coincides with
(Fa − Jm

Ea
(ga))(u, 0) for all u ∈ Da.

By construction, (fa)a∈A is a definable family. We will see that it is a bounded
family of Cm,ω-extensions to Rn of ((Fa − Jm

Ea
(ga))|Da×0)a∈A. It is m-flat outside

(∆(Da × 0))a∈A, thanks to the properties of ra, and it is Cp outside (Da × 0)a∈A.
Indeed, if (u,w) ∈ (Da × Rℓ) \ ∆(Da × 0), then, by (2.7),

√
ℓ max
1≤i≤ℓ

|wi| ≥ |w| ≥ min{1, d(u, ∂Da} ≥ 1

C
min

0≤j≤2k
ρa,j(u)

so that ra is identically zero on (Da × Rℓ) \ ∆(Da × 0). It remains to check that
the family (fa)a∈A is contained and bounded in Cm,ω(Rn). To this end, we need
two lemmas.

Lemma 4.3. For each a ∈ A, ha is of class Cm,ω on ∆(Da×0) and the Cm,ω-norm
of ha on ∆(Da × 0) is bounded by a constant independent of a ∈ A.

Proof. By construction, each ha is of class Cm. Since (ga)a∈A is a bounded family

of Cm,ω-functions on Rn, it suffices to consider (u,w) 7→ F
(0,β)
a (u, 0)wβ . We have to

check that there is a constant C > 0 such that, for all a ∈ A, all κ = (σ, τ) ∈ Nk×Nℓ,
|κ| ≤ m, and all (u,w) ∈ ∆(Da × 0),

(4.8) |∂κ
(
F (0,β)
a (u, 0)wβ

)
| ≤ C,

and, if |κ| = m, for all xi = (ui, wi) ∈ ∆(Da × 0), i = 1, 2,

(4.9) |∂κ
(
F (0,β)
a (u1, 0)wβ

1

)
− ∂κ

(
F (0,β)
a (u2, 0)wβ

2

)
| ≤ C ω(|x1 − x2|).

Fix κ = (σ, τ) with |κ| ≤ m. We may assume that τ ≤ β. Let us decompose σ as
σ = α + γ, where α, γ ∈ Nk, |α| ≤ m − |β|, and α is maximal with this property.
Thus, if |γ| > 0 then |α| + |β| = m. To see (4.8), observe that, by (4.3), (3.3), and
|w| < min{1, d(u, ∂Da)},

|∂γF (α,β)
a (u, 0)wβ−τ | ≤ L

sup{|F (α,β)
a (v, 0)| : v ∈ Da, |v − u| < d(u, ∂Da)}

d(u, ∂Da)|γ|
|w||β−τ |



UNIFORM EXTENSION OF DEFINABLE Cm,ω-WHITNEY JETS 21

≤ CL |w||β−τ |−|γ| ≤ CL,

where C > 0 is the supremum in (3.3); indeed, if γ ̸= 0 then |α|+ |β| = m and thus
|β − τ | ≥ |γ|.

Let us prove (4.9). Now |κ| = m and |α| + |β| = m, whence |β − τ | = |γ|. Then
it is enough to show

(4.10) |∂γF (α,β)
a (u1, 0)wβ−τ

1 − ∂γF (α,β)
a (u2, 0)wβ−τ

2 | ≤ C ω(|x1 − x2|).
If γ = 0, this follows from (3.4). So let us assume that |γ| ≥ 1.

Set ta(u) := 1
2d(u, ∂Da). Then

(4.11) |ta(u1) − ta(u2)| ≤ 1
2 |u1 − u2|.

Note that, for i = 1, 2,

(4.12) |wi| < d(ui, ∂Da) = 2ta(ui).

We consider two cases.

Case 1. Suppose that ta(ui) ≤ |x1 − x2| for i = 1, 2. Then, by (4.4) and (4.12),

|∂γF (α,β)
a (ui, 0)wβ−τ

i | ≤ Lω(2ta(ui)) ≤ 2Lω(|x1 − x2|),
since ω is concave and increasing.

Case 2. Assume (without loss of generality) that ta(u1) > |x1−x2|. Then |u1−u2| ≤
|x1 − x2| < ta(u1) = 1

2d(u1, ∂Da) so that the line segment [x1, x2] is contained in

Da × Rℓ. Furthermore, if u ∈ [u1, u2] then, by (4.11),

|ta(u1) − ta(u)| ≤ 1
2 |u1 − u| ≤ 1

2 |x1 − x2| < 1
2 ta(u1),

whence
1
2 ta(u1) < ta(u) < 3

2 ta(u1), u ∈ [u1, u2].

The left-hand side of (4.10) is bounded by

|∂γF (α,β)
a (u1, 0) − ∂γF (α,β)

a (u2, 0)||w1||β−τ | + |∂γF (α,β)
a (u2, 0)||wβ−τ

1 − wβ−τ
2 |.

By (4.4) and (4.12),

|∂γF (α,β)
a (u1, 0) − ∂γF (α,β)

a (u2, 0)||w1||β−τ |

≲ sup
u∈[u1,u2]

k∑
j=1

|∂γ+(j)F (α,β)
a (u, 0)||u1 − u2| ta(u1)|γ|

≲ sup
u∈[u1,u2]

ω(2ta(u))

ta(u)|γ|+1
|u1 − u2| ta(u1)|γ|

≲
ω(ta(u1))

ta(u1)
|x1 − x2|

≤ ω(|x1 − x2|),

since ω is concave. Again, by (4.4) and (4.12),

|∂γF (α,β)
a (u2, 0)||wβ−τ

1 − wβ−τ
2 |

≲
ω(2ta(u2))

ta(u2)|γ|
|w1 − w2| ta(u1)|γ|−1 ≲

ω(ta(u1))

ta(u1)
|x1 − x2| ≤ ω(|x1 − x2|).

The proof is complete. □
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The proof shows that (4.9) actually holds on the larger set {(u,w) ∈ Da × Rℓ :
|w| < d(u, ∂Da)}.

Lemma 4.4. For each a ∈ A,

(4.13) |∂κha(u,w)| ≤ C ω(d(u, ∂Da))d(u, ∂Da)m−|κ|,

for all (u,w) ∈ ∆(Da × 0), all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent
of a ∈ A.

Proof. Fix x = (u,w) ∈ ∆(Da × 0). If d(u, ∂Da) < d(u, ∂Ta), then let u′ ∈ ∂Da be
such that |u − u′| = d(u, ∂Da) and set x′ = (u′, 0). The open line segment (x, x′)

is contained in ∆(Da × 0). Since u′ ∈ Ta, where F
(0,β)
a is of class Cp, and ha is of

class Cm,ω on ∆(Da × 0) with Cm,ω-norm bounded by a constant independent of
a ∈ A, by Lemma 4.3, we may conclude the assertion from Taylor’s theorem.

So we assume that d(u, ∂Da) = d(u, ∂Ta). Let u′ ∈ ∂Ta such that |u − u′| =
d(u, ∂Ta). Let us first assume that κ = (σ, τ) ∈ Nk × Nℓ with |κ| = m. By
construction, ∂κga(u′, 0) = 0 so that

|∂κga(u,w)| = |∂κga(u,w) − ∂κga(u′, 0)| ≲ ω(|u− u′|) = ω(d(u, ∂Da)),

where we used that |w| < d(u, ∂Da) = |u − u′|. Hence it suffices to consider

∂κ
(
F

(0,β)
a (u, 0)wβ

)
or equivalently ∂γF

(α,β)
a (u, 0)wβ−τ , where α, γ ∈ Nk are such

that α + γ = σ, |α| + |β| = m, and τ ≤ β. Thus |β − τ | = |γ|. If |γ| ≥ 1, (4.4)
implies

|∂γF (α,β)
a (u, 0)wβ−τ | ≤ L

ω(d(u, ∂Da))

d(u, ∂Da)|γ|
|w||γ| ≤ Lω(d(u, ∂Da)),

and, if γ = 0, (3.4) gives

|∂γF (α,β)
a (u, 0)wβ−τ | = |F (α,β)

a (u, 0)| ≲ ω(d(u, ∂Ta)) = ω(d(u, ∂Da)),

since (Fa)a∈A is flat on (∂Ta × 0)a∈A.
To prove the statement for |κ| < m, we proceed by induction on m−|κ|. Suppose

that the assertion is already shown for every λ ∈ Nn with |κ| < |λ| ≤ m. Since
the open line segment (x, x′) connecting x = (u,w) and x′ = (u′, 0) is contained in
∆(Da × 0), we have, by induction hypothesis, where x′′ = (u′′, w′′),

|∂κha(u,w)| ≤ sup
x′′∈(x,x′)

n∑
j=1

|∂κ+(j)ha(u′′, w′′)||x− x′|

≲ sup
x′′∈(x,x′)

ω(d(u′′, ∂Da))d(u′′, ∂Da)m−|κ|−1 d(u, ∂Da)

≲ ω(d(u, ∂Da))d(u, ∂Da)m−|κ|,

since d(u′′, ∂Da) ≤ d(u, ∂Da). □

It follows from Lemma 4.3 and Lemma 4.4 that, for each a ∈ A,

(4.14) |∂κha(u,w)| ≤ C ω(min{1, d(u, ∂Da)}) min{1, d(u, ∂Da)}m−|κ|,

for all (u,w) ∈ ∆(Da × 0), all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent
of a ∈ A. Indeed, by Lemma 4.3,

|∂κha(u,w)| ≤ C =
C

ω(1)
· ω(1)1m−|κ|, |κ| ≤ m,

for all (u,w) ∈ ∆(Da × 0), which, together with (4.13), gives (4.14).
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Now Proposition 3.7 (see also Remark 3.8) implies that the family (fa)a∈A is
bounded in Cm,ω(Rn). Indeed, Lemma 4.3, Lemma 4.4, and (4.14) guarantee that
the assumptions of Proposition 3.7 are satisfied, where ta(u) = min{1, d(u, ∂Da)}.
Condition (3.6) holds thanks to (2.9) and Remark 2.12. We also get

(4.15) |∂κfa(u,w)| ≤ C ω(d(u, ∂Da))d(u, ∂Da)m−|κ|,

for all (u,w) ∈ ∆(Da × 0), all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent
of a ∈ A.

Step 2. For all a ∈ A, E′
a = Sa = T a×0, but possibly E′

a is a proper subset of Ea

for some a ∈ A. Consider the definable family (ra)a∈A of functions ra : Ta → (0,∞)
given by

ra(u) :=

{
inf{|w| : (u,w) ∈ Ea \ Sa} if {w : (u,w) ∈ Ea \ Sa} ≠ ∅,
1 otherwise.

Since Fa is flat on Ea \ Sa we have (by (3.3) and (3.4))

(4.16) |Fκ
a (u, 0)| ≤ C ω(ra(u))ra(u)m−|κ|

for all u ∈ Ta, all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent of a ∈ A.
(In the case that {w : (u,w) ∈ Ea \ Sa} = ∅, it follows from (3.3) and we have to
replace C by C/ω(1).)

By Theorem 2.16 and Proposition 2.20, there is a uniform Λp-stratification of

(T a)a∈A such that

T a = Qa,1 ∪ · · · ∪Qa,s ∪ Za,

where, for each a ∈ A and each i = 1, . . . , s, Za is closed with dimZa < k, each
Qa,i is an open k-dimensional Λp-cell with constant independent of a ∈ A, ra is Cp

on Qa,i, and either

(i) |∂jra| ≤ 1, for each j = 1, . . . , k, on Qa,i, in which case we may assume that

|∂αra(u)|d(u, ∂Qa,i)
|α|−1, 1 ≤ |α| ≤ p, is bounded on Qa,i by a constant

independent of a ∈ A, by Corollary 2.18, or
(ii) |∂jra(u)| > 1 for some j on Qa,i.

By (Ik−1), we may assume that (Fa)a∈A is flat on (Za × 0)a∈A and hence on
(∂Qa,i × 0)a∈A for each i = 1, . . . , s.

Now it is enough to show that, for every i = 1, . . . , s, (Fa|Ea∩(Qa,i×Rℓ))a∈A

admits a definable bounded family (fa,i)a∈A of Cm,ω-extensions to Rn that is m-

flat outside (∆(Qa,i × 0))a∈A and Cp outside (Qa,i × 0)a∈A. To this end, we fix i
and drop it from the notation.

Step 1 gives a definable bounded family (ga)a∈A of Cm,ω-extensions to Rn of
(Fa|Qa×0)a∈A that is m-flat outside (∆(Qa × 0)a∈A and Cp outside (Qa × 0)a∈A.

By Taylor’s formula and (4.16), for each a ∈ A,

(4.17) |∂κga(u,w)| ≤ C ω(ra(u)) ra(u)m−|κ|

for all (u,w) ∈ Qa × Rℓ, |w| < C ′ ra(u), and all κ ∈ Nn, |κ| ≤ m, where C,C ′ > 0
are independent of a ∈ A. Similarly, we have

(4.18) |∂κga(u,w)| ≤ C ω(d(u, ∂Qa)) d(u, ∂Qa)m−|κ|

for all (u,w) ∈ Qa × Rℓ, |w| < C ′ d(u, ∂Qa), and all κ ∈ Nn, |κ| ≤ m, where
C,C ′ > 0 are independent of a ∈ A.
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In Case (ii), one can easily see (see [10, p. 94]) that, for each a ∈ A, ra(u) ≥
d(u, ∂Qa) for u ∈ Qa, so that Ea \ Sa ⊆ Rn \ ∆(Qa × 0). That means that ga is a
Cm,ω-extension to Rn of Fa|Ea∩(Qa×0), and we are done.

In Case (i), a modification is necessary: we define, for each a ∈ A,

fa(u,w) :=

{∏ℓ
i=1 ξ

(√
ℓ wi

ra(u)

)
· ga(u,w) if u ∈ Qa,

0 otherwise,

where ξ : R → R is a semialgebraic Cp-function that is 1 near 0 and vanishes
outside (−1, 1). Note that (fa)a∈A is a definable family of functions fa : Rn → R.
Moreover, we set

∆′(Qa × 0) := {(u,w) ∈ Qa × Rℓ : |w| < ta(u)}
with

ta(u) := min{ra(u), d(u, ∂Qa)},
and claim that, for each a ∈ A, fa is of class Cm,ω on ∆′(Qa × 0) with Cm,ω-norm
bounded by a constant independent of a ∈ A, and

(4.19) |∂κfa(u,w)| ≤ C ω(ta(u)) ta(u)m−|κ|

for (u,w) ∈ ∆′(Qa × 0) and all κ ∈ Nn, |κ| ≤ m, where C > 0 is independent of
a ∈ A.

To see this, let us first assume that ra(u) < d(u, ∂Qa) so that ta(u) = ra(u).
Since we are in Case (i), we find that, thanks to (2.10),∣∣∣∂α( 1

ra

)
(u)

∣∣∣ ≤ C ra(u)−|α|−1, u ∈ Qa, |α| ≤ p,

for a constant C > 0 independent of a ∈ A. Thus, the claim follows from (4.17)
and Proposition 3.7.

If ra(u) ≥ d(u, ∂Qa) (that is, ta(u) = d(u, ∂Qa)), then similarly∣∣∣∂α( 1

ra

)
(u)

∣∣∣ ≤ C d(u, ∂Qa)−|α|−1, u ∈ Qa, |α| ≤ p,

Then we infer the claim from (4.18) and Proposition 3.7.
We conclude that (fa)a∈A is the required family of definable bounded Cm,ω-

extensions to Rn of (Fa|Ea∩(Qa×Rℓ))a∈A that is m-flat outside (∆(Qa × 0))a∈A and

Cp outside (Qa × 0)a∈A. This ends Step 2.

Step 3. The general case of Proposition 4.2: for all a ∈ A, Sa = Γ(φa), E′
a = Sa ⊆

Ea, where φa : Ta → Rℓ is not necessarily identically 0. Consider the definable
family (sa)a∈A of functions sa : Sa → (0,∞) given by

sa(x) := min{d(x,Ea \ Sa), d(x, ∂Sa)}, x ∈ Sa.

For each a ∈ A, let φa : T a → Rℓ be the continuous extension of φa; see
Section 2.D. Furthermore, we consider the maps

φa,± : Ta × Rℓ → Ta × Rℓ, (u,w) 7→ (u,w ± φa(u))

and

φa,± : T a × Rℓ → T a × Rℓ, (u,w) 7→ (u,w ± φa(u)).

Note that φa,+ is a bi-Lipschitz homeomorphism with inverse φa,− and Lipschitz
constants independent of a ∈ A.
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Since Fa is flat on Ea \ Sa and on ∂Sa, we have (by (3.4))

(4.20) |Fκ
a (x)| ≤ C ω(sa(x))sa(x)m−|κ|

for all x ∈ Sa, all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent of a ∈ A.
Setting

ta(u) := sa(u, φa(u)), u ∈ Ta,

we have

(4.21) |Fκ
a (u, φa(u))| ≤ C ω(ta(u))ta(u)m−|κ|, u ∈ Ta, |κ| ≤ m.

The uniformity of the constants in the definition of Ta and φa implies that (Sa)a∈A

and (∂Ta ×Rℓ)a∈A are uniformly separated. Observe that (by the definition of sa)
ta(u) ≤ C ′ d(u, ∂Ta) for C ′ > 0 independent of a ∈ A, since φa,+ is a bi-Lipschitz
homeomorphism with Lipschitz constants independent of a ∈ A.

Thus Proposition 3.5 (and Lemma 3.6) implies that (Ga)a∈A, where Ga :=
φ∗
a,+(Fa|Sa), is a definable bounded family of Whitney jets of class Cm,ω on

(Ta × 0)a∈A and extends to a definable bounded family of Whitney jets of class
Cm,ω on (T a × 0)a∈A which is flat on (∂Ta × 0)a∈A and such that

(4.22) |Gκ
a(u, 0)| ≤ C ω(ta(u))ta(u)m−|κ|

for all u ∈ Ta, all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent of a ∈ A.

For each a ∈ A, set Ẽa := φa,−(Ea ∩ (T a × Rℓ)). Since φa,+ is a bi-Lipschitz
homeomorphism with constants independent of a ∈ A, we may conclude

(4.23) |Gκ
a(u, 0)| ≤ C ω(d((u, 0), Ẽa \ (Ta × 0)))d((u, 0), Ẽa \ (Ta × 0))m−|κ|

for all u ∈ Ta, all κ ∈ Nn, |κ| ≤ m, and a constant C > 0 independent of a ∈ A.

Thus (G̃a)a∈A, where

G̃a(u,w) :=

{
Ga(u, 0) if (u,w) ∈ T a × 0,

0 if (u,w) ∈ Ẽa \ (T a × 0),

is a definable bounded family of Whitney jets of class Cm,ω on (Ẽa)a∈E that is flat

on (Ẽa \ (Ta × 0))a∈A.
By Step 2, there exists a definable bounded family (g̃a)a∈A of Cm,ω-extensions

to Rn of (G̃a)a∈A that is m-flat on (Ẽa\(Ta×0))a∈A as well as outside (Ta×Rℓ)a∈A

and Cp outside (T a × 0)a∈A.
For each a ∈ A, define fa : Rn → R by

fa(u,w) :=

{
(g̃a ◦ φa,−)(u,w) if (u,w) ∈ Ta × Rℓ,

0 otherwise.

Then (fa)a∈A is a definable bounded family of Cm,ω-extensions to Rn of (Fa)a∈A

that is Cp outside (Sa)a∈A, which follows again from Proposition 3.5 (with Ma =
Ta × Rℓ and Ua = Ta).

This completes the proof of Proposition 4.2, hence of (Ik), and thus the proof of
Theorem 1.3.
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5. Further applications

We present a local version of Theorem 1.3, we discuss the dependence of the
bounded extension on the modulus of continuity which leads to the proof of The-
orem 1.4, and finally we obtain a definable version of a correspondence between
Whitney jets of class Cm,ω and certain Lipschitz maps, which was first observed by
Shvartsman [13].

5.A. Definable Cm,ω
loc -extensions. Let U ⊆ Rn be open. We denote by Cm,ω

loc (U)
the space of functions f : U → R such that f |V ∈ Cm,ω(V ), for all relatively
compact open subsets V ⊆ U .

Let E ⊆ Rn be a closed set. An m-jet F on E is called a (definable) Whitney
jet of class Cm,ω

loc on E if F |K is a (definable) Whitney jet of class Cm,ω on K,
for all (definable) compact subsets K ⊆ E. A Cm,ω

loc -function f : Rn → R is a
Cm,ω

loc -extension to Rn of F if Jm
E (f) = F .

Let (Ea)a∈A be a family of closed sets Ea ⊆ Rn. A family (Fa)a∈A of Whitney
jets of class Cm,ω

loc on Ea is called a (definable) bounded family of Whitney jets of
class Cm,ω

loc if (Fa|Ka)a∈A is a (definable) bounded family of Whitney jets of class
Cm,ω for each (definable) subfamily (Ka)a∈A of (Ea)a∈A consisting of (definable)
compact sets Ka ⊆ Ea.

A family (fa)a∈A of Cm,ω
loc -functions fa : Rn → R is called a (definable) bounded

family of Cm,ω
loc -extensions to Rn of (Fa)a∈A if fa is a Cm,ω

loc -extension to Rn of
Fa, for each a ∈ A, and, for each (definable) relatively compact subset V ⊆ Rn,
(fa|V )a∈A is a (definable) bounded family of Cm,ω-functions.

Corollary 5.1. Let 0 ≤ m ≤ p be integers. Let ω be a modulus of continuity.
Let (Ea)a∈A be a definable family of closed subsets Ea of Rn. For any definable
bounded family (Fa)a∈A of Whitney jets of class Cm,ω

loc on (Ea)a∈A there exists a
definable bounded family (fa)a∈A of Cm,ω

loc -extensions to Rn of (Fa)a∈A that is Cp

outside (Ea)a∈A.

Proof. For integers k ≥ 1, consider the definable sets Uk := {x ∈ Rn : k−2 < |x| <
k}; note that U1 is the unit ball, U2 is a punctured ball, and Uk, for k ≥ 3, are annuli
centered at the origin. The sets Uk, for k ≥ 1, form an open cover of Rn with the
property that Uk∩Uℓ ̸= ∅ if and only if |k−ℓ| ≤ 1. Fix an integer p ≥ m+1. There
exists a partition of unity {φk}k≥1 of class Cp subordinated to the cover {Uk}k≥1,
where each φk is definable: φk ∈ Cp(Rn), φk ≥ 0, suppφk ⊆ Uk, for all k ≥ 1, the
family {suppφk}k≥1 is locally finite, and

∑
k≥1 φk = 1. For instance, let h : R → R

be a nonnegative definable function of class Cp such that supph = [−3/4, 3/4] and
set ψ1(x) := h(|x|2) and ψk(x) := h(|x| − (k − 1)), for k ≥ 2. Then ψ :=

∑
k≥1 ψk

is of class Cp and everywhere positive (locally it is a finite sum). Thus φk := ψk/ψ
is as required; it is definable, since in a neighborhood of suppφk = suppψk the
denominator ψ is represented by a finite sum of definable functions.

Let (Fa)a∈A be a definable bounded family of Whitney jets of class Cm,ω
loc on

(Ea)a∈A. For each k ≥ 1, (Fa|Uk
)a∈A is a definable bounded family of Whitney jets

of class Cm,ω on (Ea ∩ Uk)a∈A. By Theorem 1.3, there exists a definable bounded
family (fka )a∈A of Cm,ω-extensions to Rn of (Fa|Uk

)a∈A such that fka is of class Cp

outside Ea∩Uk for all a ∈ A; if Ea∩Uk = ∅ we set fka := 0. Let fa :=
∑∞

k=1 φkf
k
a ,

for a ∈ A. The function fa is of class Cm,ω
loc on Rn and Cp outside Ea, since the

defining sum is finite on every compact set and p ≥ m + 1. Let x ∈ Ea. There
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exist a neighborhood U of x and k ≥ 1 such that U ⊆ Uk ∪ Uk+1 ∪ Uk+2 and
U ∩

⋃
ℓ̸∈{k,k+1,k+2} Uℓ = ∅. So, for each κ ∈ Nn with |κ| ≤ m,

∂κfa(x) =

2∑
i=0

∑
σ≤κ

(
κ

σ

)
∂σφk+i(x)∂κ−σfk+i

a (x)

=

2∑
i=0

∑
σ≤κ

(
κ

σ

)
∂σφk+i(x)Fκ−σ

a (x)

=
∑
σ≤κ

(
κ

σ

)
∂σ

( 2∑
i=0

φk+i(x)
)
Fκ−σ
a (x)

=
∑
σ≤κ

(
κ

σ

)
∂σ(1)Fκ−σ

a (x)

= Fκ
a (x).

Thus, fa is a Cm,ω
loc -extension to Rn of Fa.

Fix a definable relatively compact subset V ⊆ Rn. There exists K ∈ N such that

V ∩ Uk = ∅ for all k > K. In particular, fa(x) :=
∑K

k=1 φk(x)fka (x), for all x ∈ V
and a ∈ A. Hence, (fa|V )a∈A is a definable bounded family of Cm,ω-functions. □

Remark 5.2. We do not say that fa is definable as a global function fa : Rn → R,
because the gluing argument (based on the partition of unity) involves an infinite
sum.

5.B. Dependence on the modulus of continuity. The main result, Theo-
rem 1.3, only depends in a weak sense on the modulus of continuity ω, namely,
the uniform constant C occasionally must be multiplied by ω(1) or by ω(1)−1; see
(4.1), (4.6), (4.14), and (4.16).

Thus, we can allow in Theorem 1.3 that, for each a ∈ A, Fa is a Whitney jet
of class Cm,ωa on Ea, where ωa is a modulus of continuity and there is a constant
C > 0 independent of a ∈ A such that

(5.1) C−1 ≤ ωa(1) ≤ C, a ∈ A.

Then the statement is the following:

Theorem 5.3. Let 0 ≤ m ≤ p be integers. Let (ωa)a∈A be a family of moduli of
continuity satisfying (5.1). Let (Ea)a∈A be a definable family of closed subsets Ea

of Rn. For any definable family (Fa)a∈A of Whitney jets Fa of class Cm,ωa on Ea

such that

sup
a∈A

sup
x∈Ea

sup
|γ|≤m

|F γ
a (x)| <∞,(5.2)

and

sup
a∈A

sup
x ̸=y∈Ea

sup
|γ|≤m

|(Rm
x Fa)γ(y)|

ωa(|x− y|)|x− y|m−|γ| <∞,(5.3)

there exists a definable family (fa)a∈A of Cm,ωa-extensions fa to Rn of Fa such
that fa is of class Cp outside Ea, for all a ∈ A, and

(5.4) sup
a∈A

∥fa∥Cm,ωa (Rn) <∞.
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5.C. Proof of Theorem 1.4. Let (Fa)a∈A be a definable family of Whitney jets of
class Cm on (Ea)a∈A, where Ea ⊆ Rn is compact. We say that the family (Fa)a∈A

is bounded if

sup
a∈A

sup
x∈Ea

sup
|γ|≤m

|F γ
a (x)| <∞(5.5)

and

sup
a∈A

sup
x̸=y∈Ea

sup
|γ|≤m

|(Rm
x Fa)γ(y)|

|x− y|m−|γ| <∞.(5.6)

Proof of Theorem 1.4. We modify slightly an argument used in [15, Proposition
IV.1.5]. For each a ∈ A, consider

σa(t) := sup
x ̸=y∈Ea

|x−y|≤t

sup
|γ|≤m

|(Rm
x Fa)γ(y)|

|x− y|m−|γ| , t > 0, σa(0) := 0.

Then σa : [0,∞) → [0,∞) is an increasing function that is continuous at 0 and

σa(t) = σa(diamEa), t ≥ diamEa.

Thus also τa : [0,∞) → [0,∞), defined by

τa(t) :=

{
σa(t) if t < 1,

max{1, σa(t)} if t ≥ 1,

is increasing and continuous at 0 with

(5.7) τa(t) ≤ max{1, σa(diamEa)}, t ≥ 0.

Let ωa be the least concave majorant of τa which is finite, thanks to (5.7). Then
ωa is a modulus of continuity and

sup
a∈A

sup
x ̸=y∈Ea

sup
|γ|≤m

|(Rm
x Fa)γ(y)|

ωa(|x− y|)|x− y|m−|γ| ≤ 1.

Moreover, ωa(1) ≥ 1 and, by (5.7),

ωa(t) ≤ max{1, σa(diamEa)} ≤ C, t ≥ 0,

for a constant C > 0 independent of a ∈ A, thanks to (5.6). In particular, (5.1) is
satisfied.

Thus Theorem 5.3 implies that there is a definable family (fa)a∈A such that, for
each a ∈ A, fa is a Cm,ωa -extension to Rn of Fa, Cp outside Ea, and

sup
a∈A

∥fa∥Cm,ωa (Rn) <∞.

In particular, (fa)a∈A is a bounded family of Cm-functions. □

5.D. Definable Whitney jets as Lipschitz maps. We end with a few observa-
tions on a definable version of a correspondence, due to Shvartsman [13], between
Whitney jets of class Cm,ω and certain Lipschitz maps. Here the notation follows
closely the one of [13].

Let ω be a modulus of continuity and m a positive integer. For α ∈ Nn with
|α| < m let ψα be the inverse of the (strictly increasing) function s 7→ sm−|α|ω(s)
and put φα := ω ◦ ψα. For |α| = m, set φα(t) := t.
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Let Pm denote the space of real polynomials of degree at most m in n variables.
For Ti = (Pi, xi) ∈ Pm × Rn, i = 1, 2, define

δω(T1, T2) := max
{
ω(|x1 − x2|), max

|α|≤m
i=1,2

φα(|∂α(P1 − P2)(xi)|)
}
.

Then we get a metric dω on Pm × Rn by setting

dω(T, T ′) := inf

k−1∑
j=0

δω(Tj , Tj+1),

where the infimum is taken over all finite sequences T = T1, T2, . . . , Tk = T ′ in
Pm × Rn. It turns out (see [13, Theorem 2.1]) that

dω((P, x), (P ′, x′)) ≤ δω((P, x), (P ′, x′)) ≤ dω((enP, x), (enP ′, x′)).

Let Tm,n be the metric space (Pm × Rn, dω). For a nonempty subset X ⊆ Rn, we
denote by Xω the metric space (X, (x, y) 7→ ω(|x− y|)). Let Lip(Xω, Tm,n) be the
space of Lipschitz maps T : x 7→ (Px, zx) such that max|α|≤m supx∈X |∂αPx(x)| <
∞, equipped with the norm

∥T∥∗LO(X) := max
|α|≤m

sup
x∈X

|∂αPx(x)|

+ inf{λ > 0 : dω(λ−1T (x), λ−1T (y)) ≤ ω(|x− y|) for all x, y ∈ X},

where λ−1T (x) := (λ−1Px, zx). Let Tm
x f be the Taylor polynomial of order m at x

of a Cm-function f .
Now let us recall a result of [13].

Proposition 5.4 ([13, Propositions 1.9 and 2.8]). Let X ⊆ Rn be a closed set.
Given a family of polynomials {Px ∈ Pm : x ∈ X}, there exists f ∈ Cm,ω(Rn) such
that Tm

x f = Px for all x ∈ X if and only if the map T : x 7→ (Px, x) belongs to
Lip(Xω, Tm,n). We have

inf{∥f∥Cm,ω(Rn) : Tm
x f = Px for all x ∈ X} ≈ ∥T∥∗LO(X)

in the sense that either side is bounded by a constant C(m,n) times the other side.
If, moreover, T : x 7→ (Px, x) belongs to Lip(Xω, Tm,n), then T has an extension

T̃ : x 7→ (P̃x, x) in Lip(Rn
ω, Tm,n) satisfying

∥T̃∥∗LO(Rn) ≤ C(m,n) ∥T∥∗LO(X).

These results are based on the classical extension theorem for Whitney jets of
class Cm,ω. As a consequence of Theorem 1.2, we may conclude the following
definable version, where, provided that X is definable, Lipdef(Xω, Tm,n) is the
subspace of definable maps T : x 7→ (Px, zx) in Lip(Xω, Tm,n), which means that
zx and the coefficients of Px are definable maps in x. Recall that Cm,ω

def (Rn) is the
subspace of Cm,ω(Rn) consisting of all definable functions in Cm,ω(Rn).

Proposition 5.5. Let X ⊆ Rn be a definable closed set. Given a definable family
of polynomials {Px ∈ Pm : x ∈ X}, there exists f ∈ Cm,ω

def (Rn) such that Tm
x f = Px

for all x ∈ X if and only if the map T : x 7→ (Px, x) belongs to Lipdef(Xω, Tm,n).
If, moreover, T : x 7→ (Px, x) belongs to Lipdef(Xω, Tm,n), then T has an extension

T̃ : x 7→ (P̃x, x) in Lipdef(Rn
ω, Tm,n).
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Concerning the existence of uniform bounds for the norms, remarks similar to the
ones in [11, Section 4.4] apply. But Theorem 1.3 implies the following supplement.

Proposition 5.6. Suppose that in the setting of Proposition 5.5, the family of
polynomials depends definably on additional parameters a ∈ A, i.e., a definable
family of polynomials {P a

x ∈ Pm : x ∈ X, a ∈ A} is given. Then there exists a
bounded family (fa)a∈A of definable Cm,ω-functions fa : Rn → R such that

Tm
x f

a = P a
x for all x ∈ X and a ∈ A

if and only if (T a : x 7→ (P a
x , x))a∈A forms a bounded subset of Lipdef(Xω, Tm,n).

If, moreover, (T a : x 7→ (P a
x , x))a∈A forms a bounded subset of Lipdef(Xω, Tm,n),

then there is a family (T̃ a : x 7→ (P̃ a
x , x))a∈A of extensions T̃ a of T a which forms a

bounded subset of Lipdef(Rn
ω, Tm,n).
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